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ABSTRACT. We present a model for nonlocal diffusion with Neumann boundary condi-
tions in a bounded smooth domain prescribing the flux through the boundary. We study
the limit of this family of nonlocal diffusion operators when a rescaling parameter related
to the kernel of the nonlocal operator goes to zero. We prove that the solutions of this
family of problems converge to a solution of the heat equation with Neumann boundary
conditions.

1. INTRODUCTION

The purpose of this article is to show that the solutions of the usual Neumann boundary
value problem for the heat equation can be approximated by solutions of a sequence of
nonlocal “Neumann” boundary value problems.

Let J : RY — R be a nonnegative, radial, continuous function with [ J(2)dz = 1.
Assume also that J is strictly positive in B(0,d) and vanishes in R \ B(0,d). Nonlocal
evolution equations of the form

(1.1) w(z,t) = (Jxu—u)(x,t) = /]RN J(z —y)u(y,t) dy — u(z,t),

and variations of it, have been recently widely used to model diffusion processes. More
precisely, as stated in [10], if u(z,t) is thought of as a density at the point x at time ¢
and J(z —y) is thought of as the probability distribution of jumping from location y to
location z, then [py J(y — z)u(y,t) dy = (J * u)(x, t) is the rate at Which individuals are
arriving at position x from all other places and —u(z, ) fRN u(z,t) dy is the
rate at which they are leaving location x to travel to all other sites. This con31deration, in
the absence of external or internal sources, leads immediately to the fact that the density
u satisfies equation (1.1). For recent references on nonlocal diffusion see, (1], [2], [3], [4],
5], [6], [9], [10], [12], [13], [14] and references therein.

Given a bounded, connected and smooth domain €2, one of the most common boundary
conditions that has been imposed in the literature to the heat equation, u; = Au, is the
Neumann boundary condition, Ou/on(z,t) = g(x,t), x € 0N, which leads to the following
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classical problem,

u — Au = in Qx(0,7),
(1.2) ?)‘_Z =g on 00 x (0,7),

u(z,0) = ug(x) in Q.

In this article we propose a nonlocal “Neumann” boundary value problem, namely
(13)  wwt) = [ Ja (a0 - o 0)dy+ [ Glos - ygly.t)dy
Q RN\Q
where G(z, &) is smooth and compactly supported in ¢ uniformly in x.

In this model the first integral takes into account the diffusion inside €. In fact, as
we have explained, the integral [ J(z — y)(u(y,t) — u(z,t))dy takes into account the
individuals arriving or leaving position x from or to other places. Since we are integrating
in (), we are imposing that diffusion takes place only in 2. The last term takes into
account the prescribed flux of individuals that enter or leave the domain.

The nonlocal Neumann model (1.3) and the Neumann problem for the heat equation
(1.2) share many properties. For example, a comparison principle holds for both equations
when G is nonnegative and the asymptotic behavior of their solutions as t — oo is similar,
see [8].

Existence and uniqueness of solutions of (1.3) with general G is proved by a fixed point
argument in Section 2. Also, a comparison principle when G > 0 is proved in that section.

Our main goal is to show that the Neumann problem for the heat equation (1.2), can
be approximated by suitable nonlocal Neumann problems (1.3).

More precisely, for given J and G we consider the rescaled kernels
[ ES 1 £

with
1

cit = —/ J(2)23 dz,
2 /B0,

which is a normalizing constant in order to obtain the Laplacian in the limit instead of a
multiple of it. Then, we consider the solution u®(x,t) to

wiat) =5 [ =)0~ (e, dy
(1.5) +1/ Ge(z,z —y)g(y, 1) dy,
9 RN\Q
us(z,0) = wup(z).

