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Introduction

An odd prime p is said to be irregular if p divides the class number of K = Q(u,),
where p, = (e?™/P) " In 1850, Kummer showed a connection between irregular
primes and the set of Bernoulli numbers { By, }x>0. Those numbers are defined by

the Taylor series
t Nt
et —1 Z Frl

k>0

Each By is in fact rational and we may write pBj if p divides the numerator of
Bj,. Kummer proved the following.

Theorem 1 ([Was97], Thm. 5.34). If p | By for some 2 < k < p — 3 even, then
p is irreqular.’

This result was strengthened in the following way. Define to be Ax the class
group of K and consider the F,-vector space

C = Ag /AL,

with the natural action of A = Gal(K/Q)?. With this notation Kummer’s Theo-
rem may be written as

p| By for some 2 <k <p—3even= C #0.

Now let { € pu, be a primitive pth-root of unity. The (canonical) isomorphism
X : A — [} defined by the relation

o) = Vo e A,

generates the set {x’ : i mod p—1} of characters of A. Since A has order co-prime
with p, one obtains a canonical decomposition for C

c= P cud,
¢ mod p—1
where C(x?) is the x’-eigenspace of C
Cx)={zeC:g-z=x(g)x for all g € A}.

In 1976, Ribet proved the following stronger result.

"Kummer also proved the converse, but in this thesis we focus only in this direction.
2For a class a € Ak, consider a representative fractional ideal I of K, then o - a is the (well
defined) class containing o (7).



Theorem A ([Rib76]). If p| By, for some 2 < k < p—3 even, then C(x' %) #0.3

Under the assumption p| By, Ribet begins by constructing a cuspidal eigenform
of weight 2 and level p whose g-coefficients satisfy certain congruence conditions
mod p. Then, he uses the Eichler—-Shimura relation to obtain a Galois represen-
tation p over a p-adic field. This representation has a special reduction p which
cuts out an nontrivial unramified abelian extension E/K with a prescribed action
of A on Gal(E/K). The non-triviality of this extension is a consequence of a
crucial property of the representation p which is obtained using Raynaud’s theory
on groups schemes of type (p, p, ..., p)*. Then Theorem A follows from Class Field
Theory.

In summary, we see that Ribet’s argument is divided into the following parts

Bernoulli Class group of
numbers .f{
Cus;idal Extensions
forms E/K
Galois
representation

The main part of this thesis focuses on proving Theorem A following this scheme,
but instead of working in weight 2 we will work directly in weight k. Since the
weight is k& > 2, we use Deligne’s construction to obtain a Galois representation p
over a p-adic field. This Galois representation will have a reduction p satisfying
the same properties as in Ribet’s construction but for the proof of the crucial prop-
erty, we follow an approach using a result of Mazur and Wiles about p-ordinary
modular forms. This approach avoids the use of Raynaud’s theory.

The first Chapter is intended to provide the necessary tools which we will use.
The definitions of modular forms and Hecke operators are omitted and well known
results are just cited. We also state without proof important Theorems such as
Deligne’s construction of Galois representations and Mazur-Wiles Theorem on p-
ordinary modular forms. The proof of those results require advance tools which
are far from the scope of this thesis and the author’s background.

The second Chapter is dedicated on proving Theorem A. The proof is divided in
four sections where each section represents one arrow of the scheme.

In the last chapter, following a recent work of Lang and Wake ([LW21], Section
3), we prove some new results on the Class Field Theory of the extension E/K
constructed during the proof of Ribet’s Theorem. In particular, we obtain infor-
mation on the splitting of primes

3Tts reciprocal is also true and it was proved by Herbrand in 1935. Thus Ribet’s result is also
know as Herbrand converse.
4See part (iv) of Theorem 2.4 for this crucial property



Theorem B. Assume that p|By. Let q be a prime of K above a rational prime
q#p. If 1 # 1 mod p, then q splits completely in the extension E.

Theorem C. There exist (infinitely many) primes q in K above a prime q sat-
isfying ¢* =1 =1 mod p which do not split completely in the extension E/K.

At the end of the chapter, we show that the extension F/K may be defined
canonically from K. Thus obtaining general statements for both Theorems.

Sources. During the writing of this thesis, I found very helpful Mazur’s paper
[Maz11] and Dalawat’s paper [Dal09]. The mind scheme is borrowed from Mazur’s
paper. For information on cyclotomic fields, see [Was97].
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Chapter 1

Preliminaries

1.1 Modular forms

For k£ > 0 even, we denote M}y, and S; the C-vector space of modular forms and
cusp forms of weight k respectively. For a definition of modular form, see Diamond
and Shurman book [DS05]. Since we will be working only in level 1, Serre’s book
[Ser73] is also useful.

1.1.1 A basis for M; and S,

In this subsection, we prove the existence of a basis for the spaces M} and S
satisfying certain properties. Roughly speaking, the properties of this basis will
allow us to change the set of scalars C to an algebraic extension K of Q, in other
words, passing from analytic objects to algebraic ones.

We start by remembering some classical modular forms. For k > 2 even, we have
the Eisenstein series

B A
Ei(r) = —2715 + Zak_l(n)q” EM;  q=e"m,

n>1
where op—1(n) = 3_g,, d*=1. For k = 12 we have the A cusp form
Ar)=q[a-g"* =) r(n)g" €S  q=e".
n>1 n>1

Using Eisenstein series Fj and the cusp form A, it is possible to give a general
description of the space of modular forms and cusp forms.

Theorem 1.1. ([Ser73], Pag. 88) Let k > 0 even.
(1) For k >4, we have My, = CE, @ Sk, and so Dim My = Dim S, + 1.

(2) We have Mo = {0}, and for k € {0,4,6,8,10}, My, has dimension 1 with
basis 1, Ey4, Fg, Eg, E1g9 respectively.



(8) Multiplication by A defines an isomorphism from My.12 onto S.

Proposition 1.2. Let k > 0 even. A basis for My, is given by:
B={EXEP EYEYA, ... E{"Er A"}

where a;, b, i are non negative integers satisfying 4a; +6b; +12i = k and n = n(k)
s the maximal integer i for which such integers exist.

