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ABsTRACT. We consider the 3D Schrédinger operator H = Ho + V where Ho = (—iV — A)? — b,
A is a magnetic potential generating a constant magnetic field of strength b > 0, and V is a short-
range electric potential which decays superexponentially with respect to the variable along the
magnetic field. We show that the resolvent of H admits a meromorphic extension from the upper
half plane to an appropriate Riemann surface M, and define the resonances of H as the poles of this
meromorphic extension. We study their distribution near any fixed Landau level 2bq, ¢ € N. First,
we obtain a sharp upper bound of the number of resonances in a vicinity of 2bg. Moreover, under
appropriate hypotheses, we establish corresponding lower bounds which imply the existence of an
infinite number of resonances, or the absence of resonances in certain sectors adjoining 2bg. Finally,
we deduce a representation of the derivative of the spectral shift function (SSF) for the operator
pair (H, Hp) as a sum of a harmonic measure related to the resonances, and the imaginary part
of a holomorphic function. This representation justifies the Breit-Wigner approximation, implies a
trace formula, and provides information on the singularities of the SSF at the Landau levels.
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1. INTRODUCTION

Let
b b .0
Hy = (Dg, + 51'2)2 + (D — 5331)2 —b+ D9263’ D, = _ZE’
be the Schrodinger operator with homogeneous magnetic field of strength b > 0, pointing at the
x3-direction. Initially, the self-adjoint operator Hy is defined on C§° (R?), and then is closed in

L?(R?). This operator can be written in L?(R?) = L?(R?) ® L?(R) as
Hy=Hy, ® I +1® D2

xr3?

with Ho | = (Dy, + 522)% + (Dy, — 521)? — b.

It is well known that the spectrum of the operator Hy | consists of the Landau levels 2gb,
g € N:={0,1...}, and the multiplicity of each eigenvalue 2bgq is infinite (see e.g. [1]). Consequently,
the spectrum of Hy is absolutely continuous, equals [0, +oo[, and has an infinite set of thresholds
2gb, ¢ > 0.

For x = (1,22, 73) € R? we denote by X | = (x1, ) the variables on the plane perpendicular
to the magnetic field. We assume that the electric potential V : R? — R is Lebesgue measurable,
and satisfies the estimates

(1.1) V(x) = O(X1)™™ (z3)7™), x€R’,

with my > 2, mg > 1, and (z) := (1 + |z|?)V/2, z € R%, d > 1.
1
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On the domain of Hy we introduce the operator H := Hy+ V. Since V is a relatively compact
perturbation of Hy, it follows from the Weyl criterion that the essential spectra of H and H( are
the same. Moreover, since V is a relatively trace-class perturbation, the Kato-Rosenblum theorem
implies that the absolutely continuous spectrum coincides with [0, +oo].

It is well known that H can have infinite negative discrete spectrum and, for some special V, it
can have infinitely many embedded eigenvalues below each Landau level (see [1], [22] or [23]). On
the other hand, it is shown in [10] that in the case of sign-definite V', the spectral shift function
(SSF) for the operator pair (H, Hp) has a singularity at each Landau level. Therefore, it is natural
to expect that there could be accumulation of the resonances of the operator H near the Landau
levels. For a Coulomb potential, some numerical results confirm this conjecture [7]. The goal of this
paper is to study the resonances near the Landau levels, and to establish the link between these
resonances and the spectral shift function by the so-called Breit-Wigner approximation. Such a
representation of the derivative of the spectral shift function related to the resonances, implies trace
formulas which have given recently a substantial impetus to the research concerning the upper and
lower bounds of the number of resonances in different situations (see [26], [27], [28], [29], [20], [2],
[5], [9])-

We consider potentials V' which decay super-exponentially with respect to x3 (or are compactly
supported with respect to x3). Hence, we do not use dilation methods in order to define the
resonances near the Landau levels. For a definition using complex dilation, we refer the reader to
[31], [13] where precise asymptotics as b — oo of the resonances near the real axis is given. In our
work, b is fixed, and we study the number of resonances in a domain 2bq + {2 as r tends to 0. Then
we justify the Breit-Wigner approximation for the spectral shift function near the Landau levels.

The paper is organized as follows. In the next section, we define the resonances as the poles of
the resolvent, the first step being to introduce a Riemann surface to which the resolvent is extended.
Note that the resonances defined as poles of the resolvent, are also zeros of a generalized Krein
perturbation determinant with the same multiplicity. In Section 3, we obtain an upper bound
of the number of resonances in a domain 2bg + ) as r tends to 0 (see Theorem 1). In Section
4, we obtain more information on the localization of the resonances for the case of perturbations
of definite sign. In particular, we show that there is an infinite number of resonances near any
arbitrary fixed Landau level for small V' of sufficiently rapid decay (see Theorem 2), and that there
are no embedded eigenvalues for small positive V' (see Proposition 7). At last, in Section 5, we
represent the derivative of the spectral shift function near the Landau levels as a sum of a harmonic
measure related to the resonances and the imaginary part of a holomorphic function (see Theorem
3). Such a representation justifies the Breit-Wigner approximation, implies a trace formula, and
for a special class of V sufficiently slowly decaying with respect to the variables perpendicular to
the magnetic field, allows us to estimate the remainder in the asymptotic relations obtained in [10].

2. RESONANCES

In this section we define the resonances of H = Hg + V for V decaying super-exponentially
with respect to x3, i.e.

(2.1) V(x) = O((X1)™"™* exp(=Nlxs)),

for my > 0 and any N > 0. As in [25], the resonances will be defined as the poles of the
meromorphic continuation of the resolvent in some weighted L? spaces. Since V is not compactly
supported with respect to x3, the cut-off resolvent cannot be used here.
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First, we have to prove the existence of a holomorphic extension for the unperturbed operator.
Let C4 :={\ € C; Im X > 0} be the open upper half plane. For A € C; we have

(2.2) (Ho—N""=) pg® (D3, +2bg — N,
qeN

where p, is the orthogonal projection onto H, := ker(Hy | — 2bq).
Let us recall that for Im k > 0, the integral kernel of the operator (D?c3 — k%)~! is given by

Zezk|x3—zg\
2.3 R 8= ———
Then, for N > 0, the operator-valued function
(2.4) tn(k?) = e N@(D2 k) Tlem V@S € L(L2(Ry,), H?(Ryy)),

can be extended holomorphically from C; to {k € C*; Imk > —N}. Hence, for any N > 0 and
q€eN,

2 (D2, +2bg — )71 € L(e NI LA(Ry,), eV H2(R,,)),

has a holomorphic extension from C\ [2bg, 400 to the 2-sheeted covering 7, : k € C* — k? +2bg €
C\ {2bq} (with Imk > —N). However, this covering depends on ¢, and therefore it is not suitable
for the extension of (2.2).

A natural domain of analytic extension of (2.2) is the universal covering of C \ 2bN:

7:C\ 20N — C \ 2bN,

but it does not give a maximal analytic continuation. Indeed for some z € C\ 20N, there are
some points 21, 20 € T (2), 21 # 2o such that the germs of (Hp — 2)~! at z; and at zo are the
same. Next, we introduce the equivalence relation R concerning such pairs of points (z1, 22).
Let 71 (C \ 20N) be the fundamental group of C \ 2bN, and G be its subgroup generated by
{a?, agalaz_lal_l; with a1,a2 € 7 (C\ 2bN)}. We will write z2;Rz2o if and only if 7z; = Tz,,
and for any path 7 connecting z; with zo, the class of the closed path 7y in 71(C \ 2bN) is an
element of G (that is 7(7y) goes an even number of times round each Landau level).

Then we define the domain M of the analytic extension of (Ho—z)~! as the quotient of C \ 26N
by the relation R. This domain can also be identified with the following covering of C \ 2bN (see
for instance Proposition 13.23 of [14]):

Definition 1. Let m1(C \ 2bN) be the fundamental group of C\ 2bN. Let G be the subgroup of
71(C\2bN) generated by {a?, azaiay ay’; with ai,as € T (C\2bN)}. We define mg : M — C\2bN
as the connected infinite-sheeted covering such that m4 (M) = G.

From now on, we fix a base point in M, and define the physical plane F as the connected
component of ﬂ(_;l((C \ [0,400[) containing this base point. By definition, the functions M > z
vz — 2bq have a positive imaginary part on F. Let F, = F N Wél(C+) be the upper half-plane.
In what follows, we identify F (resp. F4 and 0F,) with C\ [0, +oo[ (resp. C4 and R\ 2bN), and
denote by z the generic point on M.

For \p € C and € > 0 put D(Ag,e) := {\ € C,|A — A\g| < €} and D(N\g,e)* :== {A € C,0 <
‘)\ — )\0‘ < E}.
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Imk

271 (R \ 2bN)

Rek

FIGURE 1. Pre-images under z,.

Definition 2. We denote by D; C M, the connected component of Wél(D(qu, 2b)*) that intersects
Fi.

Since mg : Dy — D(2bq,2b)* is a 2-sheeted covering of D(2bq,2b)*, there exists an analytic
bijection
(2.5) 2q 1k € D(0,V2b)* — 2,(k) € D},

such that wg(zq(k)) = 2bq + k* and z; (D} N Fy) is the first quadrant of D(0, V2b)*.
For N > 0, we denote by My the set of points m € M such that for each ¢ € N, we have
Im+/z —2bqg > —N. Of course, we have UysoMy = M.

Figure 1 summarizes the setting near the Landau level 2bg. For the free operator, we have the
following proposition.

Proposition 1. For each N > 0 the operator (Hg — 2z)~' : e N @) L2(R2) — V@) L2(R3) has a
holomorphic extension from the open upper half plane to M. We denote its holomorphic extension
by Ro(z).

