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Chaper 1: Introduction

This chapter contains both the main ideas of this work explained in a heuristic manner
and a formal formulation of the results obtained.

1.1 Main Ideas

In this work a full frame to study the propagation of topological currents along magnetic
interfaces in a 2-dimensional material subject to a orthogonal magnetic field is introduced.
By a magnetic interface we mean a thin region of the space that separates the material,
at least locally, into two parts subjected to different constant magnetic fields (see Figure
1.1), and the propagated topological current is a quantized charge current generated by the
difference between the magnetic fields at each side of the magnetic interface. In this way,
one can think on topological currents as a phenomenon that occur in the edge of certain
materials and can be described by the properties in the bulk (deep in the interior) of those,
making it a bulk-edge correspondence. In such frame, several examples are included together
with an extensive study to the simplest non trivial magnetic interface. Such case appear
naturally when the Iwatsuka magnetic field is considered, which was first introduced in
[Iwa] and consists of a magnetic field whose strenght is constant in one of the directions of
the material, let us say vertically, and admits horizontal limits!. The computation of the
topological current for the Iwatsuka magnetic field has been studied in a continuous setting
in [DGR] and more generally but in a discrette setting in [KS]. Such problem is stated in this
work through a K-theoretic framework, which is consistent with the fact that bulk-boundary
correspondences in condensed matter can be succesfully explained through the K-theory of
the C*-algebras of observables involved (see [Hat, EG, KRS]).

!These are just the main hipothesis considered in [Iwa], however this simplifaction will be adopted and
actually simplified even more in this work.



Figure 1.1: Coloured vectors represent different manetic fields applied to the same material.
Coloured segments represent the magnetic interfaces induced by the different magnetic fields.

1.2 Formulation and Results

The material will be represented with the discrete lattice Z? and the magnetic field acting on
it will be described by its strength on every point of the material as a function B : Z? — R.
Magnetic potentials associated to the magnetic field B will be defined and will induce the
magnetic translations as unitary operators Sp 1, Sp2 on KQ(Z). Our definition of the magnetic
translations is of course consistent with the one given in most literature (see e. g. [PS, DS])
and can also be regarded as a discrete version of its continuous analog (cf. [Ara, Theorem
3.2]). In turn, the Magnetic C*-algebra Ap consisting on the algebra of observables de-
scribing the kinematics of charged particles on the material will be defined as the the one
generated by the magnetic translations.

Section 2 contains several structural facts about magnetic C*-algebras, some of which
are proving that such algebras: admit a crossed product structure, a differential struc-
ture and a well made integration theory; and most importanly, reassemble in a very rich
(non-commutative way) the Fourier theory of C(T), proving that the elements of magnetic
C*-algebras admit a unique representation as a Cesaro sum of noncommutative polynomials
on the magnetic translations. In the same section, a very important commutative subalgebra
of Ap is introduced, namely the Fluz algebra Fp. Such algebra depends uniquely on the
magnetic field B and is proven to enconde all the information needed to study the entire
algebra Ap for the purposes of this work. Such property lead us to define the magnetic Hull
as the compact Hausdorff space Qp such that Fg ~ C(€2p), which exists in virtue of the
Gelfand-Neimark Theorem.

Section 3 sits the fundamental blocks of the machinery used to study the topological
currents propagated through arbitrary interfaces. The main result consists on the capability
to “separate” the magnetic C*-algebra in two parts: one consisting of an algebra that repre-
sents the magnetic interfaces of the magnetic field, which will be called the interface algebra



and denoted by Zg; and other one which describes the material as its components associated
to the different constant magnetic fields of the material with no interactions whatsoever
(see Figure 1.2). Such algebra will be called the Bulk Algebra and denoted Apyy, and the
interactionless property will be builded upon taking orthogonal direct sums of C*-algebras
describing the constant magnetic fields of each component?, i.e. ,

N
Abulk = @Abj )
i=1

where each Aj, stands as the magnetic C*-algebra associated to the constant magnetic field
B=bjforj=1,...,N.

Figure 1.2: Separation of the material of Figure 1.1 into three interactionless materials.

The “separation” argument is made through a short-exact sequence of C*-algebras in the
form
0—>IB H.AB HABulk—>O- (11)

This type of argument is usual when a bulk-edge correspondance is trying to be achieved
(cf.[PS, Corollary 5.5.2], [DS, Theorem 2] and throughout the entire work [Thil), since it
implies the existence of a six-term exact sequence (see [Weg, Theorem 9.3.2]) of the form

Ko(Zp) — Ko(As) — Ko(Apux)

indT lexp (1.2)

Kl(Abulk) — Kl(AB) — KI(IB>7

2Fortunately, not every component is relevant. Actually, just the asymptotic behaviour of the magnetic
field B is important. This will be discussed in Section 3.1.



inducing a fortiori a connection between the magnetic interface and the bulk algebra via the
index and exponential maps.

Section 3 also contains a full description of what is meant by studying topological currents.
In a nutshell, consider a Hamiltonian H € Ap which contains the full information of the
magnetic field B and H = {H,};=1,. n € Apux its image through the exact-sequnce (1.1).
Let A be an energy domain (open set) that sits inside a non-trivial gap of N}_,0(H;), Jz(A)
be the interface current carried by the eigenstates of H in A and or(A) = eJz(A) the
associated interface conductance, where e > 0 is the magnitude of the electron charge. Now
consider 1 € A be a given Fermi energy and let opui(p) = {o;(1t) }j=1,..~ denotes the set of
Hall conductances at energy p for the “bulk system” described by the Hamiltonian H. The
constant o7(A) and set opuk(p) have a meaningful physical interpretation as their name
suggests. In this work, they are introduced as the result between “topological maps” on
certain elements in the algebras Z* and Apyy respectively. The “topological property” of
such maps, is that they can lift into the groups K;(Z) and Ky(Apux), which is where the
sequence (1.2), and particularly the exponential map, result of fundamental utility. In cer-
tain cases, it is possible to find a reasonable correspondence between oz(A) and opuy () -
This will be the case when considering a Iwatsuka magnetic field, and consequently a bulk-
interface duality will be said to hold. This name is of course based on the fact that this can be
thought as a manifestation of the celebrated bulk-boundary correspondence [Hat, EG, KRS].

Finally, section 4 is dedicated to the particular case of considering the Iwatsuka magnetic

field. In such case one can do many explicit computations regarding the theory introduced
in the past sections. Among other things one can: determine explicitely the Flux algebra
and its magnetic Hull; describe the maps involved in the short-exact sequence (1.1) and
understand the evaluation map restricted to Fg actually as an evaluation at +o00; compute
every map and group involved in (1.2) explicitely (which results extremely satisfactory);
and finally as a consequence of the latter, proving the bulk-interface correspondence for the
Iwatsuka C*-algebra through K-theory. Since the latter is in a way the main result of this
work, let us explain a little more about it.
When the Iwatsuka magnetic field is considered, the magnetic interface is (as one could
imagine) a line that separates the material in two parts, that is Agux = A,_ @Ay, . Moreover,
once the Hall conductances o4 (1) and the Interface conductance oz(A) are computed, it is
rutinary to check that

oz(A) = oy (1) = o, (1), (1.3)

which is an example of a bulk-interface duality.

Finally, let us remark that equation (1.3) is roughly the same result obtained in both [DGR]
and [KS], however such result is proved here using K-theory. When condensed matter
is consider, the use of K-Theory to state bulk-edge correspondences is pretty consistent
through the current literature, so the proof of (1.3) using such tools is also a extra, but
small, contribution.



Chapter 2: Magnetic C*-Algebras and
their properties

In this chapter the C*-algebra of operators on ¢%(Z?) that describe the kinematics of
charged particles subjected to a given orthogonal magnetic field in the tight-binding ap-
proximation will be briefly described. This algebra will be called the magnetic C*-algebra,
it was first introduced in [DS] and can be regarded as a generalization of the well known
noncommautative torus preserving most of its structure. For a brief introduction to the non-
commutative torus including the computation of its K-theory see appendix D.

2.1 Magnetic fields and potentials

In the tight-binding approximation the two-dimensional position space is Z? and an orthogo-
nal magnetic field is any function B : Z? — R. In order to introduce the notion of potentials
in the discrete setting let us first fix some notation. When working with magnetic potentials,
and magnetic translations later, the notation n := (ny,ny), m := (my, my) € Z? for arbitrary
points of Z? results particularly useful. It will also be written e; := (1,0), ey := (0,1) for
the canonical linear basis of R2.

Definition 2.1.1 (Tight-binding vector potential). Let B : Z? — R be a magnetic field. A
magnetic potential for B is a function

Ap 7 x7* — R
satisfying:

1. Ag(n,m) =0 for n,m € Z?* such that |n —m| # 1;

5



2. Ag(m,n) = —Ag(n,m) for all n,m € Z?; and
3. B(n) = €[Ag](n) for all n € Z? where

C[Ag](n) :=Ag(n,n —e1) + Ag(n —e;,n —e; — €3)
+ Ag(n —e; —ea,n—e3) + Ag(n — e, n)

is the (counterclockwise) circulation of Ap along the boundary of the unit cell of Z?2
with right upper corner equals to n.

From [DS, Proposition 1] we know that every magnetic field B admit an infinite number
of vector potentials, and every two potentials Ap and A’; associated with the same magnetic
field B are related by a gauge function G : Z? — R according to

Alg(n,m) = Ag(n,m) + G(n) — G(m), |n—m|=1. (2.1)

The importance of the gauge function is that a pair of different magnetic potentials for
the same magnetic field will generate isomorphic algebras with isomorphism induced by the
gauge function. Finally, and as in most of the literature, the word gauge will also be used
to refer to different potentials.

The following examples represent two cases already studied together with the main ex-
ample of this work and will be used several times from now on.

Example 2.1.2 (Potentials for the constant magnetic field). A constant magnetic field of
strength b is described by the constant function By(n) = b for all n € Z?. Among the
infinite number of vector potentials associated to the constant magnetic field By, there are

two of special utility in practical applications. The first one is the so-called Landau potential
defined by
A(n,n — e;) := 6;,meb, for all n € Z2. (2.2)

The second is the symmetric potential defined by
b
Agym(n,n —e;) == (d;1n2 — dj2n1) Y for all n € Z2. (2.3)

A simple computation shows that €[A] = €[A,,,] = By. Moreover, one can check that the
Landau and symmetric potentials are related by the gauge function Gy(n) := —niny2 as in
equation (2.1), that is,

Agm(n,n —e;) = A(n,n — ej) + Gp(n) — Gp(n — ;).
<

Example 2.1.3 (Potentials for the Iwatsuka magnetic field). The [watsuka magnetic field
[Iwa] models systems with a magnetic field only depending on its first variable, that is



B(ni,ne) = B(ny), together with some asymptotical behaviour. For the sake of simplicity
let us define the Iwatsuka magnetic field as

Bi(n) :=b_d_(n) + bydo(n) + b0, (n), for all n € Z> (2.4)

where b_, by, b, € R are real constants and the three functions 04, g are defined by

(2.5)

50(7117 n2> =

0 otherwise 0 otherwise -

1 if £n; >0 1 if ny =0
(5:t(n17n2) - { 1 ny { 1I 1

As in the constant magnetic field case, there are Landau and symmetric like potentials. More
precisely let us define the Landau-Iwatsuka potential as

Ar(n,n — ej) := 6;1m9Bi1(n), for all n € Z* (2.6)

and the symmetric Twatsuka potential as

Al gym(n,n —e;) = A%?S)ym(n, n—e;) + Apsym(n,n —e;) (2.7)
where 5 5
A%?S)ym(n,n —ej) = (]71712 — %znl) Bi(n), for all n € 72,
and b
At gym(n,n —ej) == 09;1 0 _ngéél)(n), for all n € Z*.
In both cases easy but annoying computations lead us to €[A4;] = €[A;m| = Br. Let us

explain a little about the symmetric case. The exact same computations as in the constant
magnetic field case provide

C[A) 1(n) = Bi(n) for ny #0,

however

AL, )(0.12) = (b +D0)3,

I,sym

so the term Ap gy, is included to correct the mismatch.

This time, one can check that the relation between the symmetric Iwatsuka potential and
the Landau Iwatsuka potential is given by the gauge function Gi(n) := —™2DBi(n) as in
equation (2.1). q

Example 2.1.4 (Potentials for the localized magnetic field). Let Py(Z?) be the collection
of finite subsets of Z?. For every A € Py(Z?) let 65 be the characteristic function defined by

1 ifneA
§A(n) = {

0 otherwise -



A localized magnetic field of strength b € R is defined by the function
Ba(n) := bép(n), for all n € Z2. (2.8)

Observe that

By = Z By

AEA

where By, := bdpy; is the magnetic field localized on the singleton {A\} € Py(Z?). This
is convenient since the case localized on one point has already been studied in [DS] and a
magnetic potential for such case has been introduced as the half-line potential defined by

+oo
Apg(n,n —e;) :=bd;, Z O ttes} (1)
=0

By linearity of the circulation one gets that

Ay = Apy

AEA

provides a vector potential for the localized magnetic field By. Observe that A, is well
defined in view of the finiteness of the sum in \. <

2.2 The magnetic translations

In this section the magnetic translations, which are the fundamental blocks of the magnetic
C*-algebras, are defined. Let S; and Nj, j = 1,2, be the canonical shift operators and
position operators respectively defined on the Hilbert space (?(Z?) by

(Sj)(n) :=d(n —ej), 7=12, oel(Z),
and for suitable ¢ € (?(Z?)*
(Njp)(n) :=njib(n),  j=1,2.
Also, we will consider the vector of position operators X = (X, X»).

Definition 2.2.1. Let B a magnetic field with associated vector potential Ag. The magnetic
phases in the gauge Ap are the unitary operators Yy, ; = e42WN:N=¢) j =1 2 that is,

(Y, ) (n) = esmn=eidy(n), o € (*(Z?).

IThis obeys to the fact that the position operators on £?(Z?) are not bounded, however since in this work
we introduce the position operators just to compute bounded functions of those, there is no need to have
any discussion on the domain.




The magnetic translations in the gauge Ap are the operators defined by Sa, ; := Ya, ;5.
or more explicitly as

(Sap¥)(n) i= B y(n —e;), o € ((Z7).

Finally, the magnetic fluz operator is defined by fz = €PN | that is,
(fo)(n) = P (n), ¢ € A(Z?).

Remarks 2.2.2. 1. The magnetic phases and flux are easily seen to be unitary operators.
It follows that the magnetic translations are also unitary operators, since they are a
composition of unitary operators. Moreover, one can check that their adjoints (and
inverses) are explicitely given by

(Sh,,0) (n) = 4Bt ynte)), ¢ € *(Z7).

2. The magnetic flux does not depend on the choice of the magnetic potential. This
simple but fundamental observation will be of high importance several times later on
this work.

3. The connection between in magnetic translations and the magnetic flux is given by the
equation
SAB’ISABQSZB,ISZB,2 - fB (29)

no matter what magnetic potentials were chosen. This will introduce some sort of
universality in the magnetic C*-algebra (see Section 2.5).

4. If two different magnetic potentials, let say Ap and A, induce the same magnetic field
B, it has been mentioned that they must be connected by a gauge function G as in
equation (2.1). It follows by simple computations that

Sar ;= e 9N G, &N =12,

which implies that the gauge function induces a unitary equivalence between the mag-
netic translations associated to different magnetic potentials but equal magnetic field.
This observation allow us to refer to the magnetic translations S4, ; simply as Sg
unless explicit computations were needed. N

Example 2.2.3 (Magnetic translations for a constant magnetic field). One can of course
introduce the magnetic translations in the constant magnetic field case with both the Landau
and symmetric magnetic potentials defined in 2.1.2. In both cases the magnetic translations
are not exceptionally hard to manipulate as operators, however it is remarkable that in the
Landau gauge Sg4, 2 = Ss.

No matter the case, equation (2.9) tells us that

Sa,194,2 = € 54,254, (2.10)

9



for every magnetic potential Ap associated to the magnetic field B = By, since the flux
operator coincides with the multiplication by the constant phase e®. The importance of
equation (2.10) is that it proves that the magnetic translations satisfy the canonical com-
mutation relation of the generators of the noncommutative torus with angle 6 = b/27 (see
appendix D, [GBVF, Chapter 12] or [Weg, Chapter 12.3]). <

Example 2.2.4 (Iwatsuka magnetic translations). As in the constant magnetic field case
one can introduce the magnetic translations associated to both the Landau and symmetric
Iwatsuka potentials, however this time the simplicity of the computations changes radically
between gauges and because of that from now just the Landau Iwatsuka potential will be
considered, and for the sake of notation let us fix the Iwatsuka magnetic translations as

SLj = SAI,j7 for j = 1,2.

Observe that exactly as in the Landau gauge for the constant magnetic field case, we have
that Sto = S2, which is a relief because it eases the manipulation of the iwatsuka magnetic
translations. 4

Example 2.2.5 (Magnetic translations for a localized field). The magnetic translations
associated to a localized magnetic field By of the type (2.8) can be defined exactly as in
the previous examples by using the vector potential Ax. Also in this case one obtains that
S Ap2 = SQ. <

2.3 Construction of the magnetic C*-algebra

Throughout this section consider S4, 1 and Sa, 2 be the magnetic translations associated to
the magnetic field B through the magnetic potential Ag.

Definition 2.3.1 (The tight-binding magnetic C*-algebra). The magnetic C*-algebra A,
of the magnetic field B in the gauge Ap is the unital C*-subalgebra of B(¢*(Z?*)) generated
by SAB,l and SAB:Q’ ie. N

AAB =" (SAB:17 SABQ) .

Remarks 2.3.2. 1. In more detail the C*-algebra Ay, is constructed by closing the
collection of the Laurent polynomials in S4, 1 and S4, 2 with respect to the operator
norm and then one would be tempted to describe the elements of A4, as a series on
the magnetic translations and their adjoints, however this is in general not true. The
missing elements can be thought as limits of sequences of elements that are already
infinite series. The problem of representing the elements as series will be broadly
discuss in 2.7.

2. As remarked in 2.2.2, the gauge function induces an unitary equivalence between mag-
netic translations. This can of course be lifted into the entire magnetic C*-algebra,
proving that if Ag and A’y are two magnetic potentials for the same magnetic field

AAB = AAjB7

10



with isomorphism given by T — e~ '¢(N) TelG(N)  Thig observation allow us to re-
fer to the magnetic C*-algebra A4, simply as Ap unless we need to make explicit
computations regarding the magnetic translations. N

Example 2.3.3 (Noncommutative torus). In the case of a constant magnetic field of strength
b the associated magnetic C*-algebra will be denoted simply with

Ap = C" (Sp1, 52)

where the the magnetic translations S, ; and S, are described in Example 2.2.3. As men-
tioned in 2.2.3, the magnetic translations S ; and Sy 5 satisfy the commutation relation of the
generators of the noncommutative torus Ay with 6 = b/27. It follows from the universality
of the noncommutative torus (see [Weg, Theorem 12.3.2]) that

Ab ~ Ag.
<

Example 2.3.4 (Iwatsuka C*-Algebra). The [watsuka C*-Algebra is defined as the magnetic
C*-algebra associated to the Iwatsuka magnetic field By in the Landau Iwatsuka Gauge, that
is,

.AI = C* (51,17 SLQ) .

<

Example 2.3.5. The magnetic C*-algebra associated to a localized magnetic field will be
denoted with
Ay :=C" (SA,h SA,2)

where the magnetic translations Sy, and Sy 2 are defined through the magnetic potential
Ap described in Example 2.1.4. The special case A = {A} has been exhaustive studied in
[DS]. q

2.4 Relevant x-subalgebras

Any magnetic C*-algebra Ap contains several relevant x-subalgebras. Let us start by defining
a Z2-action over (°°(Z?) by

(Tmg)(n) = g(n —m), forn,m € Z*.

Observe that, since the elements of >°(Z?) can be regarded as elements of B((?*(Z?)) with
the identification g — ¢(NN), the action 7 induces an action on the algebra M := {g(N) |
g € (>(Z*)}. Since this identification is so transparent, no difference will be made between
neither the elements g and g(N) nor the action 7 and its induced action on M.

11



The importance of the action 7 for this work is contained in the simple but fundamental
relation

Tm(g) = (SB,l)ml(SB,Q)m2g(SB,2)_m2(SBJ)_mla for m = (m17m2) and g € M, (2-11)

where we have used the notation U~" := (U~1)" whenever n € N and U is unitary, and the
convention UY = 1 is just the identity operator and it is important to remark that equation
(2.11) does not depend on the choice of the magnetic potential for the magnetic field B,
which sustains the notation Sg ;.