Proof. We prove by induction on N that the Proposition is true for k£ < 12N.
For N = 1, we have k < 12 and so n(k) = 0. The equation 4a; + 6b; = k has
exactly one (non negative) integer solution except for k¥ = 2 which has no solution.
On the other hand we have

1 € My, Ey € My, E¢ € Mg, E? € Mg, E,FE¢ € Mo,

and they form a basis by part (2) of Theorem 1.1. This proves the Proposition
for k < 12.
Suppose it is true for N and let 12 < k < 12(N + 1). Since k — 12 < N, we have
a basis

B={EPEY EYEYA,. .. E{ By A"}

for My_12. And by part (1) and (3) of Theorem 1.1, we have
(BB} | J{EPERY A EP BN A%, By By A
is a basis for M. [ |

For j > 0 integer, we denote v; : M, — C the linear operator taking a modu-
lar form f =3 <qan(f)g" to its ¢’-coefficient a;(f). The following Proposition
describes the properties of our special basis.

Proposition 1.3. Let k > 0 even. Then there exists basis for My, and Sy of the
form

B = {fo, fi,---s fu}, B'={f1,.... [},

respectively, where each element f; has integer q-coefficients and satisfies

1 ifj=i
0 ifj<i

Vi(fi) = {

Proof. Since Dim M} = Dim Sy + 1, it is enough to prove the statement for M.
Let {EiEY A} be a basis for M, as in last Proposition. Note that
(B By AT) = 0

if 7 < 4. Since By = —1/30 and Bg = 1/42, the formulas for Ej and A show
that we may find integer \; such that the element f; = )\iEffiEg"Ai has integer
g-coefficients and ;(f;) = 1. [ |



1.1.2 Modular forms with ¢-coefficients in some ring,

For any subring A C C, we define (Mg)4 to be the subset of My of modular
forms whose g-coefficients in the Fourier expansion belong to A. We make an
analogous definition for (Sg)a.

Proposition 1.4. (My)a and (Sk)a are free A-modules of rank Dimy(My) and
Dimy(Sk) respectively.

Proof. Take a basis {fo, fi,..., fn} for My as in Proposition 1.3. We claim that
the A-module generated by this basis is free and it is exactly (My)4. Clearly it
is free and contained in (My)4. Let f € (My)a and write

f=aofo+arfi+...+anfn,

with «; € C. We prove by induction on k < n that «; € A for all i < k.
If kK =0, we apply ¥y obtaining

ap = Po(f) € A.

Now assume that a; € A for all i < k with £ < n. By evaluating ¢4 we obtain

A1 = Vg1 (f) — o1 (fo) — artber1 (f1) — - — apthiga (fr) € A.

This proves the proposition for (My)4. The same argument works for the A-
module (Sk)4 using the basis B’ of Proposition 1.3. [
1.1.3 Hecke operators

Let k > 0 even fixed. For a natural number n > 1, there exits a Hecke operator
Tn : My — My,

(see [DS05], Chapter 5 for a definition of Hecke operators). The following Propo-
sition describes how these Hecke operators act on the g-coefficients of a modular
form.

Proposition 1.5. ([DS05], Prop. 5.3.1) Let f € My, with Fourier expansion

F@) =" an(f)g™,  q=e".

m>0

Then for all n > 1 integer, T, f has Fourier expansion

T’nf(T) - Z am(Tnf)qm7

m>0

where

am(Tnf) = Z dk_lamn/cﬂ (f)

d|(m,n)

9



Remark 1.5.1. From the formula for a,,(7, f), we see that T,, sends cusp forms
to cusp forms. Moreover, if A is any subring of C, then T, restricts to an A-
morphism on (Mj)4 and (Sk)a.

It is well known that Hecke operators commute, thus the Hecke algebra
Ty == Z[{T,, : n > 1}] C End¢(M)

forms a commutative Z-algebra. We will use this property repeatedly in this
thesis. Another important property that we will use is the fact that the Eisenstein
series F. is an eigenvector for each Hecke operator T;,.

Proposition 1.6 ([DS05], Prop. 5.2.3). For each natural number n > 1, the
Fisenstein series By € My is an eigenvector of T,, with corresponding eigenvalue

op—1(n).
Note that the value of the eigenvalue of T, with eigenvector F} coincides with
the ¢"-coefficient of the Fourier expansion of Ej. The following Proposition tells

us that this is always the case if the modular form f is normalized i.e. if f has a
Fourier expansion of the form

@) =ao(f)+a+ Y am(f)g™,  g=e".

m>2

Proposition 1.7. Let f =5 - amn(f)q™ € My be a normalized modular form
which is an eigenvector for the operator Ty. If A, is the corresponding eigenvalue,
then

An = an(f).
Proof. Taking m =1 in the formula for a,, (T, f) of Proposition 1.5, we obtain
al(Tnf) = an(f)

Also, by hypothesis we have that T,,f = \,f. Therefore a1(T,f) = Aai(f).
Comparing both equalities and using a1 (f) = 1, we conclude that A, = a,(f). W

Definition 1.8. A modular form f € M is called an eigenform if it is an
eigenvector of Ty, for each n > 1. If f = 37 - am(f)¢™ € Sk is a normalized
cuspidal eigenform, we define

Ky =Q({am(f) : m>1}) CC,
the Hecke field of f. This is smallest field L such that f € (Sk)r.

Remark 1.8.1. Note that if f = > ~qan(f)¢™ € My is an eigenform with
a1(f) = 0, then the proof of Proposition 1.7 shows that f is constant. Thus, in
weight k£ > 0 we may always normalize eigenforms.

Proposition 1.9. Let f =} - am(f)q™ € Sk be a normalized cuspidal eigen-
form. Then its Hecke field Ky is a finite extension of Q.

10



Proof. Let K be the field generated by the eigenvalues of each operator T,,. Since
an(f) = An(f) is an eigenvalue of T, for all n > 1, then Ky C K. Thus it is
enough to prove that K is a finite extension over Q.