Moreover, for N >0 and vy (X ) =(X1)"%, a > 1, the holomorphic extension of

T, :z+— UJ_(XJ_)e—N(m)(HO _ Z)_le—N<I3>’

is holomorphic on My with values in the Hilbert-Schmidt class So on L*(R3).

Proof. Since the kernel of ¢y (k?) is given by

Zezk|x3—zg\

e—N(xg) e—N(mé)

2k ’
the operator-valued function k — ¢ (k?) has a holomorphic extension from C, to {k € C*; Imk >

—N} in the Hilbert-Schmidt class So and in the trace class Sy (see for instance [12]). For Imk > 0,
we have the trace-class estimate

1 d
2y, — (le—N@s3)(p -1 D —1,~Nx3)|, < n

(2.6) = O (|Imk|™"),
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and when moreover Re k2 < 0, we have the Hilbert-Schmidt estimate

”tN(k2)H§ :tr(e—N(x3>(D2 _ k2 ) (D2 —k) ) 1 —N(xg,))

(2.7)

2,3
27TN/ (n +|Rek2\) O(|Rek | 2)’
where || - ||; stands for the norm in S;, j = 1,2.

By the definition of My, it follows that for any ¢ € N, the operator-valued function z +—
e_N<I3>(D32E3 — 2+ 2bg)"te~N3) ¢ S can be holomorphically extended from Fy to My. We
denote its holomorphic extension to My also by tn(z — 2bg). Since {pq, ¢ € N} is a family of
orthogonal projectors, we deduce the holomorphic extension of (2.2).

Now, let us prove the existence of a holomorphic extension of T}, in the Hilbert-Schmidt class.
Let zg € My be fixed, and g be a relatively compact neighborhood of zy. Since any path on My
can enclose only a finite number of Landau levels, there exists qg sufficiently large (depending of
Qp) such that ¢ > qo implies tx(z — 2bq) = e_N<”C3>(D32E3 — 2+ 2bg)"'e~N@3) . Then for ¢ > g we
have [|tn(z — 2bq)|| = O ((g)~'), and furthermore, it follows from (2.7) that the identity

(2.8) [tn (2 = 2bq)||a = [le™ N (D2, — 2 4 2bg) "Le N @) |, = O<<q>_%>7

holds for any ¢ > g, uniformly with respect to z € €.
Next, we have

q0
(2.9) Ty, (2) = Zvj_pq ® tn(z — 2bq) + Z v pg @tn(z — 2bg),

q=0 9>q0
where g is chosen as above. It is well known (see [19]) that the orthogonal projection p, admits
an explicit integral kernel

b bl X, — X' |2
(2.10)  Pup(Xy, X)) = —L, <M

b .
Py 5 > exp ( — Z(|XJ_ — Xi\2 + 2i(x 2 — x&mg))>,

—t
where Ly(t) := %et dq(gj ) are the Laguerre polynomials. Note that P,; is constant onto the

diagonal, i.e.
b
Pop(X1, X1) = o X1 €R™
T
Further, if U € L"(R?), r > 1, then p,Up, is in the Schatten-von Neumann class S, (see Lemma
5.1 of [21]). In particular, pqvipq € 51, and hence v pyv; € S1, and v py € Se with

b
Jospgl = tr(vpgon) = o= [ os(XPax.,
™ JR2

which is uniform with respect to ¢. Combining this with (2.8) and pgpi, = d4,1Pq, we deduce that the
infinite sum in (2.9) is convergent in Sy, and hence z — T}, (z) € S3 has a holomorphic extension
to M. This concludes the proof of Proposition 1. O

For further references we formulate the following lemma which complements Proposition 1.
Lemma 1. For V satisfying (2.1) with m > 2, the operator
Fi 520 Ty(z) = JV|2(Hy — 2) V|2 € S,
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with J := sign' V' defined so that J?> = 1, has an analytic extension from C, to M, denoted again
by Ty (z). Moreover the operator dTy(z)/dz € Sy is analytic on M.

Proof. The existence of the holomorphic extension in Sy is a direct consequence of Proposition 1,
because for any N > 0, we have |V|% = V(v, ® e N3)) with a bounded operator V. In order to
prove dTy (z)/dz € Si, it suffices to check that the series of general term (v pyvi ) ®@dtn(z—2bq)/dz
converge in the trace class. Arguing as in the proof of Proposition 1, we find that this convergence
follows from (2.8), and the fact that for z € C \ [0, +oc0[, we have ditn(z)/dz = (3_]\7<9”3>(D:%3 -
z)"2e~N(za), O
Remark. The assumption m | > 2 could be weakened to m > 1 in the first part of the proof of
the Lemma while it is necessary for the second part.

Suppose (2.1) with m > 0. Using
(H—2)"(1+V(Hy—2)") = (Hy—2)"",
we get
(2.11) e N@)(H — z) e Nlws) = o= N@s) (g — 2)~1eNiwa) (1+ NV (Hy — z)_le_N<x3>)_
for z € F, Imz > 1. From Proposition 1, combined with (2.1), the operator Ve¥(*3)(H, —

2)~le=N{#s) is compact on L2(R3). Then, the analytic Fredholm theorem proves the meromorphic

extension of (1 + eN @)V (Hy — z)_le_N@?’))_l from F; to My. This now allows us to define the
resonances of H.

1

)

Proposition 2. Suppose V' satisfies (2.1) with m > 0. Then the operator-valued function
(H —2)"' e N [2(R3) — N [2(R3),
has a meromorphic extension from the open upper half plane to M . Moreover, the poles and the

range of the residues of this extension do not depend on N.

Definition 3. We define the resonances of H as the poles of the meromorphic extension of the
resolvent (H — z)~Y, denoted by R(z). The multiplicity of a resonance zy is defined by

1
(2.12) mult(zp) := rank %in A R(z)dz,

where v is a small positively oriented circle centered at zg.

In the sequel we will use also the regularized determinant dets(I + A) defined for a Hilbert-
Schmidt operator A by

(2.13) deto(I + A) == det ((I + A)e™).
Proposition 3. Suppose V' satisfies (2.1) with m > 0. The following assertions are equivalent:
(i) z0 € M is a resonance of H,
(ii) 2o is a pole 0f|V|%R(z)|V]%,
(iii) —1 is an eigenvalue of Ty (z9) = J|V|%R0(z0)|V|%.
Moreover, the rank of the residue of \V|%R(z)|V]% at zg is equal to the multiplicity of the resonance
of H.
Assume now that V' satisfies (2.1) with m > 2. Then

(2.14) dety ((H — 2)(Ho — z)_l) = dety (1 + Ty (2)),
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has a analytic continuation from Fy to M. Its zeros are the resonances of H, and if zg is a
resonance, there exists a holomorphic function f(z), for z close to zy, such that f(z9) # 0 and

(2.15) dety (I + Ty (2)) = (2 — 20)'0) £ (2),
with 0 < l(z9) = mult(z9) where mult(zg) is the multiplicity of the resonance defined by (2.12).

Remarks. (i) The main part of the proof of Proposition 3 follows the arguments of [26]. To our
best knowledge the novelty is the proof of (2.27) (i.e. the equality between the rank of the residue
of |V|%R(z)|V]% at zo and the multiplicity mult(zo)), and the equality [(z¢) = mult(2).

(ii) If H and Hj are two self-adjoint operators such that H — Hy € S1, the perturbation de-
terminant det ((H — A)(Ho — A)™!), Im A > 0, was introduced by M. G. Krein in [18] (see also [15,
Section IV.3]). In the case H — Hy € S, with r > 1 the generalized perturbation determinant
det, ((H — A)(Ho — A\)~') was introduced in [16]. In the last work, relatively Hilbert-Schmidt per-
turbations and the corresponding generalized perturbation determinants dety ((H — X)(Ho — A) ™)
were considered as well; these determinants are exactly of the same type as the one appearing in
(2.13).

(iii) For potentials V' compactly supported with respect to z3, the resonances can be defined as
the poles of the meromorphic extension of the resolvent:

(2.16) (H -2 L2 (Rey, PR ) — L (Ray, L* (R )))

comp

from the open upper half plane to M (see [26] for the Schrodinger operator —A + V).

Proof. Clearly, if zp is a pole of \V|%R(z)|V]% then it is a pole of R(z) and conversely according to
the resolvent equation
R(z) =Ro(z) — R(2)V Ro(z)
=Ro(z) — Ro(2)V Ro(2)

(2.17) + Ro(2)|V|2J|V|2 R(2)|V |2 J|V|2 Ry(2),

if zg is a pole of R(z) then it is a pole of ]V\%R(z)|V|%, and (i) is equivalent to (ii).

From the resolvent equation we get
(2.18) (I+J|V|2Ro(2)|V|2)(I = J[V]2R(2)|[V|2) = I.
From Proposition 2 and Lemma 1, we deduce that z is a resonance if and only if —1 is an eigenvalue
of Ty (zp), and (ii) is equivalent to (iii).

Now we check the preservation of the multiplicity. Let zg € M be a resonance and N > 0
be large enough to have zyg € Mpy. For z close to zg, the resolvents, as operators from L% N =

e~ N@3) [2(R3) to L% , can be written

(2.19) Ro(2) = Y Mj(z — 2)’

Jj=>0
(2.20) R(z) = (2 —2) YA+ + (2 — 20) " A_1 + Hol(z),
were the last term is holomorphic in a neighborhood of z = zy. Classically, for v a small positively
oriented circle centered at zp, we have
1
2w

(2.21) A_j /(z —20)'R(2)dz, j>1,
g
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mult(zg) being the rank of A_;, and

(222) A_j(H - Z()) = (H - Z())A_j = A—j—l-
Our next goal is to check the identities

(2.23) rank(A_;) = rank(VA_4),

(2.24) rank(A* ) = rank(V A ;).

