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Abstract

This work takes up methods for Bayesian inference in generalized linear mixed models with
applications to small-area estimation. A previous work (Datta and Lahiri, 1995} focused
on Bayesian estimation with a prior scale mixture distribution for the error component in
a normal linear model, to smooth small area means when one or more outliers are present
in the data. Following this idea, an appropriate scale mixture of normals (Andrews and
Mallows, 1974, Ferndndez and Steel, 2000) for the spatial random effects distribution is
proposed in the context of the Markov random field theory, which is applied to the usual
spatial intrinsically autoregressive random effect. Conditions are stablished in order to
guarantee the posterior distribution existence when the random field is observed directly.
Given a joint observed random field, a simulation study is performed to illustrate the use of
hierarchical algorithms. Inference over the variability parameter is obtained, showing that

the best estimators are related to a particular scale mixture of normal random field.

Based on the work of Ghosh et al. (1998), theoretical conditions are presented to gua-
rantee the posterior distribution propriety, when a generalized linear mixed model with a
spatial component is assumed. Due to the equivalence between the normal and the scale
mixture of normal models, specifically with Student-t and Slash distributions, it is possible
_ to obtain hierarchical representations, therefore, Markov Chain Monte Carlo sampler me-

thods are used to perform the computations.
Lung, trachea and bronchi cancer relative risk and childhood diabetes incidence in

Chilean communes are estimated to illustrate the proposed methods. Inference over un-

known parameters are discussed. Results are presented using appropriate thematic maps.

vill



As part of the work in progress, theoretical aspects to measure Bayesian learning are
" explored, taking into account that in the spatial hierarchical model considered in this work,
only the sum of two sets of random effects are identified by the data. Specific expressions
for the Ly distance were obtained. Other considerations are discussed as part of the future

worl, considering extensions to be developed in different directions.

ix
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Chapter 1

Introduction

1.1 Spatial epidemiology issues

Spatial epidemiclogy concerns to the analysis of the spatial and spatio-temnporal distribution
of a specific disease. This discipline has become an area of research with high developinent
in the last years. The continuous computational development and technical advances in sta-
tistical methodologies and geographic information system have helped to obtain satisfactory
results to solve problems in different research areas. Different formats of epidemiological
data naturally give rise to different statistical methods. In general, the spatial analysis data

can be classified as follows:

e (leostatistics or point referenced data, when the main goal is prediction of different
georeferenced points or extrapolation of areas, since available samples of measurements

are from a spatially continuous phenomenon of interest.
s Point pattern analysis data, when identification of clusters in space is the focus.

o Areal or lattice data, when the focus is to explain the geographical variation of an

event (econornical or epidemiological}, in administrative separated small areas.

This work presents a methodological review and extensions of usual areal data models

with applications in epidemiology.



Large scale disease mapping in spatial epidemiology, shows disease spatial variation with
primarily descriptive purposes [88]. From a public health perspective, it is an important

* tool because it allows the implementation of policies in areas where high risks are detected.

There are well known problems with mapping raw and standardized rates for rare dis-
eases and/or small areas, since sampling variability tends to dominate the subsequent maps
[16]. This implies that the statistical analysis aims to provide a map free of distortion, such

that, precise estimates would be obtained for each small area.

The problem is treated with discrete data that include the number of individuals ¥,
defined under two types of design, the number of cases of a disease that are present in a
particular population at a given time (prevalence), or the number of newly diagnosed cases
during a specific time period (incidence). In epidemiology, the application of methods to
adjust raw rates, called “methods of standardization”, are necessary. These methods aim to
provide comparable rates between areas, when different sex and age population structures
are present. These standardized rates measure the risk of having a disease within each ares.
There are two methods of rate standardization, direct and indirect. Indirect standardiza-
tion allows the specific estimation of rates through what in literature is called Standardized
Morbidity/Mortality Ratio (SMR) [19]. In either of these two methods, every observed
is an aggregation within each 7 area, that is, the number of cases of inferest are considered

for the analysis, which means that the individual variation of cases will be lost.

Successful studies in Europe ([7], [17], [72], (83], among others) with applications to
cancer and diabetes data, was a motivation to apply these statistical methods for borrow-
ing strength in smail area disease, which could reduce the variability not explained by the
 model, incorporating a probabilistic structure that represents the relationship between the

areas of study.

This thesis work was motivated by real data, in the sense that results obtained from
usual convolution models [68] were too smooth in order to be representative for the true

risks. The latter was the reason to fit spatial robust models, which assume heavier tailed




distributions in the spatial random effects. Applications are oriented to obtain incidence
rates for insulin dependent diabetes mellitus (IDDM) in Chilean Metropolitan Region and
" relative risks of female trachea, bronchi and lung cancer mortality in the northern area of

the country.

1.2 Background

Some useful definitions about the modeling stage will be exposed in this section. A brief
introduction and some general aspects will be discussed in the following order: general
treatment of the generalized linear mixed models, definition of gaussian Markov random

fields and the usual construction of spatial Poisson models.

1.2.1 The generalized linear mixed model

MeCullagh and Nelder [66] define a wide class of regression models, when the assumption of
normality in the response variable is not appropriate. They define the class of Generalized
Linear Models (GLM) as follows: consider m independent random variables v1,...,Ym

following a distribution that belong to the exponential family, i.e., with the joint distribution

given by
m
F(y10,¢) = [ [ exp{o7 (w:bi — 9(65)) + (8539}, (1.2.1)
i=1
wherey = (y1, ..., ym)'» 8 = (61, ...,6,)" is a vector of unknown canonical parameters,
¢ = (¢1,...,%m) 15 a vector of known scale parameters and p is a known function that

does not depend on the unknown parameters.