Before defining the first and possibly the most relevant C*-subalgebra of the magnetic C*-
algebra for this work let us observe that because of equation (2.11) 7, fp € Ap for any
m € Z2, and consequently linear combinations and even limits of elements of the form
Tm(fB) € Ap are also in Ap.

Definition 2.4.1. The flux C*-subalgebra of the magnetic C*-algebra Apg is defined as
FB = O*(Tm(fB),m € Z2) C AB.

Remarks 2.4.2. Regarding the C*-algebra Fp the next remarks result of particular impor-
tance:

1. The flux C*-subalgebra is generated by elements that commute with each other, hence
it is a commutative C*-algebra. It follows from the Gelfand-Neimark theorem [BR,
Theorem 2.1.11A] that Fg ~ C(Qpg), where Qp is a compact Hausdorff space. The
space Q25 will be of high importance later (see Section 2.6).

2. Since the generators of Fp are elements of Ap no matter what magnetic potential
has been chosen (because of equations (2.9) and (2.11)), it follows that the flux C*-
subalgebra is also a C*-subalgebra of Ap for every choice of the magneti potentials.
This fact is not trivial and it will be proved later that Fz encodes most of the infor-
mation of the magnetic C*-algebra needed for this work. <

Example 2.4.3 (Flux algebra for the constant magnetic field). If the magnetic field is

constant, let us say B(n) = b for all n € Z?, the magnetic flux is simply the constant
function f, := e'®. It follows that 7,,(fy) = fy for every m € Z? and then the flux algebra
associated is just JF, := C*(el®) ~ C. N

Example 2.4.4 (Flux algebra for the Iwatsuka C*-algebra). The magnetic flux of the Iwat-
suka C*-algebra is the function

fi = elBr = eib- 5 4 el 55 4 el ¢, |
where 0_, 9y and 0 are defined in Example 2.1.3. We claim that

F1:=Fp, ~c(Z) = {g € £>°(Z) | the limits lirf g exists}.
n—1roo

12



First note that the generators of /i just depend on its first variable, so we can think of them
as functions on Z via the identification g — g¢(+,0). Also note that 7,,(f;) has left and right
limits (when n — —oo and n — oo respectively), then since ¢(Z) is a C*-algebra we have
the inclusion Fi C ¢(Z).

For the other inclusion let us first make some spoilers related to some properties of the
Flux algebra F;. In lemma 4.1.1 it is proved that d_,dy and o, are elements of Fi, con-
sequently, because of the invariance of J; through the action 7, ¢; = 7000 € JF1 for
all j € Z. Now let any g € c¢(Z) with left and right limits a,b € C. It follows that
g— (ad_ +06;) € co(Z) = {g € (=(Z) | nl_l)rfoo gn = 0}, and since co(Z) is generated by

the projections §; (indentifying them as functions of one variable) the inclusion ¢(Z) C Fi is
proved. N

Example 2.4.5 (Flux algebra for a localized magnetic field). In the case of a localized
magnetic field (2.8) one has

fA = eiBA = (eib—l)(;A + 1,

so in order to make this flux not trivial it is necessary to consider b ¢ 277Z.
For the sake of simplicity let us start with the case A = {n} is a singleton in Z%. In such
case we claim that Fy := Fp, = ¢(Z?) := {g € {*(Z?) | the limit lim g, exists}. On one

[Inl|—o0
hand, and as in the past example, the generators of F, are in ¢(Z?) and c¢(Z?) is a C*-algebra,
proving the inclusion Fy C ¢(Z?). For the other inclusion let us point out that as in every
flux algebra, 1 € F, and
(eib — 1)_1(fA — 1) = 0p € Fa.

Now, since Fy is T-invariant, 7,,_,,0x = 0,, € Fa for every m € Z?. Let g € ¢(Z?) with limit
a € C. It follows that g —a -1 € ¢o(Z) = {g € (*(Z*) | lim g, = 0}, and since ¢o(Z?) is

Inl[—o00
generated by the elements §,, the inclusion ¢y(Z?) C Fy is proved.
If A is not a singleton one can also show that it is always possible to build a projector
supported in a single point. Let A\g, A € A be two distinct points and v := A\g — A. Then
Ao € Yo+ A and §5(1 — d,44) is a projection which projects on a subset A’ C A where the
strict inclusion is justified by the fact that \g ¢ A’. By iterating the procedure a sufficient
number of times one ends with a projection on a singleton, and using the same proof as in
the case |A| = 1 one can also conclude that Fp = c¢(Z?). q

Before defining the next subalgebra let us consider a finite monomial on Apg, that is, an
element of the form

Ux,y = (SAB,I)%1 (SAB,2>y1 s (SAB,l)xd (SAB,2>yd (212)

with z = (21,...,24),y = (y1,..-,y4) € Z* and d € N. In view of equation (2.11) the
monomial U, , can always be rearranged in the form

Uw»y = gm,?J(SAB,l)‘x'(SAB,Z)'y‘ (213>
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where |z| := x4+ ...+ x4, |y| :==y1 + ... +yq and g, is a suitable element of Fp. From its
very definition it follows that Ap is linearly generated by the family of monomials (2.12), or
equivalently (2.13). This observation allows to define the next dense *-subalgebra of Ap.

Definition 2.4.6. The *-subalgebra of noncommutative polynomials A% is defined

A% = Z ay Uy | AC Z?? is a finite set and 0z, €CH . (2.14)
(z,y)EA

that is, the collection of finite linear combinations of the finite monomials of Ap.
Remark 2.4.7. Let us point out that

U, —1),1,-1) = Sap1545254, 154,02 = fB € AOB~
Moreover,

U(ml711_11_m1)7(m2717_17_m2) = (SAB,l)ml (SAB,Q)m2fB(SAB,1)7m1 (SAB72)7m2

= Tm(fB) S AOB7

proving that the generators of Fp are noncommutative polynomials. <

Finally, let us introduce the operator-valued Schwartz space S(Z?, Fg) made of the rapidly
descending sequences g = {g(rs) } (rs)ezz C Fp such that

Tk (g)2 = sup (1 +7r2 4 82)k ||g(r,s)||2 < 00, (2.15)

(r,s)€Z2

for all k € Ny. It turns out that the system of seminorms (2.15) endows S(Z?, Fg) with
the structure of a Fréchet space (see Appendix A). Now we are in position to define the last
x-subalgebra of this section.

Definition 2.4.8. The smooth *-subalgebra A% is defined as

AOBf’ = Tg = Z g(r7s)(5371)r(3372)5 g = {g(T’,S)}TLEZQ € S(ZZ,.FB) . (216)

(r,s)€Z2
Remark 2.4.9. If we consider the set of seminorms on A% defined as

gl = r4(g),

it is easy to see that A% inherit the Fréchet space structure. This follows from the mere fact
that the map g + 7§ is a bijection. <

Before finishing this discussion let us summarize some information about the %-subalgebras
introduced in this section.

Proposition 2.4.10. It holds true that
.A%,JT"B C A%O C Ag,
both AY and A¥ are dense in Ap, and A% N Fp is dense in Fg.
14



2.5 Crossed Product Structure

In this section it is proved that the magnetic C*-algebra admits an Iterated crossed product.
For a brief description of the crossed product of an arbitrary C*-algebra by Z see Appendix
B which also contains an important application.

First consider the C*-algebra
Apj = Fp Xa,; Z, forj=1,2,

where the actions a; are defined as a; := 7.;. By the definition of the crossed product, Ap ;
is generated by the entire C*-algebra Fp and a unitary, let us say Uj;, such that

a;(g) = UsgU;, for any g € Fp.
However, equation (2.11) tells us that for any g € Fp
a;(9) = 7¢,(9) = 58,958,

which implies that
Ap,j = Fp X, L~ C*(Fp, Sp,j)-

In a similar way let us define
-AB,j,k = .AB,]' X g, Z, for {], k‘} = {1, 2},

where the actions 3, are defined as 5 (gU;) = e, (g)fj(g_l)k+1 U;2. Asbefore, Ap jx is generated
by the whole C*-algebra Ap ; and an unitary Uy such that

Br(V)=U,VU;, foranyV € Ap,.

However, for any g € Fp
—1)k+1 * *
5k(9Uj) = Tey, (9)]01% Y U; = SB,kQSB,kSB,kUjSB,m

provided that f](g_l)kHUj = SpxU;Sp, but up to representation it has already been stated
that U, = Sp j, which proves that
Apjr = Apj %, L~ C*(Ap;, Spr) ~ C*(Fp,Sp,1,982) = As.
The next proposition is just a summary of the results already stated.
Proposition 2.5.1. It holds true that
Ap >~ (Fp Xy L) Xp, >~ (Fp Xy Z) Xg, Z.

Let us finish this section by noting that the Proposition 2.5.1 can be interpreted by saying
that Fp encode all the information of the algebra Apg. This fact has already been anticipated
in remark 2.4.2.

2The nature of the exponent of fp in the action is needed since the commutation relation between the
magnetic translations are Sg1Sp2 = fSB258,1 or Sp 2581 = f‘(;l)SB,lSB,Q.
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2.6 Magnetic hull

The first task of this section is to define the magnetic hull by following the construction
sketched in [BBD, Section 2.4]. Then we will construct traces on the magnetic algebra by
following the ideas of [Dav, VIIL.3]. Finally, before getting into the magnetic hull, let us
point out that in this section the C*-algebra Fp will be regarded as an algebra of functions
instead of operators. This will clarify the use of certain Theorems canonically written in
terms of algebras of functions instead of operators.

Let B : Z* — R be a magnetic field and fg € ¢*°(Z?) be its magnetic flux. The natural
discrete topology of Z? implies that £>°(Z?) = Cy,(Z?), and the C*-algebra Cy,(Z?) carries the
Z?-action defined by (2.11). Since elements of C,,(Z?) are uniformly continuous one has that

lig [5,(9) = gl =l (s Lo~ ) = g()] ) = 0.
for all g € Cy,(Z?). This means that the Z-action m — 7, acts continuously on C,(Z?). Tt
is worth recalling that the Gelfand-Naimark Theorem [GBVF, Theorem 1.4] provides the
isomorphism C,(Z?) ~ C(B7?) where BZ? is the Stone-Cech compactification of Z? [GBVF,
Section 1.3]. In particular, one has a canonical inclusion Z? < (Z?, which identifies the
lattice Z? with an open and dense subset of 3Z2.

As pointed out in Remarks 2.4.2, there exists a compact Hausdorff space (25 such that
Fp ~ C(Qp). Since Fp is generated by a countable family, it follows that it is a separable
and in turn Qp is second countable and metrizable as a separable complete metric space (see
[GBVF, Proposition 1.11] and [Arv, Section 2.2]). We will refer to the topological space Qp
as the hull of the magnetic field B, or the magnetic hull for short.

Actually, if follows from the Gelfand-Neimark Theorem that 2 is built as the Gelfand
spectrum of Fpg, namely the set of characters defined as the *-homomorphisms w : Fg — C.
As a consequence, Z? acts by duality on Qp, that is, for every m € Z? let 7%, : Qp — Qp
be the map defined as 7% (w)(g) := w(7_(g)) for all g € Fp. It is straightforward to shows
that 7, € Homeo(Q2p) are homeomorphisms of Q5 and that the mapping m — 7,5, provides a
continuous Z?*-action by homeomorphisms. As a result (g, 7%, Z?) is a topological dynamical
system (see e. g. [Wal, Chapter 5]). In Qp there is a remarkable point wy, called the evaluation
at 0, defined by wy(g) := ¢(0) for all g € Fp. Let wy,, := 7,5 (wo) = wo © T_,, be the m-
translated of wy, which is of course the evaluation at m and Orb(wy) := {w,, € Qp | m € Z*}
the Z2-orbit of wy. The next result provides a relevant property of the dynamical system
(QB, 7'*, Zz) .

Proposition 2.6.1. The Z2-orbit of wy is dense, i.e.

Orb(wy) = Qp .
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Proof. In view of the Gelfand-Naimark isomorphism Cy(Z?) ~ C(BZ?), since the Gelfand
spectrum of Cp(Z?) can be identified with the Stone-Cech compactification SZ>. The in-
clusion j : Fp < C,(Z?) provides, by duality, a continuous map 7 : 8Z* — Qp defined by
7 (@) := &ojy where & € BZ? is a character of C,,(Z?). More precisely, j'(w) is by definition the
restriction of the character @ to the subalgebra Fz. On the other hand, every character w of
Fp admits a (not necessarily unique) extension @ to a character of Cy,(Z?*) [BR, Proposition
2.3.24]. As a result, it turns out that 7 is a continuous surjection. Therefore, if X C SZ?
is dense in 8Z? then j/(X) C Qp is dense in Qp. In view of the Riesz-Markov-Kakutani
representation Theorem [RS, Theorem IV.14], the Gelfand spectrum of Cy(Z?) consists of
the evaluations (Dirac measures) at the points of 7% Since Z? can be identified with a
dense open subset of 72, it follows that the set of characters {@,, | m € Z?}, defined by
Om(f) == f(m) for f € C,(Z?), is dense in the Gelfand spectrum of Cy,(Z?). On the other
hand, it holds true that w,, = 7 (&), and consequently

7 ({&m | m € Z?}) = Orb(wy) -
The last equality proves the density of Orb(wy). ]

Let g € Fp. Its Gelfand transform g € C(Q2p) is defined by the equation g(w) := w(g)
for all w € Q5. The density of the orbit of wy implies that the Gelfand transform is entirely
defined by the equation g(m) = w,,(g) = §(7;, (wo)) for all m € Z2.

Remark 2.6.2 (Topological transitivity). Proposition 2.6.1 can be rephrased by saying
that the dynamical system (Qp,7*,7Z?) is topologically transitive [Wal, Definition 5.6]. As
a consequence, every invariant element of C({2g) is automatically constant [Wal, Theorem
5.14]. In our specific setting (25 compact and second countable) the notion of topological
transitivity for (Qp, 7%, Z?) is equivalent to the following property: Whenever U and V are
nonempty open subsets of Qp, then there exists a m € Z? such that 7 (U) NV # () [Wal,
Theorem 5.8]. The latter, is the usual definition of topological transitivity in the context
of the general theory of topological dynamical systems (see e.g. [KSn, AC| and references

therein). It is also worth remembering that {2z has no isolated points if and only if it is
infinite [KSn, AC, pg. 6]. <

The subsets Orb(wy) and 0Qp := Qp \ Orb(wy) are disjoint and 7*-invariant by construc-
tion. Moreover, 0Q2p is nowhere dense [Wal, Theorem 5.8] and it is contained in the subset
of non-wandering points of the dynamical system [Wal, Theorem 5.6]. Let Mes; .« (€25) be
the set of the normalized and 7*-invariant regular Borel measures® of the dynamical system
(Qp, 7%, Z%). Tt is well known that Mes; ,+(25) is a non-empty, convex and compact set
(i. e. a Choquet simplex) whose extreme points are exactly the ergodic measures [Wal, Corol-
lary 6.9.1 & Theorem 6.10]. Let Erg(£2g) be the subset of the ergodic probability measures
of (Qp,7*,Z%). Tt is worth recalling that ergodic measures P € Erg(2) are characterized
by the dichotomy P(X) = 1 or P(X) = 0 for every given 7*-invariant subset X C Qp. A
measure P € Erg(Qp) such that P(0Qp) = 1 will be called a mesure at infinity.

3By the Riesz-Markov-Kakutani representation Theorem [RS, Theorem IV.14], Mes; .« (Q5) provides the
space of T*-invariant states of the Abelian C*-algebra C(Q2p).
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Example 2.6.3 (Magnetic hull for a constant magnetic field). In the case of a constant
magnetic field of strength b we have that F, = C (see Example 2.4.3). Therefore the
associated magnetic hull €, ~ {wy} is a singleton (or one point set) on which the 7*-action
is trivial. Finally, the unique normalized ergodic measure on 2, is entirely specified by

P({w}) = 1. 4

Example 2.6.4 (Iwatsuka magnetic hull). In the case of the Iwatsuka magnetic field one
has F; >~ ¢(Z) (see 2.4.4) and consequently the Z2-action on JFj reduces to a Z-action. It
follows that the Gelfand isomorphisms Fj ~ C(€;) is given by the lwatsuka magnetic hull

O ~U{—o0} U Z {400}, (2.17)

which is the two-point compactification of Z. This should be no surprise, since ¢(Z) ~
C{—o0} UZ U {+00}).

Just to make it explicit let us point out that the inclusion Z > n — w0y € {4 is given by
the evaluation at (n,0), and the two limit points {+o0o} are identified with the evaluations
at infinity wi. € €21 defined by

W+oo (Tm<f1)> = e

for every m € Z*. From the construction it follows that Z ~ Orb(wp) and in turn {4oo} ~
0€Y. Therefore, equation (2.17) provides a decomposition of €y in three invariant subsets.
Since Z? acts on Orb(wy) as a one dimensional shift it follows that Orb(wg) is made by
wondering points [Wal, Definition 5.5]. As a consequence every ergodic measure P € Erg(€)y)
necessarily must satisfy P(Orb(wg)) = 0 [Wal, Theorem 6.15]. This implies that the set
Erg(Q) = {Pis} is made by two ergodic measures at infinity specified by the condition
]P):too<:i:OO) =1. <
Example 2.6.5 (Magnetic hull for a localized magnetic field). In the case of a localized

magnetic field one has that F, = ¢(Z?) (see Example 2.4.5). It follows that in this case the
Gelfand isomorphisms Fj ~ C(Q2,) is given by the localized magnetic hull

Qp ~ Z* U {0}, (2.18)

which is the one-point compactification of Z2. The inclusion Z? > n — w, € Q, is given
by the evaluations at n and the limit point {oco} is identified with the evaluation at infinity
Weo € 25 given by

woo(Tm(fA)) =1

for every m € Z?. From the construction it follows that Z? ~ Orb(wy) and {oo} ~ 9y
are the two invariant subsets of €. Since Orb(wy) is made of wondering points under the
action of Z? it follows that Erg(Q,) = {Ps} where the measure at infinity P, is specified
by Py (00) = 1. <

The ergodic measures of (Qp, 7%, Z?) play a crucial role in the construction of the inte-
gration theory of the magnetic algebra Apg developed in section 2.9.

18



2.7 Fourier theory

Considering that the magnetic C*-algebra has (hopefully) already proved to be a general-
ization of the noncommutative torus, it is nothing but natural to expect it to have a rich
Fourier Theory (for the Fourier Theory of the noncommutative torus see [PS, Chapter 3.3]).
Actually, the fact that the noncommutative torus has a very rich Fourier Theory can be
considered equally natural, since it is a generalization of the continuous functions on the
two-dimmensional Torus C(T?) (for the Fourier theory of C(T) see [Kat, Gra]). In this sec-
tion it will be showed that some of the results of the classical Fourier theory extend to the
magnetic C*-algebra Ag. Similar results can also be found in [Dav, Section VIII.2].

First let us fix notations. From now on the torus T will appear several times in this
work, and unless the opposite is mentioned, by the torus we will refer to T = R/277Z and
0 := (01,6,) will be a point of T?.

Consider the unitary operator Zy := e X = e itiXi+02X2)
B((*(Z?)) by

and define the T2-action on

Let us observe that this action is not continuous. For this consider the rotation operator
R, defined by (R,%)(n) = ¢ (—n). Since pp(R,) = Way Ry, it follows that ||ps(R,) — R.|| =
|Wag — 1|| = 2 whenever one of 0; or 0, are irrational. Things go differently if the action of
T? is restricted to Ag.

Proposition 2.7.1. The formula (2.19) defines a continuous group action of T? into the
magnetic C*-algebra Ag.