Let us prove (2.23). If this identity is false, there exists a function f such that f = A_;g and
Vf=0.
Since f belongs to the range of A_y, the distribution H™f is in L%OC(R?’), for any m € N. In
particular, Hf = Hof € HZ . (R3), and hence f € H;. (R?) C C?(R?).
Further, V f = 0 easily implies VH f = 0. By recurrence, we obtain
(2.25) VH"f =0,
for any n € N. Plugging (2.20) into the r.h.s. of the resolvent equation
R(z) = Ry(z) — Ro(2)V R(z2),
and integrating with respect to z € 7, we find that (2.22) entails
L-1 L—1 '
(2.26) f=ALg==> MVA j 1g==> MV(H-z)f
§=0 §=0
Using (2.25) and (2.26), we get f = 0 which immediately yields (2.23). Identity (2.24) can be
proved exactly in the same way.
Applying (2.23) — (2.24), we get rank(A_;) = rank(A_1V), next rank (A_;) =rank (A_;V) =
rank (A_1|V]%), and, moreover, find that \V|% is injective on the range of (A_1). Thus we obtain

(2.27) rank(A_;) = rank (\V]%A_ﬂw%),

which implies that the multiplicities agree.

We now prove the second part of the proposition. Let us recall that, if A is a bounded operator
and if B is a trace class operator on some separable Hilbert space, we have det(/ + AB) = det({ +
BA). Moreover, for A bounded and B Hilbert-Schmidt, we have

(2.28) deto(I + AB) = deto(I + BA).
Writing, for z € F,
(H—2)(Hy—2)"' =T+ V(Hy—2)"1,
where J ]V|%(H0 — 2z)~! is holomorphic on Fy, with value in the Hilbert-Schmidt class, and using
(2.28), we get
dety ((H — 2)(Ho — 2)71) = deta (I + V|2 J|V |2 (Hy — 2)71) = deta (I + Ty (2)).
From Lemma 1, this determinant has an analytic extension from F, to M and vanishes if and only
if zp is a resonance of H. Then, there exists a holomorphic function f(z), for z close to zg, such
that f(z0) # 0 and
deta (I +Tv(2)) = (2 — 20)"**) f(20)-
In order to prove that I(z9) = mult(zg) where mult(zp) is the multiplicity of the resonance defined
by (2.12), we need the following
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Lemma 2. The operator
Toy=-Ay Y (H-2)VMjnV(H - z)",
L—1>,k>0
is well defined in E(HJLV_l) for any N where Hk is the Hilbert space
HEY = {u e LA (R?) = L2(R®, e N#slde) such that H*u € L% (R?), Vk < L},
equiped with the morm Y o ||Hku||L?V
For any k € N, in L(L? 5, H%) we have
(2.29) M,A=A,.
Here L(A, B) (resp. L(A)) denotes the space of linear bounded operator from A to B (resp. A).
Proof of Lemma 2. We recall that from (2.26),
(2.30) A== MVA ;4
Jj=0
with the convention that A_; = 0 for j > L. On the other hand, the resolvent equation
Ry(z) = R(2) (I + VRO(Z)),
yields
(2.31) My =" AMj_y,
k<j
with Mo = I + V M, J\Af] = VM; for j > 1, and the equation Ry(z) = (I + Ro(z)V)R(z) implies
for any k£ > 0:

(2.32) 0= M; A
ik

with ]\70 =1+ MyV, ]\7]- = M;V, M_j = 0 for 5 > 1. In the above equality we use again the
convention that A_; =0 for j > L. By inserting (2.31) into (2.30), we deduce

A== AM; VA

7320 k<j
Since ]\Aij = VMJ' and A_1(H — z)? = A_1_j, relation (2.32) implies

A== VM VA ;1 =T 1A .
>0 k<0

This concludes the proof of Lemma 2. O

Let us now complete the proof of Proposition 3. It follows from Lemma 2 that rankIl_; =
rank A_; and (2.29) implies that IT_;11_; = II_;. Consequently, we have

(2.33) mult(zg) =rank A_; = tr IT_;.
On the other hand, by the definition of [(zg), we have

(2.34) I(20) = i / o, lndet2<1 +Tv(z))dz.
od
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Further, we have
8, In det(l + T(z)) - tr((l + T(z))—lazT(z)), zeqQ,
for any operator-valued holomorphic function 2 3 z — T'(z) € Sy. Therefore,
9, In det, (1 + ’Tv(z)) - tr((l + Tv(z))_lava(z)) —tr (8ZTV(Z)>.

According to Lemma 1, 9,7y (z) is holomorphic in the trace class, then its integral on v vanishes
and (2.18) yields:
1

I(z0) = —%[/tr(J\V|5R(2)V8ZR0(2)|V|§>dz.
By definition of A_j and M, we obtain:
(z0) = —tr( Y2 JIVIEA RV MIVIE),
L>k>1
where the trace is on £(L?). Thanks to (2.22), we have A_; = A_1(H — 29)*~* in £(L? , L%) and
using the cyclicity of the trace,

(2.35) I(20) = —tr( S AL(H - zo)k_lkVMkV).

L>k>1
Here the trace is in E(L?V), but since the range of A_; is in any H, , J > 1, the last trace is also
in any H%,. At last, combining the cyclicity of the trace, with (2.22), (2.33) and (2.35) we deduce

mult(zo) = tr(Il_;) = tr( - Y AnHE- zo)k+jVMk+j+1V) = I(z0).
0<j,k<L—1

3. RESONANCES NEAR THE LANDAU LEVELS

In this section we assume that V satisfies (2.1) with m > 2, and study the resonances localized
in Dy, the neighborhood of the Landau level 2bg introduced in Definition 2. Recall that D7 can be
parametrized by z,(k) defined in (2.5).

According to the previous section, these resonances can be identified with the points z where
the determinant deto(I 4+ Ty (2)) vanishes. Note that 7y (z) is the holomorphic extension of

(3.1) JWVI2(Ho = )7 V]2 = DIV P(Ho - )7 |V]2, 2 € F,
jeN
where P; = p; ® I,, j € N.
In order to study the resonances near a Landau level 2bg we split 7y/(z) into two parts:

Ty (2) = JIVI2PyRo(=)|V]2 + 3 J[VI2 P Ro(2)|V .
i7#4q
By Proposition 1, the second term in the r.h.s. is holomorphic in a neighborhood of 2bg with values
in Sy. Let us consider the first term for z = z4(k). The series expansion with respect to k of the
kernel of the operator ¢y (see (2.3) and (2.4)) allows us to write ¢x as the sum

(3.2) tn(k2) = %tl + i (k),
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where t1 : L?(R) — L?(R) is the rank-one operator defined by

(3.3) tiu = %<u7€—N<.>>e—N<:c3>7
and 71 (k) is the Hilbert-Schmidt operator with integral kernel
iklzs—zg| _ q ,
(34) Rl(l’g,(l}g) _ 6—N<m3) i%e—N(mzﬁ_
Clearly, the operator-valued function C 3 k +— ry(k) € Sy is analytic. Putting together the above
considerations, we obtain the following

Proposition 4. Suppose V satisfies (2.1) with m, > 2. For k € C*, |k| < v/2b, we have:

iJ
(35) T (2g(K) = 5By + AR),
where J = signV', By is the positive self-adjoint operator
1
(36) By =5 |VI"2Py|V['2,
and A(k) € Sy is the holomorphic operator defined on {k € C, |k| < v/2b} by
(3.7) A(k) = JAq(k) + T Y [V]2 PyRo(z(R)[V]2,
i#q

where Ay(k) is the operator with integral kernel

1 — ikles—a4|
—
Here, Py is the integral kernel of the orthogonal projection p, written in (2.10).

(NI

1
ICAq(XL7$3;Xj_’$§) = |V(XJ_7$3)|2 q,b(XJ_’Xj_) |V(Xj_v$é)|

Since there exists an operator C : L*(R®) — L?*(R?) such that B, = C*C and CC* = $p,Wp,
with

(3.8) W(X,) = /R V(X1 23)|des,

(see [30] for ¢ = 0, and the proof of Proposition 5.3 of [10] for any ¢ € N), then for any s > 0 we
have

(3.9) n(s; Bg) = n4(2s;p4Wpg),
where for a compact self-adjoint operator A, we set n(s; A) = rank 1(5 ;1 )(4).

Remark. Using (2.18) and (3.5), we can prove that each Landau level is an essential singularity of
the resolvent of H, but it is not sufficient to deduce the existence of an infinite number of resonances
near the Landau levels.