The main specification in a GLM is the relation between a linear predictor and an
strictly increasing function A, called link function. In a GLM, linear relationship present

the following form,

h(8:) = %3,



where x; is & p x 1 vector of covariates, 3 is a vector of unknown structural parameters
associated to each component of x;. Generally, 8 is considered as a vector of fixed effects.
" Allowing for one or more random effects, say ¢, GLM are extended to what is called
Generalized Linear Mixed Model (GLMM). If an additional parameter is considered into

the link function, a GLMM will consider the following additive structure,

h(95)=xgﬁ+€i, i=1,...,m,

where €; is called random effect. Pioneer GLMM literature is referred to works developed

by Breslow and Clayton (18] and Clayton [27].

1.2.2 Gaussian Markov random fields

Let w{u) be a probability distribution associated to a region R. Denote by u; a random
variable measured on area i € R and, u_; a subset which contains random values on all
areas other than area ¢. Consider the conditional distribution m(u;|u_;) associated to area
i given observed values u_;. Viewed through its conditional distribution at each area, 7 (u)
is termed Markov random field (MRF) [10]. Brook’s lemma. ([6],[9]) is applied to construct
the joint distribution of the random field. A brief discussion will be exposed in section two,

in the context of the proposed models.

Pioneer applications in the context of this class of processes were related to image re-

comstruction ([10], {15]) and agricultural field experiments ([9], {12]).

Nowadays, Gaussian MRF’s are the most commonly models used for disease mapping
[76]. If the observations of any two areas are connected by a common boundary, and they
are assumed conditionally independent normally distributed on all other observations, then
the joint distribution 7 (u) is called Gaussian MRF (GMRF) [74]. A formal way to define
a GMRF is, '

m{u) exp{—%iu’Dwu} , (1.2.2)

where u € R™ with m denoting the number of areas at the region R, and Dy isamxm

symmetric matrix. The entries w;; = (Dy)ij represent the spatial connection between areal



units ¢ and j. Dy, is usually referred to as proximity or adjacency matrix. In this work, Dy,
will be concerned with areas whose conditional distributions depend only on the values of

" areas in the immediate neighborhood of the area 1.

Definition (1.2.2) can be rewritten as

m(u) o exp ——-2%_2 wii(w; - uy)? (1.2.3)
i#]
which is generally referred to as pairwise difference condition. This specification is often
called as intrinsically autoregressive (IAR) model [76]. For further details of MRF, see
for example, Besag ([9}, [10]), Besag et al. [15] and the books of Banerjee et al. {6] and
Cressie [30]. In this work, the usual GMRF model (1.2.2) will be considered instead of the
conditional IAR. specification (1.2.3).

1.2.3 Spatial Poisson regression models

The Poisson model has been extensively studied since 1837 when Dennis Poisson introduced
a probability rule based on the incidence of death by coz of mules to soldiers in the French
army, and this discrete distribuiion has been used in various contexts. Griffith and Haining
[48] summarizes applications of the Poisson model in the context of geographical analysis,
They addressed this distribution from an applied point of view, starting from its genesis

with a historical summary to its current use in geographic patterns.

Consider the number of individuals who suffer a non contagious disease in a certain area
of interest, follows a Binomial distribution with parameters n; and p;, where 7; is the size of
the population at risk and p; the probability of having the disease. In epidemiology, there
~ are rare diseases within a large population at risk. This argument leads to assume that the
number of cases can be modelled as a Poisson distribution with mean parameter nip;, when
the population at risk is large (n; — co) and the probability that represents the occurrence

of the disease tends to zero {p; — 0).

Overdispersion problems (Var(y) > E(y)) under the assumption that the number of

cases (y) follow a Poisson distribution, have led to consider a model with random effects



using a regression model with the following specification,
y; ~ Poisson{n;p;)
log(p;) = xi8 -+ €,

where €;'s are the random effects. Bayesian formulation can be fitted using the developed
GLMM theory {27]. Commeon linear extensions in disease mapping have been developed,

allowing for the sum of two independent components for each area, that is, if €; = v; -+ u;,,

¢t =1,...,m, the link function can be expressed as,
h(ps) = x[B +v; + i, (1.2.4)
where v = (v1,...,Un)" are iid normally distributed random effects, 1w = (uy,...,u,y,) are

spatially structured random effects and h represent the link function, which is represented
by the usual natural log for this particular case. From a Bayesian perspective, it is com-

mon 0 represent the spatial effect by (1.2.2), which is frequently used as a prior distribution.

The structure in 1.2.4 let to capture variability which is not explained neither by the
model nor by the unstructured random effects v. Taking this idea into account, Clayton and
Kaldor [28], Besag et al. {[13], [14], [15]), Molli¢ [68], Wakefield and Elliot [88], Pascutto
et al. [72], among others, proposed methodologies based on empirical and fully Bayesian
theory to solve the rates estimation problem considering different spatial structures. Best et

al. {17] summarizes advances in the area, including parametric and semi parametric models.

Empirical and fully Bayesian methods have worked fairly well (28], [65], [68]). One dif-
ference between them is that when a Bayesian hierarchical model is considered, uncertainty
can be represented through a prior information, which allows to make inference (e.g. credi-
bility intervals) over all the unknown parameters, including those that measures variability.
Following this argument, this work will primarily focus in applying Bayesian techniques to

analyze data from the.epidemiological area.



1.3 Model assessment

~ Three common ways to measure model assessment are taken into account. The first two
are oriented to penalize the observed deviance. Deviance information criterion (DIC) [84]
and Bayesian (or Schwarz) information criterion (BIC) [82] will be used. These metho-
dologies make an adjustment to the model log likelihood or deviance, taking into account

the number of parameters in the model, analogue to Akaike’s information criterion ([1], {2]).

In practice, deviance is defined as D(8) = ~-2log(f(y{@)), where f{y|@) is the pro-
bability density function of y, the observed random vector, given an unknown parameter
vector 8. In Bayesian context, samples from MCMC chains are available, so it is possible

to estimate the deviance associated to the model through

] 1
D(6) = ~25; ¥ _log(f(yl6n)).
=1

where M is the MCMC sample size. The effective number of parameters is still in discussion,

the approximation proposed by Spiegelhalter et al. [84] will be used through the difference,
pe = D(0) ~ D(B).

where 6 is the Bayesian point estimation of @. So, the penalized measures for model

assessment, DIC and a modified BIC [29] are defined as,
DIC = D(8) + 2p.

and
BIC = D(8) + p. log(m).