Proof. A direct computation shows that
po(g) =g forall g € Fg, (2.20)
independently of 6 = (6,,6,) € T?, and
po((Sap1) (Sap2)®) = e ) (S, 1) (Sap)° (2.21)

for all (r,s) € Z*. The relations (2.20) and (2.21) along with the definition (2.16) of A%
imply that pp(A¥) = A for all § € T?. Finally, the density of A% and the fact that pg
is norm-preserving imply that pg(Ag) = Apg, namely p, € Aut(Ag) for all # € T?. Let us
prove now the continuity of the group action. Let Ty = Z(m)ezg 9r5s(SB1)"(Sp2)°® according
0 (2.16). Then

1po(Tg) — Tl < Z ‘eii(rehLS(b) - 1H|gr,8” <2 Z 1gr,sl

(r,s)€z? (r,s)€Z?

and from the dominated convergence Theorem (for series) it follows that

I -, lim | e (f1ts02) 1 = 2.22
lim [lpg(Tg) = Tl < ) lim|e [lgrsll =0 (2.22)

(r,s)€Z2
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for all T, € A%. Now, let T' € Ap be a generic element and € > 0. By density it exists a
Ty € A% such that [T — T,|| < 5. Moreover,

lpo(T) = T < llpo(Tg) — Tell + llpo(T = Tg) = (T' = Tg)|
< |lpo(Ty) — Tell + &

Therefore, from (2.22) it follows that limy_o ||pg(T) — T'|| < &, independently of € > 0 and
for all T € Apg. This proves that the group action 6 — py is continuous on Ag. O

Let
Invpe(Ag) := {T € Ap|po(T) =T, for all 6 € T*}
be the set of invariant elements of Ag. From (2.20) one gets that Fp C Invyz(Ag). The

next goal is to characterize Invyz(Ag). For that let us denote with du(f) := (2r)~2d6 the
normalized Haar measure on T? and consider the averaging

(T) = / Au(O)po(T), T € Ap

where the integral is meant in the Bochner sense. From the invariance of the Haar measure
it follows that (T") € Invyz(Ag) by construction. Moreover, (T') = T if and only if T" €
Invr2(Apg). This means that every element of Invyz(Ap) can be always represented as the
averaging of some element in Ag. The next result characterizes the set of invariant elements.

Lemma 2.7.2. It holds true that
IHVTQ (AB) = JT"B.

Proof. Since we already know that Fp C Invr2(Ap) we only need to prove the opposite
inclusion. Since every element in Inv2(Apg) can be represented as the averaging of some
element in Ag it is enough to prove that (T') € Fp for all ' € Ap. Since the map T+ (T')
is a continuous, I e. |[(T)|| < ||T|| and Fp is closed, it is sufficient to prove that the averaging
of the monomials (2.13) takes value in Fg. Based on (2.20) and (2.21), a direct computation
shows that
(9(SB,1)"(SB2)*) = g(SB,l)r<SB,1)S/ du(f) e 1 rortst2)
T (2.23)
= 95r,05s,0

for all g € Fp and for all (r,s) € Z?. This completes the proof. ]

We are now in position to prove that every element of Apg can be represented as a Fourier-
type series in the generating monomials (2.13). To make precise this statement, we need to
introduce some notation. Given a 7' € Ag let us define the Fp-valued coefficients

~

Ls - =(T(SB2)""(SB1) ")

. 2.24
= ( N dp(f) e’ ror+ste) Pe(T)) (Sp2)""(Spa)™" 220
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consider the family of boxes Ay := [-N, N]* N Z* with N € N, and the associated Cesaro

e on(T) = Y (1 - N|—+|1> (1 - N’—Jll) Trs(Sp1) (Sp2)". (2.25)

(T‘,S)GAN

Theorem 2.7.3 (Fourier expansion - Cesaro mean). * For every element T € Ap it holds
true that

lim |[on(T) —T| = 0.

N—o0

Proof. By combining (2.24) and (2.25) one gets

on(T) = [ O K @)m()

where " |
. — _ L _ L i(r61+s602)
Kx@):= > (1 N+1> (1 N+1) ¢
(r,s)EAN
= Fn(0,)Fn(09)
and

N ' 9%
._ k| o, _ 1 S (Ne] + 2)
po)= 3 () = (%)

k=—N

is the Fejér kernel, with j = 1,2 [Kat, Chapter I, Section 2.5] or [Gra, Chapter I, Section
3.1.3]. Since (27)! 0277 df;Fy(0;) = 1, and consequently [, du(0)Kx () = 1, one gets that

o (1) =T = [ AuO)KN ) [ooT) - T).

Using the identity pg(T) — T = p(,,0)(P0,0,)(T) = T + T — p(—o,,0)(T)) and the fact that the
T2-action is isometric one gets

2m do
o (™) =711 < [ G2 @)lp00(T) =T

27

Since the functions fi(01) := ||p@.,0)(T) — T|| and f2(02) := ||p0,6,)(T") — T'|| are continuous
with f1(0) = 0 = f5(0) and the the Fejér kernel is a summability kernel [Kat, Chapter I,
Section 2.2 one obtains that the two integrals on the right go to zero when N — oo. This
concludes the proof. [ |

2 d92
+ i ——Fx(02)|lp0.0,)(T) =T

Theorem 2.7.3 states that every element of T' € Ap can be approximated by the sequence
on(T) € A% obtained from the “Fourier” coefficients T, s. Tt follows that two elements with
the same Fp-valued coefficients are identical. Equivalently, one has that

4The proof of this theorem is adapted from [Wea, Theorem 5.5.7].
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Corollary 2.7.4. Let T € Ag. Then T =0 if and only if TT,S =0 for all (r,s) € Z>.

Remark 2.7.5 (Cesaro vs. uniform convergence). By observing that

Kn(0) = ﬁ Z Z D("L”?)(e)a

n1=0n2=0

where ( 9 ) ( 9 )
. N i
D 0) = E i(r1+s02) sin (16 + 5 ) sin (n10y + 3

(n17n2)( ) e Si (0 )Sl (92)

(Tvs)eA(nl,nQ) 2 2

is the Dirichlet kernel of the rectangular domain A, 5,y 1= ([—n1, 1] X [—ng, ns]) NZ?, one
can rewrite (2.25) in the form

1
on(T) = N1 D ST (2.26)
(nl,nz)GAN
where N
Stnang) (T) + = Z T:.5(Sp,1)"(SB2)°

(T?S)GA(TLI ,ng)

is the partial Fourier-type expansion of T'. Therefore, Theorem 2.7.3 provides a justification
of the series representation

TZ lm  Suan(D) = Y T..(Sp1) (Spa)*

n1,n2)—>00
( ) (r,s)ez?

where the symbol £ means that the limit must be understood in the sense of Cesaro, as
given by equation (2.26). This is the best that one can generally hope for a generic element
T € Ap. Indeed, let f € C(T) be the Fejér-type function constructed as in [Kat, Chapter
I1, Section 2.1]. Then, the sequence of the partial Fourier-type expansions of the element
f(S7) € Ag cannot be convergent in norm. g

In view of the lack of a Fourier series representation for the elements of Ap it may be useful
to characterize the collection of elements of Apg with such property, that is, the elements
having an absolutely convergent Fourier series of Fp-valued coefficients. More precisely, let
us introduce the space

A =T eAp | |Tla = Y |IThl < o0
(r,s)€Z?

where the coefficients ﬁ,s are defined by (2.24). Since A¥ C A% C Ap it follows that 4%

a.c.

is dense in Ap. The main properties of A% are described in the next result.
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Proposition 2.7.6. The space A%%, endowed with the norm ||||s, is a Banach x-algebra
isomorphic to (*(Z*, Fg). In particular every T € A%% coincides with its Fourier-type ex-
pansion, 1. e.

T = Z TT,S(SB,I)T(SB,Q)S

(r,s)€Z?

Proof. Every T € A% defines an element {T,.,} € (*(Z2, F) by definition. Morecover, the
map T +— {7, ;} is injective in view of Corollary 2.7.4. The surjectivity follows by observing
that every {T,,} € (*(Z?, Fg) defines an element

T:= lim Z T,4(Sp1) (Spa)® € A%
(r,s)EAN

with Fp-valued coefficients {fm}. Finally, a straightforward computation as in [Kat, Chap-
ter I, Section 6.1] shows that A% is closed under the operations inherited by the x-algebraic
structure of Ap. O

2.8 Differential structure

As stated in proposition 2.7.1 , the map 6 — py defines a strongly continuous T?-action on
the C*-agebra Ap, so one can think on the action pg as a continuous group of operators
on the space Ap (see [BR, Definition 3.1.2]).This allows us to introduce the infinitesimal
generators 0; and 0, defined by

po,0)(T) =T

al(T) = 611190 91
_ AT) =T
0y(T) = 912190%

for suitable elements 7' € Ap [BR, Definition 3.1.5]. Indeed, 0; and 09, are unbounded linear
maps on Apg, defined on dense domains D(0;) and D(0,), respectively [BR, Proposition
3.1.6]. Moreover, they are (symmetric) derivations [BR, Definition 3.2.21], in the sense that

0;(T") = 9;(T)%;
9;(TR) = T 9;(R) + 0;(T) R,

Since the subalgebra Fp is invariant under the action «y it follows that

T,ReD®;,), j=1,2. (2.27)

Moreover, a direct computation shows

O1((Spp)" (Sp2)®) = —ir (Spa1)" (Spa2)®

92((Spa)" (Sp2)®) = —is (Sp1)" (Spa)° . v(rs) ez (2.29)
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In particular, one can check that

9; (9 (Spa)" (SB,Q)S) =1 [9 (SB,I)T (53,2)S,Nj} ) (2.30)

where [, ] denotes the commutator. Indeed equation (2.30) is a special case of a more
general result [BR, Definition 3.2.55], which justifies the name of spatial derivation for 0,
and 0s.

From (2.28) and (2.29) it follows that
A% C A3 < D) N D) .

Moreover, the elements of A% support several iterated derivations. Let 0% := 0;0...00;
be the a-times iteration of the derivation ;. Since the group T? is abelian, it follows that
01 0 0y = 0y o 07 whenever the product of the derivatives is well defined. It follows that
the expression 9¢9%, for a,b € Ny, it is not ambiguous in suitable domains like A%. Let us
introduce the spaces

Ck(.AB) — A_%” Il ,

obtained by closing the noncommutative polynomials with respect to the norm
k
ITls = > > N107dh(T)l -
§=0 atb=j

A standard argument shows that T' € C¥(Ag) if and only if 9795(T) € Ap is well defined for
all a,b € Ny such that a + b < k, namely

C*(Ap) = {T € A | 6 po(T) is k-differentiable} .

The regularity of an element is reflected on the decay property of its Fp-valued coefficients.
This is the content of the next result.

Lemma 2.8.1. Let T € C*(Ap) then

sup (1472 + )" | Te]? < o0 (2.31)
(r,s)€Z2

where the fm are defined by (2.24). In particular
CF(Ap) C A%~

for all k > 2.
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Proof. Let a,b € Ny such that a + b < k. Then 0¢0%(T) € Ap and we can calculate the
Fp-valued coefficients according to (2.24). An iterated integration by parts provides

D), = ([ auto) 5 poorol(r) ) (Sm2)*(5m.0)
= (—1)"rs (/T2 dp(f) et 0r+s02) PQ(T)> (Sp2)*(Sp1)™"

= (—1)" e T,

Since |\6f/8ﬁ)T5]| < ||0235(T)|| =: Cuyp for all (1, s) € Z2, we can define C' := max, p={Cap}-

It follows that 7“2“.92b||7/;,n75||2 < C? for all a, b such that a+b = k. Then, by using the formula
for the binomial expansion one gets

(P2 + $)F| T )7 < 2FC? . (2.32)

From (2.32), a second application of the formula for the binomial expansion provides (2.31)
with bound given by 4*C?2. From (2.32) one gets

~ ~ 1
DTl < [ Tooll + 25 > LT
(r,5)€2? (r,s)€Z2\(0,0) T + s )2
+oo +<>o 1 [ee] 1 [ee] 1
= |[Tooll + 21C* (2)° Y S+ =
r= 15 1 T2+32)% TZ:;Tk ;Sk
+oo +oo +oo 1
= |ITooll + 2"2C? &
r= 1 s= 1 TZ + 52 r=1 r
-~ i 1 <1 =1
<t -2 (L) (3 —k) )
r=1 r2 s=1 52 r=1 r
where in the last inequality we used 2rs < r? + s2. This concludes the proof. O

Remark 2.8.2. The results provided in Lemma 2.8.1 are not optimal, in general. For
instance, in the case of a zero magnetic field described in Example 2.3.3 one can replace
(2.31) with (1 + 72 + s*)*||T,.5]> — 0 when (r,s) — oo [Gra, Theorem 3.3.9]. Moreover,
the absolute convergence of the series of coefficients is generally guaranteed by a degree of
regularity weaker than k£ > 2 [Gra, Theorem 3.3.16]. However, for the purposes of this work
we will not need such a kind of generalization.

The space of the smooth elements is defined by

C¥(Ap) = [ C*(4p) .

keNp

For T' € C*(Ap) the map 6 — py(a) turns out to be smooth. 4
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Proposition 2.8.3. The dense subalgebra A% defined by (2.16) coincides with the algebra
of the smooth elements with respect to the T?-action, i.e.

AZ = C®(Ap) .

Proof. Let T € A%. Then the computation of the Fz-valued coefficients of 9295(T") provided
in the proof of Lemma 2.8.1 shows that 9¢95(T) € A% for all a,b € Ny. This implies that
A% C C*(Ap) for all k € Ny, and so A% C C>®°(Ap). On the other hand it is also true that
C*(Ap) C A%. In fact, if T € C*(Ag) then (2.31) applies for all k£ € Ny, showing that
T € A%¥. This concludes the proof. ]

The last result justifies the name of smooth algebra for A%. Let us recall that a pre-C*-
algebra is a dense subalgebra of a C*-algebra which is stable under holomorphic functional
calculus (see [GBVF, Definition 3.26]).

Proposition 2.8.4. The smooth algebra A% defined by (2.16) is a unital Fréchet pre-C*-
algebra of Ap.

Proof. Since T? is a Lie group, the criterion established in [GBVF, Proposition 3.45] applies
proving the claim. O

The Fréchet topology of the pre-C*-algebra A% is provided by the system of norms
described in Proposition 2.4.9.

2.9 Integration Theory

Before constructing the integration theory of the magnetic C*-algebra Apg the next lemma
will be of high importance.

Lemma 2.9.1. Let 9 : Fg — C(Q2p) be the Gelfand isomorphism described before. It
follows that every invariant measure P € Mes; .« (Q2p) defines a trace tp on Fp through the
formula

to(g) = / IPw) 9(g)w).  g€Fs.

The trace tp is Z?-invariant in the sense that
te (Tm(9)) = telg),  Vm=(my,my) €L’

where T (g) == (Saz1)™ (Saz2)"9(Saz2) "2 (Sagz1)"™
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Proof. The fact that tp define a trace is straightforward and follows from the properties of
the integral. Let g € Fp and observe that

tp(Tm(g)) =

=[;ww%@w

B

where in the last equality we have used the 7*-invariance of P € Mes; .« (Qp). [

We are now in position to construct the integration theory of the magnetic algebra Ag.
Let P € Mes; .+(€25) be an invariant measure and define the map 9 : Ag — C by

Fo(T) = tp(Tpy) , T € Ag (2.33)

where the Fp-valued coefficient T is defined by (2.24).

Proposition 2.9.2. The map Fp : Agp — C defined by (2.33) is a tracial state of the
C*-algebra Ag. Moreover, it holds true that:

(i) Fe(0;(T)) =0 for all T € C*(Ap) and j = 1,2;
(ii) Fp(RO;(T)) = —Tp(TO;(R)) for all T, R € C*(Ap) and j = 1,2.

Proof. The map p is evidently linear (composition of linear maps) and normalized, i. e. Zp(1) =
1. The positivity follows by observing that

—

<wmp:AmMMMﬂmw>o

and consequently Zp(T*T) = tp((ﬁ)o,g) > 0 since tp is a trace state (hence positive) on
Fp. Since Jp is linear and positive then it is automatically continuous [BR, Proposition
2.3.11]. To prove the cyclic property of the trace let us consider two monomials U; :=
G5 (Sap1)7(Sapy2)% with g; € Fp and j = 1,2. Observe that

UU; = 917'(7»1,51)(92) (SB,I)Tl(SB,Q)SI(SB,1>T2(SB,2)82

where (., 5,)(92) = (SB1)" (SB2)* 92(SB,1) " (SB2) " and by mimicking the computation
of (2.23) one gets

(U102)o0 = 01 Tervsn(92) (S51)" (S5.2)" (S51) " (S52) ™" 6pro—raOsr —ss -
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A similar argument provides

(Oal1)00 = Ter—sny(g1) 92 (S5.1) " (S52) " (S51)" (S52)™ Ory —ralsy —ss -

An iterated application of the commutation relation (2.9) provides

(SB1)" (SB2)* (SB1) " (SB2)"" = Ypi.s1) € FB -

This implies
(U1U2)0,0 = Y(r1,51) 91 T(Tl,Sl)(g2) 5T1,*7’25817*82

and .
(UQUl)O,O - T(—r1,—51)(g(r1,51)) T(—rl,—51)<gl) g2 57"1,—7’2531,—52

= T(—r,—s1)(U1U2)00) -

From the invariance property of Lemma 2.9.1 it follows that
tp((U1U2)0,0) = tp((U2Ur)o)

and in turn

Fp(U1U2) = Fp(UsUh)

for all pair of monomials Uy, Us. It turns out that p satisfies the cyclic property of the
trace on the dense subalgebra A% of the noncommutative polynomials, and by continuity on
the whole algebra Ap. Property (i) follows from the computation at the beginning of of the

proof of Lemma 2.8.1 which provides 0;(T),, = 0 for j = 1,2. Property (ii) follows by the
application of property (i) along with the Leibniz’s rule (2.27). H

The trace property of the map .7 is guaranteed by the invariance property of the measure
P. The ergodicity of P plays a role for the physical interpretation of 7. For the next result we
need to introduce some notation. Let {A;}ien C Po(Z?) be a sequence of bounded subsets
of cardinality |A;|. The family {A;};en is a Folner sequence [Gre] if: (i) it is increasing,
ie.A\; € Ay for all + € N; (ii) it is exhaustive, i.e. A; 2 Z?; (iii) it meets the Fglner
condition. i.e.

li (P AVBAL VmezZ?,

where m + A; is the m-translated of A; and A is the symmetric difference.

Let P € Erg(Q2p) be an ergodic measure and {A;};en a Folner sequence. The Birkhoff’s
Ergodic Theorem [Wal, Lemma 6.13] assures that there exists a Borelian subset Y C Qg
such that P(Y) =1 and

tp(g) = lim ! Z%(g)(ﬁ;(w)), VweY, Vge Fg,
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where the isomorphism ¢ and the mapping tp are defined in Lemma 2.9.1. By observing
that ¥ (g) o7}, = 9(7_m(g)) and recalling the definition of the trace .7 given by (2.33) one

gets
LS (o)) w),  YweY, YT e Ay,

meN;

where the Fp-valued coefficient Ty is defined by (2.24). Finally, by observing that the
extraction of the Fp-valued coefficient commutes with the translations one gets

Fo(T) = HOO’A‘Z( )(w), VweY, VT e Ayp.

The latter formula becomes physically meaningful in the special case Q5 = {wp} as for the
constant magnetic field (cf. Example 2.6.3).

Proposition 2.9.3 (Trace per unit volume). Assume that Qp = {wo} and let P be the
(ergodic) measure supported on {wo}. Let {A;}ien be a Folner sequence and for every A; let
Py, be the associated projection defined by (Py,0)(n) = 6a,(n)Y(n) for all ¢ € (2(Z?). Then,
it holds true that

Tp(T) = lim ——Trpge)(Pr, T Pa,) VT e Ag.

Proof. Let ¥, € (*(Z*) be the normalized vector defined by t,,(n) := 0,m. Then, it
holds true that o(Tj)(wo) = (1o, Tab) for all T € Ap where wy can be identified with the

evaluation at 0 € Z2. Indeed, from (2.25) one gets that 1(Tpo)(wo) = (Yo, on (T)the) for all
N € N and the continuity of the scalar product concludes the argument. Therefore after
some straightforward computation one obtains

>~ o (Tl (@0) = 3 (o, (1))

mep; meN;
= Z (Ym> Tm) = Trepee)(Pa, T Pa,) ,
mEAi
and this concludes the proof O
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Chapter 3: Magnetic interfaces, Toeplitz
extensions and K-theory

In this chapter the fundamental blocks needed to study topological currents are intro-
duced. This includes giving a precise definition for the Interface and Bulk algebras, together
with their connection through K-theory.

3.1 Evaluation and Interface Algebras

In this section we will study a family of C*-homomorphisms between the magnetic algebras
Ap, and Ap, associated the different magnetic fields. This family of homomorphisms will
be of central importance in the rest of the work.

Definition 3.1.1 (Evaluation homomorphisms). A C*-homomorphism ev : Ap, — Ap,

such that
ev(SBl,l) = 532,1
ev(SBl,g) L= SBQ,Q.
will be called an evaluation map from Ap, to Ap,.