In the case where the decay of U at infinity is regular enough, the asymptotic distribution of the
eigenvalues of Toeplitz-type operators p,Up, is well known. The following three lemmas describe
the eigenvalue asymptotics for p,Up, in the case of power-like decay, exponential decay, or compact
support of U, respectively.
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Lemma 3. (Theorem 2.6 of [21]) Let the function U € C''(R?) satisfy the estimates
0<UX)) <OUX1)™,  |[VUXD|<C(X )™ X, eR?
for some o > 0 and Cy > 0. Assume, moreover that
U(X1) = uo(X1/IX1]) [X01[T*(1+0(1)), [XL]— oo,

where ug is a continuous function on S' which is non-negative and does not vanish identically.
Then for each q € N we have

n4(5:pgUpg) = Cas /(14 0(1)), 5 \,0,
where
_b
N 47 S1
Lemma 4. (Theorem 2.1 of [24]) Let 0 < U € L*(R?). Assume that
mU(X1) = —p| X P(1+0(1), [|Xi|— o0,
for some B8 >0, u> 0. Then for each ¢ € N we have
ny(s;pgUpq) = @p(s)(1 +0(1)), s\ 0,

(3.10) Cy uo ()% dt.

where . )
by F|Ins|? if 0<p<l1,
pp(s) = mrrgw sl i f=1, 0<s<e
Fr(n|ns)~ s if B> 1,

Lemma 5. (Theorem 2.4 of [24]) Let 0 < U € L>™(R?). Assume that the support of U is compact
and there exists a constant C > 0 such that U > C on an non-empty open subset of R?. Then for
each ¢ € N we have

n4(s:0qUpq) = Poo(s)(1 +0(1)), s\, 0,
where

Yoo(s) := (In|Ins|)|Ins|, 0<s<e
Remark. In the recent preprint [11] a sharper version of the result of Lemma 5 has been obtained,
containing three asymptotic terms as s \, 0 of n(s;p,Upq) provided that the support of U is
compact, and U satisfies some additional technical assumptions. In particular, the asymptotic
expansion of n4 (s;pUp,) obtained in [11] recovers the logarithmic capacity of the support of U.

The above lemmas imply some useful properties of B, summarized in the following

Corollary 1. Let s > 0. For V satisfying (1.1) with m > 2, the operator B, is a trace class
operator with n. (s, By) = O(s~2/™+) for s > 0 small enough. For j € N* := {1,2,...}, the
operator-valued functions

B B
(3.11) C\ (Fi[0,+00]) > k s B(k) = BE (k) = ZT‘I (I + 27‘1) Tes

are holomorphic. Their Hilbert-Schmidt norms (p==2) and trace-class norms (p=1) satisfy the
estimates

(3.12) 1Bkl < e(8)? op(|K])7,
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1
where 6 = Argk, ¢(0) = (1 — (sinf)_)" 2, u_ := max{—u,0} if u € R, and

&<I+B_g)—1/2 P

R _ —2/m
(3.13) op(s) = || = = = O(s72m), s>0.
p
Further, for s >0, p > 1, we have
(3.14) 27727, (s) < op(s) < Tipls) +ni(s, By),
where
p
(3.15) np(s) H—l[o S]( JIl ., s>0, p>1
p

Moreover, for W defined by (3.8) satisfying the assumptions of Lemma 3 with o > 2, the
estimates

(3.16) 0p(s) = Caps a(1+0(1), Tip(s) = Caps a(1+0(1)) s\,0,

hold with some Cqp > 0, 5(1,,, >0, p=1,2. Finally, if the assumptions of Lemma 4 or of Lemma
5 hold for W = U, we have

(3.17) op(s) = pa(s)(1+0(1)), mnp(s) =o(ps(s)) s\.0,
the functions pg(s), 0 < f < oo, being defined in Lemma 4 or in Lemma 5.

Proof. By (3.9), B, € Sy if and only if p,Wp, € S1. For V satisfying (1.1), we have 0 < W (X ) <
C(X,)~™+. Therefore, W € L'(R?), and hence p,Wp, € Sy, and then B, € S;. According to
Lemma 3, n(s,p,C(X )"+ p,) behaves like s72/mL a5 s\, 0, then ny(s,Bq) = O(s2/™1) for
s > 0 small enough. Taking also into account that B, > 0, we conclude that the operator-valued
functions B defined in (3.11) are holomorphic. Let us now estimate their norms in S; and in Ss.
For k = |k|e??, we have

B? B? —j
BB = I+ —L +2sinf—1) .
e (1 g =2
Next,
B,
(3.18) ‘BH f]p |/~c| +6)dn. (u; By) fJ,p s, £0)dn(s; |k:|)
where f;,(u,0) := uP(1 4+ u? + 2usin §) =P/, Evidently, for 0 75 —m/2 and u > 0 we have
(3.19) Fip(u,0) < ¢(0)77 fo(u)
where f,(u) = uP(1 + u?)"P/2 p =1,2. Finally,
_ (B Bg\-r/2 _ = . By
(3.20) opls) = r(22 (14 22) ") = —/0 Foluydn. (u; 2,
Now the combination of (3.18), (3.19), and (3.20), yields (3.12). We have also
1
B
(3.21) np(s) = —/ uPdng (u; ?q)
0

Then (3.14) is a consequence of the elementary inequalities

27721y () < fy(u) < wPig1)() + 11 oo (1),
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In order to prove (3.16) - (3.17), we first note that since lim,,|o wny(u, By) = 0, relations (3.20),
(3.21) and (3.9) imply

(3.22) op(s) = /OOO f;(u)n+(2su;qupq)du,

1
(32) () = [ (0 2 W) = s (2530, W)
0
Then for W satisfying the assumptions of Lemma 3 or of Lemma 4 or of Lemma 5 we deduce the

asymptotic properties claimed. Il

Proposition 5. Suppose that V' satisfies (2.1) with m > 2. For 0 < s < |k| < so with sg
sufficiently small, z4(k) € Dy is a resonance of H if and only if k is a zero of

(3.24) D(k, s) = det <I~|—K(l<:,s)),
where K (k,s) is a finite-rank operator satisfying
rank K (k, s) = O (n (sipgWpo) +1), K (k,5)] = O(s7),

uniformly with respect to s < |k| < sg.
Moreover, for Tmk? > 6 > 0, the operator I + K (k,s) is invertible with

(I + K(k,s) "t = 0@,
uniformly with respect to s < |k| < sg, Imk? > 6.

Proof. By Proposition 3 — 4, for s < |k| < so < V/2b, z,(k) is a resonance of H if and only if k is a
zero of deto(I + % B, + A(k)).

Since k — A(k) is holomorphic near & = 0 with value in So, for s¢ sufficiently small, there exist
a finite-rank operator Ag independent of k and A(k) holomorphic near k = 0 in Sy with || A(k)|| < 1,
|k| < sp such that

A(k) = Ag + A(k).
Further, let us decompose the self-adjoint positive operator B, into a trace-class operator whose
norm is bounded by s/2, and an operator of rank n (s/2; B;), namely

(3.25) Bq = Bq1[07s/2](Bq) + Bq1}5/27+oo[(Bq).

Since ||%Bq1[078/2](3q) +A(k)| < 3 for 0 < s < |k| < sg, we have
iJ ~ s
det ((I+ “ Byl .a/2)(By) + A(k)) €T ) 20,

It follows that for 0 < s < |k| < s, the zeros of dety (I + Tv(zq(k))) are the zeros of D(k, s)
defined by (3.24) with
g

i ~\
K(k,s) = ( = Byjsja,sl(By) + AO) (1 + By ps/01(By) + A(k)) .

The rank of this operator is bounded by O(n(s/2; By) +1) = O(n4.(s;pgWpg) +1) (see (3.9)) and
its norm is bounded by O(|k|™1).
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At last, by the definition of 7y (z) and of K (k,s), we have
iJ ~ -1
I+ K(k,s) = (1+Tv(zq(k) (I + 5Bylp,osa)(By) + AR))

provided that 0 < s < |k| < s¢. By the resolvent equation (2.18), the operator I+7y (z) is invertible
for Im z > §, and

-1 1 1yl
(1+7v() = T1=JVR( =27V,
Then I + K (k, s) is invertible for Imk? > §, 0 < s < |k| < sg, and
|2+ K (k)7 | = O+ V]2 (H = 2,(k)) " V]2[) = O(L + [ Im &% 7)
which concludes the proof of Proposition 5. (Il

By the properties of K (k,s) (see Proposition 5) for 0 < s < |k| < sg, we have:

O(n4 (s;p4Wpq)+1)
(3260  Dlks) = [ (14 Aks) = O()exp (O (5:p,Wpy) + 1)l ns]),
j=1

uniformly with respect to (k, s), where A;(k, s) are the eigenvalues of K (k, s) which satisfy \;(k, s) =
O(ls| ™).

Moreover, since
D(k,5)"! = det ((I n K)‘l) — det (1 ~K(I+ K)—l),
for Imk? > § > 0, and for 0 < s < |k| < s, we have
(3.27) ID(k,5)] = Cexp (= Clns(s:pWpg) + 1)(|Ind] + | s ),

uniformly with respect to (k,s).
The following lemma contains a version of the well known Jensen inequality which is suitable
for our purposes.

Lemma 6. Let Q be a simply connected sub-domain of C and let g be a holomorphic function in
Q with continuous extension to Q. Assume there erists zog € Q such that g(z0) # 0 and g(z) # 0
for z € 00, Let 21,22, ..., zny € Q be the zeros of g repeated according to their multiplicity. For any
domain Q' CC Q, there exists C' > 0 such that N (€, g), the number of zeros z; of g contained in
Q, satisfies

N9 < ([ mlgldz ~InlaCo)).

Proof. First, let us recall the classical Jensen inequality
1 2 )
N(B(0,vR),G)|Inv| < %/ In |G(Re?)|df — In |G(0)],
0

valid for any 0 < v < 1, and for a function ¢ = G satisfying the assumptions of the lemma in
Q=DB(0,R) :={2€C; |z| <R}, and 2 = 0.

Now, let f : B(0, R) — § be a bijective analytic function such that f(0) = z¢ and f(0B(0,R)) =
0. Then G = gof satisfies the assumptions of the lemma in Q = B(0, R), with zp = 0, and we
have the above formula. Since f is a bijection and f(0B(0,R)) = 09, for Q' CC Q there exists
0 < v < 1 such that Q" C f(B(0,vR)), which implies the claim of the lemma. O
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Applying this lemma to the function g(k) := D(rk,r), on Q := {k € C; 1 < k] <2, £ <
Arg k < 27 + £} with Imk§ > & > 0, we deduce from (3.26), (3.27) the following upper bound on
the number of resonances near the Landau levels.