By Remark 1.5.1, the Hecke Algebra Ty restrict to Z-morphisms on (My)z. More-
over, by Proposition 1.4, (My,)z is free Z-module generated by some basis of Mj.
This implies that Ty, is generated by a finite set of operators and the roots of their
characteristic polynomials are algebraic integers. Thus a finite set of eigenvalues,
which are algebraic integers, generates all the other eigenvalues. Therefore K is
generated by finite a set of algebraic integers and so it is a finite extension of

Q. ]

Remark 1.9.1. From the proof, we see that in fact f € (Sk:)OKf where O, its
the ring of integers of K. '

1.2 Deligne-Serre lifting Lemma

Let A be a discrete valuation ring (DVR) with maximal ideal m4. We say that
a DVR B with maximal ideal mp is an extension of A if A C B and my =
ANmpg. For an A-algebra B, an A-module M, an element f € M and a set of
A-endomorphisms 7 C End 4 (M), we define

Mp:=M®4s B
fB Z:f@AlBGMB
Ts={Tp =T ®4idp : T € T} C Endp(Mp).

Note that if C is a B-algebra, then it has an induced structure of A-algebra and
we may identify (under a canonical isomorphism)

Mo =Mp®pC, fc=/fp®plc etc ...

The next Proposition will be fundamental for the construction of appropriate
cuspidal eigenforms. We assume that K = Frac(A) is a perfect field.

Proposition 1.10 (D-S Lemma). Let M be a free A-module of finite rank and let
T C Ends(M) be a set of commuting A-endomorphisms. Suppose that f € M is
such that fajm, € Ma/m, is an eigenvector for each operator Ty m, € Tajm, with
eigenvalue ap € A/my. Then, there erists a DVR B extending A with field of
fractions L finite finite over K, and an element f' € Mp which is an eigenvector
for each operator Tp € T whose eigenvalue by € B satisfies ap = by + mp.

Proof. Since M is free of finite rank, the field L generated by the eigenvalues of
each operator T' € T is a finite extension of K (see the proof of Proposition 1.9).
Let B be a DVR extending A with field of fraction L'. We may assume that the

!Since L/K is finite and separable, such ring exists (see [Sta22] Remark 15.110.6).

11



B-module Mg is Tp-indecomposable. Indeed, let
k .
Mg = @ M)
j=1

be a decomposition as Tg-indecomposable modules. Since B is PID and Mp free
B-module of finite rank, then each M) is also a free B-module of finite rank and

k
MB/mB = @ MJJB/mB
7=1

a decomposition as Tp/y,-modules. If we write the eigenvector fp/n, as
: ©) (4) j
_ J J
fB/mB - ZfB/mB’ fB/mB € Mé/mB’
j=1

then each nonzero f 1(3,]/) - its an eigenvector with the same eigenvalue. Thus after

choosing j with f g/)mB # 0, we may assume that Mp is Tp-indecomposable.

Let T € Tp. Since Endp(Mp) is free of finite rank, Tz has a minimal polynomial
called p. Moreover B contains the eigenvalues of Tp (B contains the integral
closure of A in L). Thus p has the form

p(x) = (m—b(Tlg)el...(x—bgfg)en, bg% € B.

We claim that p has only one root. The factorization of p provides a decomposition
for Mp as Tg-invariant spaces

Mp = éMj,
j=1

where M7 is the null space of p;(T) with p; certain polynomial associated to

(x— bgzn))(see [HKO04], pag. 220). But since the elements of Tz commute, each M7
will be Tg-invariant and so p has only one root because Mp is Tp-indecomposable.
Finally, the commutativity of Tp also implies that Mp has at least one simul-
taneous eigenvector f’ and it is clear that its eigenvalues satisfy the required
conditions. |

1.3 Class field Theory

Let L/F/Q be a tower of finite field extensions. Through this section we assume
that F//Q is Galois and L/F is unramified and abelian.
Since F'/Q is Galois, we have Gal(L/F) < Gal(L/Q) and so Gal(L/Q) acts on

12



Gal(L/F) by conjugation. Moreover, since Gal(L/F) is abelian, Gal(L/F") acts
trivially. Therefore we have a well defined action of Gal(F'/Q) on Gal(L/F):

. /. 1—1
o-T:=0T0 ,

where 7 € Gal(L/F) and ¢’ € Gal(L/Q) with ¢'|p = 0 € Gal(F/Q).
Let p be a prime of F' and B a prime of L above p. Since L/F is unramified,
there exists a unique element ¢y ,(B/p) € Gal(L/F') satisfying

Y p(B/p)(x) =27 mod B forall x € O,

where Op is the ring of integers of L and ¢ = N(p) is the norm of p. We call
Yr/r(B/p) the Frobenius element of B over p. We have the following result.

Lemma 1.11. Let 0 € Gal(L/Q). Then o(B) and o(p) are primes of L and F
respectively and we have

Yir(o(B)/o(p)) = ot p(B/p)o". (1.1)

Proof. The first claim follows from the fact that L/Q and F/Q are both Galois
extensions. Now we calculate

Y r(B/p) ()
= or rp(B/p)(x)
= ot p(B/p)o" (u)

Since N(p) = N(o(p)) = g, the last relation corresponds to the definition of
Yr/r(0(B)/o(p)). This proves the lemma. [ |

% mod B, forallxeOf
(o(z))? mod o(B), forallze Op
(w)? mod o(*B), forallu=o(z)€o(Or) =0,

Since every prime of L above p is of the form o(B) for o € Gal(L/F) and
Gal(L/F) acts trivially on the right hand side of equation (1.1), we see that 11/
depends only on the prime p of F. Henceforth we will write ¢/ p(p) = ¥r/p(B/p).
Extending 7, multiplicatively to the group of fractional ideals I of F, we get
a group homomorphism

Artin reciprocity asserts this map is surjective and factorizes through the class
group Ap of F' (see [Mil20] pag. 158 for example), thus obtaining a group homo-
morphism

wL/F cAp — Gal(L/F),

called the Artin map. We summarize our results in the following Proposition.

Proposition 1.12. The Artin map ¢ ,p : Ap — Gal(L/F) is surjective and
satisfies

Yryp(o-a)=0-¢pr(a)

for all o € Gal(F/Q) and a € Ap. Here o - a is the natural action of Gal(F/Q)
on Ap.