Remarks 3.1.2. The last definition hides tons of information, some of which is remarked
here:

1. Note that nothing is said about the existence. The existence of such homomorphisms
is not trivial and will be the main focus of section 3.3. To clarify the existence problem

of the evaluation map, consider b; # by and observe that because of equation (3.1)
ev(e!t) = elt2

however it is easily seen that any evaluation map must map the identity into the
identity, which lead to a contradiction.
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2. It follows from equation (2.9) that any evaluation map has the property that

ev(fB1) = fBg- (31)
Moreover, using equations (2.11) it will also follow that
eV<Tm(fB1)) = Tm(fBz)a for m € Z2- (32)

3. Evaluation maps are gauge-invariant in the sense that, ifev : Ag, — Ap, is a evaluation
map and I' : A — Ap, is a gauge transformation, where A’ is a magnetic C*-algebra
associated to the magnetic field B in a different gauge than Apg,, it follows that

ev (F(SIBIJ)) = eV<5’Bl71) = 53271
ev (F(SJ’BLZ)) = GV(SBhQ) = SB,2,

proving that v :=ev oI is an evaluation map connecting A% and Apg,. <

Equation (3.2) tel us that there must be certain correspondence between Fp, and Fpg,
as long as an evaluation map exists. This notion is precisely written in the next lemma.

Lemma 3.1.3. Letev: Ap, — Ap, be an evaluation homomorphism. Then
eV|]:B1 : fBl — fBQ
restricts to a surjective C*-homomorphism.

Proof. Let ng C FB;, J = 1,2, be the dense subalgebra generated by the finite polynomials
in the generators 7,(fp,). From (3.2) it follows that Fp, C ev(Fp,) C Fp,. Since by

assumption ev is a C*-homomorphism and ]:gl is dense, one gets that
.7:%2 C ev(]—’%l) Cev(Fp,) C ev(fgl) C Fa,.

From the chain of inclusions above it follows that ev(Fp,) is a C*-subalgebra of Fp, [BR,
Proposition 2.3.1] which contains the dense set F3 . This implies that: (i) the restriction
ev|z,, is well defined, and (ii) ev(Fp,) = Fa,, 1. e. the surjectivity of the map. ]

Since ev|r, is a well defined C*-homomorphism between Fp, and Fp, it follows that
Ker(ev|z, ) C Fp, is a closed (two-sided) ideal.

Definition 3.1.4 (Interface algebra). Let ev : Ag, — Ap, be an evaluation homomorphism.
The interface algebra T C Ap, is the closed two-sided ideal generated in Ap, by Ker(ev|z; ).

In other words Z coincides with the C*-subalgebra of Ap, generated by elements of the
type TgR with g € Ker(ev|z, ) and T, R € Aa, . This justifies the following notation

7 = Ap,Ker(ev|z, )Ap, .
Let K(#H) be the closed ideal of compact operators on the separable Hilbert space H. It

is worth recalling that IC(H) is an essential ideal in B(H) [Mur, Example 3.1.2] and C(T) be
the C*-algebra of the continuous function on the Torus.
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Definition 3.1.5 (Localized and straight-line interfaces). Let Z be the interface algebra
associated to a given evaluation homomorphism. We will say that the interface is localized
if Z = K((*(Z?%)). The interface will be called straight-line if Z ~ C(S') ® K(¢*(Z)) up to a
unitary transformation.

The motivation for the terminology introduced in Definition 3.1.5 will be clarified partially
in the next example and Section 4.1.

Example 3.1.6 (Interface algebra for a localized magnetic field). According to the notations
and results introduced in the examples 2.1.4, Example 2.2.5 and Example 2.4.5, let A, be
the magnetic algebra associated to a localized magnetic field By of strenght b ¢ 27iZ (in
order to make the algebra A, not trivial) and Ay be the algebra associated to a constant zero
magnetic field (see Example 2.3.3). Once more and for the sake of simplicity, let A = {n}
be a singleton in Z?. The map defined by ev(S, ;) = S;, where S; are the canonical shift
operators, extends to a C*-homomorphism ev : Ay — Ag (see the proof of Proposition
3.3.2). Therefore, from (3.2) one has that ev(fy) = 1, and in turn

ev(d,) =ev((e® —1)7'(fx — 1)) =0. (3.3)

This shows that 9, € Z is an element of the interface algebra. Moreover, by acting
with the magnetic translations Sy ; one obtains that also d,, € Z for every m € Z?. Now by
multiplying by the appropiate constants it follows that the elements of the form 4,,(S7)"(S2)?,
where r,s € 7, are elements of the interface algebra for the localized magnetic field Z,
and since those elements generate K(¢%(Z?)) we have the inclusion K(¢*(Z*)) € Z. The
other inclusion is also true and its proof follows pretty much the same steps made to prove
Proposition 4.2.4, so just the main ideas are written here: First, one can prove that ev| !
acts by taking limits of functions; then a density argument together with the continuity of
the evaluation map imply that ev|z, acts also by taking limits (which is reasonable since
Fa = c(Z?) as proved in 2.4.5); then if an element is in Ker(ev|z, ) it must be a function in
co(Z*) ={g € ¢ | lim g(n) = 0}; finally one can check that since c¢y(Z?) C K(¢*(Z?))

Inil—o0
(regarding the functions in co(Z?*) as multiplication operators), it follows that the ideal
generated by Ker(ev|r,) in Ay must also be contained in K(¢?*(Z?)), proving that Z C
K(3(Z?)).
If |[A| > 1 it is easy to see that for every m € A we have that 6,, = §,,05. It follows from
equation (3.3) that

ev(dy) = ev(6,08) = ev(dy,)ev(da) =0,

so one can repeat the exact same proof as in the case |A| = 1 to prove that Z = K((*(Z?)).
In summary, a localized magnetic field always provides a localized interface in the sense of
Definition 3.1.5. q
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3.2 Toeplitz extensions by an interface
Let A, B and C three C*-algebras fitting into the short exact sequence

0—A-%BLc—o0. (3.4)

In such a case we will say that B is the Toeplitz extension of A by C. For a simple and
complete review of the theory of extension of C*-algebras we refer to [Weg, Chapter 3]. It is
worth pointing out that we are proposing the use of the expression Toeplitz extension in a
extremely generalized sense. Indeed the original notion of Toeplitz extension refers to a very
specific example of extension of C*-algebras (see Appendix B for an applied example or [Mur,
Section 3.5], [Weg, Exercise 3.F] for more general structure). However, such a generalized
use of the name Toeplitz extension is becoming standard in condensed matter problems (see
e. g. [AM]) and we decided to adhere to this use.

The main aim of this section is to show that an evaluation homomorphism automatically
provides a Toeplitz extension.

Theorem 3.2.1. Fvery evaluation homomorphism ev : Ag, — Ap, fits into the short exact
sequence
0—T - Ap, — Ap, — 0 (3.5)

where T is the related interface algebra and 1 is the (natural) inclusion map.

Proof. The map 1 is injective by definition. Therefore, to complete the proof we need to prove
that the evaluation homomorphism is surjective and that Ker(ev) = Z. The surjectivity is a
consequence of Lemma 3.1.3 which ensures ev(A% ) = A%, (or equivalently ev(A% ) = A%,).
Then, as in the proof of Lemma 3.1.3, the chain of inclusions

.A%g = GV(AOBl) - eV(ABl) C eV(A%1) < AB2

implies ev(Ap,) = Ap,. The description of the kernel of ev is a consequence of Corollary
2.7.4 which guarantees that T' € Ker(ev) if and only if all the Fp,-coefficients of ev(T) are
zero. From the definition (2.24), the linearity of the integral and the fact that the evaluation
homomorphism commutes (by construction) with the family of automorphisms pg, it

follows that ev(T), , = ev(ﬁ,s). Then T € Ker(ev) if and only if ev(ﬁvs) = 0 for all
(r,s) € Z*. This implies that T' € Ker(ev) if and only if on(T) € Z for every N € N, where
on(T) is the Cesaro mean (2.25) which converges to T'. Since Z is a closed ideal it follows
that T' € Ker(ev) if and only if T € Z. [

By using the terminology introduced at the beginning of this section we will say that

Ap, is the Toeplitz extension of the interface Z by Ag,.

Corollary 3.2.2. 1 € Z if and only if ev = 0.
Proof. Since 7 is an ideal one has that 1 € 7 if and only if Z = Ap,. O
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Example 3.2.3 (Localized interface and discrete spectrum). In the case of a localized in-
terface Z = K(¢?(Z?)) (like in Example 3.1.6) the short exact sequence (3.5) provides the
isomorphism

AAB2 >~ AABI//C@Q(ZQ)).

This means that the elements of A4, are compact perturbations of elements of the (bulk)
algebra Ay, . Since K(H) is an essential ideal in B(H) for any separable Hilbert space
H (sce eg. [Mur, Example 3.1.2]), KC(¢*(Z?)) is an essential ideal of A4, and it follows
that the short exact sequence (3.5) is essential [Weg, Definition 3.2.1]. The isomorphism
above is useful to analyze the spectrum of elements a € A4, . In fact it holds true that the
evaluation ev(a) € A4, contains the information about the essential spectrum oe(a) while
the discrete spectrum oq(a) is generated by the part of a which belongs to the interface.
Usually, the discrete spectrum of a is located in the gaps of the spectrum of ev(a). <

Remark 3.2.4 (Split exact squences of C*-algebras). Before continuing, let us briefly discuss
the three ways a short exact sequence can split!. Consider the exact sequence (3.4) and
suppose there is a function v : C — B such that f o~y = Ide. The three cases are the
following:

1. Since C*-algebras are also C-modules, and actually vector spaces over C, the first way
in that the C*-algebras could split would be v being a linear transformation. In such
case one would have that both a(.A) and v(C) are vector spaces and

B =a(A)©(C)
is the direct sum of the vector spaces a(A) and v(C).

2. If now 7 is actually a *-homomorphism, then both a(.A) and v(C) would be *-subalgebras
of B and
B =a(A)+1(C)

is the Banach sum space between the x-algebras a(.A) and ~(C).

3. Finally, if v is a *-homomorphism and it occurs that «(C) is an ideal in B it holds that
B=a(A)®~y(C)

is the direct sum space of the x-algebras a(.A) and v(C). Let us remark that the main
difference between this case and the last one is the orthogonality between elements of

a(A) and v(C).

IThis discussion is based on [Weg, Chapter 3.1]
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In any case, the sequence (3.4) is said to be split exact but since they have different
properties it is important to also say if it splits as a sequence of C-modules or x-algebras.
Indeed, let us recall that if the second or third cases occur, then

0 — K;(A) 25 K;(B) 25 K;(C) — 0, for j=1,2,

(see [Weg, Corollary 8.2.2]), but this does not hold in general if the splitting function = is
just linear (a counter example for this is provided by the Toeplitz extension associated to
the Iwatsuka algebra discussed in Chapter 4). <

Example 3.2.5 (Toeplitz extension for a localized magnetic field). From Example 3.1.6 one
infers that a localized magnetic field provides the Toeplitz extension

0 — K(*(Z%) — Ay — Ay — 0. (3.6)

Let us claim that the short exact sequence (3.6) splits as a sequence of C*-algebras. In [DS,
Proposition 2] it is proved that when the algebra A, is generated by the magnetic potentials
in the Aharonov-Bohm gauge, it holds true that the difference

Sy — S5 = 4, —1)S; € K(*(Z%), forj=1,2, (3.7)

where the apostrophe has been placed to state the difference with the gauge used until now
defined in 2.1.4. Also note that since the interface algebra Z, = K(¢*(Z?)) in at least one
gauge, it follows immediately that Zn = K(¢*(Z?)) for every gauge, since the algebra of
compact operators is invariant through the transformation 7'+ e *¢(V) T e~ ¢(N) for every
gauge function G' and the evaluation map transforms into other evaluation map when the
gauge is changed (see 3.1.2). The reader could find useful to see the next exact sequence to
clarify the gauge equivalence of the problem:

0 — K(R(Z%) — Ax =5 Ay — 0

rl rl H (3.8)

0 — K(*(2?)) 5 Ay 5 A4 — 0,

where A’y is the magnetic C*-algebra associated to the localized magnetic field in the
Aharonov-Bohm gauge, T' : A, — A, is the gauge transformation and ev := I'"! o ev is
the evaluation map from A into A,.

Now observe from equation (3.7) that S; € A, (in the Aharonov-Bohm gauge) for j = 1,2,
and also that ev(S;) = ev(S5} ;) = S;, leading us to consider the trivial lift v = Id,. It is of
course trivial that 7 is a *-homomorphism, so we conclude that the sequence (3.6) splits as
a sequence of C*-algebras.

Finally let us note that v(A4p) = Ap can not be an ideal in A/, because it is unital, and
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in such case, one would have that Ay ~ A, (with equality in the Aharonov—Bohm gauge)
which is not true since Ag is commutative but A, is not. In summary

AA ~ IA + ./40 ~ IC(H) + C(T2),

where H is an arbitrary separable Hilbert space, the sums are Banach sums of x-algebras,
the first isomorphism is an equality in the Aharonov-Bohn gauge and the sum is not direct
(in the sense of C*-algebras). q

Example 3.2.5 is somehow special since the Toeplitz extensions (3.5) considered in this
work, which connect the Iwatsuka C*-algebra with the orthogonal sum of two noncommu-
tative torus, will be not split exact in general as a sequence of C*-algebras. Nevertheless, it
will be possible to find a linear lift. This will be developed in 4.3.

3.3 Existence of Toeplitz Extensions and Dynamics

In the previous section we described the consequences of having an evaluation homomor-
phism between two magnetic algebras. In this section we will analyze the relation between
the existence of evaluation homomorphisms and the dynamical properties of the dynamical
systems generated by the magnetic hulls. As a result we will provide a generalized definition
of magnetic multi-interface based on purely dynamical properties of the magnetic hulls.

Let (Qp,, 7%, Z*) and (Qp,, 7", Z?) be the two topological dynamical systems associated
to the magnetic fields By and By. An equivariant map from Qp, to (2p, is a continuous
function ¢* : g, — Qp, such that

ProTy=1" 00", for all v € Z2.

Proposition 3.3.1. Every evaluation homomorphismev : Aay, — Aa, defines an injective
closed equivariant map ¢* : Qp, — Qp,.

Proof. Let us consider the Gelfand trasforms ¢; : Fp, — C(Qp,), with j = 1,2. The map
¢ :C(Qp,) — C(Qp,) defined by

¢ =% 0ev|r, o 7

is the composition of surjective C*-homomorphisms, hence it is a surjective C*-homomorphism.
By duality, ¢ induces a continuous map ¢* : Qp, — Qp, defined by

" (w) == wo ¢.
Indeed, if w € Q) is meant as a character of C(Q2p, ), then ¢*(w) is a character of C(Qp, ), hence

a point of ;. The surjectivity of ¢ implies the injectivity of ¢*. Indeed, ¢*(w;) = ¢*(w2)
implies that wy(g) = wa(g) for all § € C(Qp,) which is exactly w; = wo. Finally ¢* is closed
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in view of the Closed Map Lemma [Lee, Lemma 4.25] since 2p, and Qp, are both compact
Hausdorff spaces. [

Let us recall that a continuous closed injection between topological spaces is usually
called a (topological) embedding. Let ¢* : Qp, — Qp, be the equivariant embedding of
Proposition (3.3.1). The subset €, := ¢*({2p,) is evidently a closed invariant subset of Qp,
and (Q,, 7*,Z?) becomes a dynamical subsystem of (Qp,, 7%, Z?). Moreover

Q. =9¢" (Orb(wo)) = Orb(wx)

where w, 1= ¢*(wp) and wy € Qp, is the evaluation at 0. In conclusion, Proposition (3.3.1)
states that every evaluation homomorphism identifies (up to isomorphisms) a dynamical
subsystem of the initial magnetic hull. However, in view of Proposition 2.6.1, the only
possibilities for a closed and invariant subset €2, are 2, C 0Qp, or 2, = Qp,. The latter
circumstance corresponds to the case of ¢* being an isomorphism and, as a consequence of
Proposition 3.3.1 and the short exact sequence of Theorem 3.2.1, this is equivalent to the
isomorphism Ap, ~ Ap,. This case will be called trivial as opposite to the non trivial case
in which ¢* defines a proper dynamical subsystem of the initial dynamical system. The next
result provides a sort of converse of Proposition (3.3.1).

Proposition 3.3.2. Let Ap be a magnetic algebra and (Qp, 7, Z?) the topological dynamical
system associated to its magnetic hull. Let 0, C 0 be a proper invariant closed subset.
Assume that 2, = Orb(wy) for some w, € 0Qp. Then, there is a magnetic algebra Ag, with
magnetic hull Q. and an evaluation homomorphism ev : Ag — Ap, .

Proof. Let ¢ : C(Qp) — C(2,) be the surjective restriction C*-homomorphism defined by

$(§) = gla. for all g € C(Qp). Let fz be the Gelfand transform of the generator f5 of Fi
and define the function fp, : Z> — C by

[B.(m) = fB(T;(w*)), m € Z2.

The function fp, provides a magnetic flux with an associated (non unique) magnetic field
B, : 7Z?> — R. Let Ap_be a suitable vector potential for B, and Aup, the associated
magnetic algebra. The surjective C*-homomorphism ¢ and the Gelfand isomorphism provide
a surjective C*-homomorphism ev : Fg — Fp, characterized by ev(fg) = fp,. It turns out
that the map ev : AR — A% defined by

ev | D 9s(881)"(S82)" | = > &(9r5)(SB.1) (9B,2)°

(r,s)€Z2 (r,s)€Z2

is a *-homomorphism of pre-C*-algebras (Proposition 2.8.4). Therefore, the claim follows
from [GBVF, Lemma 3.41]. O
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Remark 3.3.3 (Non-uniqueness of the magnetic field). The magnetic algebra A4, which
enters in Proposition 3.3.2 is non unique for two reasons. First of all Ap, depends of the
election of a vector potential Ag, for the magnetic field B, and this involves the election
of gauge. However, magnetic algebras related to different gauges are unitarily equivalent as
discussed in Section 2.3. The second source of ambiguity is more subtle and is related with
the determination of the magnetic field B, from the magnetic flux fp,. Indeed, the natural
candidate would be B, = —ilog(fp,) but the the logarithm is not univocally defined in the
complex plane. In particular, given a magnetic field B, compatible with the magnetic flux
fp, and a (not necessarily bounded) function ¢ : Z? — Z one gets that B, := B, + 27(
provides the same magnetic flux. A way to solve this ambiguity is to fix the convention that
B, := Arg(fg,) € [0,27) is given by the principal argument of the flux fp,. This correspond
to a sort of minimal growth assumption for the magnetic field at infinity and we will use this
convention in the rest of this work. <

We are now in position to introduce a key definition for this work.

Definition 3.3.4 (Magnetic multi-interface). A system subjected to a magnetic field B :
Z? — [0,27) and with the boundary of the magnetic hull given by a finite collection of
invariant points

893 == {w*’l, e ,w*7N+1}

will be called a N-interface magnetic system. In this case the associated Toeplitz extension
is given by
0—Z— Ap — Apux — 0 (3.9)

where Apg is any magnetic algebra associated to the magnetic field B and the bulk algebra
Apuie = Ap, @ ... D Ay, (3.10)

is given by the orthogonal direct sum of N + 1 magnetic algebras of constant magnetic fields
of strengths given by

b = Arg(fB(w*,j))7 for every j=1,...,N +1,

where J?B is the Gelfand transform of the flux function fp as described in the proof of
Proposition 3.3.2. Finally the evaluation map and the interface algebra Z are completely
specified by

ev(fp) = (™, ..., ")

as discussed in Section 3.1.

As showed in Example 2.6.5 and Example 3.1.6, a localized magnetic field provides an
example of a magnetic interface with order N = 0. On the other hand, Example 2.6.4 shows
the Iwatsuka magnetic field provides an example of magnetic interface of order N = 1. The
case of the Iwatsuka magnetic field will be discussed extensively in Section 4.
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3.4 K-theory of Magnetic C*-Algebras

In this section we will discuss some aspects of the K-theory of magnetic interfaces. There
is a large literature concerning the K-theory for C*-algebras. We will refer to the classic
monographs [Mur, Weg, Bla, GBVF] as well as [PS] for a stronger connection with the
condensed matter problems.

3.4.1 Six-Term Exact Sequence Regarding the Crossed Product
Structure

The study of the K-theory associated to C*-algebras that are crossed product algebras by Z
was studied in [PV2] and the main results are summarized in Appendix B. Since magnetic
C*-algebras are indeed iterated crossed product algebras by Z one is allowed to use these
techniques in order to compute their K-groups.