~ Small values for both measures allow to choose the best model fit.

Following the work developed by Laud and Ibrahim [61], and generalized by Gelfand and
Ghosh [40], a third model choice criterion is applied. This criterion is based on a predictive
check of the model and measures the discrepancy between the observed data and predicted

observations, taking into account quadratic loss measures. Following this idea, the model



with the best adjustment is that one with the smallest C?, defined as

T

2
C = prred + E((y'iabs - yiprzd)glyiaba? MO)’
i=1
where o*fm s = Vor(Ui, . o|Vise, Mo), ¥y, i the i-th random variable and ¥;,,,, is the i-th

future replication under the proposed model M.

1.4 Applications and exploratory analysis

Chile is located at the southern part of South America. Until 2006, the administrative
division was given by 13 regions, which were subdivided into 342 districts, including the
islands. Each district is called commune, and is the smallest geographical scale for which

data are available.

Using standard modeling techniques, such as the convolution model studied by Mollie
([68], [67]), it was possible to obtain results related to stomach cancer and trachea, bronchi
and lung cancer mortality in our country, which were published in Icaza et al. [51]. Spatio-
temporal analysis for IDDM is presented in Torres et al. [86], including a complementary
disease clustering analysis for pattern data [35]. Explorative analysis is developed in the

next subsections.

1.4.1 Insulin dependent diabetes mellitus incidence rates

This application focuses on studying the spatial distribution of IDDM, in the Metropolitan
Region of Santiago de Chile. This region is divided into 52 communes, where 34 are highly

urbanized {Gran Santiago) and 18 are considered rural areas.

IDDM data correspond to the registered cases aged up to 15 years old, during the 2000-

2006 period, in 52 communes of the region.

According to 2002 census, approximately 20% of the total population living in the region

are under 15 years old; this population is considered as disease susceptible population or at
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Figure 1.1: (a) Population at risk distribution; (b) Raw IDDM incidence rates

25% lower {Rural communes}) 25% higher {Urban communes)
Comuna Cases Incidence Rate | Comuna Cases Incidence Rate
San Jogé de Maipo 0 [ El Bosque 18 5.675
Maria Pinto 0 0 Santiago 19 8.678
San Pedro 1] 0 Vitacura 20 17.967
Alhue 0 0 Nufica 22 10.815
Til Tl 1 3.273 Providencia 23 20.110
Pirque 1 3.003 Lo Barnechea 24 16.252
Buin 3 0.829 La Reina 25 16.521
Curacavi 2 4,351 Pefalolén 26 6.307
El Monte 2 3.838 San Bernardo 26 5.346
Calera de Tango 3 8.011 Las Condes 43 12.761
Talagante 4 3.320 La Florida 45 7.353
Isla de Maipo 4 8.134 Maipi 65 7.231
Peflaflor 4 2.126 Puente Alta 74 7.331

Table 1.1; Lower and higher IDDM rates descriptive statistics in Metropolitan Region

risk. Figure 1.1 shows, a) the spatial distribution of population at risk and, b) raw IDDM

incidence rates associated with each area.

From figure 1.1 it is possible to appreciate that communes with highest incidence of

IDDM do not match with those with highest population at risk.

In figure 1.2 it is possible to appreciate the crude rates distribution according to rurality.

Something evident is that urban communes as La Reina, Providencia, Lo Barnechea and
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Figure 1.2: IDDM incidence rates boxplot

Vitacura present highest rates in comparison with the other urban areas. In addition, these
communes belong to the group with highest socioeconomic levels in Metropolitan Region.
This effect can also be appreciated in table 1.1, where 25% of the communes with the high-
est raw rates of the region, includes them. That is, even when most cases are related $o the
communes with higher population, such as La ¥Florida, Puente Alto and Maipii, the highest

incidence rates are associated to communes with high socioeconomic levels.

Figure 1.3 shows an usual behavior of rates, when they are related to population size.

That is, incidence rates related to low population have greater variability.

A study of the spatial distribution of IDDM in Gran Santiago area [86] was developed
* based on usual! Bayesian statistical methods, modeling the number of cases annually be-
tween the years 2000-2005. This study showed that communes with high incidence are

associated with high socioeconomic levels.

This problem is of interest because rural areas rates tend to be influenced by their urban

neighbors. The specification of a robust random effect model will help to achieve better
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Figure 1.3: IDDM rates vs population at risk

epidemioclogical results.

1.4.2 Female trachea, bronchi and lung cancer mortality.

Cardiovascular mortality stasistics from 1997 to 2004 published by Ministry of Health of
Chile and population from 2002 census are used by Icaza and Niifiez [50] to calculate sex
and age standardized mortality rates. GLMM ([18], [93]) were used, under the assumptions
of different slopes for the random effects and independence among communes. The results
were published as the Chilean cardiovascular mortality atlas. Some other works related
to this research problem are the master theses developed by Diaz [34] and Orellana {71].
" Recently, Icaza et al. {51] show the estimation of mortality relative risks using the spatial
convolution model discussed in the literature ([17], [68]) for stomach cancer and bronchi,

trachea and lung cancer in Chile.

In this thesis work, the application is aimed at estimating the risk in female population

deaths related to cancer associated with organs of the respiratory system, lung, trachea or



13

B

g ] j

75 1

50

Femalw Cancer SMA:

i
) ??!:-';-.t
L M- T TP T

G ee0ee  40o0g BUR00  Hogde  wOch teepldo DG 1Bedo

. f .
1 ]

Populationat Risk

Figure 1.4: Pemale trachea, bronchi and lung cancer standardized mortality ratic

bronchi. Even when the estimation procedure is applied to the complete country, only 43

communes results, which belong to the five regions of northern Chile, will be shown.