Theorem 1. Upper bound. Suppose that V' satisfies (2.1) with m, > 2. Then there exists
ro > 0, such that for any 0 < r < rq,

#{z = z4(k) € Res(H) N D’qk; r < |k| <2r} = 0(ny(r,psWpg)|Inr|),

where W is given by (3.8), and ny(s;p,Wpy) is the counting function satisfying asymptotic rela-
tions depending on the decay of W, described in Lemmas 8, 4, and 5. In particular, under our
assumptions we have always ni(s;p,Wpy) = O(s‘wmi), and for V. compactly supported, we have
(52, Wp,) = O((In | 1n s]) 1] I s]).

Remark. Instead of the three-dimensional case considered in the present paper, it is possible to
consider a general n-dimensional Schrédinger operator with non vanishing constant magnetic field
B which can be regarded as a real antisymmetric matrix acting in R™. Set 2d = rank B and
d:=n— 2d, so that in the three-dimensional case we have d = 1 and d = 1. Note that the spectrum
of the unperturbed Schrédinger operator Hy(B ) with magnetic field B is pure point if d= 0, and
is purely absolutely continuous if d>1. For d > 1 the unperturbed operator can be written in

appropriate Cartesian coordinates (x,v,z) € R with 2,y € R? and z € ]Rd, as

S (D +50))" 4 (D, - ))@DW

J=1

where B = Z?Zl bjdx; A dy;. We believe that the presence of infinitely many resonances is typical

for the casesd = 1 and d = 2. However, the Riemann surfaces where the resonances are defined, and
the eigenvalue counting functions for the corresponding Toeplitz operators (see [21]) which occur
in the estimates of the resonances, should be of different type in these two cases. On the other
hand, if d > 3, we expect that the number of the resonances near any fixed Landau level should be
finite. The qualitative pictures in the cases d = 1, d = 2, and d > 3, should be independent of the
rank 2d of the non-vanishing magnetic field B.

4. PERTURBATION OF DEFINITE SIGN

In this section, we discuss the case £V > 0. We will obtain an upper bound of the number
of resonances near the Landau levels outside a semi-axis. Further, for small perturbations, we
prove the existence of a region free of resonances, and obtain a lower bound on the number of
resonances near a semi-axis. In particular, we show that for small positive perturbations there are
no embedded eigenvalues.

In the definite-sign case, we can summarize our results by Figure 2.

Let V have a definite sign, i.e. let J = sign V' be constant, J = +1 when £V > 0. In this case,
according to Proposition 4, we have

L JB, + A(k),

Ty (k) = 1
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' V<0 >
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Rek Rek
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FIGURE 2. Resonances near a Landau level for V' of definite sign. Reso-
nances z = z4(k) are concentrated near the semi axis k& = —i(sgnV)]0, +oo0[. On
the one hand, for any 6, the number of resonances in Cy is bounded by O(|Inr|)
for sg = so(f) sufficiently small (Proposition 6). On the other hand, for any
0 < so < V2b and any 6, there is no resonance of Hy + ¢V in Cy for ¢ < e¢(6)
sufficiently small and for compactly supported V' we have lower bound of the num-
ber of resonances in Sy (see Theorem 2).

with B, a positive self-adjoint operator independent of &k, and A(k) holomorphic near k = 0 with
values in So. For iJk ¢ sp(B,), the operator I + £.JB, is invertible with

k|
\/(Jlmk)3+ | Re k|2

?

1
I+

JBy) 7| <

and for —6JImk < |Rek|, the estimate ||(I + £JBy)~!(| < V1 + 62 holds uniformly with respect
to k, |k| < so, —0JImk < |Rek|.
We have

I+ T (2(k)) = (I + K (k)) (1 + %JBq),
with . :
K(k) = A(k) (I + %JBQ) .

Note that K (k) € Sy, and its Hilbert-Schmidt norm is uniformly bounded with respect to k, for
|k| < sg, —0JImk < |Rek|. Therefore,
L
k
This relation is obtained by approximating the Hilbert-Schmidt operator K by a finite-rank oper-
ator, and using the fact that for a trace-class operator B, we have deto(I + B) = det( + B)e™" B,
We exploit moreover, the fact tha‘g since By is a trace class operator (see Corollary 1), then such is
(Tv(zq(k)) — K(k)) = (I + K(k))zJBg.

According to (4.1), for |k| < sg, —6J Imk < | Re k|, the zeros of deto(I+7y(24(k))) are the zeros
of dety(I + K (k)). By the properties of K(k), deto(I + K(k)) = O(eCIE®IZ) = O(1), uniformly

(41)  deto(T+ Ty (z(k))) = det (I + 1 TB, )dety (T + K (k) ) e~ TP (k) =K),
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with respect to k. On the other hand, writing
i
(I+K) " = I+ 2B (T+T)
and arguing as in the proof of Proposition 5, we find that
I(1+K)~H = O(ls|~HO(™1)

for Imk? > 6 > 0, and for 0 < s < |k| < s, uniformly with respect to (k,s). If (\;); denotes
the sequence of eigenvalues of K (k), the above estimate implies that for Imk? > § > 0, and for
0 < s < |k| < sg, we have

(4.2) 1+t =0(s|7Ho ™).
Now, we are able to establish a lower bound of dety(I + K (k)). We have
6)‘]' e|>‘j‘

= o (e e ) < T (e T sy

-1
‘(detg(I + K(k)))
A< A>3

The first product is uniformly bounded because K (k) is uniformly bounded in S5 and we estimate
the second product by O(eCImdl+ns)y ysing the fact that it involves a finite number of factors

bounded by O(|s|"1)O(5~1) (see (4.2)). We get
|deto(I + K (k)| > Ce~Cllmdl+|ns))

for Imk%? > 6 > 0, and for 0 < s < |k| < so. Consequently, from the Jensen inequality (Lemma
6), in the case V' of definite sign, we establish upper bounds outside a neighborhood of {z;(k); k €
(—iJ)[0, 4+00[}:

Proposition 6. Upper bound: special case. Suppose that V satisfying (2.1) with m | > 2, is
of definite sign J. For any § > 0, there exists so > 0, such that for any 0 < r < sy we have

#{z = zy(k) € Res(H) N Dy; r < [k| <2r, —=6JImk < |Rek|} = O(|In7|).
In what follows, we prove also that for small perturbations of definite sign the resonances are
near zq(k) with k eigenvalues of —iJB,. In particular, we have a infinite number of resonances
close to the Landau levels.

In order to obtain our lower bound of the counting function of resonances, we need the following
result deduced from Lemma 4.

Lemma 7. Let 0 < W € L>®(R?) such that
(4.3) InW(X ) <—-0(X)?

for some C' > 0. Let (\j); be the non-increasing sequence of the non-vanishing eigenvalues of
pgWpg, counted with their multiplicity. Then there exists v > 0 such that

(4.4) #1475 Aj — Njr1 > v} = oo,

Proof. By assumption, one can find a function U which satisfies the hypotheses of Lemma 4 with
B =1 such that W < U. Then p,Wp, < p,Up, and

(4.5) n+(8304Wpg) < ny(s;pgUpg) = O(|In s)),

by the min-max principle.
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Let us assume that the set {j; A; — Aj;1 > vA;} is finite for any v > 0. Then there exists j,
such that for any j > j,, Aj — Aj41 < vA;. This implies that for any j > j,, A\; > (1 —v)?7v);, .
In this case for s sufficiently small we would have

ny(s;0gWpg) = #{43 Aj > s} = #{j; (L —v)? "N, > s},
that is
n(5:pWpg) > |In(1 = )|~ [Ins| — O, (1).

If we choose v > 0 small enough, this lower bound is in contradiction with the estimate (4.5). O

Theorem 2. Sector free of resonances, upper and lower bound. Let 0 < so < v/2b and
q € N. Assume V satisfies (2.1) with m > 2 and is of definite sign J. Then for any § > 0 there
exists g > 0 such that:

(i) for any ¢ < eo, He := Ho + €V has no resonances in {z = z4(k) € Dy; 0 < |k] <
so, —JImk < }|Rekl}.

(ii) there exists rog > 0, such that for any 0 < r < rg and € < gy, we have
(4.6) #{z = z4(k) € Res(H:) N D5 v < |k| < 2r} = O(ny(r,epsWpy) — ny (87, epaWpy))-

(iii) if W defined by (3.8) satisfies (4.3), then for any ¢ < o, H. has an infinite number of
resonances in {z = z4(k) € Dy; 0 < |k| < sg, —JImk > $|Rek|}.

More precisely, there exists a decreasing sequence (r))en of positive numbers, r; \, 0 such that,

1
(47) #{z = 24(k) € Res(H:) N Dy riyy < |k| <y, —J Imk > 5\ Rek|}
> rank 1y, | on (epgWpg)-

Proof. (i) We have
(4.8) [+ Ty =I+eTy =1+ %a]Bq +eA(k).

Since B, is self-adjoint and positive, the operator I + %EJ B, is invertible for —JIm#k < %\ Re k|,

and we have '
(1 + %sJBq)_lﬂ <V1+d2

Moreover, for |k| < sg there exists C' > 0 such that ||A(k)|| < C. Consequently, for ¢ <
(CV1+672)7! and —JImk < 5|Rek|, the operator I + teJB, + A(k) is invertible and z,(k) is
not a resonance of Hy + V.