More precisely, let Ap be a magnetic C*-algebra and Apg ;, o; and §; as defined in 2.5.
Since .AB], = FB Xa, Z, it follows that we can build the Pimsner-Voiculescu exact sequence
(see Appendix B for notations)

1—ay

Ko(Fg) —% Ko(Fp) — Ko(Apy)

ﬂ le (3.11)

Kl(.AB,j) — Kl(.FB) — Kl(FB).

Tx 1—aj «

In some cases, as for the Iwatsuka C*-algebra, the last six-term exact sequence is builded
with maps that can be explicitely computed. This allows to compute the groups Ko(Ap ;)
and K;(Ag;). If this is the case for at least one choice of j € {1,2}, one can recall that
Ap = Ap; Xg, Z for k such that {j,k} = {1,2}, and analogously the Pimsner-Voiculescu
six-term exact sequence

Ko(Apy)) 55 Ko(Apy) -5 Ko(Ap)

(ﬁ le (3.12)

Ki(Ap)  «— Ki(Agy) s Ki(Ag;)-

“Pk,x

can be used to compute the actual K-theory of the magnetic C*-algebra Ap.
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The main goal of this work is finding a correspondence between the bulk and interface
algebras. This correspondance must be understood in a K-theoretic level, and because of
that it is important to have as much information as possible regarding the K-groups of the
algebras in the exact sequence (3.9). When it is about the Iwatsuka algebra, the Toeplitz
extension can be used to determine the K-groups associated to such extension (see sections
3.4.2 and 4.4), however the methods developed in this section are way easier to apply and
capture the K-groups of the magnetic C*-algebra A; with not much effort (see 4.4.1).

3.4.2 Six-Term Exact Sequence Associated to the Toeplitz Exten-
sion

Let us recall that to each Toeplitz extension of type (3.4) there is an associated siz term

sequence in K-theory [Weg, Theorem 9.3.2]. Therefore, there is a six term sequence for

every magnetic Toeplitz extension of type (3.5) or (3.9). We will focus here on the latter
case concerning a magnetic multi-interface.

From the exact sequence (3.9) one obtains the six term sequence

Ko(Z) = Ko(Ap) =5 Ko(Apuk)

indT lexp (3.13)
Ki(Apui) — K (Apg) <Z— K\(T)

where the canonical maps ind and exp are called index map and exponential map respectively.
The role of the six term sequence (3.13) is twofold: first of all it allows to reconstruct the
K-theory of Ap from the knowledge of the K-theory of Z and Ay.; secondly it defines how
the K-theory of Ap intertwines the K-theories of Z and A,y through the maps ind and
exp. The latter aspect is known in condensed matter as bulk-boundary correspondence [PS].

The K-theory of the bulk algebra Ay can be easily computed. Indeed the Ay is an
orthogonal direct sum of noncommutative tori (see Example 2.3.3) and the K-theory of the
noncommutative torus is well-known (cf. Appendix D).

Proposition 3.4.1. Let Apuy be the bulk algebra (3.10) of an N -interface magnetic system.

Then
N+1 N+1
2
Ko(Apui) = @Ko (As; ) E@Z )
J=1
N+1 N+1

Abulk @fﬁ Ab 2 @ZQ-
j=1
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The isomorphisms above are given by the K-theory of the noncommutative tori

Ko(Ay,) = Z[1] ® Z[Py,] = 72,
K1<Ab~) = Z[ ijl] D Z[Sbj,Q] >~ Z2,

J

where Sy, 1 and Sy, o are the magnetic translations which generates Ay, and the projection
Py, 1is described in Appendiz D.

Proof. The first part of the claim follows from the additive property of the K-theory with
respect to the orthogonal direct sum of C*-algebras [Weg, Exercise 6.E & Example 7.1.11(4)].
The second part is a consequence of the structure of the K-theory of the noncommutative
torus described in Appendix D. O]

The K-theory of the interface algebra requires a preliminary observation. In fact, if
one assumes that ev is not trivial one has that Z is not unital (Corollary 3.2.2) and as a
consequence K;(Z), j = 0,1, must be understood as the K-groups of the unitalization? Z+
of Z [Weg, RLL]. The main case of interest for this work is when there exists a unitary
equivalence

T 2 Ty ® K(Hred) (3.14)

where Z; is a unital and abelian C*-algebra and K(H,.q) is the C*-algebra of compact
operators on the (reduced) separable Hilbert space H,eq. In such case one has

because of the stability property of the K-theroy [Weg, Corollary 6.2.11 & Corollary 7.1.9].

Remark 3.4.2. The ansatz (3.14) imposes a quite strong condition on the geometry of the
interface. In the Iwatsuka magnetic field case this ansatz is satisfied and can be thought
as saying that the interface is a straight line separating the magnetic fields. To handle
more general geometries like corners, the ansatz (3.14) must be modified. A quite general
discussion for other geometry imperfections is discussed in [Thi]. In such paper the half-
plane and quarter-plane cases are modified in a way that the edges are allowed to have a
non trivial slope together with other imperfections.

Example 3.4.3 (Six term sequence for a localized magnetic field). The six-term exact
sequence associated to the Toeplitz extension (3.6) for a localized magnetic field can be
easily computed by observing that it is split exact as a sequence of C*-algebras (cf. Remark
3.2.4 and Example 3.2.5). In this case the interface algebra has the form Z ~ C ® K (see
Example 3.1.6) and in turn its K-theory is given by

Ko(Z) ~ Ko(C) ~2Z, Ki(T)~K;(C)=0.

2In our case Z C B((?(Z?)) is a concrete C*-algebra, therefore its unitalization is given by It :=
{T'+allT€Z,acC}.
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(cf. Appendix C). It follows from the split exactness of the Toeplitz extension together with
the exactnes of its induced six-term exact sequence in K-theory that

where A is the magnetic algebra for a zero magnetic field (cf. Example 2.3.3) and Py is the
projection on the fundamental site (0,0) € Z?. This fact has already been proved in [DS,
Theorem 12]. q

The case of straight-line interface (Definition 3.1.5) will be relevant in the next section.
Its K-theory is described below.

Proposition 3.4.4 (K-theory for the straight-line interface). In the case of a straight-line
interface T ~ C(S") @ K(¢*(Z)) the K -theory is given by

Ko(T)~7, K\(I)~7Z.

Proof. The result follows from the stability property of K-theory along with Ky(C(S!))
Z[1] and K,(C(S")) ~ Z[u] where u(t) = e'* (see Appendix C).

R

3.5 Bulk and interface currents

Let Ap be a magnetic algebra endowed with the trace 7 associated to an ergodic measure
P € Erg(Qp) as discussed in Section 2.6. Given a differentiable projection P € C'(Ap), the
(generalized) transverse Hall conductance associated to P is defined by

2
e
UB,IP<P) = E ChByp(P) (315)
where e is the electron charge, h = 27h is the Planck’s constant and the dimensionless part,

known as Chern number, is given by
Chpp(P) = i2r Fp(P[0i(P),0:(P)]) . (3.16)

The projection P is usually obtained as the spectral projection into a gap of a self-adjoint
element (Hamiltonian) of Ap and represents the ground state of the system as described by
the Fermi-Dirac distribution in the limit of the temperature 7' = 0 and chemical potential
(Fermi energy) sited into the gap. The quantity (3.15) enters in the (microscopic) Ohm’s
law

JL == O'B’[[D(P) E (317)

which describes the transverse current density .J; generated in the material as a response
to the external electric perturbation E. The expression (3.17) is usually known as Kubo’s
formula and is obtained in the linear response approximation. There are countless derivations
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of the Kubo’s formula (3.17) in the literature. For our aims we will refer to [BES, SB] for
the case of a constant magnetic field and to [DL] for more general casees.

In the case of a constant magnetic field B of strength b there is a unique ergodic measure
(cf. Example 2.6.3) and the associated trace, simply denoted with .7, is given by the trace per
unit volume as proved in Proposition 2.9.3. Therefore, it is appropriate to rewrite equations
(3.15) and (3.16) with the lighter notation

2

oy(P) = %Chb(P) (3.18)

In particular, the map Ch, can be obtained from the trilinear map &, : C'(Ay)** — C,
defined by
gb(To,Tl,Tg) = 127 g[To(al(Tl)aQ(Té) —82(T1)81(T2))] s (319)

according to Chy(P) = &(P, P, P). Formula (3.19) is crucial in the study of the topology
of the algebra A, (which coincides with the noncommutative torus). In fact, as discussed
in [Con, Chapter 3|, [GBVF, Chapter 12| or [PS, Chapter 5] among others, it turns out
that the map &, is a cyclic 2-cocycle of the algebra C'(A;) and therefore defines a class
&) € HC?*(C'(Ay)) in the cyclic cohomology of C'(Ap). The class [§,] plays a special role
in the canonical bilinear pairing

<, = Ko(.Ab) X HOQ(.A(,) — C
between (even) K-theory and (even) cyclic cohomology, defined by

([P]a [QO]) =< [P]’ [90] —= (tr#@)(P7 PvP)

where the projection P € C'(A,) ® Maty(C) is a suitable® representative of the class [P],
N € N is a suitable integer? and tr denotes the trace on Maty(C) [PS, Theorem 5.1.4]. In
the case N = 1, a comparison with equations (3.16) and (3.19) shows that

Chy(P) =< [P],[&] = € Z (3.20)

where the integrality of the pairing [P] —=< [P],[&] > is the celebrated Index Theorem
for the even K-theory [Con, Section 3.3, Corollary 16]. Equation (3.20) along with (3.15)
provides the quantization (in units of e*A™!) of the transverse Hall conductance for a constant
magnetic field [TKNN, BES].

The conductance for the bulk algebra 3.10 can be defined (by linearity) from the case of
a constant magnetic field.

3The suitability of the projection follows from the need of it being at least once differentiable. In fact,
the pairing is initially defined on the K-Theory of the algebra C'(A;) and then extended to the K-Theory
of the whole algebra A, which are canonically isomorphic.

4For a non-trivial magnetic field b(27)~1 € R\ Z it is always possible to fix N = 1 since the K-theory is
entirely realized inside the algebra A (cf. Appendix D).
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Definition 3.5.1 (Bulk transverse conductance). Let Apu be the bulk algebra defined in
equation (3.10) and P := (Py,..., Pyy1) a projection in C'(Apuy). The bulk transverse
conductance for the projection P is given by the collection

Ubulk(P> = {Ubl (P1)7 e ’O—bN+1(PN+1)}

where every oy, (P;) is defined by (3.18).

Let us now consider the current associated with the interface algebra Z. We will focus
on the case described by the ansatz (3.14) and we will assume that the unital and abelian
C*-algebra 7, is endowed with a faithful (normalized) trace 7y and a suitable (unbounded)
derivation dy which meet the compatibility condition 75 o g = 0. In this way one can define
a faithful lower-semicontinuous trace 77 on Z through the prescription

%(T) = TR TI"Hred (?D(T)) , T e 9z

where the ideal 27 C Z is defined by 27 := @ (Zy @ L' (Hyrea)) and L' (Hyeq) is the ideal of
trace class operators on H,eq). Similarly, one can endow Z with the derivation 07 given by

GI(T) = g ® Idg (w(T)) , T e C%

where Ck := w™(C*(Zy) ® K(Hyeq)) for every k € N. Therefore, such a derivation can be
extended to the unitalization Z* by the prescription d7(1) = 0. With these structures one
can define the map

Wz(U) = iZ((U"=1)0:(U-1)) = 177 (U 0:(V)) (3.21)

for every unitary operator U € Z* such that U — 1 € C: N Z7. The map Wr is known as the
(non-commutative) winding number of U.

Example 3.5.2 (Triviality of the winding number in the localized case). According to
Example (3.1.6) the structure of the interface algebra in the case of a localized magnetic
field is given by Z ~ C ® K(¢*(Z?*)) and therefore it satisfies the ansatz (3.14). However, in
view of the simple structure of Zy = C one has that the only faithful (normalized) trace 7,
is the identity 79(a) = a and the only derivation dy is the null-map d¢(a) = 0 for all a € C.
As a consequence the associated trace on Z coincides with the canonical trace of the Hilbert
space (*(Z?), while there is no non-trivial derivation compatible with the ansatz (3.14). In
view of that one has that W7 = 0 identically in the case of a localized magnetic field. N

Definition 3.5.3 (Interface conductance). Let Z be an interface algebra of type 3.14 en-
dowed with the derivation 07 and the trace .77. Let U € T be a unitary operator such that
U —1 € C3NPz. The interface conductance associated to the configuration U is defined by
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The definition above is justified by the fact that o7 provides the proportionality coefficient
for the current that flows along the interface (cf. [SKR] or [PS, Section 7.1]). To clarify
Definition 4.30 we need some intermediate concept.

Let us call magnetic Hamiltonians the self-adjoint elements of Ag. Let H e Ag be a
magnetic Hamiltonian and H := ev(ﬁ ) € Apux its image in the bulk algebra. By con-
struction the bulk Hamiltonian H = (Hy,..., Hy4+1) is made by a N + l-upla of suitable
self-adjoint elements of the constant magnetic field algebras A, and its spectrum is given

by o(H) = ;" o(H;).

=1

Definition 3.5.4 (Non-trivial bulk gap). The magnetic Hamiltonian H € Ag has a non-
trivial bulk gap if there is a compact set A € R such that

mino(H) < minA < maxA < maxo(H)

and ANo(H) = 0.

According to the above definition A lies inside a non-trivial spectral gap of the bulk
Hamiltonian H and for every chemical potential u € A the Fermi projection

Py = (Pu1,- o Puny1) € A, Puj = Xoow(H;) € Ay,

is an element of the bulk algebra. If the magnetic Hamiltonian is smooth, i. e.H e AP,
then also H € A, (the evaluation map preserves the regularity), and in turn P, € A,
since Ape ), is closed under holomorphic functional calculus. Let [P,] = [(Pu1,-.., Pun+1)] €
Ko(Apux) be the class of the Fermi projection in the Ky-group of Apux. As a first step let
us compute the image of [P,] inside K7(Z) under the exponential map.

Proposition 3.5.5. Assume that the magnetic Hamiltonian H € Apg has a non-trivial bulk
gap detected by A. Let g : R — [0, 1] be a non-decreasing (smooth) function such that g =0
below A and g =1 above A and consider the unitary operator

Upn = el?mti) (3.23)

Then Upn € ZT and
exp([Pu]) = —[Ua] € Ki(Z) .

Proof. The proof is similar to that of [PS, Proposition 4.3.1]. Since the evaluation map is a
homomorphism of C*-algebras it commutes with the functional calculus and consequently

ev(g(H)) = g(H) = (g(Hy),...,9(Hx11)) = 1 — P,

due to the fact that g is equal to 0 below the bulk gap and to 1 above the bulk gap and
therefore g(H;) =1 — P, ; . As a consequence

ov (1_ eing(H)) — ] eimg(H) _
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A

showing that Ua is a unitary element in Z*. Since 1 — g(H) is a self-adjoint lift of P, one
can compute the exponential map as in [Weg, Definition 9.3.1 & Exercise 9.E] obtaining in
this way

eXp([PN]) — efi27r(lfg(ﬁ)):| — |:67127rg(131):| - _ [UA}
where the additive notation® for K;(Z) has been used. O

In the case H € A% it follows from the construction that Un € ZT N A¥ acquires the
same regularity. It is worth noting that the element 1 — Ua can be constructed entirely from
the spectral subspace of H corresponding to the bulk insulating gap A. Indeed, the support
of the function e'?™ — 1 is contained inside the region A which lies in the insulating gap.

Remark 3.5.6 (Gap closing as a topological obstraction). The condition [UA] # 0 (cf. Note
5) measures the obstruction to lift the Fermi projection P, € Apux to a true projection in
Ay, ® Maty(C) (for some N large enough). From the construction emerges that this ob-
struction detects the presence of spectrum of H inside A which is generated by the existence
of the magnetic interface. Since the election of A inside the bulk gap is totally arbitrary, and
the Fermi projection does not depend on the specific u inside the bulk gap, one gets that for
any given A the related element 1 — g(H) is a self-adjoint lift of the Fermi projection. This
implies immediately that the condition [Ua]| # 0 guarantees the complete closure of the bulk

gap due to the presence of the magnetic interface. <

Let g as in the claim of Proposition 3.5.5. The derivative ¢’ is non-negative, supported
in A and normalization in the sense that ||¢/[|,: = 1. By construction the element ¢'(H)
satisfies the condition ev(¢/(H)) = ¢'(ev(H)) = 0 and so ¢(H) € T is an element of the
interface algebra. Moreover ¢’ (ﬁ ) can be regarded as a density matrix which describes a
state of the system with energy distributed in the region A. If one interprets the operator

h'97(H) as the velocity along the interface one deduces that
e s -
J(B) = 5T (g (H) 8I(H)) (3.24)

is the current density along the interface carried by the “extended states” in A and, as a
consequence, or = eJz provides the associated conductance (we are assuming that e > 0
is the magnitude of the electron charge). The connection between the latter formula and
Definition 3.5.3 is provided by the following result originally proved in [SKR].

Proposition 3.5.7. It holds true that

Iz <9/(ﬁ) az([:[)> = —% Wz(Ua) -

°In terms of the additive notation of K7(Z), the trivial element is [1] = 0 and —[U] = [U*] denotes the
inverse of [U].
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Proof. The result can be obtained by adapting step by step the proof of [PS, Proposition
7.1.2]. Indeed the proof is purely algebraic and only uses the properties of the trace .77 and
the derivation 07 assumed by hypothesis at the beginning of this section. O

By combining definition 3.24 (which is motivated by physics) with Proposition 3.5.7 one
gets that the interface conductance generated the “extended states” in A is given by

2

oz(A) = %WI(UA). (3.25)

This equation justifies the “abstract” Definition 3.5.3.

The relevance of Definition 3.5.3 lies in its topological interpretation. Consider the map

nr : (CHZ) N Z7)*? — C, defined by
nz(To, Ty) = i F(Tp 07(Th)) . (3.26)

In view of the properties of .77 and 07 assumed by hypothesis 17 turns out to be a cyclic
1-cocycle and therefore defines a class [nz] € HC'(Z) in the cyclic cohomology of the C*-
algebra Z [Con, Chapter 3|. Let

<, =: Ki|(T) x HCY(T) — C

be the canonical bilinear pairing between (odd) K-theory and (odd) cyclic cohomology,
defined by

(U 1g]) ¥— < (U], [¢] = = (trgd) (U —1)",U — 1)

where the unitary U € CY(Z%) ® Maty(C) is a suitable® representative of the class [U]
[Con, Section 3.3, Proposition 3|. Since every unitary U € Z* (like Ua) defines an element
[U] € K1(Z) in the Kj-group of the interface algebra, one gets that

Wz(U) = =< [U], [nz] > (3.27)

only depends on the class [U]. In particular, by combining Proposition 3.5.5 and equation
(3.27) one gets

e e?

oz(A) = & < [Uallnz] == =5 <exp([Bu]), [nz] > . (3.28)

Equation (3.28) is the topological essence of the bulk-interface duality and will be used in
Sections 4.5 to prove equation (1.3), that is, a bulk-interface correspondance for the Iwatsuka
magnetic field (cf. Theorem 4.5.3).

6The suitability of the unitary follows from the need of it being at least once differentiable. In fact, the
pairing is initially defined on the K-Theory of the algebra C1(Z*) and then extended to the K-Theory of
the whole algebra Z+, which are canonically isomorphic.
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Chapter 4: The Iwatsuka C*-algebra

In this chapter most of what has been achieved for general magnetic C*-algebras is
written down as explicitely as possible for the Iwatsuka magnetic field. This contains a full
description of the evaluation map and interface algebra, which builds a full understanding
of its Toeplitz extension, together with the explicit computation of every map and group
involved in its six-term exact sequence associated defined in (3.9).

Let us recall that the magnetic translations associated to the Iwatsuka magnetic field has
been described in Example 2.2.4 and the Iwatsuka C*-algbera has been defined in Example
2.3.4.

4.1 Toeplitz extension and structure of the Iwatsuka
(C*-algebra

The simplest examples of a magnetic multi-interface system as described in Definition 3.3.4
is provided by the Iwatsuka magnetic By defined by (2.4) with the condition

b_ b, (4.1)

In fact, according to the content of Example 2.6.4 one has that the boundary of the Iwatsuka
magnetic hull Q; can be represented as 091 = {W_o0, W10} With wiy two distinet invariant
points. As a consequence the associated Toeplitz extension is given by

0— 7T — A — Apg — 0 (4.2)

with bulk algebra given by
Apue = Ay & Ay, (4.3)
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and evaluation map defined by

eV(SL1) L= (Sb_,la Sb+,1)
ev(Siz) : = (Sp_2, 5, 2) (4.4)
ev(fi) i = (e, ™)
where Sp; and Sio are the Iwatsuka magnetic translations and f; is the associated flux
operator as defined in Example 2.2.4.