Figure 1.4 show the variability associated with the mortality risk of lung, trachea and
bronchi cancer in the north area of the country. It is evident the association between the
population size and the cancer SMR variability. This effect produce the erratic SMR results

which are displayed in the aside map.

SMR distribution considered by region is shown in figure 1.5. Evident differences can
be seen from the plots. Region of Antofagasta (II) shows an excess in the variability of
SMR in contrast to the other regions. Even more, in this region the median is around 2 an

present an extremely high risk in the commune of Mejillones (SMR=9.25).

Icaza et al. {51] presented the distribution of cancer mortality risks, based on the aged
standardized mortality ratios for the whole country, with no distinction of gender. The
problem arises when the phenomenon is stratified by sex, delivering too smooth estimates

and some communes with zero observed cases present high risks.
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Figure 1.5: Female lung, trachea and bronchi cancer standardized mortality ratio

It is expected that application of robust models to this problem will help to obtain
better estimates of relative risks, making them more approprigte for interpretations in

epidemiology.

1.5 Thesis goals and structure.
The specific goals of this work are:

o to propose Bayesian robust models for the spatial random effects ([68], [67]), defining
a more general family of symmetric Markov random fields based on the stochastic

representation of scale of mixture of normal distributions,

s to construct of Bayesian hierarchical models, which incindes likelihood functions de-
rived from the generalized linear model theory and robust Markov random fields for

the spatial random effects in different stages,

e to apply MCMC techniques and related algorithms in order to make inference possible,

in the context of the proposed model,
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s %o discuss and propose & methodology to evaluate Bayesian learning, as an alternative

to identifiability study,
¢ to implement of MCMC algorithms on simulated and real data.
This thesis is structured as follows.

Chapter 2 present extensions of usual Markov random fields, which are frequently
used for spatial modelling aspects. Several theoretical aspects and conditions are
established under the assumption of joint multivariate scale mixture of normal distri-

butions.

In chapter 3 a generalized Bayesian hierarchical model is proposed. Required inte-
grability conditions are presented under the standard assumptions and the extension
presented in chapter 2. Bayes procedure is implemented via MCMC integration tech-

niques, specifically through the Gibbs sampler algorithm.

Chapter 4 contains the analysis of two real data sets previously described. Results

considering standard and proposed models are obtained.

Exploratory Bayesian learning is measured based on two discrepancy measures (g-
divergence), L1 discrepancy distance and Kullback Leibler divergence. Methodology

and discussions are exposed in chapter 5.

Finally, comments and conclusions are discussed in chapter 6, as well as, future work

and remained opened directions.



Chapter 2

Scale mixture of normal
distributions and related Markov

random felds.

2.1 Introduction

Scale mixture of normal (SMN) distributions have been proposed as extensions of the nor-
mal model. They have been defined as a subclass of the elliptical distributions family by
Fang and Anderson [37]. This subfamily present similar properties to the normal distri-
bution, with the exception that their behavior let capture unusual patterns present in the
data. Kano [55] and Gupta and Varga [49] studied conditions in order to guarantee that
SMN distribution exists. Specifically, Kano [55] established that a mixture distribution is
well defined if a krown and positive random variable with a cumulative density function
P, called mixing term, exists. Gémez - Sdnchez - Manzano et al. [47] proved and gave

conditions in order to this subclass could belong as sequence terms of elliptical distributions.

Robust linear models has been studied since West {91], based on the stochastic represen-

tation of SMN distributions, proposed a Bayesian regression linear models to detect outliers.

16
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Lange et al. ([59], [60]) present theory and computational issues to obtain maximum likeli-

hood estimations through EM algorithm.

~ Several Bayesian works have used this stochastic representation to make inferences ({43],
[38], [39]). Student-t distribution has also been characterized through SMN distributions
(143], [38], [59]). In a Bayesian context, Fernandez and Steel [39] showed the Bayesian in-
ference validity and the existence of posterior moments, when usual non informative prior
distributions are available. Specifically, Geweke [43] and Fernandez and Steel [38] discuss
the advantage and pitfalls of modeling data when a Student-t linear regression model is

congidered.

From a MRF context, this class of mixtures can be found in papers developed from a
geological point of view, where prediction is the main focus, Student-t distributed MRF was
treated by Roislien and Omre [77], using a frequentist approach. Lyu and Simoncelli [64]
made the extension of GMRF theory to what they called Gaussian Scale Mixture Fields, in

image reconstruction modeling.

In this work, SMN theory is applied to extend the GMRF model ([9], [13]) when epi-
demiological data is available. Then, spatial random effect density is assumed following a

robust distribution, in the sense of heavier tailed behavior in comparison to normal case.

2.2  Scale mixtures of the normal distribution

According to Andrews and Mallows [3], West([91] [92]), Fang and Anderson [37] and Fer-
nandez and Steel [39], a SMN distribution is generated if the variable of interest, u, can be
_ represented as

we= g4z, (2.2.1)
where u is a location parameter, and z and % are independent random variables, with z

following an standard normal distribution and ¥ having a c¢.d.f Py such that Py(0) =0.

Therefore, this characterization of heavier tailed distributions compare to the normal
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model, can be defined in a multivariate way as follows:

~ Definition 2.2.1. Let 9;,..., %y, be a non observable sequence of independent and identi-
cally distributed (iid} sequence random variables, following a (known) probability distribu-

tion with cumulative density function P, on (0,00), that is, P;(0) = 0. A random vector

u=(ug,...,un) follows a multivariate SMN distribution, if its density can be specified as
2y ;([,!1/2 1 rr—1
T'T(u“.ﬂ, O"LL) - \/{.O,oo)fﬂ (27r0_a)m/2 exp 2_02-(]'1 - lu') lIJ (u - #) dP‘l’J (2'2'2)

where W = diag(¥1,...,%m), o = (p1,...,m) is 2 location vector, o2 is a dispersion
parameter, and Py represents the cumulative density function of a product probability

measure on RT.