13



Proof. We only must prove the last claim. For a class a € Ap, consider a rep-
resentative fractional ideal I of F'. If I = HP per is its decomposition in prime
ideals, then o(I) = [, o(p)®. Thus it is enough to prove the case when I is a
prime ideal but this is exactly what Lemma 1.11 states. ]

1.4 Group representations

Let G be a pro-finite group (for the basic properties of these objects, see [Neu99]
Chapter 4 Section 1,2). Let K be a topological field. By a representation of
G of dimension n over K, or just a representation of G, we mean a continuous
morphism of groups

p: G — GL,(K),

where G is endowed with the Krull topology and GL,(K) is endowed with the
subspace topology of M™*"™(K) = K",

1.4.1 Reduction of representations

We say that two representations py, p2 : G — GL,,(K) of G are equivalent over K
if there exists matrix M € GL,(K) such that

p1(g) = Mpa(g)M™',  VgeG.

Let p be a prime number. During this section K will denote a finite extension of
Qp. We write Ok for its ring of integers, mg the maximal ideal and Fy = O /mg
the residue field.

Proposition 1.13. Let p : G — GL,(K) be a representation of G. Then p is
equivalent to a representation p' : G — GL,(O) C GL,(K).

Proof. Let V = K™ be the vector space of columns of dimension n over K. Note
that G acts via p on V by multiplication on the left. For a basis B of V', define
Ag C V as the Og-module generated by B. Then the Proposition is equivalent
to find a basis B such that Ag is p(G)-invariant.

Since GL,,(OF) is open and p is continuous, H = p~1(GL,(Of)) is open and so
it has finite index in G. Take {g1,...,9¢} a set of representatives for the cosets
{Hg : g € G}. If Ag = O} C V is the Og-module generated by the canonical
basis, then Ag is p(H)-invariant and so

14

A=>"p(g:) (Ao)

=1

is a p(G)-invariant finite generated Ox-module. Since Ok is PID we have that
A = Ag for some basis B of V. |

Let p : G — GL,(K) be a representation of G and p' : G — GL,(Ok) an
equivalent representation over K with matrix coefficients in O . After composing

14



with the projection map GL,(Ox) — GL,(F,) we obtain a representation of G
of dimension n over F,
71 G — GL,(F,).

We called p’ the reduction of p associated to p’ or a reduction of p to simplify.
Although equivalent representations over K

p1,p2: G— GLQ(OK) C GLn(K),
could give us non-equivalent representation over I,
ﬁlvﬁQ ' G — GL”(Fq)v

it can be proved that they share the same blocks in their Jordan form. To be
specific we make the following definition.

Let p : G — GL,(F,) be a representation over F,. Just as in the proof of
Proposition 1.13, we consider the Fy-vector space V' = Fy with the action of G
via p on it. Since V is finite dimensional, there exists a descending chain of vector
spaces

V=Vi2V2...2 Vi 2 Vi1 =0,

such that each V; is G-invariant and the quotient representation
79 G = GL(V;/Vis1) = GLy,(F,), n; = dimV; — dim V4,

is irreducible for all 1 < i < k. Now consider the representation

7= ép“).
=1

The Jordan-Holder Theorem (see [CR06] pag. 79) asserts that up to equivalence,
the representation p’ is the same for every descending chain. We call this repre-
sentation the semi-simplification of p.

Theorem 1.14 (Brauer-Nesbitt). (/CR06] Pag. 215) Let L be a perfect field and
A a L-algebra. Let M, N be two A-modules finite-dimensional as L-vector spaces.
If for all a in A, the characteristic polynomials of M and N are equal, then their
semi-simplifications are equivalent.

For a matrix T' € GL,(K), we write char T for its characteristic polynomial.
If M € GL,(K), then we have the relation char T = char MTM~!.

Proposition 1.15. Let p1,p2 : G — GL,(Or) C GL,(K) be two equivalent
group representations. Then the semi-simplifications of p; and py are equivalent.

Proof. Take M € GL,(K) such that pi(g) = Mpa(g)M~" for all g € G. Then

char[py(g)] = char[pa(g)] mod mg

mod mg



After taking L = F;, A = F;G and M = Fj, N = Fy with the structure of
F,G-module induced by py, p, respectively, we see that Proposition follows from
Theorem 1.14. |

In conclusion, the semi-simplification of a reduction p; of p does not depend
on the chosen equivalent representation p;.

1.4.2 Ribet’s Lemma

Now consider a two dimensional representation p : G — GLy(K) of G. By
Proposition 1.13, p is equivalent to a representation pg with matrix coefficients
in Og. Let us assume that its reduction p, is reducible. Then there exist two
characters o1, @2 : G — F, such that p, is equivalent over [F, to a representation

of one of the forms
Y1 X > <<P1 0 ) 1.9
( 0 w2/’ * o) (12)

Its semi-simplification is the representation ¢ & ¢2. Note that Proposition 1.15
implies this will be the case for every reduction of p. In particular we see that all
its reductions are reducible.

The next Proposition will be used in the construction of the special reduction
mentioned in the proof of Theorem A.

Proposition 1.16 (Ribet’s Lemma). Let p : G — GL2(K) be an irreducible
representation of G such that its reductions are reducible. Then p is equivalent to
a representation pg : G — GL2(Ok) C GLo(K) such that its reduction is of the

form
- _ ©1r % >
Po < 0 9 )

and it is not diagonalizable.

Proof. Let pr : G — GL2(Ok) C GL2(K) be an equivalent representation to p
with matrix coefficients in Og. Then its reduction is equivalent to one of the two
forms in (1.2). Note that since O}, = O — m, the natural map

Pr: M2><2((9K) — M2><2(Fq)’
satisfies Pr—1(GLy(F,)) = GL2(Of), and so the restriction
PT|GL2((9K) : GLQ(OK) — GLQ(]F(]),

is surjective. Thus after lifting a matrix from GLg(F,;) to GL2(Ok), we may
assume that p; is equal to one of the two forms in (1.2). Moreover, if 7 denotes
a generator for mg, the identity

O IS R R

16



shows that we may assume that p; takes exactly the left form in (1.2).