We prove in this paper that
ut —u

in different topologies according to two different choices of the kernel G.
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Let us give an heuristic idea in one space dimension, with = (0, 1), of why the scaling
involved in (1.4) is the correct one. We assume that

00 0 1
[ owi-na=- [ co.-vay= [ @y
1 —00 0

and, as stated above, G(x,-) has compact support independent of z. In this case (1.5)

reads
0

wet) = % [ a9 () =)y + = [ Gl =) o000y

1 [t
[ G = g gyt dy = Ao, t)

1

If x € (0,1) a Taylor expansion gives that for any fixed smooth u and ¢ small enough,
the right hand side A.u in (1.5) becomes

1 1
) = %5 [ (@ =) (uly) = u(o) dy ()
0
and if x = 0 and e small,
0

Acul0) =% [ ) = o) dy+ 2 [ 60,9 o) dy = P us0) = 9(0),

g2 oo

Analogously, A.u(1) = (Cy/e)(—u.(1) + g(1)). However, the proofs of our results are
much more involved than simple Taylor expansions due to the fact that for each ¢ > 0
there are points x € €) for which the ball in which integration takes place, B(z,dg), is
not contained in 2. Moreover, when working in several space dimensions, one has to take
into account the geometry of the domain.

Our first result deals with homogeneous boundary conditions, this is, g = 0.

Theorem 1.1. Assume g = 0. Let 2 be a bounded C** domain for some 0 < o < 1.
Let u € C*o1+2/2(Q) x [0,T]) be the solution to (1.2) and let u¢ be the solution to (1.5)
with J. as above. Then,

sup ||U€(,t) - u(’t)HLOO(Q) — 0
te[0,7

as € — 0.

Note that this result holds for every G since g = 0, and that the assumed regularity in
u is guaranteed if ug € C?T*(Q) and duy/dn = 0. See, for instance, [11].

We will prove Theorem 1.1 by constructing adequate super and subsolutions and then
using comparison arguments to get bounds for the difference u® — u.

Now we will make explicit the functions G we will deal with in the case g # 0.

To define the first one let us introduce some notation. As before, let €2 be a bounded
C?**® domain. For x € Q. := {z € Q | dist(z,00Q) < de} and ¢ small enough we write
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x =T — sdn(Z) where T is the orthogonal projection of z on 9, 0 < s < € and n(z) is
the unit exterior normal to €2 at . Under these assumptions we define

(1.6) Gi(z,8) =—=J()n(x) - £ for x € Q..

Notice that the last integral in (1.5) only involves points x € (). since when y ¢& (),
r —y € supp J. implies that = € {2.. Hence the above definition makes sense for ¢ small.

For this choice of the kernel, G = Gy, we have the following result.

Theorem 1.2. Let Q be a bounded C*** domain, g € CFU+/2(RN\ Q) x [0,T)),
u € C*o1+e/2(Q % [0, T]) the solution to (1.2), for some 0 < a < 1. Let J as before and
G(z,&) = Gi(x, &), where Gy is defined by (1.6). Let u® be the solution to (1.5). Then,

sup [lu(,t) —u(-, )| L1 — 0
te[0,7)

as € — 0.

Observe that GGy may fail to be nonnegative and hence a comparison principle may not
hold. However, in this case our proof of convergence to the solution of the heat equation
does not rely on comparison arguments for (1.3). If we want a nonnegative kernel G, in
order to have a comparison principle, we can modify (G). by taking

(G-l €) = (Gu)ela,€) + k(€)= 2 ILAE) (—n(e) - € + 2?)
instead.

Note that for z € Q and y € R¥\Q, (G1)(z,z—y) = LJ.(x—y) (—n(z) - (x —y) + Ke?)
is nonnegative for £ small if we choose the constant x as a bound for the curvature of 02,
since |x —y| < de. As will be seen in Remark 4.1, Theorem 1.2 remains valid with (G).

replaced by (G1)e.
Finally, the other “Neumann” kernel we propose is
G(Ili',f) = GQ(£7€) = 02'](5)7

where Cs5 is such that

(1.7) /Od /{ZN>3} J(2)(Cy — zy) dzds = 0.

This choice of G is natural since we are considering a flux with a jumping probability that
is a scalar multiple of the same jumping probability that moves things in the interior of
the domain, J.

Several properties of solutions to (1.3) have been recently investigated in [8] in the case
G = (5 for different choices of g.

For the case of G5 we can still prove convergence but in a weaker sense.