(ii) We prove this point like Theorem 1. Let

B :=eByly, j24,((By) and BT =Byl gupar +oo[(EBq)-

For %r < |k| < 3r, the spectrum of the self-adjoint operator ‘%'B_ is a subset of [0, 3] U [%, +ool.
Then I + %J B~ is invertible and

|7+ 5757) ) <a

So, if gg is small enough and 0 < e < ¢, the operator I—i—%JB_—i—sA(k) is invertible for %r < k| < %r
with a uniformly bounded inverse.
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Using (4.8), we can write

I+ Ty =I+ %JBJr +1JB + eA(k)

k
(4.9) (14278 +eAW®) (T+ 1+ 7B +eAR)) l%JB*),
and, from Proposition 3, the resonances of H., with %r < k| < %r, are the zeros of
(4.10) D(k,7) := det (I + (I + LB+ sA(k)) _11J3+).
k k

Moreover, the multiplicity of the resonance, mult(k), is equal to the order of the zero of ﬁ(/{,r).
Since BT /k is uniformly bounded, there exists C' > 0 such that

(4.11) |D(k,r)| < exp (C'rank 1,5 4,((¢By))-
On the other hand, we have

(1 + %JB‘ + 5A(l<:)) _I%JBJF :(I + (I + %JB‘) z—:A(l-c)) E.JBJF

(4.12) :%JB+ + O(e).

For u € L?(R3), %r < |k| < 3r and k € R, we get
i 1 . B i
Re<([+ (I +JB” + sA(k)) —JB )uu> —Re<(I +JBT + O(e))u,u>
=Re ((I+O(g))u,u)
(4.13) >|Jull*/2,

for € > 0 small enough. Since we can obtain the same estimate for the adjoint, the operator
I+ (I+£JB™ +eA(k)"'£JBT is invertible for 2r < |k| < 37, k € R with a uniformly bounded
inverse. Then, for such k, we get
~ o B - i - “1i o\l
(D(k, )~ = det (I (I+ -JB +sA(k)) CJB (I+ (I+ -JB +sA(k)) CJB ) )
<exp (C rank 1]74/27474[(53(])).

Combining this estimate with (4.11), the Jensen inequality and (3.9), we get (4.6).
(iii) According to Lemma 7, there exists v > 0 and a decreasing sequence (r;);cn of positive
numbers, r; \, 0 such that for any [ € N we have

dist(rl,sp(Bq)) > vr/2.
Then for any [ € N, there exists a path (see Figure 3)
fl C {% c (C*; |%‘ < S0, \Im%\ > 5Re%, rp > Re% > Tl+1}

enclosing the eigenvalues of B, contained in the interval [r;i,r], and such that for ke fl, the
operator (k — By) is invertible with

~ B 1 ~
(k= By) "= sup — < C/|k|
N ESP(By) [k — Aj

for some C' = C(6,v), uniformly with respect to kel
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Imk =d6Rek

I

FiGure 3. The path fl

Now, let us consider the path I'; :=icJ f‘l, and estimate from below the number of the zeros of
deto(I + peJ By + €A(k)) counted with their multiplicity, enclosed in {z = 24(k) € Dy; k € I}
By construction of I';, for k € T, the operator I + ik~'eJ By is invertible with ||(I + ik~ 'eJB,) ™|
< C(6,v) uniformly with respect to k € T';. Then choosing € so small that

|leoA(k)(I + ik~ 'eJB,) 2 < 1/2,
and using that dety(I + A) < el4l2/2 we obtain that for k € T,
(det2 (1 + o AR + ik—lsJBq)—l) - 1‘ <1.

Applying the Rouché theorem we deduce that the number of zeros of deto(I + LeJB, + £A(k))
enclosed in {z = 24(k) € Dy; k € I'}} is equal to the number of zeros of deta (I + +eJB,) and using
(3.9) it is given by n4 (2r141; pgWpg) — 1y (2r1;p4Wpg). Since each zero of deto (I + %EJBq +cA(k))
is a resonance, with the same multiplicity, we deduce (4.7), and since the sequence (r;); is infinite,
we conclude that the number of the resonances is infinite. O

Since the embedded eigenvalues in R \ 20N are resonances z,(k) with k € ei{o’g}]O,\/Q_b[, a
simple consequence of the previous theorem is the absence of embedded eigenvalues in |2bg —
s2,2bq[U]2bg, 2bq + s3[ for small positive V and in ]2bq,2bg + s3[ for small negative V. In fact,
by more precise estimates with respect to g, for small positive V', we prove absence of embedded
eigenvalues in R \ 2bN and for small negative V', we obtain information about the localization of
the embedded eigenvalues on the left of the Landau levels.

Proposition 7. Absence of embedded eigenvalues. Assume that'V satisfies (1.1) withmj >0
and mz > 2. For a positive potential V , there exists €9 > 0 such that for any e < eg, H. := Hy+¢€eV
has no embedded eigenvalues in R\ 20N. For a negative potential V , there exists eg > 0 and C' > 0
such that for any € < eg, He := Ho + €V has no embedded eigenvalues in RT \ (20N+] — eC, 0]).

Proof. According to Proposition 2.6 of [6], for V satisfying (1.1) with m; > 0 and mg > 1 there
exists C' > 0 such that H. has no embedded eigenvalues in R™ \ (20N+] —eC,eC[). Then, following
the proof of Theorem 2 (i) (or see proof of Proposition 2.5 of [6]), we have only to check that eg > 0
can be chosen independently of A € Rt \ 2bN such that for any € < g and A € R\ 20N, I 47y ())
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is invertible when V is positive. For negative V', we have to choose £¢ > 0 such that for any € < gg
and A € RT\ (20N+] — b,0[), I + €7y ()) is invertible.
Let A € RT\ 20N, then there exists ¢ € N and k € C, |k| < v/bsuch that A\ = 2bg+k? (k €]0, VD]

or k €4]0,/0)).
We have:
Ty (N) = JVIERG NIV = J|VI (w5) T (D 0y © tina (A — 265) ) (w3) 2V |3,

JjEN

where t,,, is the continuous extension of z <x3>_%(D?E3 - z)_1<x3>_% from Imz > 0 to
z € R\ {0}. For p € R\ {0}, the integral kernel of t,,,(p) is given by:

mg eiklzs—af|

sy~ i ()T
where k = /p if >0 and k =iy/—p if p <O0.

It is clear that for p < 0, |[tms(p)|| < |7t and for g > 0, ||t (0| < C(m3)|,u|_% with
C(m3) =% [(z3) ™ dzs (for more details, see [6]).

From the above estimates, we immediately get:

. . _ _1
1D pj ® ting (A = 265)| < sup ||ty (A — 2b5) || < max(b~", C(mg3)b™2).
i#q 74
Moreover, the series expansion with respect to k£ of the kernel of the operator ¢,,, allows us to
write pg ® tm, (A — 2bg) as the sum

?

Dq ® ZL/m3()‘ — 2bq) = A

PgR®T+pg® p(k),
where 7 : L?(R) — L?(R) is the rank-one operator defined by 7u := §{u, ()™ 2 )(z3)~
is the Hilbert-Schmidt operator with integral kernel

ms 'eik|r3—x§\ -1 _mg

(s~ i ()

Since this integral kernel is bounded by O(<x3>_% |zg — o] <$g>_%), uniformly with respect to

E, |k| < b, it follows that for ms > 2, p; ® p(k) is uniformly bounded independently of ¢ and A.
Consequently, for B := \V|%($3>% (pq ® 7') ($3>% |V|%, we have

i
1T (%) — % B] < M,

with M independent of . At last, for Jk € R or Jk € iR™, since B is a positive self-adjoint
operator, ||(I +ieJk~'B)7!|| < 1. Then taking ¢ < M !, for ¢ < &g, I + €Ty/()\) is invertible for
any A € RT\ 2bN when J =1 (i.e. V >0) and for any A € R* \ (20N+] — b,0[) when J = —1 (i.e.
V' < 0). This concludes the proof of Proposition 7. O

Remark. Further information concerning the localization of the eigenvalues of the operator H for
non-sign-definite potentials V' is contained in [6, Proposition 2.6].
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5. SPECTRAL SHIFT FUNCTION AND RESONANCES

In this section we represent the derivative of the spectral shift function (SSF) near the Landau
levels as a sum of a harmonic measure related to resonances, and the imaginary part of a holomor-
phic function. As in [20], [5], [9], such representation justifies the Breit-Wigner approximation and
implies a trace formula. We deduce also an asymptotic expansion of the SSF near a given Landau
level; in the case of positive potentials V' which decay slowly enough as |X || — oo this expansion
yields a remainder estimate for the corresponding asymptotic relations obtained in [10].

In the case of a relative trace class perturbation, the SSF is related to the perturbation deter-
minant by the Krein formula

(5.1) £0) = L lim Arg det ((H i) (Hy — A — ie)_l).

T e—0t

In our case, |V|%(H0 + 1)~ ! is in the Hilbert-Schmidt class, and the distribution
(5.2) ¢ f€CFER) — —tr(f(H) — f(H)))

is still well defined, but not the above perturbation determinant. Since V (Hy+14)~2 is of trace class,
we could give a meaning to (5.1) using meromorphic extension of the regularized Zeta function (see
[4]), but it will be more convenient to introduce the regularized spectral shift function

(5.3) &) = L lim Arg det2<(H i) (Hy — A — ia)_1>,

T e—0t

(see (2.13) for the definition of dety) whose derivative is the following distribution

(54 & [ € CER) — —tx(f(H) — (Ho) — 5 f(Hy +V) |e—o )

(see [16] or [4]). Let us note that in [4], these quantities are defined with the opposite sign. We will
deduce the properties of the SSF from those of the regularized SSF by using the following lemma
which is well known for perturbation of the Laplacian (see [17], [3]).