For a matrix M € GLy(K), we denote by pys : G — GL,(K) the representation
defined by pas(g) = Mpr(g)M~! for all g € G. Suppose for a contradiction that
for every matrix satisfying:

e The representation pys : G — GL(K) has coefficients in Of.

= _ (25 )
We have that p,, is diagonalizable.

We are going to construct by induction a convergent sequence of matrices {1}, }n>1
with the properties

e Its reduction is

n
pr.(9) = Tupr(9)T, " € (gg gi) P, = (f} £2> - (14
This will prove the Proposition. Indeed, if T, — T is the limit, then the group
representation py : G — GLy(K) has upper-right entry zero, but this is impossible
since it is equivalent to p and so it is irreducible.
For n = 1 we take 77 = P~! and use identity (1.3). Suppose that for n > 1,
we have matrix T,, satisfying (1.4). Then

_ pn —n - pn (Ok m’}() —n_(OK OK)
pP"Tn(g)_Pan(g)P EP <OK OK P - m?}( OK .

Since conjugating by P does not change upper-left and lower-right entries, its re-
Pp1r ok
0 ¢
we have that ppnp, is diagonalizable. By using Pr—!(GLa(F,)) = GL2(Ok), we
find a matrix U € GLy(O) of the form U = ((1) 7{’) such that

pupnt, (9) = ((1) 7;) ppe, (9) <(1J 11L>1 - <¢1(§g) SDig)) '

Moreover, conjugation by U does not change the lower-left entry, then

OK mK>
m}‘( OK '

duction is of the form ppny, = < ) Thus, by assumption of contradiction,

pupnt, (9) = Uppnr, (9)U ' € (

Conjugating by P~ we obtain

n+1
OK mK >

pp-nper, = (P pupn, ()P € (X

17



and pp-nypny, = <i1 £2> since pypny, = (il (;]2) and conjugation by P

does not change upper-left and lower-right entries. Thus taking

Tn+1 = PinUPnTn = <(1) U71r >Tn7

we complete the induction and the formula shows that {7}, },>1 is convergent. W

Remark 1.16.1. Since p is not diagonalizable, Maschke Theorem (see [CRO6]
pag. 40) implies that the characteristic of F, must divide the order of py(G). This
is the arithmetic information that we shall use in the proof Theorem A.

1.4.3 Galois representations induced by a modular form

Let £ > 2 be a fixed even integer. Let f € S; be a normalized eigenform. Con-
sider a prime p of Ky above a rational prime p. We denote Ky, the completion
of Ky at the place p, Oy, its ring of integers and m = pOy, the maximal ideal.
By Proposition 1.9 we see that that K, is a finite extension of Q,. Let Q be the
algebraic closure of Q in C and write Gg = Gal(Q/Q). A representation of G is
called a Galois representation.

The following Theorem, due to Deligne, associates to a normalized eigenform a
Galois representation over Ky,. This will be the analogous to Eichler-Shimura
construction used by Ribet.

Theorem 1.17 ([DS05], Thm. 9.6.5). Let f = > <, an(f)q" € Sk be a nor-
malized cuspidal eigenform with Hecke field K. Let p be a prime. For each
prime tdeal p of Ky lying over p, there is an irreducible group representation of
dimension 2 over Ky,

Pfp - GQ — GLQ(Kf,p).

This representation is unramified at all primes £ 1 p. If Frob, € Gg is an absolute
Frobenius at the prime ¢, then the characteristic polynomial of p(Froby) depends
only on £ and it is

2 —ag(f)z+ L

1.4.4 p-ordinary modular forms

Definition 1.18. Let f =} -, a,(f)¢" be a normalized eigenform. Let p be a
prime of Ky above a rational prime p. We say that f is p-ordinary if a,(f) # 0
mod p.

To finalize this chapter, we quote a result due to Mazur and Wiles, which will
be used during the passage from cuspidal forms to Galois representations (see
part (iv) of Theorem 2.4). We denote by D, an absolute decomposition group at
the prime p.

18



Theorem 1.19 ([Wil88] Thm. 2). If f is p-ordinary, then the representation
pf,p\Dp of Dy is equivalent to a representation p(y : Dp — GLa(Kyyp) of the form

€1 1%
p(O) = 0 €9 )

where g9 is unramified and e2(Frob,) = ap where oy is the unit root of the poly-
nomial % — a,(f)x — p*F~1L.

Remark 1.19.1. We may assume that pq) (9) € Oy for every g € D). Indeed,
the characters €1(g), e2(g) are both integral since those are the roots of char p(g)
which by Proposition 1.13 has integral coefficients. By the compactness of D), we
have that v(D,) C m"O for some r € Z. Thus, after conjugating several times by
a matrix P as in the proof of Ribet lemma, we obtain an equivalent representation
with the same form and integral upper-right entry.
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Chapter 2

Proof of Ribet’s Theorem in
weight &

Let p be an irregular prime and choose 2 < k < p — 3 even such that p|B;. In
this chapter we focus on proving Theorem A. We divide the proof in four sections
following the mind scheme mentioned in the Introduction.

2.1 From Bernoulli numbers to Cusp forms

Let A =7, be the localization of Z at p and ma = Z,) its maximal ideal. Let

F=Yan(Hd", g=> an(g)d",

n>0 n>0

be two modular forms in (My)4. Following the notation of Section 1.2, we see
that
fajma = 9a/m, = an(f) = an(g) mod my Vn>0.

We shall write f = ¢ mod my4 in this case.

Lemma 2.1. If p| By, then there exists a cuspidal form f € (Sk)a such that
f=FE;r modmyu.
Proof. Write E}, in the basis B = { fo, f1,..., fn} of Proposition 1.3
Er=a0fo+a1fi+...+anfn.

Since Ej, € (Mg)a and (My)4 is generated as A-module by B, we deduce that
«; € A. Define

f=FEy—aofo=aifi+...+anfn € (Sk)a.

By evaluating the linear operator ¢y, we obtain that

By,
_Zk -0
ok + g )
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and so ap € my because p|By. Therefore
f=FEr—apfo = Er mod my.
[ |

Proposition 2.2. If p| By, then there exists a normalized cuspidal eigenform f =
> st ()" € (Sk)(OKf)p such that for each prime £, we have

a(f) =1+ 01 mod p(Ok,)p,

where p is a prime of the Hecke field Ky above p, and (OKf)p 1s the localization
of the ring of integers of Ky at p.