Theorem 1.3. Let Q be a bounded C*** domain, g € C'TU+2((RN\ Q) x [0,T]),
u € C*olte/2(Q % [0,T]) the solution to (1.2), for some 0 < a < 1. Let J as before and
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G(z,8) = Ga(x, &) = CuJ (), where Cy is defined by (1.7). Let u® be the solution to (1.5).
Then, for each t € [0,T]

us(x,t) = u(z,t) * —weakly in L>(Q)
as € — 0.

The rest of the paper is organized as follows: in Section 2 we prove existence, uniqueness
and a comparison principle for our nonlocal equation. In Section 3 we prove the uniform
convergence when g = 0. In Section 4 we deal with the case G = G; and finally in
Section 5 we prove our result when G = Gs.

2. EXISTENCE AND UNIQUENESS

In this section we deal with existence and uniqueness of solutions of (1.3). Our result
is valid in a general L' setting.

Theorem 2.1. Let Q be a bounded domain. Let J € LY(RY) and G € L>*(Q x RY).
For every ug € L*(Q) and g € L.([0,00); LY(RN \ Q) there exists a unique solution u of

loc

(1.3) such that u € C([0,00); L'(Q)) and u(z,0) = ug(z).

Asin [7] and [8], existence and uniqueness will be a consequence of Banach’s fixed point
theorem. We follow closely the ideas of those works in our proof, so we will only outline
the main arguments. Fix ¢, > 0 and consider the Banach space

Xto - O([O’ tO]; LI(Q))
with the norm

lwlll = ma w110

We will obtain the solution as a fixed point of the operator T, , : X;, — X, defined by

m¢mwﬁ:m@>+Alﬁ@—www@—Mmm@@

t
+// G(z,r —y)g(y.t)dyds.
0 JRN\Q

The following lemma is the main ingredient in the proof of existence.

(2.1)

Lemma 2.1. Let J and G as in Theorem 2.1. Let g, h € L>=((0,t); L*(RY \ Q)) and
ug, vo € LY (). There erists a constant C' depending only on Q, J and G such that for
w,z € Xy,

(22) [[|Tup.g(w) = Too (21 < lluo = vollr +Cto ([[lw = 2l + lg = 2ll e 0yzr @3 \2) -
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Proof. We have

/Q T o () ) — To () ()| di < / Juo(z) — vo(2)] de

L] [ 6= [t~ 205~ i) 2to. )] dyds| do
e [ )L 66w =l ) = .9 dy s
Therefore, we obtain (2.2). O

Proof of Theorem 2.1. Let T' = T, ;. We check first that 7" maps X;, into X;,. From
(2.1) we see that for 0 <t <ty < ty,

) e) )y <A [ [ jwrldyds 5 [ oty ) dyas

On the other hand, again from (2.1)

1T (w)(t) — uoll 2y < CE{Nw| 4 |9l e (0,10): 12 @3\ }-

These two estimates give that T'(w) € C([0,to]; L'(2)). Hence T maps X;, into Xy, .

Choose ty such that Cty < 1. From Lemma 2.1 we get that 7" is a strict contraction
in X;, and the existence and uniqueness part of the theorem follows from Banach’s fixed
point theorem in the interval [0,to]. To extend the solution to [0,00) we may take as
initial datum u(z,ty) € L'(Q2) and obtain a solution in [0,2¢,]. Iterating this procedure
we get a solution defined in [0, 00). O

Our next aim is to prove a comparison principle for (1.3) when J, G > 0. To this end
we define what we understand by sub and supersolutions.
Definition 2.1. A function u € C([0,T); L'((R2)) is a supersolution of (1.3) if u(x,0) >

uo(z) and

u(w,t) > /Q J(x—y)(u(y,t) —u(z,t) dy + / G(r,x —y)g(y,t) dy.

RN\Q
Subsolutions are defined analogously by reversing the inequalities.

Lemma 2.2. Let J, G >0, ug >0 and g > 0. Ifu € C(Q x [0,T]) is a supersolution to
(1.3), then u > 0.