In section 2.7 was proved that every element of a magnetic C*-algebra can be expressed
as a limit of Cesaro like sums (see Theorem 2.7.3). The Iwatsuka C*-algebra is no exception
to this fact, however we can also prove that A; contains several relevant projections. Let us
start by introducing the more operator-like notation

(Peip)(n) - = 6x(n)i(n)

(Pot)(n) : = do(n)ih(n)’
where the functions 04 and dy are defined in Example 2.1.3. It is of course true that P, =
6i(N), where [ € {—,0,+} and N = (Ny, N) is the vector of position operators on ¢*(Z?).
This notation is introduced mainly because the operators P, are projections, and such kind
of operators are really important when working with K-theory, so writing them with the
letter P clarifies their importance and make this work consistent with most of the literature.

) e (3(2%)

Lemma 4.1.1. Under the assumption (4.1) the projections Py and Py are elements of A;.

Proof. The identity 1 and the flux operator f; defined in (2.4.4) are elements of A;. Let us
start with the case by # b, and by # b_. A straightforward computation shows that
P, = (eib_ _ ibo )*1 (eib+ _ oibo )*1 (eib_ . fl) (eib+ . fI) :
hence Py € A;. Similarly, one can check that
P, = (eib]F o ez’bi )*1 (ez’b]F o fI) (1 . PO)-

Let us assume now by = b, and consider the projection P := Fy + P,. As above one can
check that . o
P> — (ezb_ . e’Lb+) (e’Lb_ 1 — fI)

: ib b\~ [ b (4.5)
P_:(e*—e*) <e+1—f1)
are both elements of A;. Moreover, the equality
P() = P> - 8171P>SI*71 (46)
shows that also Fy € A;. Finally P, = P> — Fy. The case by = b_ is analogous. O

For every j € Z let us introduce the projection
(Py)(n) := do(n — jer)v(n) o € L(Z7).

From the definition it follows that P; is the translation of I along the vertical line located
at ny = j. The projections P; are mutually orthogonal.
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Corollary 4.1.2. Under the assumption (4.1) it holds true that P; € Ay for all j € Z.

Proof. From Lemma 4.1.1 we know that P, € A;. Moreover, a direct computation shows

that , .
S11)! Po(S11)’ it j >0
. (S11) . 0(5t1) . . J (4.7)
(SEI)U'PQ(SLl)'J' lf] <0.
This completes the proof. O
Finally let us observe that from (4.7) one gets the useful formula
PjSI,l = SLIPj—ly j e 7. (48)

4.2 Evaluation and Interface Algebra for the Iwatsuka
Magnetic Field

In this section the main features of the evaluation and interface algebras for the Iwatsuka
magnetic field are proved. The next result provides a first step for the understanding of the
evaluation map.

Lemma 4.2.1. Under the assumption (4.1) it holds true that

ev(Py) =(0,1)

ev(P_) =(1,0) (4.9)

and
ev(P;) = (0,0), forallj€Z. (4.10)

Proof. Let us start with the case by # by and by # b_. Then the result follows from the last
equation in (4.4), the formulas for Py and P; in Lemma 4.1.1 and Corollary 4.1.2 along with
the fact that ev is a C*-homomorphism. In the case by = b, one obtains from (4.5) that
ev(P>) = (0,1) and ev(P-) = (1,0) . Moreover, from (4.6) one gets that

ev(Py) =(0,1) — (0, Sb+,115§+71) =0.
The case by = b_ is similar. O

Let A C Z be a finite subset and

Py =P (4.11)

jeA

the next result is a direct consequence of Lemma 4.2.1.
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Corollary 4.2.2. Under the assumption (4.1) it holds true that
eV(TPAR) =0

for all T, R € Ay and for all finite subset A C 7Z.

The next result characterizes the evaluation map when it is restricted to the flux algebra
Fp and will be of extreme importance to give a proper description of the Interface algebra.
Recall from Example 2.4.4 that Fp ~ ¢(Z), where the identification is given by simply fixing
the second variable, so we are allowed to compute left and right limits for the elements of
the flux algebra.

Lemma 4.2.3. Let g € Fg. Then,

ev(g) = ( lim g(n), lim g(n)) . where n = (ny,ny) € Z°. (4.12)

ny——0oo ni1—oo

Proof. First let us define

ny——0oo ny—oo

L(g) :( lim g(n), lim g(n)), where n = (ny,ns) € Z2,

and observe that L defines a *-homomorphism.
Recall that

Trs)(J1) = (S1,1)" (S2,1)° f (S20) ™ (S1,r)™",

and observe that

ev(Tes (f1)) = ev((Sir)" (S21)° fi (S21)™° (S11)™"))

sfb T, fb+) (413)

ib+)
( TS)(fI) for (7’, S) < ZQ.

Since last equality holds after taking algebraic combinations it follows that ev]| = L| 70
where F7? is the dense x-subalgebra of F spanned by {7,,(f1) | m € Z*}, and hence since
this maps are continuous they must be equal in the entire flux algebra.

= (7
(e
L

O
Proposition 4.2.4. The interface algebra Z is the closed two-sided ideal of A; generated by

Po, ie.
1= .AIP()AI = Span {TP0R|T, R e ./41} .

Proof. A comparison with Definition 3.1.4 shows the claim is equivalent to state that F,
generates Ker(ev|z). From Corollary 4.2.2 one gets that P; € Ker(ev|z) C Fy for every j €
Z. From lemma 4.2.3 it follows that g € Ker(ev|z) if and only if g vanishes when n; — £o0.
The proof is completed by observing that ¢y(Z) = {g € £ | n1—1>1:£loo g(n) = 0} is generated

by the projections {d;},ez and then, up to representation, Ker(ev|z) =C*(P; | j € Z). O
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The Iwatsuka magnetic field is constant in one direction and therefore one can use the
magnetic Bloch-Floquet transform described in Appendix F to study the interface algebra.

Indeed, the Iwatsuka magnetic translations commute with the operator V; := e/ (M) G,
defined through the function
mb, ifm >0
f(m) = .
(m+1)b_—by ifm<0.

Let Up : (*(Z*) — L*(S') ® £*(Z) be the associated magnetic Bloch-Floquet transform as
defined in Appendix F. The next result contains the main feature of the Iwatsuka interface
algebra.

Proposition 4.2.5. It holds true that UpTUz" = C(S') @ K((3(Z)). In particular the Twat-
suka interface algebra is a straight-line according to Definition 3.1.5.

Proof. A direct computation shows that UgPjUz' = 1 ® m; where 7; is the rank-one pro-
jection on (?(Z) defined by (7;¢)(m) := 6, ;6(m). Since Up(Si2Py)"Us" = Up(S12)" PiUg'
is proportional to €™ ® 7; up to a phase factor one gets that g ® 7; € UpTUZ' for every
g € C(SY) and j € Z. Acting with powers of U Sy 1U5" on the latter elements one gets that
also g ® m; ; € UpTUy" where 7, ; is the rank-one operator defined by (m; ;¢)(m) = &,,.;6(7).
The result follows by observing that the rank-one operators generates the compact operators.

O

Following the procedure described in Section 3.5 we can use Proposition 4.2.5 to equip Z
with a derivation and a trace. The natural derivation on C(S') is 6 := —=. With this sign
convention a comparison with (2.29) provides

o @ Idi (UsTUL") = 05(T) = i[T, Ny

for differentiable elements 1" € Z. Therefore we obtain that the interface derivation is given
by Or := i[ -, Ny]. Similarly the natural trace on C(S') is given by 79 := [, dk where dk is
the normalized Haar measure. Since 75(e!™ ) = ¢, ¢ one gets that

T0 X Trg2(Z) (Z/{BTZ/{;) == Tré2(22)(QOTQO)

where the projection Q) is given by (Qov)(n,m) = motp(n,m) and T € T is any suitable
integrable elements. In this way one can define the interface trace as

T(T) = TreeE(QuTQo) = » (n.0] T |n,0) (4.14)

nel

where the Dirac notation in the right-hand side turns out to be particularly useful.
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4.3 Splittings of the Toeplitz Extension

The Toeplitz extension for the Iwatsuka magnetic field admits a natural splitting of the linear
space structure which turns out to be useful in applications.

Let us start by recalling that Ay is generated, as *-linear space, by the linear combina-
tions of monomials of the type (S;_ 155 5, Sy, 1Sy, ») With r,s,p,q € Z. Consider the linear
map 7 : Apux — Aj initially defined on the monomials by

1(S_ 155 5, Sf+715,§’+72) 1= P_ST,Spo P+ PLSY,S(, Py (4.15)

and then extended linearly to Apuk. Such a map is well defined because both Ay, and
A; are spanned as Banach spaces by the families of respective monomials. From its very
definition it follows that evoy = Id 4, ., hamely 7 provides a splitting of the linear structures.
It follows that

Ar=1+ ](-Abulk)

as direct sum of linear spaces [Weg, Proposition 3.1.3].

It is worth noting that the linear map 7 defined by (4.15) cannot be extended to a
C*-homomorphism. For instance, a direct computation shows that

j(l7 Sb.t,_,l)j(l? SZ;_,I) - ](17 1) = P+ (Sb+,1P+SI:_71 - 1)P+ = _Pl

since Sp, 1P+ S, 1 = Py — P1. On the other hand,

7(1, S5, 1)(1, Se, 1) — 2(1,1) = Po(Sy, 1Py Sp 1 — 1) Py =0

due to Sg‘+71P+Sb+71 =P, + F,.

Remark 4.3.1 (Failure of the C*-splitting). A linear splitting is the best that we can do
since the existence of a lifting being a x-homomorphism implies that in the Ky-level we have
the short exact sequence (see [Weg, Proposition 8.2.2] or [GBVF, Proposition 3.29])

0 — Ko(Z) = Ko(A1) = Ko(Apur) — 0, (4.16)
but as will be proved in Proposition 4.4.3 and Remmark 4.4.5, K¢(Z) ~ Z and 2, = 0

respectively, which contradicts the exactness of the sequence (4.16). N

4.4 K-theory of the Iwatsuka C*-Algebra

In this section several aspects of the K-theory of the Iwatsuka C*-algebra are studied. In
subsection 4.4.2 the six-term exact sequence associated to the Toeplitz extension (4.2) is
entirely described and in turn the K-theory of every concerned algebra is determined, in-
cluding the Iwatsuka C*-algebra. On the other side, and as anticipated in Section 3.4, one
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can also use the iterated crossed structure of the Iwatsuka C*-algebra to study its K-theory
in a much simpler way. This approach is followed in subsection 4.4.1 just as an example of
the use of the iterated crossed product structure of magnetic C*- algebras (see Section 2.5)
and the methods developed in subsection 3.4.1.

The results obtained in both subsections 4.4.1 and 4.4.2 concerning the Iwatsuka C*-algebra
are of course the same, however in subsection 4.4.2 the K-theory of the Interface algebra
and the important index and exponential maps are also determined.

4.4.1 Crossed-Product Approach
By adapting the notation of section 2.5 and choosing j = 1 and k = 2 we have that
.AI ~ ./4171 N52 Z, AI,l = fl X

where a; is defined by a1(g) := 7(1,0)(g) for every g € F1 and 3, is defined by B2(gSi1) :=
T(O,l)(g)fflSLl for every g € F; and r € Ny. From now on and for the sake of notation let
us just write a := oy and [ := fs.

In order to use the six-term exact sequence (3.11) it will be necessary to compute first the
K-theory of the flux algebra Fi ~ ¢(Z). Since the K-theory of ¢(Z) can be computed using
methods that are not relevant to this work it has been left as an Appendix (see Appendix
E). The important information about the K-theory of the flux algebra Fp is listed here:

Ko(F) = (EBZ ) P l®Z[P], @17

JEZ

K\(F) = 0.

The K-theory of the first crossed product A;j; can be then computed from the Pimsner-
Voiculescu exact sequence

Ko(F) =% Ko(F) =5 Ko(AL)

5T le (4.18)

K1(AL1) T Kl(-FI) f: K1(-7:I)

where the connecting maps € and § are described in Appendix B.

Proposition 4.4.1. Consider the siz-term exact sequence (4.18). Then, it holds true that:
(i) The image and kernel of the map (1 — o) : Ko(F1) = Ko(F1) are given by

Im(1 - o) = EPZIP) Ker(1—a,) = Z[1] .

JEZ
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(11) 6[Sia] = —[1].

Consequently,
Ko(An) = Z[P 8 Z[Py],  Ki(Ai1) = Z[Si4] .

Proof. By the definition of a one gets

(1—a)([R]) = [P —SiiPiSul = [P] = [Pi-],
(1 —a)([P-]) = [P-—S{1P-Si1] = [P-4],
(1= ) ([Py]) = [Py = Si1PLSia] = —[R) .

It follows that the image of (1 — av.) is €D, Z[Pj] and

<1—cm><n_uzy+n+ua1+ ) nﬂfﬂ> ~ 0

j=—M

has a non-trivial solution if and only if n_ = ng = ny, and n; = 0 in all other cases. As
a consequence one has that the kernel of (1 — «,) is generated by [P_] + [Fo] + [P+] = [1].
For (ii) let us recall that the boundary map ¢ := k"' o ind is the composition of the index
map ind : K;( A1) — Ko(F1®K) associated to the Toeplitz extension (B.1) and the inverse
of the stabilization isomorphism kg : Ko(F1) = Ko(F1 ® K) induced by the identification
g — g®m (here my € K is any fixed rank-one projection). The isometry V := S;; ® v which
generates the Toeplitz algebra 7T, together with F; @ 1 verifies the condition (V) = Si;.
Therefore, V' provides a lift of Si; by an isometry. Consider the unitary matrix

vV P
w(SI,l) = (0 V*> S Matg(nl)
where P := 1—-VV*. By construction w(Si,) is a lift of diag(S1,1, 57;) and [diag(Sy1, S7;)] =~
[1] as a class in K;(Aj1). As a consequence we can construct the index map according to
[Weg, Definition 8.1.1] and after an explicit computation one gets

ind([SI,l]) = o, (1=V*V]=[1-VV)
= 0. ([0] = [P]) = —[1®m]

where in the last equality we used the property ¢(1®m) = P. By using the isomorphism k&,
one finally gets 0[S11] = —[1]. Since K;(F1) = 0, it follows that ¢ provides an isomorphism
between K (Ay;) and Ker((1—a)). In view of (i) and (ii) one infers that K (A1) ~ Z[S11].
Again, K;(F1) = 0 implies the surjectivity of 2. : Ko(F1) — Ko(Ar1) and so Ko(App) ~
Ko(F)/Im((1 - o)) = Z[P_] & Z[Py)]. .
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For the K-theory of the second crossed product A; ~ A;; x5 Z we need the Pimsner-
Voiculescu exact sequence

Ko(Ai) =5 Ko(An) -5 Ko(A)

ﬁ le (4.19)
Kl(AI) <l— Kl(ALl) S Kl(ALl)

Theorem 4.4.2 (K-theory of the Iwatsuka C*-algebra). Consider the siz-term ezact se-
quence (4.19). Then, it holds true that

(1) Both maps (1 — B.) : K;(Ar1) = K;(Ap), with j = 1,2, vanish;

(i) The map  verifies
S([P_Sia+ Py+ Py]) = —[P_],

5([P_ +P0+P+SLQD = —[P_|_] )

(11i) There exists N € N and a projection P € A; @ Maty(C) such that

E[PI] = [SLﬂ .

Consequently,
Ko(Ar) = Z[P-|® Z[P-] & Z[ ]

Ki(A) = ZVi- ] @ Z[Viy] © Z[S14]
where Vi 4 := 1+ Py (S12 — 1).
Proof. For (i) it is enough to note that (P) = P, for | € Z U {£} and

B [S11] = [ST2S11512] = [(ST2f1S12)St1] = [fi][S11] = [S1a]

since [fi] = [1] in Ki(Ar1). As a consequence 1 — ;1 = 0. For (ii) let us observe that
the isometry V = Siy ® v € Tz satisfies Y((Py ® 1)V) = P;Spo. It follows that W :=
(P-® 1)V + (Py+ Py) ® 1 is an isometry which provides a lift of P_Sio + Py + Py in 7.
The index map of the latter element can be computed as in the proof of Proposition 4.4.1
and after some computation one gets

ind([P_Sip+ P+ Py]) = ¢ ' ([1 = W*W]—[1—-WW*)
= o, (0] - [P-®P]) = —~[P-®m] .

where we used P :=1—VV* and ¢(P_ ® my) = P_ ® P. After recalling that § := r; ' oind,
with kg stabilization isomorphism, one gets the first equation in (ii). The derivation of the
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second equation is identical. Item (iii) follows from the fact that (1 — 5.) = 0 implies the
surjectivity of the map e and so there must be a projection P; € A; ® Maty(C) and M < N
such that

e([A] = M[1]) = [Sh]

(see [Weg, Proposition 6.2.7]). Now, since [1] = [P_] + [P,] € Im(z.) = kere it follows
that e[P}] = [S11]. The exactness of the sequence (4.19) along with (1 — 8.) = 0 implies
K;(Ar) = 0.(K; (A1) @ 0; ' (Kj1 (A1) with j = 0,1 (mod. 2). This concludes the proof.
|

Observe that the proof for the existence of the element P works as well for the case
e(P)) = [Sf1] = —[S11]. Any projection P} with the property

e(Pr) € {[Sta], [ST1]}

will be called a Power-Rieffel-Iwatsuka projection or simply a PRI-projection. We can say
a little more about P;. From its very definition one has that exp[P] = [(S11 — 1) ® mp + 1]
where exp is the actual exponential map associated with the Toeplitz exact sequence (B.1).

4.4.2 K-Theory Associated to the Toeplitz Extension

The six-term exact sequence associated with the Toeplitz extension for the Iwatsuka magnetic
field (4.2) is given by

Ko(Z) = Ko(A) =5 Ko(Apux)

indT leXp (4.20)
K1 (Apui) - Ky (Arp) — Ki(Z)

The K-theory of the bulk algebra is described in Proposition 3.4.1 and is explicitly given by

Ko(Apu) = Z[(1,0)] ® Z[(Py_,0)] & Z[(0,1)] @ Z[(0, Py, )]
Ki(Apu) = Z[(Sh_ 1, )] @ Z[(Sp_ 2, 1)] ® Z[(1, Sp, 1)] © Z[(1, Sp, 2)]

where Py, are the the Power-Rieffel projections of the C*-algebras A, respectively (cf. Appendix
D).

The description of the K-theory of the interface algebra follows from Proposition 3.4.4
and Proposition 4.2.5.

Proposition 4.4.3. It holds true that
Ko(I) = Z[R], K\(Z) = Z[Uq],
where Ug := P_ + PyS12+ Py =14+ Py(S12— 1) € Z7.
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Proof. Let us start with the Ky-group. As proved in Appendix C the generator of Ko(C(S"))
is the constant function 1. The group isomorphism Ky(C(S!)) ~ Ko(C(S') ® K((*(Z))) is
induced by the C*-homomorphism p : C(S') — C(S') ® K(¢*(Z)) defined by p: g+ g @ mo
where 7, is any fixed rank-one the projection on ¢*(Z) [Weg, Corollary 6.2.11]. Con-
sider (mo¢)(m) = dnop(m). The result follows by observing that Uz (1 @ m)Up = Py
where Up is the magnetic Bloch-Floquet transform used in Proposition 4.2.5. The argu-
ment for the Kj-group follows a similar structure. We already know that the generator of
K (C(S")) is the exponential function u(t) = e'* (see Appendix C) and the isomorphism
Ki(C(SY)) ~ K, (C(S") @ K(¢*(Z))) is induced by the same homomorphism y defined above
[RLL, Proposition 8.2.8]. However, since the K; is computed from the unitalization of the
related C*-algebra one needs to promote e'* ® my to a unitary in (C(S') @ K(¢2(Z)))". This
can be done through the map

e @m — eFRm — 107m + 191

as described in [RLL, Proposition 8.1.6]. As a result one has that the generator of the K;-
group can be identified with the class of (e'* —1) @ 7o + 1 ® 1. Finally, using the magnetic
Bloch-Floquet transform

L{gl((eik —1)@7’[‘0—{—1@1)[/{3 = VfPO — P() + 1
along with the identities V; Py = S2 Py = Si2F and 1 — Py, = P_ 4 Py provides the desired
result O

We now have all the ingredients to study the vertical homomorphisms of the diagram
(4.20). Let us start with the index map.