Lemma 8. Let V satisfies (2.1) with m; > 2. On R\ 20N, we have

1
Y
(5.5) =&+ - Im tr <8z‘7v(.)),
Ty (z) being defined in Lemma 1.

Proof. According to Lemma 1, tr(9,7y) is analytic on F,. Then, exploiting (5.2) and (5.4), we
have only to prove:

(5.6) tr(d% F(Hy +2V) o=y ) = —% /R FO) I tr (270 ),

for any f € C§°(R\ 20N). By the Helffer-Sjéstrand formula (see for instance [8]), for fe C§°(R?)

an almost analytic extension of f, (i.e., fr = f and Oxf(A) = O(|Im A|*®)), we have

(5.7) F(Ho + V) = —% /C B7(2)(2 — Ho — V)" L(d2),
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where L(dz) denotes the Lebesgue measure on C. This quantity is differentiable with respect to &
and its derivative at € = 0 is given by

d%f(Ho +&V) |0 = —% /Céf(z)(z — Ho) 'V (z — Hy) ' L(dz).

Following the proof of Lemma 1, we check easily that for +Im z > 0 the operator (z — Ho) ™'V (z —
Hp)~! is of trace class with trace norm bounded by O(|Im z|~2) and by cyclicity of the trace, for
Im z > 0 we have

tr((z — Ho) 'W(z - HO)—l) - tr(J|V|%(z - HO)—2|vy%) - —tr(@z’fv(z))
and for Imz < 0
tr((z — Hy)W(z— Ho)—l) — tr (8ZTV(E)>.

Hence, d%f(Ho +eV)|ec=0 is of trace class, and

tr(d% F(Ho+ V) oo ) _ ! /Imz>08f(z)tr<8va(z))L(dz) 41 /Imz<05f(z)tr (@Tv(f))L(dZ)-

T ™
Then the Green formula yields (5.6). O

Let W4 CC Q4 be open relatively compact subsets of j:eii]_wo’eo]]O, 2b[ with g > 0, 20p+¢9 <
2m. We assume that these sets are independent of r and that W is simply connected. Also assume
that the intersections between Q4, Wy and +]0,2b[ are intervals. Set Iy = W4 N+ |0,2b] and
choose 0 < s1 < 4/dist(0,24). In the following, we will identify 2bq 4 re with 7751(2bq +7re)N Dy,
for e = W:t, Qi, I:t.

Proposition 8. Let V' satisfies (2.1) with my > 2. For Wy CC Q4 and I+ as above, there erist
functions g+ holomorphic in QL , such that for u € 2bq 4+ r1+, we have

1 w— 2bq Imw
gé(:u‘):_hng;:( 77')"*' E 2 E 5(,&—’[1})
T r |l — wl
weRes(H)N2bg+rQ+ weRes(H)N2bg+rI+
Im w#0
1
(5.8) ——Imtr(@ZTV(M))
s

where g+ (z,7) satisfies the estimate

1
(5.9  gx(z,7) = O ((ny(s1vT; pgWpg)| In7| + M1 (s1v/7/2) + N2(s1v7/2))) = O(|Inr| r ™1)
uniformly with respect to 0 < r <1 and z € W4, with ny, p =1, 2, defined by (3.23) or (3.15).
In order to obtain such a representation formula, the first step is the factorization of the

generalized perturbation determinant. To this end, we need some complex-analysis results due to
J. Sjostrand, summarized in the following

Proposition 9. ([27], [29]) Let I be a bounded interval in |0, +oo[ and 2 be a complex neighborhood
of I in e1=200:201]0, 400 with 9 > 0, 200 + o < 27 such that QN {Imz > 0; Rez > 0} # 0. Let
2z F(z,h), 0 < h < hg, be a family of holomorphic functions in S, having at most a finite number
N(h) of zeros in Q. Assume that

F(z,h) = O(1)ePDNM 2 e,



RESONANCES AND SSF NEAR THE LANDAU LEVELS 25

and that for any § > 0 small enough, there exists C' > 0 such that for z € Qs := QN {Imz >
9; Rez >0 } we have

|F(z,h)| > e N,
Then for any simply connected Q CC Q there emists g(., h) holomorphic on Q such that

N(h) d
_ ) z,h _ O
F(z,h) = ]131 (2 — 2z)ed=h), 59z h) =0N(R), =€

Proof of Proposition 8. Fix Wy CC Q4 , and consider the functions
Fi: z€ Qi v— D(Vrvz\/rs1),

where

0/2 for  z=pe? e
1 _J Vpe , pe =St
(5.10) vz { VZ=1iype 0? for z=—pe ¥ ecQ_,
and D(k,s) is defined by (3.24). The functions F1 are holomorphic in 4 and w € Q4 is a zero of
F, if and only if w = 2bq + wr is a resonance of H. Then applying Proposition 9 to F' = F and to
F(z) = F_(=%) with h = r, N(r) = n4(s1/7,pgWpg)|Inr|, we obtain existence of functions go +
holomorphic in 24 such that for z € 21, we have the following factorization:

(5.11) Dy (VVZ,\/rs1) = 11 (W) (904 (5r),
weRes(H)N2bg+rQ+ "
with
d
(5.12) Ego,i(zﬂ“) = O(ny(s1Vr, pWpg)| Inr|),

uniformly with respect to z € W4.
On the other hand, with the notations of Section 3 (see Proposition 4 and the proof of Propo-
sition 5), for z = z4(y/rk), 0 < s1 < |k| < sp we have

ety ((H = 2)(Ho = 2) ™) = dety (1 + T ()
iJ ST (s
= D(\/rk,\/rs1)) det ((I+ ﬁBql[O,slﬁﬁ]( )+A(/€\/_)) v )
By the properties of A(k) (see the proof of Proposition 5), for K (k) = %Bq1[0,51ﬁ/2](3q) +
A(ky/T), the difference Ty (z) — K (k) is a finite-rank operator and as in the proof of (4.1), we have
iJ 1 —Tv (2 17 — 2)—K
det ((I+ o Bl o2 (Ba) + Al/)e Tv >) — deto(I + K(k)) e~ TIvE-E®),

where dety( + K(k)) is a non-vanishing holomorphic function, for 0 < s1 < |k| < so. Since A(k)
is holomorphic in S5 and

B ~
||?q1[0 s)(B /0 gdn+ u, By) = na(s),

we have:

1K (k)13 = O(fa(s1/7/2)),
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which implies that |dets(1 + K( )| = O(exp(fia(s14/7/2))). Using moreover that ||K (k)| < 1, we
have also | deta(1+ K (k))|™! = O(exp(fia(s14/7/2))). Then there exists g (., ) holomorphic on
such that, d%gl(z,r) (ng(sl\/_/2)), on Wy, and

detay(1 4 K (k) = e91 7).
Then by definition of &, (see (5.3)), for u = z4(k) € 2bg + r(Q+ NR) we obtain

p 1 1w — 2bg —Imw

N | _ e _
&2(p) =—Imx(gox + g1)(———7) > p— > 6(p —w)
weRes(H)N2bg+rQ+ weRes(H)N2bg+rI+
Im w#0
1 1 1J ~ .
+ - Imtr(%8k(?Bq1[o7slﬁ/2] (By) + A(k)) — 8. Ty (1t + ZO)),
where

b Vi —2bg if  u—2bg > 0,
| iv2bg —p if i —2bg < 0.

According to Lemma 1 and since B, € Si, the operators 0.7y (z) and RA(k) = OpAk) =
Ok(Tv (24(k)) — £JBy) are of trace class. The trace of JyA(k) is given by the integral of its kernel
on the diagonal:

(5.13)  tr(BpAk)) = ZTASV(x)dx(Z(Qb(j—q) BT =0 (K 4 20(g — 1)),
i>q Ji<q

and by definition of n; (see (3.15))

i iJsl\/FN
( 3k( By, 7/2(Bq )) = —87”1(31\5/2)‘
Then, we conclude the proof of Proposition 8 with g+ = go.+ + g1 + g2 taking
ib iJs1
ga(zr) = . V(x)dxjg;](zr +2b(q —§))" V% + 4—\;711(31[/2)
where /2 is defined on Q4 by (5.10). O

In the definite-sign case (J = signV’) we can specify the representation of the regularized
spectral shift function when for z = z4(k), the operator 1 + %Bq is invertible, that is for Argk #
—Jm /2. Then we consider Wi CC 4 open relatively compact subsets of :l:eii]_290750]]0, 2b[ with
g > 0, 20p + €9 < 27 as above, and we have the assumption that

(5.14) —Jg ¢ (g)jF + [—60,£0/2],

where (§)- = 0 and (§)+ = 5. The main restriction is in the case ”-” for V< 0 (i.e. J = —1),

where we can consider 2_ C —e‘i]_2‘90’501]0,2b[, only with 6y < 0, that is where there are no
resonances! So in the definite-sign case we discuss the three following situations:

For V' > 0, we consider W, cC Qy cel=200:20]]0, 20 with g > 0, 20y < m or W_ CC
Q_ c—e U=2o=0l]0 2p[ with e > 0, 20y + g < 27.

For V' < 0 we consider W, CC Q4 Ceﬂ—%ﬁo}]o, 2b[ with 9 > 0, 20 + g9 < 2.
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Proposition 10. Assume V' satisfies (2.1) with my > 2, and is of definite sign J = signV.
Let Wy CC Q4 open relatively compact subsets of ieiﬂ—%wd]o, 2b[as above and let the interval
I. =Wy n=£]0,2b[. Assume 0y satisfies (5.14).