Proof. Assume that u(x,t) is negative somewhere. Let v(z,t) = u(z,t) + et with € so
small such that v is still negative somewhere. Then, if we take (zg,%y) a point where v
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attains its negative minimum, there holds that ¢, > 0 and

on(0,to) = (o, to) + ¢ > / J(z — y)(uly, o) — ulzo, to)) dy

— [ I = )00 t0) — vl 1)) dy > 0
0
which is a contradiction. Thus, u > 0. O

Corollary 2.1. Let J, G > 0 and bounded. Let uy and vy in L*(Q2) with ug > vy and
g, h € L>((0,7); L"(RY \ Q)) with g > h. Let u be a solution of (1.3) with initial
condition ug and flur g and v be a solution of (1.3) with initial condition vy and flux h.
Then,

u>v a.e.

Proof. Let w = u — v. Then, w is a supersolution with initial datum ug — vy > 0 and
boundary datum g — h > 0. Using the continuity of solutions with respect to the initial
and Neumann data (Lemma 2.1) and the fact that J € L®(RY), G € L*(2 x RY) we
may assume that u, v € C(Q x [0,7]). By Lemma 2.2 we obtain that w = u — v > 0. So
the corollary is proved. 0

Corollary 2.2. Let J, G > 0 and bounded. Let u € C(Q x [0,T]) (resp. v) be a
supersolution (resp. subsolution) of (1.3). Then, u > v.

Proof. Tt follows the lines of the proof of the previous corollary. O

3. UNIFORM CONVERGENCE IN THE CASE g =0

In order to prove Theorem 1.1 we set w® = u° — u and let @& be a C*t®1+2/2 extension
of u to RN x [0,T]. We define

L0) = 5 [ o= 9) (o(t) = ol )y

and .
L) = [ =) (0l 1) — vl 0)dy.
RN
Then .
wf = L) = But - [ Gulao = )glyt)dy
€ RM\Q
. 1
= L.(w®) + Le(u) — Au+ - Ge(z,z —y)g(y,t) dy
9 RM\Q
1 5 N
9 RN\Q
Or

w; — Le(w®) = F.(x,1),
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where, noting that Au = Aw in ,

Rie ) = L@ ~dir [ Gl = ol 0y
_ 612 g = ) a01) = (. 0) dy

Our main task in order to prove the uniform convergence result is to get bounds on F..

First, we observe that it is well known that by the choice of C4, the fact that J is
radially symmetric and @ € C?**1*/2(RN x [0, 7)), we have that

(3.1) sup |ILo(@) — Aoy = O(")

t€[0,T]

In fact,

;iz /IR o (x - y) (i(y, 1) — i, 1)) dy — Adi(e, t)

becomes, under the change variables z = (z — y) /e,

G @) (e = e2,1) — e, 1)) dy — A, )

52 RN

and hence (3.1) follows by a simple Taylor expansion.

Next, we will estimate the last integral in F.. We remark that the next lemma is valid
for any smooth function, not only for a solution to the heat equation.

0
Lemma 3.1. If 0 is a C***'% /2 function on RN x [0,T] and g—n = h on 0%, then for
x € Q. ={z e Q|dist (z,00) < de} and ¢ small,

5 [ ey o) a=2 [ ey Ly
D ly=e =) .
+ /RN\Q Je(z —y) Z T(I’t)[(T) - (T) }dy—kO(s )

16]=2

where T is the orthogonal projection of x on the boundary of Q so that |z — y|| < 2de.

Proof. Since 0 € C?+®1+e/2(RN x [0, T]) we have

0(y,t) — 0(z,t) = 0(y,t) — 0(z,t) — (6(z,t) — 0(z,1))

16}
Vo) -+ 3 2@ 0y - 1) — (@ — 1))

181=2 2
+0([z = 2|***) + O}z — yl]***).
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Therefore,
1 1 -
- Jo(z —y)(0(y, t) — 0(z, 1)) dy = _/ J.(x —y)VO(,t) - (y—z) dy
€7 JrRN\Q € JrRM\Q e
D% (y—2)\s (z—-2)\s
€ - - 7,15 — d oy
Jr/RN\QJ(JU y)%z 2 @ >[( € ) ( € >} y+0()
i : - : 00
Fix z € €).. Let us take a new coordinate system such that n(z) = ey. Since 5_77 =h
on 0f), we get
[ aa—yvown- L=,
RN\Q €
N-1
-t i — T
N / Jo(x —y)n(z) - W )h(f, t) dy + / J(x—y)>  0.,(Z, t)M dy.
RN\Q 9 RN\Q — e