Proposition 4.4.4. The image of the generators of Ko(Apur) under the map ind in diagram
(4.20) are given by

ind([(Sp_ 2, 1)]) = ind([(1,Sp, 2)]) = 0,
ind([(Se_1,1)]) = —ind([(1,Sp,.1)]) = [Po] -

Consequently the index map 1s surjective.

(4.21)

Proof. Let us construct the index map according to [Weg, Definition 8.1.1] for the set of
generators A € {(Sy_1,1), (Sp_2,1), (1,5, 1), (1, S, 2)} C Apu of the Kj-group of Apui.
Let 7 as in (4.15) and define the map

— 9(4) L= 5(A)(A)
o) = (1 WA ) € M),

A direct check shows that j(A) € A; is a partial isometry for every A in the generator set,
indeed

](Sb_,171).7(sb_,171)* = 1 _PO )
S D9(Sy_o,1)" = 1—Fy,
IS 2,1)3(Sp_ 2 )* 0 (4.22)
](]—’ Sb+,1)](]-’ Sb+,1) = 1- (PO + Pl) 5
j(l)Sb+ 2)](175’174,.,2)* =1 _PO 5



and, on the other hand,

j(Sbf,hl)*.](Sbf,h]-) - 1_<PO+P_1) s
S, D*)(Sp_0,1) = 1—Fy,
j( b_,2 )*]( b_,2 ) 0 (423)
21,8, 1) (1,8, 1) = 1-F,
(1, 5&4,2)*(7(1,51;+ 9) = 1—Fy.

As a consequence one can check that w(A) is a unitary operator for every generator A.
Moreover ev(w(A)) = diag(A, A*) showing that w(A) is a unitary lift of diag(A, A*). Finally
[diag(A, A*)] ~ [1] as a class in the Kj-group. With all these data we can compute the index
map of each generators according to ind([A]) := [w(A)Pyw(A)*]—[P;] where P, := diag(1,0).
An explicit computation provides

maa) = ("0 )] - 16 0)
0

1@ 1)) - [0 0)

= [1=(A)(A)] = [1 = 5(A)(A)"]

where the second and third equality are understood in the sense of the Ky-group. The
equations (4.21) follow from the latter formula along with the computations (4.22) and
(4.23) and the observation that, in view of (4.7), P; is unitarily equivalent to Fy for every
J € Z. The latter fact implies [P;] = [Py for every pair j,k € Z as elements of Ky(Ayj).
Consequently, ind([Sy_1,1]) = [Fo], and [Fy] is the generators of Ky(Z). This shows that the
map ind is surjective. O

Remark 4.4.5. As a consequence of Proposition 4.4.4 and the exactness of diagram 4.20
one infers that the map 2, : Ko(Z) — Ky(Ar) is just the zero map. This implies that
[2.([P;])] = [Pj] = 0 as element of K(A;). This fact is in agreement with the description
of Ko(A;) in Theorem 4.4.2 and can be justified by the following direct argument: From
Py = Sf1PySi1 — Py one gets [] = [Sf, Py Sia] — [Py] = [P] — [Py] = 0 and [Ry] = [P}] for
every j € Z as justified at the end of the proof of Proposition 4.4.4. <

Now we are in position to study the exponential map of diagram (4.20).

Proposition 4.4.6. The map exp in diagram (4.20) is surjective. Moreover, it holds true

that
exp([(1,0)]) = exp([(0,1)]) = [1] = 0,
exp([(Fo_,0)]) = —exp([(0, Fy,)]) = [Uz],
where the additive notation for the group Ki(Z) is used.

(4.24)

Proof. The surjectivity will be a consequence of from formulas (4.24) recalling that [Uz]
generates K1(Z). The construction of the exponential map is described in [Weg, Definition
9.3.1 & Exercise 9.E]. The first step is to construct appropriate lifts of the representatives of
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the elements of the group Ko(Apuyx). Let us start with the two generators (1,0) and (0, 1).
From Lemma 4.2.1 we get that suitable self-adjoint lifts are given by lift(1,0) := P_ and
lift(0, 1) := P,. Moreover, since Py are genuine projections one gets e~ 1?2™=* =1 ¢ Z*. As
a consequence, one gets the first equation in (4.24). For the second set of equations we need
to construct explicitly the element [g] introduced abstractly above. We will follows quite
closely the strategy in [PV2, pp. 114-116]. Let us start with the Power-Rieffel projection
(cf. Appendix D)
P9+ = 51171 01 + 0g + 04 Sb+,1 € .Ab+

where 9; := ¢(S2) and 0y := f(S5>) are self-adjoint elements of A, N A; in view of Sy =
Sp, 2 = Si2. Consider the self-adjoint lift of (0, P, ) given by
Q. = 0101 + 00P> + 07 04,

where vy = Si1 P> = S, 1 P> and Ps := Fy + P;. It is worth remembering that [0;, ] =
[0;, Py] =0 for i =0,1. A direct computation shows that

QY = Qy — 0P = Q4 + (0f—00)LH . (4.25)
The first equality in (4.25) is justified by the relations

010,00, = U+(S§+710155+’101)U+ =0 ,
00P>010+ -+ 01D+00P> = (0001 + B1Sb+,1005;;+71)0+ = 010, ,
05Ps + 03010104 + 010,050 = Po(0) + S5, 075, 1+ 07) P> — 071 F,
- 00P> - D%P@
The second equality in (4.25) follows from (D.8) where £ := £(0;) is the support projection
of 9, (in the von Neumann algebra generated by A, ). An inductive argument, based on the

identities
Q+Py = 0P +015, 15, 05,8 =0

and the commutation relations [£,0;] = 0 = [£, Fp], provides
QY = Qs + (0) —2)&R = (Q+ —LR) + ()" . (4.26)

Equation (4.26) facilitates the computation of the exponential of Q). Indeed, one immedi-
ately gets

—+o0 . N
—i2rQy _ (—i2m) N
e =) o
N=0 , (4.27)
= (e —1)(Qy —0LP) + e TP 4+ (1 - P)

:P_ + e—i?ﬂDOEPO + P+.
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Before going forward let us make a similar computation for (F,_,0). Consider the Power-
Rieffel projection?
Py, = S5 ;0 + 0, + 0,5 1 € A
and the lift
Q- = 00 + P + 0 v_,

where v_ := P_S;; = P_S;, ;. This time, a direct computation provides
Q= Q- — (S; 1Sy 1)*Poy = Q- + ()" =) L'P .

where now £ := £'(S;_,015,_1) is the support projection of Sy_,0915,_ 1. After an induction
one gets

QY = Q + (" —0)LPy = (Q-—%LP) + (L)VP,.
and the exponential of ()_ is given by
e—iQWQ— — 67127@6’2/ P + (1 — Pfl) . (428)

Now that we have satisfactory representations for the exponentials of both =2+ namely
equations (4.27) and (4.28), we can state the result by proving that [e™!?™0£] = [UX] and
[e712m0Y P, + (1 — P_))] = [Uz] as elements of K;(Z). For the sake of clarity, let us add
such facts in the next lemma.

]
Lemma 4.4.7. Consider the notation introduced in the last proof. Then it holds true that
[e” ™) = [U7]  and  [e” Py 4 (1= Poy)] = (U,

where the equalities must be understood in K1(Z).

Proof. In lemma D.4 an homotopy of unitaries in C*(St2) between e™'?™0% ~ S , = Sp,

is explicitely found (up to representation). Let u; denote such homotopy and observe that
Uy :== uwPy + (1 — B) is also an homotopy of unitaries in Z* connecting e~ 2% and Uz,
proving the first equality.

In a similar way, in lemma D.4 an homotopy of unitaries in C*(St2) between e~
and Spo is found (up to representation). Let uj be such homotopy and observe that U, :=
uy(P_1)+(1—P_q) is also an homotopy of unitaries in Z*. To finish the proof, let us consider
the operator V' := Sy Py + Sf 1Py + (1 — Py — I%). This is an unitary involution in Z7,
ie.t=V"!=V* Since K|(Z) ~ Z is torsion-free, this implies that [t] = [1] is the trivial
element of K;(Z). As a consequence

[Si2P-1+ (1 —P_y)] = [V]+ [S12P-1+ (1 —P_y)] +[V]
= [V(Si2P-1+ (1 — P))V]

[ ]

[

i2mog L

elbo SLQPO -+ (1 — P{))
SioFPo + (1 — Ry))]

!Observe that the set of self-adjoint operators {9¢, 91} which defines Py . is in principle different from the
set of self-adjoint operators {9f, 9]} which defines Py_.
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where we used VP_1V = By, vS12P_1V = fpSi2F) = elbo S12Fy and the fact that elbo St2
is connected to Sio by the homotopy [0,1] 3 ¢ +— el(1=0b ;. O
Remark 4.4.8. The surjectivity of the exponential map can also be deduced directly by
the exactness of the diagram (4.20). Since Ker(exp) ~ Ky(A;) ~ Z* and Ko(Apun) =~ Z* it
follows that there is an element [¢] € Ko(Apuy) such that exp([q]) = m[P- + S12F + P4] €
K1 (Z) for some m € Z\0. In such case Z,, ~ 1.(K,(Z)) C Ki(A;) ~ Z3 which is not possible
unless m = +1, and in both cases the exponential map turns out to be surjective. <

The surjectivity of the index map (Proposition 4.4.4) and of the exponential map (Propo-
sition 4.4.6) implies that the two maps 1, in the diagram (3.13) are just the zero maps. After
replacing 2, = 0 in (3.13) one obtains the short exact sequences

exp

0 — KO(AI) i) KO(Abulk) — Kl(I) — 0,

0 — Kl(AI) i} K1<~Abulk) id) K0<I) — 0.

As a result, one gets further information about the structure of the K-theory of the Iwatsuka
C*-algebra.
Theorem 4.4.9 (K-theory of the Iwatsuka C*-algebra II). It holds true that

Ko(Apui) = evi(Ko(A1) @ texp(K1(T)) ,
Ki(Apux) = evi(Ki(A1) @ tina(Ko(T))

where Yexp and Yinq are suitable lifts of the exponential map and of the index map, respec-
tively.

Proof. The two short exact sequences are of the form

0 — 78 %72t 57— 0
meaning that Z* is an abelian extension of Z by Z3. The possible extensions are classified
by Extz(Z,Z%) = 0 [HS, Chapter III], meaning that only the trivial extension is possible.
This in particular ensures the existence of the lifts ey, and ing. [ |

Remark 4.4.10. We can provide a more precise presentation of Kj(Apuy) by combining
Theorem 4.4.9 with the computation of the map ev, and Proposition 4.4.4. One gets that

ev. (Ki(A) = Z[(Sy 2, 1)] + Z[(1, S, 2)] + Z[(Sp_1,5,1)]

Uina (Ko(Z)) = Z[(Sy 1, 1],

where [(Sy_1,5,1)] = [(Sp_1,1)] + [(1, Sp, 1)] in the sense of the Kj-group and the (non-
unique) lift 1,4 has been chosen as inq([Fo]) == [(Sp_1,1)]. A similar analysis for Ko(Apu)
provides

ev. (Ko(Ar) = Z[(1,0)] + Z[(0.1)] + Z[(Py_, Pp.)] ,
Ve (K1(T)) = Z[(0, Py,)]
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where the (non-unique) lift 1expo is defined by Yexpo([P-+ Si2Po+ Py]) = [(0, Py, )]. Finally,
we are in position to say something more about the Power-Rieffel-Iwatsuka projection P; €
A; ® Mat v (C) introduced short after Theorem 4.4.2. First consider Py € A; ® Maty(C) and
Iy the identity matrix in Mat; (Apuy) with M < N, such that

ev.([P] = [In]) = [(Po_, Po,)] -

This relation is satisfied in view of the surjectivity of ev, and the standard picture of Kj-
group [Weg, Proposition 6.2.7]. It follows that

evo([A]) = [(Fy, Fo, )] + M[1] .

Evidently [P_], [Py],[P] are a set of generators for Ky(.A;). The fact that [F] is the third
generator of Ky(Ay) can be used in the six-term exact sequence 4.19 which provides €[] €
{£[S11]}, showing that P; is actually a PRI-projection. It is interesting to note that even
though neither [(Fy_,0)] nor [(0, Py, )| can be lifted into a projection, the existence of the
PRI-projection implies that the matrix diag((Py_, Py, ), In) € Matari1(Apu), can actually
be lifted into a PRI-projection. <

4.5 Bulk-interface correspondence for the Iwatsuka C*-
algebra

Let us start with a preliminary result which is a direct consequence of Proposition 4.4.6.

Lemma 4.5.1. Let P = (P_, P,) € Apux be a projection and [P] € Ko(Apux) the related
class in the Ko-group. Let Ny := Chy, (Py) € Z be the Chern numbers of Py defined by
(3.20). Then,

exp([P]) = (N- —N,)[Ug]

where [Uz] is the generator of K1(Z) defined in Proposition 4.4.3.
Proof. In terms of the generators of Ko(Apux) one has that if [P] € Ko(Apux), then

[Pl = M_[(1,0)] + My [(0,1)] + N_[(P_,0)] + Ny [(0, Fy, )]

for some My, N1 € 7Z suitable integers. Now consider the maps fbf =&, B0, fb+ =0®&,
defined in suitable supspaces of Agy (see sequation 3.19 and the domains there) and observe
that both éb_ and éb . are cyclic 2-cocycle. It follows from the canonical pairing between
HCQ(ABulk) and KO(-ABulk) that

<[Pl ] = = M_<[1,[& ] = +N- < [P_],[&_] = = N_Ch(F_) = N_,
= [P]7[€b+] —- = M+ < [1}7 [&M] - +N+ = [P9+]7[€b+] —- = N+Ch(P9+> = N+ .

(4.29)
Finally, by using that the map exp : Ko(Apux) — K1(Z) is a group homomorphism along
with formulas (4.24), one gets the result. O
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For the next result we need the winding number W7z defined by (3.21). The derivation
and the trace on Z, needed to build W7z, are described at the end of Section 4.2

Lemma 4.5.2. Let Uz € I be the unitary operator defined in Proposition 4.4.3. Then, it
holds true that
Wz(Uz) = 1

Proof. An explicit computation provides
(U} - 1) 8I(UI - 1) - IPO(SI*Q - 1) [P[)(SLQ - 1), N2:|
= 1PBy(Sfy — 1)[Sta2, V2]
— _IPO(SI*Q - 1)5}72

= 1P (Si2—1).
By applying formula (4.14) one gets
Tr((U7 = 1)0r(Ur = 1)) = —iFz(PQo) = —i
since QoS120Qo = 0. This completes the proof. O

We are now in position to provide our main result, namely the proof of equation (1.3).

Theorem 4.5.3 (Bulk-Interface duality for the Iwatsuka magnetic field). Let H € Ay be
a magnetic Hamiltonian with non-trivial bulk gap detected by A (cf. Definition 3.5.4). Let
g : R — [0, 1] be a non-decreasing (smooth) function such that g = 0 below A and g = 1 above

A and consider the unitary operator Ua := ei279(H) gnd the associated interface conductance
(cf. Definition 3.5.3)

2
e

Oz(A) = E WI(UA) . (430)

Let H :=ev(H) = (H_, H,) € Apux be the bulk Hamiltonian and for a given Fermi energy

inside the bulk gap p € A let P, := (P, _, Py4) with P, + = X(—oou(Hx+) be the associated

Fermi projections. Denote with Ny := Ch(P, +) € Z the Chern numbers of such projectors.

Then it holds true that
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oz(A) = E(N+—N—)-

Proof. We can compute o7(A) with the topological formula (3.28). From Lemma 4.5.1 and
the bilinearity of the canonical pairing between K;(Z) an d HC'(Z) one obtains

< exp([B), [z = = (N- = N) < [Ug), [na] > -

Then, equation (3.27) and Lemma 4.5.2 provide
= exp([Pu]), nz] == (N_ — Ny)Wz(Uz) = N_— N, .

This concludes the proof. [ |
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Appendix

In this chapter a bunch of results that are used in this work, some of them more important
than others, are included.

A Discrete Schwartz space

Just because of the lack of references, the discrete Schwartz space over a C*-algebra will be
defined and proved to be a Fréchet algebra.

Definition A.1 (Discrete Schwartz Space). Let A be a C*-algebra. The n-dimensional
discrete Schwartz space over A is

S(2", A) ={a = {am}mezr C A| |la||x < oo for all k € Ny},

where .
llallx = sup (1 + [[m]*)2||am]|.
mezZm

In order to prove that the discrete Schwartz space is a Fréchet algebra it is important to
note that each || - || is indeed a norm, and that || - || induces a banach space.

Lemma A.2. The space loo(Z", A) = {{am }mez~ | ||allo < oo} is complete with the norm

I lo-

Proof. 1t is easy to see that ((Z", A) is a vector space and that || - || is actually a norm.
We show completeness. Assume a® = {agf)} is a Cauchy sequence in (. (Z", A), that is,
SUD,,czn Hagf) - anH < ¢ for k,l > N(e). Thus, each {agf)}k is a Cauchy sequence on A and
consequently it converges, say, to a,. Set @ = {am,}mezn and note that if &k is big enough
then

llam|| < llam — a@|| + [lal]] < 1+ [|a®]]o.
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Since the bound is uniform on m € Z", it follows that a € ((Z", A).
It remains to prove that a®) — a. For all € > 0 there exists N () such that for k,1 > N(e)

we have ||a7(q]i) — a,‘i)|| < ¢ for all m € Z™. We now let go [ to infinity and we get the result.
O

Proposition A.3. S(Z", A) is a Fréchet algebra when it is considered with the topology
induced by the family of seminorms {|| - ||k }ren, -

Proof. That S(Z", A) is a vectorial space follows from the triangle inequality on the norms
|| - [|x- In order to see that it is closed under multiplication let a,b € S(Z",S) C ((Z™,S)
and note that

[labll = suPpezn (1 + [[m][*)2[|ambyl|
e | A o
< lal o sup ez (1 + ||ml[?)? ||bm||
= [lallo] 0]

Now we prove completeness. Assume a®) = {a,(ﬁ)}mezn is a Cauchy sequence in S(Z",S),
that is, a*) is a Cauchy sequence for every || - ||;. Observe that a*) being a Cauchy sequence

in the sense of the norm ||-|; is equivalent to that a*) (1) = {(1+||m| |)%a,(ylf)}mezn is a Cauchy
sequence in the sense of the norm ||-||o. It follows from the completeness of /. (Z", A) proved
in the last lemma that there exist a(l) € £o(Z", A) for every I € Ny such that a® (1) — a(l)
in the sense of the norm || - [|o. It follows by mere punctual convergence that

a(l) = {(1 +[Iml|?)a(0)} (A1)

and so a® — a(0) in the Fréchet topology. It remains to prove that a(0) € S(Z", A),
however it follows from the equality (A.1) that

[|a(0)]] = [la(k)[lo < oo

since a(k) € lo(Z™, A) for every k € Ny, which proves the completeness.

Finally, it is necessary to prove that joint multiplication is a continuous map. Since we have
already proved that S(Z", A) is a Fréchet space it is enough to prove ([Wael] Chapter VII,
proposition I) that multiplication is separately continuous. Let a,b® € S(Z", A) such that
b*) — b and note that for every [ € N,

[lab™ — ablly < [|allollo™ — bll:,

which proves right continuity. Since left continuity is analogous this ends the proof. O]
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B The Pimsner-Voiculescu exact sequence

In this section we will provide a brief overview on the Pimsner-Voiculescu siz-term exact
sequence which is the main tool to compute the K-theory for crossed product C*-algebras
by Z. For the interested reader we refer to the original work [PV2] and the monograph [Bla,
Chapter VJ.

Let A be a C*-algebra, o € Aut(A) an automorphism and A X, Z the crossed product
of A by Z, that is, the C*-algebra generated by A together with a (abstract) unitary u and
the relation

ala) = uau™, Vac A.

The first step of the construction is to define an appropriate short exact sequence of C*-
algebras. This is done by considering the tensor product A ® I, where K denotes the C*-
algebra of compact operators on a separable Hilbert space, and the C*-algebra T, generated
in A® C*(v) by A® 1 and V = u ® v, where v is a non-unitary (abstract) isometry. It
is useful to think of elements of K as infinite matrices acting on ¢*(N2) with respect to its
canonical basis.