Notice that if the scale random factors 91, ... ,1m are all different, then from the above
definition it follows that the components us, ..., um of the random vector u are indepen-
dent, with w; ~ SMN(u;,02). While if ; = @y = ... = ty, = %, then the u;’s will be

uncorrelated SMN{p;, 02) random variables, but not (necessary) independent. Moreover,
under this last assumption, a more general dependence structure between the u;’s can be

introduced by replacing the scalar dispersion parameter o2 by a m x m dispersion matrix X.

Definition 2.2.2. A random vector u = (u3,...,uy) follows a dependent multivariate
SMN distribution, with location parameter p and dispersion matrix X, if its density is

defined by

m/2
w(ulp, X) = /(0 ) (;fr)m/2|z|-1/2 exp{—%(u—p.)’i)"l(u—p,)} dPy. (2.2.3)

where 1 is a mixing random factor with cumulative density function P defined on R™.

Some properties, related to moments, marginal and conditional distributions based on
the elliptical family of distributions are derived by Fang and colleagues ([36], {37]). These
authors construct these class of distributions through the characterization of a less complex
symmetric family, called spherical, through E(e®*) = ¢(t't), which is called the charac-

teristic generator function. From this fact, marginal and conditional distributions can be
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obtained with their respective moments, previous application of a linear transformation.

Kano [55] gives conditions in order to comstruct SMN distributions with & preferable
consistency property, in the sense that, the marginal distribution belongs to the same fam-
ily as the joint distribution. He established thet elliptical distributions with the consistency
property must be a SMN distribution.

As the multivariate normal distribution, each multivariate elliptical distribution depends
on a location vector ¢ and a dispersion matrix ¥. A similar fact occurs with each conditional

slliptical distribution. In that follows, we consider the partition given by

Ui M o? i,—i

u_; B Y X
where —¢ represent the set of indexes that excludes the i-th component. Following Kano
[55], each conditional SMN distribution belongs to the same family of the original SMN dis-
tribution, and they are symmetric location-scale distributions. In particular, for each SMN
family of distributions, the location and scale parameters of the conditional distribution of

u; given u_; are the form of

-1
Hif—; = pi + Ei,—iz_il(u—i - Pi) (2.2.4)
Cl'fi_z- = 0'2-2 - 24;’_1;2:2- E_m‘.
This representation will be useful to determine SMN conditional distributions, which are

important for the posterior analysis in the MRE context.

2.3 Scale mixture of normal random fields

Besag {9) present a pioneer work in the context of the MRF theory, with applications to
regular lattice systems, when spatial heterogeneity is considered. This is a key reference to

state the statistical modeling in this area.

Recent results were obtained by Kaiser and Cressie [54] for the construction of MRF

when conditional distributions are available. Other results are exposed in Lee et al. [63],
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extending the idea of the construction of a MRF for distributions that belong to exponential

family, relaxing assumptions like pairwise dependence [9].

In this work, an extension of the usual multivariate GMRF will be developed, by as-
suming a multivariate SMN distribution. Pairwise dependence will be assumed, which is
natural when the MRF is represented by a Gaussian kernel. Pairwise dependence will be
consistent with a SMN kernel, due to the relationship between the Gaussian and SMN dis-

tributions.

As mentioned in chapter 1, a multivariate Gaussian distribution derived from a MRF,

is

m(uo?) « exp {—5—(11—211’Dwu} , (2.3.1)

U
where u € R™, o2 represents the scale parameter of the MRF and D, is a m x m proxi-

mity matrix, with diagonal elements w;; representing the number of neighbors of the 4-th
component, and off-diagonal elements w;; taking values —1 if the elements i and j share

boundary and 0 in other case, ie.,

Wiy 1=}
Wiy =4 =1 d#jin~g (2.3.2)
0  otherwise.
Tke notation i ~ § is used for communes i and j which are contiguous, and they are
neighbors if both communes share a common border. A basic discussion and treatment of

several proximity matrices can be found in Banerjee et al. [6].

The next definition will provide an extension of (2.3.1) to the SMN random fleld (SMN
RF).
Definition 2.3.1. A spatial random vector u = (uy,...,%n) follows a SMN RF, if the

kernel density is specified as

W(u|crﬁ)oc/ ™2 exp {—57—01-{—2— ! wu} dPy, (2.3.3)
0

u
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where 9 is a positive random variable with a known c.d.f. Py, o2 is a dispersion parameter

and Dy, denotes a proximity matrix. A SMN RF with scale parameter o2 will be denoted

as SMNRF (0,62D;1, v), where v is an additional parameter (or set of parameters) which

controls the tails behavior.

For the Gaussian case, it is known that specification of D, 2.3.2 makes (2.3.1) improper

[6], since the matrix D, is singular, so that D! does not exist, hence

/ w(uloﬁ)duoc/ exp {—-—l—gu’Dwu} du = oo.
Rm R™ 20, ’

w

The last equation implies that a density function is available, but not integrable. This
result is the IAR model property, and it is usually relegated to the prior distribution eli-
citation. If additional assumptions are not considered, the improper condition will imply
that if a multivariate SMN RF is assumed with kernel 2.3.1, then consistent property [55]

fails. Therefore, integration theory can not be applied.

Ag the same way of the joint distribution of the GMRF {reated in the spatial literature,
for every SMN RF, the joint distribution will be also improper. In fact, this distribution
will be proper only if the associated dispersion matrix is definite positive. Hence, some
additional restrictions should be imposed to obtain a proper joint distributions, as is dis-
cusged in. Banerjee et al. [6] and Assungio et al. [5]. The following proposition establishes

conditions to makes proper the SMN RF associated joint distribution.

Proposition 2.3.1. Suppose that a set of spatial indexed random variables, represented
by the vector u = (u1,...,Um) , is available. Consider the SMN RF in (2.3.1) as the
distribution of w. Additionally, let suppose that Py is a known positive cumulative density

function. If ST w; = 0 and E(¥'/2) < oo, then (2.8.3) is proper.