We will estimate this last integral. Since  is a C?*® domain we can chose vectors ey,
€s, ..., eny_1 S0 that there exists k > 0 and constants f;(Z) such that

Boue(Z) N {yN — (EN + 2 fi(@)(y; — xl)Q) > /<552+a} c RV\ Q,

=1

Bzdg(i') N {yN — (EN + Z_ fz(i’)<yl - xZ)Q) < —H€2+a} C Q

Therefore
N—-1 (y _ I)
Jo(x — y)( 0,.(, t);) dy
N-1 ( . )
:/ = Je(x —y)( 0, (7, 1)L " )dy
ENON [un— (T YT 5@ o) [ <nezto - .
N-1 (y . )
+/ Je(z — y)( 0, (z,t)-"— > dy
yN—(iN+P«f\;Elfi(f)(yi—xi)2)>552+a ZZI >
= [1 + IQ.

If we take z = (y — x)/e as a new variable, recalling that Zy — zx = es, we obtain

N-1
LI <C ) \em(x,m/ - J(2)|z] dz < Crete.
i=1 ‘ZN_<3+5 Nt

(#)(2)2) | <meta
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On the other hand,
N-1
L=C1) 0,,(,1) / - J(2) z dz.
i=1 ZN—(S+€ Nt fi(f)(zi)2)>'€51+°‘

Fix 1 <i < N — 1. Then, since J is radially symmetric, J(z) z; is an odd function of
the variable z; and, since the set {ZN — (s+ e fi@)(2)?) > m51+o‘} is symmetric
in that variable we get

I, =0.

Collecting the previous estimates the lemma is proved. ([l

We will also need the following inequality.

Lemma 3.2. There exist K > 0 and € > 0 such that, for e < g,

32) [ o@Dz x| ey

Proof. Let us put the origin at the point ¥ and take a coordinate system such that
n(z) = ey. Then, x = (0, —p) with 0 < g < de. Then, arguing as before,

_ - +
[t L=y [ -,
RN\Q € RN\Q 5

yn + yn +
=/ Jo(z —y) =~ “der/ J(x —y) N gy
{yn>re?} € RN\QN{|yn|<re?} €

2/ J(w— ) 2 gy e
{yn>re?} €

Fix ¢; small such that

1
—/ J(z)zndz > 201/ J(2)dz.
2 J a0y {0<zy<2c1}

We divide our arguments into two cases according to whether p < ¢ or p > cye.

Case I Assume p < cie. In this case we have,

/ Jg(x—y)yN+udy—01/ J(2)zn dz

{yn>re?} € {zn>re+L}

(3.3) =06 / J(2)zndz — / J(2) zn dz
{zn>0} {0<zy<wet+£}

> O (/ J(Z)szz—ch/ J(z)dz> 2—/ J(2) 2y dz.
{(2n >0} {0<zy<2e1} 2 Jinsoy
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Then,

[ e —ymia) W=D gy k[ Lw—-y)ay
RM\Q € RM\Q

1
201<—/ J(z)szz—K)—CeSZO,
2 {ZN>0}

if £ is small enough and
1

K<—/ J(2) zn dz.
4 {ZN>0}

Case II Assume that p > cie. For y in RV \ QN B(z,de) we have

N > —Ke
€
Then,
Jw—p™ gy K [ J(r—y)dy
RN\Q RN\Q
>(-ne) [ Le-pdy-K [ -y
RN\Q RN\Q
= (g —re—K J-(x —y)dy >0,
RN\Q
if £ is small and
K < a
5
This ends the proof of (3.2). O

We now prove Theorem 1.1.