Let us consider the maps ¢ : AR K — T, and ¢ : T, = A X, Z such that

pla®esr) = V(a® (1 -v0") (V)" = (o/(a) @ YV P(VF)*

and
Y(a®l) = a, Y(V) = u,

where P is the (non-trivial) self-adjoint projection given by P :=1—-VV* =1® (1 — vv*)
and e, are the rank one operators which generates K.

Both maps ¢ and 1 can be proved to extend as x-homomorphism and fit in the short exact
sequence of C*-algebras

0 — AK 25 T, -5 Ax,Z — 0. (B.1)

The Pimsner-Voiculescu (six-term) exact sequence is a cyclic sequence which connects
the K-theory of A and A X, Z. Its is given by

Ko(A) 5% Ko(A) 5 Ko(Axa7Z)

5T le (B.2)

Kl(A NQZ) — Kl(A) <— Kl(.A)
e 1—azt

and it is worth pointing out that this is not exactly the standard six-term exact sequence
associated with the short exact sequence (B.1), although it is closely related. The maps ¢, are
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induced by the canonical inclusion ¢ : A < A x,7Z and the maps (1 —a ') are induced by the
map (1—a™1): A — A. For the vertical maps consider ind : K;(A x,Z) — Ko(A®K) and
exp : Ko(A X, Z) — K1 (A® K) to be the index and the exponential maps for the standard
six-term exact sequence in K-theory emerging from the short exact sequence (B.1) (cf. [Weg,
Theorem 9.3.2]), then € := x;"' oind and 6 := k' o exp, where kg : K;(A) = K;(A® K),
with j = 0,1, is the stabilization isomorphism induced by a — a ® e for every a € A.

C K-Theory of C(S)

It is a well known fact that Ko(C(S)) = K1(C(S)) = Z. However, in chapter 4.4 we also
need to know what are the generators of these groups, and because of that we’ll need to
follow the construction of these groups in order to get such information.

First recall that for every C*-algebra A we have isomorphisms 04 : K;(A) — Ky(SA) and
Ba: Ko(A) — K(SA) ([Weg, Chapters 7 and 9]), where SA = A® Cy(R) = {f € C(S —
A) | f(1) = 0} is the suspension algebra asociated to A.

Now let A = C and observe that in such case

{0} = K1(C) = Ko(SC) )
Z[1] = Ky(C) = K,(SC), '
so Ko(SC) = {0} and K;(SC) = Z[fc(1)]. Following chapter 9 of [Weg] it holds true that
Be(1) = [f1], where f; : S — C is given by

fiz)=1-(1-2) =z,
so fc(1) = Ids.
Now observe that SC @& C = C(S), where the isomorphism is given by f @ A — f + \ for
felClS—A), f(1) =0 and X € C. It follows from the last affirmation and (C.1) that

Ko(C(8))
K1(C(8))

Ko(SC @ C) = Ky(SC) @ Ko(C) = Z[1]
K1 (SC & C) = K,(SC) & K1(C) = Z[Idg).

~
~

(C.2)

D Noncommutative Torus in a Nutshell

In this appendix the structure and K-theory of the noncommutative torus will be briefly
summarized. The importance of this appendix relies on the fact that the noncommutative
torus is isomorphic to the magnetic C*-algebra associated to a constant magnetic field A4,
(see 2.3.3), and such algebra is of extreme importance in the sequence 3.9 because of the
definition of the bulk algebra Apyy (3.10). The K-theory for the noncommutative torus was
broadly studied in the 80’s and the results stated are mostly based on the original papers
[PV1, PV2, Rie] and the posterior monographs [Weg, Chapter 12.3] and [GBVF, Chapter 12].
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The noncommutative torus Ay for 6 € [0, 1] is the universal C*-algebra generated by the
(abstract) unitaries u, v with the commutation relation

uv = 2™ yu. (D.1)
The noncommutative torus has a crossed product structure, namely Ay ~ C(T) x,, Z where

po(f)(z) = f(z—0), for feC(T),

and by the torus we mean T ~ R/Z?. In this frame we can consider u(t) := e**'* and v the
unitary such that ps(g) = vgv* to reassemble the definition of the noncommutative torus.
Finally, let us remark that since the action pg acts by rotating functions defined on T, Ay is
usually called the Rotation Algebra.

The representation of Ay as a crossed product has two great implications. First, its K-Theory
can be fitted in the Pimnser-Voiculescu exact sequence (see Appendix B), and second, most
of the terms involved in such exact sequence were already studied in the appendix C, recalling
S ~ T. The six-term exact sequence in question is

—1
1=pg .,

Ko(C(T))  — Ko(C(T)) = Ko(C(T) 1, Z)

5] le (D.2)

Ki(CM) %, 2 — K(CT) +,  K(C(T)

—1
1=pg .,

where the maps induced by 1 — pg_1 in the K-Theory level vanish because py(f) is homotopi-
cally connected to f in C(T).

As a consequence of the exactness of the sequence D.2 we can extract the short exact se-
quences

0 — Ko(C(T)
0 — Ky (C(T)

) —= Ko(O(T) x,, Z) — K,(C(T)) — 0, (D.3)
)~ Ki(C(T) %1,, Z) — Ko(C(T)) —s 0, (D.4)
and then conclude that K;(C(T) x,, Z) ~ Ko(C(T)) ® K1(C(T)) ~ Z*.

D.1 Generators for the K;-group

The generators of K;(C(T) x,
actually implies that

, Z) can be easily found noting that the exact sequence D.4

Ky(C(T) %, Z) = K1 (C(T)) @ 6~ (Ko(C(T))) = Z[u] & Z5 ' [1],

2In this appendix we change the torus representation mainly to use the same notation used in the original
papers [PV1, PV2, Rie].
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for what we have used Ky(C(T)) = Z[1] and K,(C(T)) = Z[u] (cf. (C.2)).
Finally, it can be proved by a direct computation that 6[v] = [1] proving the next well known
result.

Proposition D.1. It holds true that

K1 (Ag) = Z[u] @ Zu).

D.2 Generators for the Kj-group

The construction of the generators of the Ky-group depend strongly on the condition 6 # 0,
because if § = 0 the C*-algebra Ay is easily seen to be isomorphic to C(T?), which is pro-
jectionless. Due to this fact we will start studying this case, that is, finding generators for
Ko(C(T?)).

The technique that we are about to use was left as an exercise in ([Weg, Exercise 8.b]).
First consider the exact sequence

0 — SC(T) - C(T — C(T)) =% O(T) — 0,

where SA = {f € C(T — A) | f(1) = 0} is the suspension algebra of the C*-algebra A, 1 is
the identity map and ev(f) = f(1) is the evaluation at 1. It follows that in the K-Theory
level we have

Ko(SC(T)) = Ko(C(T — C(T))) = Ko(C(T))

indT lexp (D.5)

Fy(C(T)) = Ki(C(T — C(T))) «— Ki(C(T)).

Simple computations imply exp[l] = [1] and ind[u] = [0] making the maps ind and exp
vanish. Consequently we can extract the short exact sequence

0 — Ko(SC(T)) = Ko(C(T — CO(T))) == Ko(C(T)) — 0,

and hence

Ko(C(T — C(T))) = Ko(SC(T)) & ev, ' (Ko(C(T)))-
In order to conclude let’s observe that first, the map T : C(T — C(T)) — C(T?) defined by
(T)(x,y) = f(x)(y), xyeT

is an isomorphism, and second, the Bott periodicity give us an isomorphism f¢r) : K1(C(T)) —
Ko(SC(T)) (see [Weg, Theorem 7.2.5]), so it would be enough to carefully follow the paths
to find generators for Ko(C(T?)).
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Proposition D.2. [t holds true that
Ko(C(T%)) ~ Z[1] & Z[6],
where € Maty(C(T)) is a projection (explicitely written in the proof).
Proof. Summarizing the relevant maps defined so far we have that
T. o (Bom @ ev; ) - K (C(T)) @ Ko (C(T)) — Ko(C(T2))
is an isomorphism, so
KolC(T2) = Z(T. o ev") [1]) & Z((Ts o By [u]).

Observe that clearly T, (ev;![1]) = [1]. On the other side, following the proof of [Weg,
Theorem 7.2.5] we have

Oc(m[u] = [q] — [1],
where ¢ is a loop of projections defined by ¢; = wydiag(1,0)w;, and w; is any homotopy of
unitaries between wy = diag(1,1) and w;, = diag(u, v*). In particular let us consider

wy = diag(u, 1) r, diag(u*, 1) r}

where

. <cos( £) —sin (gt)) |

sin (1) cos (24)
€

and observe that w; is unitary for every t € [0, 1], wy = diag(1,1) and w;, = diag(u, u*).

Finally define the Bott projection as

B(S7t) = diag(l, 1) — Qt(s)7

where the evaluation on s of ¢ is made in its entries as a matrix (which is possible since
each entry is actually an element of C(T)) and observe

T. (Ocry[u]) = —[B].

Last equality together with T, o ev;![1] = [1] imply that a couple of generators for K,(C/(T?))
are [1] and — 3], proving that

Ko(C(T%)) = Z[1] & Z[B].

O

The case when 6 # 0 can be developed in a rather different way. The original method for
the irrational case was studied in [PV1], [PV2] and [Rie], and consisted on: proving that Ay
admits a particular trace state 7 whose image is contained in Z @ 07Z; finding a projection,
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namely the Power-Rieffel projection py; and finally proving that 7py = 6. Since every trace
state can be extended as a morphism in Ky and we already know that Ky(Ag) ~ Z? it
follows that since the domain and range of the surjective map 7, : Ko(Ay) — Z @ 0Z are free
groups, the elements [1], [pg] must generate the entire Ky-group. The method stated here
corresponds to a latter computation shown in [PV2, Appendix]| which luckily doesn’t depend
on the irrationality of 6.

First note that because of the exactness of the sequence D.3 it follows that

Ko(C(T) %1, Z) = 0.(Ko(C(T))) & 0~ (K1(C(T))) = wa[1] @ 6~ [ul,

and then since ,[1] = [¢(1)] = [1], the only missing part is finding a lift for [u] € K;(C(T)).
In order to find a lift for [u] € K;(C(T)) let’s define the Power-Rieffel projection as an
element of the form

po=v"g"+ f+gv e C(T) x,, Z,

where f,g € C(T) are chosen in a way such that py is actually a projection.
The existence of a Power-Rieffel projection is not trivial but it follows from the next elemen-
tary observations:

1. py is automatically self-adjoint when f is real valued, and

2. pi = py is equivalent to

pe(g)-9=0
g-(f+pe(f) =g (D.6)
F=r 419+ ' (9)%.

Explicit choices for f,g € C(T) can be found (see [GBVF, Proposition 2.4] and [Weg,
Exercise 12.M]) and it is also noted in [GBVF] that no matter the choice of these functions,
the Power-Rieffel projections define the same element in the Ky(Ay).

The final ingredient is the formula proved in [PV2, Appendix] that states

0([pe]) = [exp(2mi fA)],

where A is the left support projection of g. The proof of this fact is extremely similar to
the one of 4.4.6 and hence it will be omitted in this appendix.

Proposition D.3. It holds true that
Ko(C(T) 1, Z) = Z[1] & Z[py).

Proof. As said before, the only fact remining is finding a lift for [u] € K;(C(T)) and we
claim that d[pg] = [u]. Let § € (0,1) such that 6 +0 < 1,

t t 0
f(t) = 5]1[0,5] + Lse) + (—5 +1+ 5) Lipg+s and  g(t) =/ f(t)(1 — f(t)) 1,4,
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and observe that f, g satisfy the conditions given in (D.6), so we have a Power-Rieffel pro-
jection pyg.
Now note that in such case A = 1y 4, so we have that

. .t
d[pe] = [exp(2mi fA)] = [exp <2m5]l[075})} :
Finally consider

t
s(f) = 21— 54s01-
u() exp<715+5(1_5) [0,64+s(1 5)]>

and observe that
1. ug(t) = exp (27ri %]1[075]),
2. uy(t) = exp(2mit) and
3. us € C(T) is unitary for each s € [0, 1],

so it follows that .
{exp (2#1(—511[075])} = [exp(27it)] = [u]

and the proof is complete. O

Before finishing this appendix, let us provide a presentation P, optimized for the aims
of this work. We will set
Py, =S5, 01 + 0 + 01 Sy

where 01 := ¢g(Ss) and 0y := f(S,)? are suitable self-adjoint elements of C*(S;) C A,. Here
we are using the coincidence Sy = S, 2 between the ordinary shift and magnetic translation
in view of the election of the Landau gauge for the constant magnetic field. The requirement
for Py, of being a projection is automatically satisfied if the following relations hold true:

((Sp1)™01Sp1)01 = 0,
01(00 + Sp10055,) = 01, (D.7)
00 + 07 4 (S510191)° = 00

The relations (D.7) provide a useful identity. Let £ := £(01) be the left support projection
of 9; (in the von Neumann algebra generated by A,). This is by definition the smallest
projection such that £0; = 0, = 0,£. It is immediate to conclude that £ is mapped
into the characteristic function on the support of g o e under the isomorphism used above,

3The functions f,g can be chosen to be as in the proof of Lemma D.3 with a little abuse of notation
taking advantage of the homeomorphism T ~ S!.
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i.e. £+ Xjo,5. Combining £ with the first relation in (D.7) one gets ((Sp,1)*015,1)€ = 0.
This relation combined with the third equation in (D.7) provides

o] = £(0—05) = (20— 05)L . (D.8)

Finally, and mainly to avoid writing a larger proof than needed for Proposition 4.4.6 by
getting advantage of the context of this appendix, let us state the next results.

Lemma D.4. The following statements are true:

—i2700L

1. The unitary operators e and Sy, are homotopic equivalent in C*(Ss); and

i2m00 L’

2. The unitary operators e~ and Sya are homotopic equivalent in C*(Ss).

Proof. The homotopy connecting the elements in the first statement was made, up to
representation, in the proof of the last lemma D.3. For the second statement consider
the representation on C(T) x,, Z by taking the function f and g as in the proof of D.3
and observe that in such case it is enough to find an homotopy between the functions
x(t) = exp(—i27 (1+ &) Ljgose(t)) and u(t) = e'*™*, where we used that in this repre-
sentation £+ ljgg4s. Such an homotopy is explicitly given by

. 1—6)(0,—k+0—1)—tok
[0, 1} S5t — exp (—127T (( )< : S ) ) ]1[(125)(%7(1t)(9b+51)+1]<k)) )

completing the proof. O

E The K-theory of ¢(Z)

In this section the K-theory of ¢(Z) = {g € (>°(Z) | the limits liril g(n) exists } si com-
n—roo

puted. Let us recall that the importance of this appendix rely in the isomorphism between
the latter an the flux algebra associated to the Iwatsuka magnetic field, that is, F1 ~ ¢(Z).

First consider the short exact sequence
0 — c(Z) = c¢(z) = CapC —0 (E.1)

where ¢(Z) is the C*-algebra of sequences vanishing at infinity, ¢ is the inclusion homomor-
phism and the evaluation homomorphism ev compute the left and right limits of elements
in ¢(Z). The sequence (E.1) is split exact in view of the *-homomorphism

CoC > (-,01) == cepy) € (Z)

where the element c(_ () is specified by

l_ if n<0
) = 0, ifn>0.
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Then, it follows that [Weg, Corollary 8.2.2]
K;(c(Z)) ~ Kj(co(Z)) & K;(CaC), j=1,2.

The K-theory of C & C is easily calculated as Ko(C® C) = Z@® Z and K;(C® C) = 0.
The K-theory of c¢y(Z) is given by Ko(co(Z)) = Z®% and Ky(co(Z)) = 0. The latter fact
follows from the isomorphism K(co(Z)) =~ Kgop(Z) ~ Kgop(*)@z between the algebraic and
the topological K-theory [BSG, Theorem 5|. Another way of achieving the same result is to
consider the Pontryagin duality S! = Z and the isomorphism co(Z) ~ C*(S') where C*(S?)
is the (reduced) group algebra of the circle [Dav, Proposition VII.1.1]. Therefore, one has
that Ko(Cr(SY)) =~ Rep(S!) ~ Z%% and Ko(C#(S")) =~ 0 where Rep(S*) denotes the complex
representation ring of S' [BSG, Section 7]. The generators of K;(co(Z)) are the classes [4;],
j € Z. After putting all the information together, we can describe the K-theory of Fi as

K (R) ~ @z o zib] @ Zl6,], Ki(F) =0.

where §_ and J, are defined in equation (2.5).

F Magnetic Bloch-Floquet transform

Let Ap be the magnetic C*-algebra of the magnetic field B as in Definition 2.3.1. We are
interested in the case where the magnetic field is constant along every vertical line on Z?2,
i.e. B(ny,ny) = B(ny) for every n := (ny,ny) € Z*. The Iwatsuka magnetic field is of course
contained in such a class of examples. Observe that these magnetic fields admit Landau-type
potentials given by

AB(’I’L,TL - ej) = 051 N2 B(?’Ll), n € Z2,

and consequently the pair of magnetic translations which define Ay, is

Spii=Sa,, = eMBWMig Spo2 = Sagz2 = S,

where X1, X, are the position operators on ¢?(Z?). Let V), := ") S, ¢ B(¢*(Z?)) for
a given function h : Z — R. The operator V}, is unitary and commutes with Spo by
construction. On the other hand one can compute that

Vh SB]_ Vhik — eih(Nl) e—iB(Nl) e—ih(Nl—l) SB]_ .
The commutation condition V},Sp V)" = Sp; is then guaranteed by
h(m) — h(m—1) = B(m), VmeZ. (F.1)

Note that equation (F.1) determines the function h up to a constant, that is, by fixing
h(0) = a one gets

m|—1

h(m) = a + w0 Y B() — o Y B(—j) .

j=1 7=0
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The map j — V}f provides a unitary representation of Z on ¢*(Z?) which commutes with
the magnetic translations Sp j, and consequently with the magnetic algebra Ap. This fact
can be used to define the magnetic Bloch-Floguet transform* Up as follows:

Uy ==Y eI Vi, teT=R/2rZ.

JEZ

The map Uy is initially defined on the dense domain v € C.(Z?) C (*(Z?*) of the compactly
supported sequences. From its very definition one gets

(Up(Va)*h)e = e (Upt)e . (F.2)

This equation expresses the fact that the transformed vectors (Ugt)), are generalized eigen-
vectors of V},. The latter condition can be rewritten in the form

(Upt))i(ni,ng —s) = e U (Upyh),(ng, ny).

and shows that (Ugt), is entirely determined by a single value of nsy, e.g. by its value on
the horizontal line ny = 0. The latter observation allows to identify (Ugt)),, for every fixed
t € T, as an element of the fiber space (*(Z) by fixing ny = 0, i.e. by setting (Ugt)),(r) :=
(Upth)y(r,0) for every r € Z. More precisely, one can show that Up defined in this way
provides a unitary equivalence®

D
Up : (X(Z*) — H = / dt 2(7) ~ (*(Z) ® L*(S'), (F.3)
!

where dt is the normalized Haar measure of S'. In fact a standard computation shows
that Up is isometric on the dense domain C.(Z?), hence extends to an isometry on (?(Z?).
Moreover, the inverse map u;, defined by

(u]_31¢>(7”, s) = / dt e~ (k=S (m) Pe(r) ¢ ={bi}ier € H
st

satisfies U5'Up = 1 on C.(Z?) and is isometric as well. Hence Uz' must be injective and as
a consequence Up must be surjective and thus unitary.

Since the magnetic translations commute with the unitary V}, they can be decomposed
along the direct integral. Let us summarize the representation of the magnetic translations

4The theory of the Bloch-Floquet transform is described in full generality in the classic monograph [Kuc].
The results presented in this section are just an adaptation of the general theory to our specific case which
includes a magnetic field which is constant along one direction.

SFor the general theory of direct integrals of Hilbert spaces we refer to the standard monograph [Dix2,
Part II, Chapter 1]. In particular, the isomorphism used in the right-hand side of equation (F.3) is proved
in the Corollary on [Dix2, p. 175].
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together with a general element of the Flux algebra through the magnetic Bloch-Flowuet
transform Up:

R D
SB,l — Sl = UB SB,l u;l = / dtS ~ S®1
S

1

®
Spa2 — Sy = Up Spo u; = / dt elt e 1MN) ~ o 1h(N) o it
S

1

®
gr— g = UggUz :/ dt g(N,0) ~ g(N,0)®1, forge Fg,
S

1

where S and X are the usual shift and position operator on (*(Z). As a consequence of

the formulas above one gets that the magnetic Bloch-Floquet transform maps Apg into a
subalgebra of B(¢*(Z)) @ C(S!).
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