Proof. As was showed by Assuncao et al. [5, the Y ;o ; u; = 0 constraint makes the Gaussian
kernel 2.3.1 proper. The proof of this result involves the usual spectral decomposition of

Dy, that is, D,, = P'AP, where the matrices A and P represent the eigenvalues and the
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eigenvectors of Dy, respectively. Thus, if the transformation x = Pu is applied, is known

[5] that,

1, 1
/m exp {—50'_211 Dwu} du /R _, P {—202 x’Ax} dx < oo, (2.3.4)

Hence, under the > ", u; = 0 constraint, we have in (2.3.4) by applying the Fubini’s

theorem and the change variable y = 9!/2x that

/ r(uloZ)du = fo ¢m/2/ exp{-—%-gu’l)wu}dud}?w
™ ™ T

B ./0 ™/ /Rm_lexp {—%EX'A){} dxdPy

o jm B 2dy < oo.

0

O

It is of interest to find the full conditional distributions. They are necessary to make
posterior inferences when MCMC methods are applied. In this sense, we consider the next

result.

Corollary 2.3.2. Under the conditions of the Proposition 2.3.1, the full conditional distri-

butions arising from o SMN RF ore given by

u‘iiu—i!gﬁ ~ SMN(#iI—-i:O“i—i}V)si # 7 (235)
where,
o U o 2
i = _E_zﬂ_ﬂ_i and gfl_z, = ,..&_ (2.3.6)
Ej;é-i, ] : E#e Wij

It is possible to obtain the distribution of a SMN RF directly. Following Besag [9],
for each fixed Py, and applying the Brook’s lemma ,7{u,7) can be obtained by using the
conditional-marginal decomposition; that is, the distribution of a SMN RF can be obtained

as follows: Let u and v be two arbitrary realizations in Q = {u : P(u) > 0} = {v:
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P(v} > 0}. Then the distribution of the SMN-RF under consideration, which seems to be

reasonably well defined, can be obtained as

m(u, ) ﬁ T(ui|v1, Ve, .. Uie1, Uikl - - o Um, W)

= . 2.3.7
T(v,¥) o wvilun e, Uim1, Vi, Um, B) (2.3.7)

=1

2.4 Some specific scale mixture of normal random fields

Specific choices for By in (2.3.3} leads to different scale mixture probability distributions.
Student-t and slash MRI"’s will be treated in this work, which can be characterized using
earlier results. Both distributions can be obtained by using stochastic representations,

which depends on the selected mixing distribution Fy.

2.4.1 Hierarchical specification

The SMN RF can be represented hierarchically in term of stages: The SMN RF model is
developed by introducing, at the first stage of the hierarchy, a GMRF. At the second stage

a mixing distribution for the scale perturbation must be specified. Specifically:
1. The Student-t MREF":
i) ulol 1~ Normal (0,02¢ ™ Dyt) - (24.1)
1) 9~ Gamma(v/2,v/2). (2.4.2)
In this case, the Student-t MRF with v degrees of freedom follows, which will be
denote by u|oZ ~ £(0,6%D31,v).
2. The slash MRF:
i) ulo?, ¥ ~ Normal (0,623 1D3"), (2.4.3)
ii) 4 ~ Beta(v/2,1). (2.4.4)

In this case, the slash MRF, denoted by ulo2 ~ Slash(0,02D*,v), is obtained.

Here, Dy, is an adjacency matrix defined earlier in (2.3.1), o2 > 0 is a scale parameter
and v > 0 is a shape parameter. These hierarchical structures will be useful to

implement the MCMC method.
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Figure 2.1: Specific standard scale mixture of normal distributions (Gaussian, Student-t (5) and Slash(5))

It is important to mention that the distribution of both of the above random fields have
the finite condition exposed ir Proposition 2.3.1. Graphical comparisons between standard
normal, Student-t (with ¥ = 5 d.f.) and slash (with v = 5 d.f.) distributions can be visu-
alized in figure 2.1. Notice that even when the slash distribution present heavier tails than

the normal distribution, its behavior is lighter than the Student-t distribution.

Prior distribution for o2 is required in order to assume a valid Bayesian model. Usually,
a proper noun informative type of prior distribution is considered for this parameter. For

this work, a special inverse gamma distribution can be used, in other words, by considering
o2 ~ Gamma(a,b), (a, b>0), (2.4.5)

with a,6— 0.
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2.4.2 Full posterior distributions

For the Gibbs Sampling scheme, full posterior distributions are necessary. They will depend

" on the distribution assumed for the random field.

If (2.4.1)-(2.4.2) are assumed, which is equivalent to the Student-t MRF formulation,
and the prior in (2.4.5) is considered for o2, then the full conditional distributions presented
in Algorithm I are obtained for MCMC implementation. By the.other side, if (2.4.3)-{2.4.4)
are assumed, that is a Slash RF modeling, taking into account the prior (2.4.5) for o2, then
the full conditional distributions are shown in Algorithbm II.

Algorithm I. [The Student-¢ RF]
1. o729, u,v ~ Gamma (a + 2, %(u’Dwu) + b) .
2. Ylo2,u, v ~ Gamma (’l‘»gi, %E(u’Dwu} + %) :
Algorithm II [The slash RF]

L. o2, 0, ~ Gamma (a + 2, 2(wDyu) + b) .

2. bjoZ u,v ~ Gamma (T, sl (w/ Do) 1o (4.

Each algorithm must be iterated until convergence is reached. Notice that the Algorithm
11 present a truncated gamma distribution in [0, 1} interval. To draw from this distribution,

the Damien and Walker [31] algorithm can be performed.

2.5 Simulation study

This section presents a simulation study, which allows to assess the behavior and validity
of the different proposed models. It also allows to compare their behavior when the data

are drawn under controlled parameter values.