Proof of Theorem 1.1. We will use a comparison argument. First, let us look for a super-
solution. Let us pick an auxiliary function v as a solution to

vy — Av = h(z,t) in Qx(0,7),

— = g1(z,1) on 902 x(0,T),

v(x,0) = vy (x) in Q.
for some smooth functions h(x,t) > 1, g1(x,t) > 1 and vy (z) > 0 such that the resulting v
has an extension 0 that belongs to C*t*1T*/2(RN x [0, T]), and let M be an upper bound
for v in Q x [0, 7. Then,

v, = Lo + (Av — L.0) + 8—12 /RN\Q Jo(x —y)(0(y,t) — 0(x,t)) dy + h(x,t).
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Since Av = Ao in €2, we have that v is a solution to

v — Lv = H(x,t,¢) in Qx(0,7),
v(z,0) = vy (z) in
where by (3.1), Lemma 3.1 and the fact that h > 1,
~ 1
H(xz,t,e) =(A0 — L.0) + = / Je(x — y)(0(y,t) — 0(x,t)) dy + h(x,t)
RN\Q

e2

22 [ =@ - Uy

+/RN\Q Ta—-y9 Y D—%(x,t)[((y_j))ﬁ - ((”’;"z’))ﬂ dy) +1-Cz°

2(@ /RN\Q Je(z — y)n(@) - Y ; ) dy — Dy /RN\Q Je(@ =) dy) * %

for some constant D if € is small so that Ce® < 1/2.

Now, observe that Lemma 3.2 implies that for every constant Cy > 0 there exists eq
such that,

1 —x
S o=y W= 4y _ g, [ ata=ay=o
€ JRN\Q € RN\Q

if e < £0.
Now, since g = 0, by (3.1) and Lemma 3.1 we obtain

P — I T—I
iz [ na-n Y Zrea[@2)y - (22

RIG e

< Ce” + Gy / Jo(x —y)dy.

RN\Q
Given 0 > 0, let vs = dv. Then v verifies

(vs)e — Levs = 0H (x,t,¢) in Qx(0,7),
vs(z,0) = dvy(x) in Q.

By our previous estimates, there exists g = €q(d) such that for e < ¢y,
|F.| < 6H(x,t,¢).
So, by the comparison principle for any ¢ < g¢ it holds that
M < —vs <w, <wvs < M§6.

Therefore, for every 6 > 0,
—Mé < limiglfwa < limsupw. < M.

e—0
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and the theorem is proved. 0

4. CONVERGENCE IN L' IN THE CASE G =G4

First we prove that F. goes to zero as € goes to zero.

Lemma 4.1. If G = G, then
F(z,t) —0 in L>([0,T]; L'())

as € — 0.

Proof. As G =G, =—J(&)n(z)-&, for v € ., by (3.1) and Lemma 3.1,

! g ; 7 (9(y,t) — g(z,1)) dy

F.(z,t) == /RN\Q Je(x — y)n(z) -

3

i -z T —I
—/RN\QJE(x—y)ZDT(f,t)[((y W - (D) ay 1 o).

£
|8]=2
As g is smooth, we have that F. is bounded in Q.. Recalling the fact that [Q.| = O(e)
and F.(x,t) = O(e*) on Q \ Q. we get the convergence result. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. In the case G = (G; we have proven in Lemma 4.1 that F. — 0 in
LY (2 x [0,7]). On the other hand, we have that w® = u® — u is a solution to

wy — Le(w) = Fr

w(z,0) = 0.
Let 2¢ be a solution to
ot — LE(Z> = ‘FE|
z(x,0) = 0.

Then —2°¢ is a solution to
z — Le(2) = —|F|

2(z,0) = 0.
By comparison we have that
—2f<w* <z and 2 >0.

Integrating the equation for z° we get

t
12°( )l L2 :/zf(x,t)dx:// |FL(z, s)| ds da .
Q QJ0

Applying Lemma 4.1 we get

sup [|2°(, )|l — 0
t€[0,T]

as € — 0. So the theorem is proved. 0
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Remark 4.1. Notice that if we consider a kernel G which is a modification of G1 of the
form

G€(‘r7€> - (G1)€<x7£) + A(:L’,f,é)
with

[, A= 9ldy —0
RN\Q

in L*(Q) as ¢ — 0, then the conclusion of Theorem 1.2 is still valid. In particular, we
can take A(z,&,e) = keJ-(§).