Proof. Write M = (Sk)4 and let f € M be a cuspidal form as in Lemma 2.1.
Since E}, is an eigenvector for the Hecke operator 7}, with eigenvalue o(n), then
fa/my € Myjm, is an eigenvector for (T5,) o /m, With eigenvalue o(n) +ma. Since
M is free of finite rank and the Hecke operators commute, we may apply the
Deligne-Serre lemma to obtain a discrete valuation ring B extending A with field
of fraction L finite over Q, and an eigenform f' € Mp = (Sk)p such that its
eigenvalue A7, for the operator T}, satisfies
)\T = ak_l(n) mod mpg.

n

If we normalise the cusp form f' = q+ >, 5 an(f’)q", then by Proposition 1.7
we obtain that
an(f') = or_1(n) mod mp, vn.

Thus the Proposition follows by changing the field L by K and noticing that B
must be the localization of its ring of integer Ok ; at some prime p above p. W

2.2 From cusp forms to Galois representations

Let f be a cuspidal eigenform as in Proposition 2.2. Using the prime p above p,
we obtain an irreducible Galois representation ps, : Gg — GLo(Kyy). Let Ok
be its ring of integers, m the maximal ideal and F, the residual field. Let ( € Q
be a primitive pth-root of unity. We write x : Gg — F), for the Galois character
satisfying

o(¢) =), Vo e Gy,

Proposition 2.3. The representation py, is equivalent to a representation p :
Gq — GL2(Ok ) with reduction p of the form

I~
Okal’

which is not diagonalizable.
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Proof. By Ribet’s lemma (Proposition 1.16), it is enough to show that ps, has
an equivalent representation p : Gg — GL2(Oxp) C GLa(Kjp) such that its
reduction 7 : Gg — GLa(FF,) has semi-simplification 1 @ y*~!.

Let £ # p be a prime and Frob, an absolute Frobenius element at the prime /.
The semi-simple representation 1 @ y*~! has characteristic polynomial at Froby
equal to

2% — (1 + x" 1 (Froby))z + x*"}(Froby) = 2% — (1 + £F Yz + £F1,

Now let p : Gg — GL2(Okyp) C GL2(Kyp) be an equivalent representation to
pfp- By Theorem 1.17 and Proposition 2.2, its reduction p has characteristic
polynomial at Frob, equal to

22 —ap(flz+ =2 — (1 + Dz 4 1 mod m,

By the Ceboratev Density Theorem, we conclude that the representation 1@ x*~!
and py, have equal characteristic polynomials. Then the Proposition follows from
Brauer-Nesbitt Theorem 1.14. |

Remark 2.3.1. Note that we may have proved the existence of similar equivalent
representation p : Gg — GL2(Ok ) with non diagonalizable reduction p but of

the form
()
0 1/°

A reason of this choice is to prove that p|p, is diagonalizable using Theorem 1.19
(see the proof of part (iv) of Theorem 2.4). If we use this form instead, there is
not guarantee that this crucial property is satisfied.

Theorem 2.4. Suppose p | By. Then there exists a finite extension Fy/F, and a
representation
P GQ — GLQ(Fq)7

with the properties:
(i) p is unramified at all primes £ # p.

(1t) The representation p is equivalent (over Fq) to a representation of the form

Ly
0 Xk—l )

for some function v : Gg — Fy.
(iii) The image of p has order divisible by p.

(v) Let D, be a decomposition group for p in Gg. Then p|D, is diagonalizable
and p(Dp) has order co-prime to p.
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Proof. Let p: Gg — GL2(Ok ) be the representation of Proposition 2.3. Let us
see that its associated reduction

p:Gg — GLQ(Fq),
satisfies the Theorem. Since p is the resulting composition

Gy — GLy(Oy,) L GLy(F,),

by Theorem 1.17 we see that p is unramified at all primes ¢ # p. This proves (7).
Properties (i¢) and (ii7) are satisfied by construction (see also Remark 1.16.1).
Thus it only remains to prove (iv). Since

ap(f)=14+p"1=12£0 modm,

the modular form f is p-ordinary and so by Theorem 1.19, p|p, is equivalent to
a representation p(g) of the form

€1 14
Py = <0 52> , (2.1)

with ez unramified. Since p|p, and p(g) are equivalent, Proposition 1.15 tell us
that their reduction have the same semi-simplification.! Furthermore, if we denote
w1, ws the reduction of €1, €9 respectively, the semi-simplification of p(0) i w1 Bwa,
and since wy its unramified, we have that

k—1
w1 =X , wo = 1.

A B

c D) . Then

Now write p = (

A+m=1, B+m=n, D+4m= "1

a b

Let M = (c d> € GLy(K) be a matrix such that

(a b) <51 1/> _ <A|Dp B|Dp> (a b> . (2.2)
c d 0 €9 C‘DP D‘DP c d
Note that if we change M by n” M with 7 a prime element and r € Z, the equality

still holds and so we may assume that a,c € Oy, and either a or ¢ is a unit.
By looking at the upper-left entry in the equation (2.2) , we see that

a(er — Alp,) = c¢B|p,. (2.3)
If m|e, then 7|(e1 — Alp, ) since a € O} . But on the other hand

€1 +m:w1:X’“’17&1:A!DP—|—m.

"Here we use that p(oy has integer matrix coefficients (see Remark 1.19.1).
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Therefore 7 1 ¢ and so ¢ is a unit. Thus, if we denote s = —a/c+m € F,, then by
reducing the equation (2.3), we have that

—1 _
(1 s)p(l S) :<1|Dp v+ s(x* lle—lle)>:<1‘Dp 0 )
0 1)\ 1 0 X*p, 0 x"p,

This proves the first claim in (iv). For the second claim, note that using the
diagonal form of p, we may see the group p(D,) as a subgroup of F,. Since
[F5| = p — 1, this shows that p(Dj) has order co-prime to p. [ |

2.3 From Galois representation to extension F/K

Theorem 2.5. Suppose that p | Bx. Then there exists a Galois extension E/Q
containing K with the following properties.