Rue and Held [79] present several algorithms to draw GMRF. In this study, a depen-

dent multivariate GMRY is drawn, constrained to sum zero, to be consistent with the theory
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Real Estimated Dispersion parameter: o
RF df RF g=1
Meann  Std. Dev. 55% HDP CI MC Error
Normal 1.178 0.554 (0.475,2.947) 0.028
10 Btd-4 1.182 0.556 (0.455,2.883} 0.029
. Slash 0.980 0.456 (0.397,2.446) 0.000
Std-t, Norral 1.109 0.373 (0.656,2.813) 0.016
50 Std-¢ 1.10% 0.373 (0.653,2.801) 0.015
Slash 1.066 0.358 (0.629,2.690} 0.006
Normal 1.083 0.251 (0.663,1.768) 0.013
100 Std-t 1.082 0.250 (0.675,1.756) 0.013
Slash 1.061 0.246 (0.653,1.735) 0.008
Norral 1.349 0.468 (0.8270,3.048) 0.117
10 Std-t 1.354 0.469 (0.8353,3.011) 0,120
Stash 1.127 0.395 (0.6883,2.615) 0.020
Slash Normal 1.070 0.193 {0.7092,1.517; 0.012
50 Std-¢ 1071 0.194 (0.7100,1.522} 0.012
Slash 1.028 0.186 {0.6858,1.456) 0.002
Normal 0.992 0.179 (0.6596,1.337) 0.000
100 Std-t G.991 0.179 (0.6518,1.327) 0.000
Slash 0.972 0.174 {0.6535,1.300) 0.002
o =125

Normal | 30.260 16123 (12.361,111.608)  0.844
10 Std-t 30217 16.111  (12.240,110.891)  0.832
Slash 25,256  13.472 (10.221,92.786) 0.002

Ste-t Normal | 26.032 4.551 (15.278,34.252) 0.116
50 Std-t 25,981 4.564 (15.212,34.174) 0.105
Slash 25.036 4,390 {14.622,32.912) 0.001
Normal | 25.872 7.083 (15.934,48.969) 0.054
100 Ste-t 25.875 7.040 (16.148,48.737) 0.055
Slash 25.351 6.907 (15.748,47.767) 0.009
Normal | 32.763 15668 (18.063,117.652)  2.068
10 Std-t 32790 13594 (18.212,114.883)  2.094
Slash 27.308 11370 (14.884,97.563) 0.234
Slash Normal | 26.023 4.555 (15.168,34.303) 0.115
50 Std-t 26.009 4523 (15.139,34.125) 0.112
Slash 25.008 4.367 (14.553,32.964) 0.000
Normal | 26.352 4.5% (18.560,37.004) 0.199
00 ] Std 26.332 4471 {18.915,36.420} 0.197
Slash 25.813 4.376 (18.442,35.819) 0.075
o2 = 100
T Normal | 118519 | 64.830  (56.323,416717)  2.619
10 Ste-t 118481  64.305  (55.887,406.197) 2.628
Slash 98.042 54123  (47.890,342.590)  0.011
Std-t Normal | 104108  20.670  (66.039,155.863)  0.408
50 Std-t 104.088  20.827  (66.434,157.633)  0.401

Slash 100051  19.756  (63.725,148.841)  0.000
Normal | 103.896  26.626  (59.750,168.815)  0.286
100 Std-t 103.850  26.782  (63.240,172.841)  0.278

Slash 101.874 26152  (61.082,169.528)  0.067
Normal | 122.153  35.826  (B0.874,274.819)  6.355
10 Std-t 121998 35611  (82.821,268.380) 8.305
Slash 101728 20.962  {67.263,228.890)  0.050
Stash Normal | 104191  20.813  (67.799,157.736)  0.421
50 Ste-t 104.078  20.62¢4  (67.017,155.590)  0.403

Slash 100168  19.979  (64.152,150.602)  0.001
Normal | 104.847  10.024  (68.017,142.582)  (.614
100 Std-t 104752 19.008  (67.113,141.834)  0.591
Slash 102717 18503  {66.083,139.261) _ 0.200

Table 2.1: Dispersion parameter estimation: Posterior mean, standard deviation, 95% HPD credibility intervals
for simulaticns and Monte Carlo error
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exposed in this chapter. Several samples were simulated, specifically 100 samples of size
m = 52 for each model were obtained. The spatial adjacency matrix is based on the Chilean
- Metropolitan region. Each sample coming from one of the studied models will be called
replication. Estimations for 4 and o2 were obtained in order to have a wide picture of the

different values that these parameters can take.

Here, o2 is the parameter of interest, because it express the variability of the random
field. In the next chapter, its estimate will be useful to obtain the percentage of variability

explained by the spatial component of the model.

Scenarios for MRF simulations includes:

e Student-t MRF with v = 10, 50, 100,

» Slash MRY with » = 10, 50, 100.

An important aspect is to verify the ability of the model to estimate o2. Thus, three
different values for this parameter are taking into account for all models, o2 = 1,25, 100.
The degrees of freedom parameter v is assumed to be known. This aspect will be discussed

in the later chapters, under an epidemiological context.

High posterior density (HDP) credibility interval lengths needs to be considered, that
is, narrower intervals will be and evidence of a better precision on estimation process, and
distributions associated to these intervals are potential candidates to be chosen. Posterior

mean and standard deviation will measure the point estimation for parameters of interest.

Table 2.1 shows inferences related to the unknown parameter o2. Specifically, it gives
the posterior mean, the standard deviation, the 95% HDP credibility interval and the Monte
* Carlo (MC) error obtained from the simulated samples. These results show that most of
the credibility intervals associated to the true model present better estimations, improving
its behavior when SMN RF tends to a GMRF. When the Slash distribution is the target
distribution, estimation for o2 present a better behavior for all 2, showing better model

fit in comparison with other proposed MRF.



28

Small degrees of freedom must be treated carefully, because it is possible to find similar
cases to Cauchy distribution, where first and second moments are not defined; the slash

- distribution present a similar behavior, when this fact occurs.