Then for A = p — 2bq € rli, the representation (5.8) holds with

1 A 1 o A -
- Img;(?,r) =7 Img;:(;ar) +Img) 1+ (A) + 1o, (A)J (M),

,
where B -
PgVV' P
®(\) := tr( arctan —% ) = tr( arctan ——=< ),
() = tr (avctan ) = tr (arctan 7221 )
z +— g+(z,r) is holomorphic in Qi and satisfies
(5.15) g+(z,7) = O(|Inr])

uniformly with respect to 0 < r < 1o and z € Wy while the function g1+ is holomorphic on
+eti1=200.20110, 2b] and for z € +e*1=200.20l)0, 20|, there exists Cy, such that:

~ 1
191+ (2)] < Cgy02(V/]2])2,
o9 being defined in Corollary 1.

Proof. With the notations of Section 3 (see Proposition 4), and according to relation (4.1), for
z=24(k), 0 < 51T < |k| < 59, —JImk < §|Rek| we have

et ((H = 2)(Ho — 2) 1) = deta (1 + Ty ()
= dety (I + K(k)) det ([ + %JBq) e~ Tr(Tv (2)—K(k))
, -1
with K (k) = A(k) (I + %JBq> . As in the proof of Proposition 8, applying Proposition 9 and the

results of Section 4, we obtain existence of functions g+ holomorphic in €4 such that for z € Q4,
we have the following factorization:

B zr 4+ 2bqg —w i (zr)
(5.16) deto (I—FK(\/;\/E)) = H (7) e ,
weRes(H)N2bg+rQ+
with
(5.17) iN (z,7) = O(|Inr])
M d)\gi Y - b))

uniformly with respect to z € W4. Then by definition of £ (see (5.3)), for p = z4(k) € 2bq + 11+
we obtain:

1 ~ = 2bg Imw
gé(lu’) :_Img;:( 7T)+ Z 2 Z 5(,&—’[1})
o r mlp — wl
weRes(H)N2bg+rQ+ weRes(H)N2bg+r1+
Im w#0
1 i 4 iJ 1 1
+ 5 Imtr(([ +B,) ak(?Bq)) ——Tr (@Tv(p) - %akf((k;)),
where

b — Vi —2bg if  pu—2bg >0,
| iv2bg — i p—2bg < 0.
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On the other hand, Lemma 1 and Corollary 1 entails that the operators 9,7y (1) and

i i
?B(I(I + ?BQ) 1)’

are trace-class. Moreover, from (5.13) and since A is holomorphic in S, we have

OLK (k) = 8, A(k) — 8, (A(k:)

Im — Tr(9 K (k) = Im iak (31.40).

2k
with gi + being the holomorphic function:
G =g [ V<x>dx;<z +26(q - )72 = Tr (A7) =Bl + —=By) ).
which satisfies the claimed estimates thanks to (3.12). Finally, we have
1 i oy, 0 -1 iJ i
0 for Jk € iR™
- 1 J Bg -1 11,2

@tr<EBq(I+ =) ) — JO'(k?) for kR,

which prove Proposition 10. O

Combining Lemma 8, Proposition 8 and Proposition 10, we deduce Breit-Wigner approximation
of the SSF:

Theorem 3. Breit-Wigner approximation. Assume V' satisfies (2.1) with m; > 2. Let
Wi CC Q4 be open relatively compacts subsets of ieii]_2‘90’50]]0,2b[ as before Proposition 8 and

let 0 < 81 < /dist(Q4,0). Then there exists rog > 0 and functions g+ holomorphic in Q4, such
that for p € 2bq + rls, we have

1 w— 2bq Imw
(5.18)  &'(p) = — Imgi( 7) + > —— — > 5(p — w)
T r |l — wl
weRes(H)N2bg+rQ+ weRes(H)N2bg+rI+
Im w#0

where g+ (z,1) satisfies the estimate

(5.19)  gx(z,7) = O (ny(s1V/ripgWpg)| In 7| + A1 (s1V7/2) + Ra(s1v/7/2)) = O(| In7| r_ﬁ)

uniformly with respect to 0 < r < rg and z € Wy.
Moreover for potentials of definite sign, J := signV, assuming that 0 satisfies

—Jg ¢ (g)q: + [_00)60/2]7
(5)- =0, (5)+ = §) for X € r1+ we have

1 A 1 oA ~
- Img;(;,r) = Img;:(;ar) +Img) 1+ (A) + g2 (A)J D' (N),
where B -
DgVV' D
®(\) := tr( arctan —% ) = tr( arctan ———=1 |,
?) ( \/X) ( 2v/\ )
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z +— gx(z,r) is holomorphic in Qi and satisfies
(5.20) g+(z,7) = O(|Inr])

uniformly with respect to 0 < r < rqg and z € W4. The function g1 + is holomorphic on +eFil—200.20]

10,2b] and for z € +eti=200.201)0, 2b], there exists Cp, such that:

- 1
(5.21) 191.+(2)] < Cooo2(V/]2])2,
o9 being defined in Corollary 1.

The following corollary describes the asymptotic behavior of the SSF on the right of a given
Landau level.

Corollary 2. Singularities at the Landau levels. Assume that V satisfies (2.1) with m > 2
and is of definite sign J = signV'. Then the asymptotic relation

(5.22) £(2bg + \) = %@(A) +O(2(0F) +0(ImAP),
holds as A\, 0.

Proof. Let us apply Theorem 3 on intervals 2bg+7,[1, 2], with r,, = A2™, A > 0. For p € 2bg+7r,[1, 2]
and Q4 a complex neighborhood of [1,2], we have

1 [ —2bg Imw
&' (1) = Im gy < ; ﬂ"n) + Z Tk E o(p —w)
" " weRes(H)N2bg+7, Q4 H weRes(H)N2bg+rn[1,2]

Im w#0

1 .
(5.23)  + - (J®' +Img] +) (1 — 2bq).

Using that [, ﬁdu < 1 and that 2bq + r,€24 contains at the most O(|Inr,|) resonances (see
Proposition 6), integration of (5.23) on 2bq + r,[1, 2] yields

1 - 1 ~ o
(5:20) 20+ ragr) — €2bg +r0) = = [0 Ga (. )f3 + Ol r]) + = [J® + ImGy a]/7

Let N € N such that % < A2NFL < b (then N = O(]In \|)). Since &, ® and g + are uniformly
bounded on 2bg + b[1/2,1] (b the fixed strength of the magnetic field), and since gu(.,r,) =
O(|Inry,|), taking the sum of (5.24) from n = 0 to n = N, we have:

N
€200+ 2) = TB() + ~Imgie() + D0 O W@ N)) + O(1).

n=0

Using (5.21) and exploiting that N = O(|In A|), we obtain existence of C' > 0 such that

NI

J
£(2bg + \) — —@(A)‘ < C| ln)\]2 + Cag(\/X) .
0
Then Corollary 2 follows from the elementary inequality
u?
1+ u?

which implies o9(v/X) < ®(N). O

< arctanu, wu >0,
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Let us compare our results with those of [10] where the singularities of the SSF at a given
Landau level were investigated.

If W satisfies the assumptions of Lemmas 3, 4 or 5 (plus some generic technical assumptions in
the case of a rapid decay), then it is shown in [10] that

(5.25) £(2bg + \) = %(I)()\) (140(1)), A0,

In the case of slowly decaying W satisfying the assumptions of Lemma 3, we see that (5.22) provides
a remainder estimate of asymptotic relation (5.25). In the case of rapidly decaying W (see Lemma
4 or Lemma 5) we have

() = 3os(N(1 +o(1), AN0.

Hence, in the case § €]0, %[ relation (5.22) again provides a remainder estimate of (5.25).
However, in the case 3 € [%, oo it does not even recover the first asymptotic term of (5.25). Note
also that in [10] the decay of V is assumed to be isotropic in all three directions while here we
assume that V is super-exponentially decaying with respect to xs.

On the left of Landau level, for V' > 0, the results of [10] imply £(2bg — A\) = O(1). Here our
estimates are not accurate to see this. For V' <0, it is shown in [10] that

£(2bg — \) = n(2V A pWpg) (1 +0(1)), A\, 0.

In this case, we have only general representation formula (5.18) with estimate (5.19).
As in [20], (or [5]), from Theorem 3 we deduce also the following trace formula.

Corollary 3. Trace formula. Let W CC Q4 be as in Theorem 3. Suppose that f+ is holomor-
phic on a neighborhood of Q4 and that Y+ € CF°(Qx NR) satisfies Y+ (X) = 1 near W. Then
under the assumptions of Theorem 8 we have the following trace formula

(6.26) tr((waf) () — ey - S g

weRes(H)N2bg+rW4

w — 2bq
r

)+ Efy ()

with
|Efy e ()] < M(Ya)sup {[f1(2)] + 2 € Qe \ W4, Im2z < 0} x Ny(r).

where Ny(r) = ny(s1yv/T;pgWpg)|Inr| + n1(s14/1/2) + na(s1y/r/2) = O(|Inr| T_ﬁ).

Proof. In the proof we omit the subscript . Choose an almost analytic extension 1/1 of ¢ so that
P e Cf° (Q),w—lonWand

supp 5,21’/; CQ\W.
Applying Theorem 3, we have

() (T2 — (= 2)) = (e, wn =20
- Y @™ e mg (B
wERes(H)Oqu—i-r supp ¥
2bq 1 1
2m (T/Jf)( ) Z ~<)\—w_)\—w)d)\'
w€ERes(H)N2bg+r supp 9

Im w#0
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The integral involving ¢’ can be estimated using (5.19) on supp J For the integral related to the
resonances, we apply the Green formula and we get the term
~ . w—2bq
S et

w€ERes(H),Im w#0

1 — ~ ,z2—=2bq, . z—2bq 1 1
oo [ @D > ()b
wERes(I;{)ﬂﬂ;(é]S—rsuppw

We apply the inequality

/ 1 p(ax) < 230,
Q

1 |Z—U)’

and the upper bound of the resonances in 2 contained in Theorem 1, to obtain the result. O
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