5. WEAK CONVERGENCE IN L' IN THE CASE G = G,

First, we prove that in this case F. goes to zero as measures.

Lemma 5.1. If G = G4 then there exists a constant C' independent of € such that

T
/ / |F.(z,s)|dxds < C.
o Ja

F.(x,t) =0 as measures

Moreover,

as € — 0. That is, for any continuous function 0, it holds that
T
/ / F.(x,t)0(z,t)dxdt — 0
0 Jo
as € — 0.

Proof. As G = Gy = CyJ (&) and g and @ are smooth, taking again the coordinate system
of Lemma 3.1, we obtain

Rlet) = [ e =) (Contot) B (o)

9 9
1 i)
- / v 0D @) dy
D@, )1 (y—7)\s  (x—T)\s .
_/RN\QJa(x_y) > [( - )7 —( - )]dy+0(e)

= g (G - )

3
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Let

Bt = [ e —)(Cantrt) ~ B a0)

Proceeding in a similar way as in the proof of Lemma 3.1 we get for € small,

[ = 0(Cante) — ()

3

= g(7, t)/ J-(z — ) <C’2 — —(yN _ xN)) dy
RN\D)N{Jyn —Zn|<re?} &
+g(7, t)/ J.(z —y) ((]2 _ M) dy
(RN\Q)N{yn—Zn >0} €

— (1) / J.(x —y) (02 - M) i
(RNM\Q)N{0<yn—Zn<re?} €
— 019(9_57t)/ J(Z)(CQ —ZN) dZ—i—O(g)XQE_
{zn>s}

And

=1

+ Z a$i(z7t)/ Ja($ - y)wdy

i=1 {yn—Zn>re} €

N—1
=) Z Uy, (T, 1) / J(2)zidz + O(e)xa.
i=1 {

ZN—S>KE}
=1+ O(¢)xaq.-
As in Lemma 3.1 we have I, = 0. Therefore,
B.(z,t) = Cig(z, t)/ J(2)(Cy = zx) dz + O(e) xa...
{ZN>S}

Now, we observe that B. is bounded and supported in €2.. Hence

t 1 t
/ / Pz, 7)) dz dr < g/ |B.(z, 7)| dz dr + Ct|Q.| + Ct|Q)e* < C.
0 Q 0 Qe

This proves the first assertion of the lemma.

15
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Now, let us write for a point x € ).
x =z — un(zx) with 0 < p < de.

For € small and 0 < p < de, let dS, be the area element of {z € Q|dist (z,0Q) = u}.
Then, dS,, = dS + O(¢e), where dS is the area element of 0€.

So that, taking now pu = se we get for any continuous test function 6,

1 T
—/ / B.(x,t)0(z,t) dx dt
=0(e —i—C’l/ / (z,t)0 xt// CQ_ZN)dZdeSdt
o0N {ZN>S}

=0()—0 ase—0,

since we have chosen Cy so that

// C’g—zN)dzds—O
{zN>s}

Now, with all these estimates, we go back to F.. We have

Fu(a,t) = < Bu(w1) + O()xa, + O(").

T
/ / F.(x,t)0(z,t)dzdt — 0 as € — 0.

Now, if o(r) is the modulus of continuity of 6,

// c(z,t)0(z,t) de dt = // H(z,)0(z,t) da dt
+/0 /EFE(:c,t)(H(x,t)—H(:E‘,t)) da dt

T T
g/ / Fu(e, D0(7, 1) da dt+C’a(€)/ (e, t)|dedt — 0 ase— 0.
0 e

0 Qe

Thus, we obtain

Finally, the observation that F. = O(¢%) in Q \ Q. gives

T
/ / F.(z,t)0(x,t)dxdt — 0 ase — 0
o Joa.

and this ends the proof. O

Now we prove that u® is uniformly bounded when G = Gb.
Lemma 5.2. Let G = Gy. There exists a constant C independent of € such that