(a) The extension E/K is everywhere unramified.

(b) The group H = Gal(FE/K) is a finite non-zero p-elementary abelian group i.e.
Fp-vector space of positive dimension.

(¢) The natural action of A = Gal(K/Q) on H satisfies the relation

)17k

o-7=7X( ceA,TeH.

Proof. Let p a representation as in Theorem 2.4. We may assume that

s =(; ) veca

We denote K’ and E' the fixed field of Ker(x*~1) and Ker(p) respectively. We
first prove the Theorem for the fields K’ and E’ instead of K and E.
By Galois correspondence, we have

G' = Gal(E'/Q) ~ Gg/ Ker(p) ~ Im(p),
A’ = Gal(K'/Q) ~ Gg/ Ker(x' %) ~ Im(x* 7).

Write H' = Gal(E’'/K') < G. Then

G'/H ~ A (2.4)

b D6 D=6 1)

we see that v induces an injective morphism from H’ into the additive group Fj,.
In particularly H’ is a finite p-elementary abelian group. On the other hand we
have p { |A'| since A’ ~ Im(x*™*) < F;. Using equation (2.4) and part (iii) of

By the matrix identity
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Theorem 2.4 we obtain that p divides |H’| and so it is not trivial. This proves (b)
for the extension E'/K’.

By part (i) of Theorem 2.4, the extension E’/Q is unramified at all primes ¢ # p.
So E'/K' is unramified for all primes p of K’ such that pNQ # p. Now let B/p/p
be primes in the extension E'/K’/Q. The image of the decomposition D, under
p is equal (up to conjugation) to the decomposition group D(B,p) and by part
(iv) of Theorem 2.4, its order is coprime to p. Since

D(%B,p) = D(B,p) N H',

and H' is a p-group, we conclude that D(%,p) is trivial. In particularly its inertia
group I(B,p) is trivial and p is unramified. This proves (a) for the extension
E'/K'. (Note that E'/K' is unramified at the infinite primes since the extension
is odd).

Now take elements o € G', 7 € H', and g,h € Gg such that g|pr = o and
h|x» = 7. Using the identity

-1 x(g)' "
(1 (9) ) (1 v(h)) (1 (9) ) _,(1 v(h)>
0 x(e)**/\o 1 /%0 x(e*'/ o 1 ’
and the isomorphism described for G’ and H’ above, we obtain that o7o~! =
7X@ This proves (c) for the extension E'/K’.
Now, we define £ = E'K , G = Gal(E/Q) and H = Gal(E/K). The restriction

map H — H’ is injective and has image Gal(E’/K N E’). Thus H is an abelian
p-group. If H were trivial, then £/ C K and

G '~ A/Gal(K/E'"),

but this is impossible since p||G’| and p { |A|. This proves (b).

Since the restriction morphism sends inertia elements to inertia elements and
E'/(E' N K') is unramified, we have that F/K is unramified. This proves (a).
For (c¢), we note the restriction map H — H' is a A-morphism. Therefore H =
H(x'™%) because it is injective. This concludes the proof. [ |

2.4 From Extensions F/K to the class group of K

Theorem A. If p|By for some 2 < k < p — 3 even, then C(x' %) # 0.

Proof. By Proposition 1.12, the Artin map ¢/ : Ax — H is a surjective A-
morphism. Since H is annihilated by p, this morphism factorizes through Cx and
so one obtains a surjective A-morphism ¢,/ : Cx — H. Let

H= @ H(xY, H(Xi):{TEHZU'T:TX(U)i Vo € A},

i mod p—1

the decomposition of H as x'-eigenspaces. By parts (b) and (c) of Theorem 2.5,
we have

Hx* ) =H+#1.
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Since /K 1s surjective, then

bre(Cx' ) =H(x'%) =H #0,

and so C(x'7%) #£ 0.
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Chapter 3

Class field Theory encoded by
the representation p

Let p be an irregular prime and choose 2 < k < p — 3 even with p|By. Let E be
the unramified abelian extension of K constructed in the proof of Theorem 2.5. In
this Chapter we use the representation p of Theorem 2.4 to prove Theorem B and
Theorem C mentioned in the Introduction. We finish the Chapter by describing
the field E as the unique extension of K satisfying certain explicit properties (see
Proposition 3.4 and Proposition 3.5). Thus obtaining a general statement for each
Theorem.

3.1 Class field Theory of the extension F/K

Before proving Theorem B and Theorem C, we recall some previous notation.
Let E' and K’ be the field fixed by Kerp and x*~! respectively. By the proof of
Theorem 2.5 we have that F = E’'K. For a prime B of E above a prime q of K,
we write

B = FE NB, q =K' n%sB.

If g/ (B/q) and Pgr o(B'/q) denote the Frobenius element of B over q and B
over ¢q respectively, then

Vi/k(B/0)| 5 = Ve o(B'/q)! V) € Gal(E'/K").
Note that since E = E'K, we have that
Ve/k(B/q) =1 = Yg,k(B/q)|p = 1.

Thus the prime q splits completely if and only if wE//Q(‘B’/q)f(q/Q) =1.
We also use the following result.

Proposition 3.1 ([Was97], Thm 2.17). Let f(q/q) be the residual degree of q
over q. Then f(q/q) is the minimal integer f such that ¢ =1 mod p.

Now we are ready to prove the Theorem B and Theorem C.
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Theorem B. Assume that p|By. Let q be a prime of K above a rational prime
q#p. If ¢* 1 #1 mod p, then q splits completely in the extension E.

Proof. Since E’ is the field fixed by Kerp, we have the following commutative
diagram

Cal(L/Q)

T I

p(Galg)

Gal(Q/Q)

Let Frob, be an absolute Frobenius element at the prime ¢. Then (up to conju-
gation) we have that ¢ g/ /g(B'/q) = Frob, |gr, and so

wE’/Q(sB /Q) @) =1 Frobf(q/q) € Kerp.