[ || oo @x o,y < C-
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Proof. Again we will use a comparison argument. Let us look for a supersolution. Pick
an auxiliary function v as a solution to

vy — Av = h(z,t) in Qx(0,7),

(5.1) — = gi(x,1) on 90 x (0,T),

v(x,0) = vy (x) in .
for some smooth functions h(z,t) > 1, vi(x) > ug(x) and

2

Blt) 2 2(Cot 1) g ool +1 (K asin (3.2)

such that the resulting v has an extension ¥ that belongs to C*T*!+*/2(RN x [0,T]) and
let M be an upper bound for v in Q x [0,T]. As before v is a solution to

vy — L.v = H(x,t¢) in Qx(0,7),

v(z,0) = vy (z) in
where H verifies

H(:E,t,é) > (@ /]RN\Q Ja(‘r - y)n(‘f) ) @diy — Dy /RN\Q J€<l’ - y) dg) + %

So that, by Lemma 3.2,

r,t) K 1
H($7t,€>Z(M_D1)/ Jo(r —y)dy + 5
RN\Q

€ 2
for e < &.
Let us recall that
~ C
Fz—:(xvt) :Ls(a) _Aﬁ+_2 Jg(x—y)g(y,t) dy

€ RM\Q
1 N -

- 5 J5($ - y) (u(y7 t) o U(l‘, t)) dy
€7 JRM\Q

Then, proceeding once again as in Lemma 3.1 we have,

)| C i g
c RV\Q € RN\Q €
+05a+0/ Je(x —y)dy
RN\Q
(Cy+1) /
< |—" _ a
< [0 s o0+ 0] [ e = gdy+ e
T, 1) K
S(M+0)/ Jo(x —y)dy + Ce”
2e RM\O

if £ < &, by our choice of g;.
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Therefore, for every ¢ small enough, we obtain

|Fo(z,t)| < H(z,t,¢e),

and, by a comparison argument, we conclude that

—M < —v(x,t) <u(x,t) <ov(x,t) < M,
for every (x,t) € Q x [0, T]. This ends the proof.

Finally, we prove our last result, Theorem 1.3.
Proof of Theorem 1.3. By Lemma 5.1 we have that

F.(x,t) = 0 as measuresin Q x [0,7]

as € — 0.

Assume first that 1 € C;7*(2) and let 3. be the solution to

wy — L.w =0

w(z,0) = ¥(x).
Let ¢ be a solution to
ot —Ap =0
I
5_77 =0
p(x,0) = t(x).

Then, by Theorem 1.1 we know that ¢. — ¢ uniformly in Q x [0, 7.
For a fixed t > 0 set ¢.(z,s) = ¢-(z,t — s). Then ¢, satisfies

ws+ Lo =0, for s < t,
p(z,t) = ¥(z).

Analogously, set p(z,s) = @(z,t — s). Then ¢ satisfies

ot +Ap =0
0

9P _0

on

90(33’ t) = w(ﬂf)
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Then, for w® = u* — u we have

/ @ dm_// 75 |
// V(x, ). (x, s)dxds—i—// (2, ) oo(, 8) da ds
// “ (2, 5) we(x, s) dr ds
// (), s)w :vsdxds+// (2,5) o (x, 5) d ds

Dpe
+/ P —(z, s) w®(z, s)dr ds

:/0 /nge(x,s)gog(:c,s)dxds.

Now we observe that, by the Lemma 5.1,

(z,s)drds +

(z,s)dxds

F.(x,8)pe(x,s)drds| < F.(x,8)p(x,s)dxds

0<s<t

¢
+ sup ||905(95,3)—90($;S)||L00(Q)/ /|Fg(x,s)|dxds—>0
0 Ja

as € — 0. This proves the result when ¢ € C77*(Q).

Now we deal with the general case. Let 1 € L'(€2). Choose v, € C5T*(Q) such that
¥, — ¢ in L'(Q). We have

/Qws(x,t)w(:c) de| < /Qws(x,t)wn(a:) dx

By Lemma 5.2, {w®} is uniformly bounded, and hence the result follows. O

+ 1tn — Yl @)l || Lo
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