We compute

f(a/a) IR
P(Frobf(0/0) = (1 v<Frolgq>) v (1 y(Froby) ©14 7 (¢* 1))'
o e

qF 0 1

By Proposition 3.1, ¢/(@/9 =1 mod p. Thus

f(q/zq%_ ( kfl)z': 0 modp if . 1#£1 modp
2 T E faf) modp =1 modp

Then the Theorem follows from the first case. Note that f(q/q)|p—1,so f(q/q) 0
mod p. |

Theorem C. There exist (infinitely many) primes q in K above a prime ¢ satis-
fying ¢*~' =1 mod p which do not split completely in the extension /K.

Proof. Let o € Gal(E'/K') C Gal(E'/Q) be a non-trivial element. By applying
the Chebotarev’s density theorem, we found (infinitely many) primes B’ in the
extension £’ above a rational prime g such that ¢ g /(%B’/q) = 0. Choose a prime
B of E above B’ and write ¢ = BN K and q' = B N K’'. Since o fixes K, we
have

VYiro(d'/q) = Ve (B /a)k =1,
or equivalently ¢*~! =1 mod p. Also, since Gal(E'/K") is a p-group and f(q/q)
divides p — 1, then

Vi k(B0 = Ve (B /q) VD) =gl £ 1,
Therefore q does not split completely in the extension E. m

Note that in this proof we only used the fact that the extension E/K is induced
by a lower unramified abelian extension E'/K’ with K’ the fixed field of x*~!.
This fact can be proven using only Class field Theory. First we prove a more
general result.
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Proposition 3.2. Let F/Q be a finite Galois extension and L/F an unramified
abelian extension such that the natural action of Gal(F'/Q) on Gal(L/F') factorizes
through a quotient Gal(F'/Q). Assume that ([F : F'],|Gal(L/F)|) = 1. Then
there exists an unramified abelian extension E'/K' such that E = E'K and the
restriction map Gal(L/F) — Gal(L'/F") is a Gal(F'/Q)-isomorphism.

Proof. Let p’ be a prime of I’ and p any prime of F' above p’. We define

[F ]

@(p') = r/p(p) 7C7D.

Note that the element [(p /p’}) is always an integer since the extension F/F’ is

Galois. Since the action of Gal(F/Q) on Gal(L/F) factorizes through Gal(F’/Q),
Lemma 1.11 implies

Uryr(o(p) = ¢rr(p), Vo € Gal(F/F). (3.1)

Thus ¢(p’) does not depend on the chosen prime. We extend ¢ multiplicatively
to a morphism ¢ : Irr — Gal(L/F) defined on the group of fractional ideals of
F’. We claim that ¢ is surjective and its kernel contains the group of principal
ideals.

Since (| Gal(L/F)|,[F : F']) = 1 we have

[F:F]

(Yr/rp)) = (Wrp(p) 7E77) = {p(p)). (3.2)

Therefore ¢ is surjective because so is the Artin morphism. Now let o € F’.
Write
OR | (I
i

as product of primes of F’. By definition we have

LEF g /( )

H%/F pi) 1670 ;o pi=pinE.

On the other hand we have

ordp; (a)

00r = [T 1E)0r] " =TT | TT uwe®)e /) ,

. e
T 1 j |P1
and using (3.1) and Artin reciprocity, we obtain

(@) =¥ p(aOF) = 1.

This proves the claim. Now the Existence Theorem of Class Field Theory (see
[Mil20] pag. 158), implies that there exists an unramified abelian extension L'/F’
with Galois group Gal(L'/F’) ~ Gal(L/F) and whose primes p’ which split are
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those satisfying o (p’) = 1. Now we prove that L = L'F.
Let L = L'F. Then L is a unramified extension of F. Let p a prime of F' and
write p’ = p N F’. By the formula

Vi p(P) = e () ) € Gal(L' /F), (3.3)

and the fact that f(p/p’) is coprime with | Gal(L'/F")|, we see that p’ splits in
L'/F' if and only if p splits in L/F. Moreover, by equation (3.2), we have that
p’ splits in in L'/F’ if and only if p splits in L/F. Therefore L = L = L'F since
the set of primes that split determines the extension (see [Mil20], Theorem 3.25
Chaper V).

Finally, the restriction map Gal(L/F) — Gal(L'/F’) agrees with the action of
Gal(F/Q), it is clearly injective and it is surjective by equation (3.3) and the fact
that the Artin map ¢ p @ I — Gal(L'/F") is surjective. ]

Proposition 3.3. Let E/K be a p-elementary unramified extension such that
Gal(E/K) = H = H(X?) in his decomposition as x'-eigenspaces. Then the fized
field K’ by Ker x? has an unramified abelian extension E' /K’ such that E'K = E
and the restriction Gal(E/K) — Gal(E'/K') is a x’-isomorphism.

Proof. This follows from the previous Proposition since [K : Q] = p—1 is co-prime
with |H]. m
3.2 FE as a canonical extension of K

Let o : Ay — C(x*1) be the morphism defined by the commutative diagram

Ay Ay JAE. = C

Pr

C(x'"

Let L be the field fixed by Ker o and H the Hilbert Class field of K. Since the
restriction map Gal(H/K) — Gal(L/K) agrees with the action of A = Gal(K/Q),
we obtain a A-isomorphism

Gal(L/K) ~ C(x'7%).

Proposition 3.4. The field L is the maximal p-elementary unramified abelian
extension of K such that Gal(L/K) = H = H(x'™%) in its decomposition as
X' -eigenspaces.

Proof. Clearly L is a p-elementary unramified abelian extension of K. It also
satisfies the condition about its Galois group by the comment made above.
Let L' be an extension of K satisfying the Proposition. Since p Gal(L'/K) = 0,
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the restriction map ¢ : Gal(H/K) — Gal(L'/K) factorizes through 7. Moreover,
since ¢ is a A-morphism and

Gal(L'/K) = H' = H'(x*™ "),

© also factorizes through Pr. Therefore Ker o is contained in the kernel of ¢ and
so L' C L. |

Now let E be the extension constructed in the proof of Theorem A. We have
that following.

Proposition 3.5. L = E.

Proof. By the previous Proposition we have that £ C L. The fact that £ = L
is a consequence of Iwasawa main conjecture (see the comment made below in
[Eri08] pag. 4) which implies that C'(x'~*) are one dimension F,-spaces and so
L/K has degree p. |
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