Chapter 3

Robust small area modeling

3.1 Imtroduction

Bayesian spatial models has become increasingly popular for epidemiologists and statisti-
cians over the last two decades. A ploneer work in this direction was developed by Clayton
and Kaldor [28] who proposed empirical Bayes approach with application to lip cancer data
in Scotland. MCMC methods yield to an explosive increment of the use of Bayesian ana-
lysis in different areas of application. In particular, in the context of spatial epidemiology,
several works can be mentioned; some of the most relevant are commented in the next
lines. In Ghosh et al. [44], conditions to demonstrate Bayesian GLM integrability are for-
malized. Integrability aspects are important since improper priors [8] are used to represent
lack of knowledge over unknown parameters. Best et al. [16], investigated several spatial
prior distributions, based on MRF theory, and present discussions related to methods for
model comparison and diagnostics. Pascutto et al. [72] examined some structural and func-
~ tional assumptions of these models and illustrate its sensitivity through the presentation
of results related to informal sensitivify analysis for prior distributions choices. They also
explored the effect that cause outlying areas, assuming & Student-¢ distribution for the non
structured effect. Gelfand et al. [57], developed nonparametric methodologies, based on

Dirichlet processes as prior distributions with its respective computational implementation.

29
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The works of Best et al. [17] and Waller [89] contain comprehensive reviews. Most com-

mon models used in the area can be found in the books of Banerjee et al. [6] and Lawson [62].

This chapter shows the development of robust spatial Bayesian models to detect unusual
rates or relative risks at a particular area. Robust models will be obtained using the SMN

RF, formalized in chapter 2.

3.2 Spatial generalized linear mixed models

Assuming that a region of interest is divided into m independent areas, then the probabilis-
tic representation of a GLMM [27] will be structured assuming (1.2.1), with general link
function represented by {1.2.4). Depending on the focus of the problem and the available
data, estimation of rates or relative risks, 8, is of interest. Ghosh et al. [44] established
conditions for a GLMM, including the case when the spatial effect is included in the model,
proving the existence of a proper posterior distribution under some restrictions, such as, eli-
citation of proper prior distributions for dispersion parameters and spatial effects restricted
to sum zero. Chen et al. [25] developed a more specific methodology based on Bayesian
GLMM, and characterized sufficient and necessary conditions in order to make Bayesian

inference possible, identifying precise conditions that guarantee the posterior distribution

property.

Lety = (y1,...,Ym), aset of m random variables indexed to a specific region. A general
formulation when a SMN distribution is assumed for spatial random effects, includes the

following elements:

1. A general model can be specified as in {1.2.1), that is,

m

F(y16, ) = [ [ exp{d; (wits — 9(8)) + p(590)},
i=1

where 8 = (81, ...,6y,)" is the vector of canonical parameters, ¢ = {¢1,..., dm) is 2
vector of known scale parameters and p is a known function that does not depend on

the unknown parameters.
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2. An associated link function represented by (1.2.4) can be considered, that is
h{8:)|xi, B, vi 2 Normal(x\3 +u;, 02),

where x; is a p x 1 vector of covariates assoclated to a p x 1 vector of fixed effects
B, and u;’s are spatially structured random effects. ¢? measures the non-structured

variability.

3. Let u follow a SMN RF, in the sense of (2.3.3), the spatial behavior is represented by,

ujoZ ~ SMN (0,02D;%,v), (3.2.1)

where o2 is the associated dispersion parameter, D,, is the adjacency matrix defined

in {2.3.2) and v are the degrees of freedom.

Equivalent to (3.2.1), an stochastic representation can be specified as follows,

a.  ul, o2 ~ Normal (0,4 02D,), (3.2.2)

b. % ~ Py, where Py is an cumulative density function such as Fy(0) =0,

where 1 is considered as & hidden parameter to reproduce SMN distributions.

In the literature, it is recurrent to find that the spatial random effect in (3.2.1), is influ-
enced by & predefined neighborhood represented by the adjacency mairix D, controlling
the local variability. Hence, the spatial random eflect mean and dispersior are smoothed
by the information given by its neighbors. The robust construction exposed here is attrac-
tive due to the existence of unusual zeros and/or the complex geographic structure of the

. country in which the application is of interest.

Instead of working with the usual assumption of normality for the random effect, (3.2.1)
allows the extension to robust models for the random effects, using the Student-t distribu-
tion treated by Geweke [43] and the slash distribution proposed by Lange and Sinscheimer

[60]. From a Bayesian point of view, constructions of (3.2.1) through the representation in
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(3.2.2) seems to be a natural step of the analysis, allowing for the immediate Gibbs imple-

mentation.

Properties and conditions for the existence of posterior moments when SMN densities
(2.2.2) are considered, were developed by Fernandez and Steel [39] in a general context,
through the different SMN representations, with econormetric and financial applications. In
the spatial framework, Laplace and double exponential distributions {11] has been proposed
as parametric robust alternatives. Datta and Lahiri [32] focused on Bayesian estimation
with a prior scale mixture distribution, for the error component in a normal linear model, to
smooth small area means when one or more outliers are present in the data. If the focus is
nonparametric small area analysis Knorr-Held and Rafer [56], Cangnon and Clayton ([21],

[22]) and Gelfand et al. [57], developed techniques and models to estimate relative risks.

As a final step of the modeling, prior distributions are required for the unknown pa-
rameters to complete the hierarchical model. Usual non informative prior distributions are

represented by

i. B o constant
4. ¢7% ~ Gammala/2,b/2) (3.2.3)
i, 0,2 ~ Gammal(c/2,d/2),

where B € RP and a,b,¢,d > 0. 02 and o2 represents dispersion parameters included in the

model. o2

2 is the local dispersion parameter related to a specific spatial structure. Other

useful measure in spatial models is the computation of the proportion or percentage of

spatial aggregation explained by the model, which is usually estimated by the ratio,

s
82+ ot
where s2 is the empirical variance, which can be obtained from the estimation of u
for each MCMC iteration. The interpretation is related to obtain the relative contribution

given by the spatial aggregation effect.

Urder the model (1.2.1), link function (1.2.4) and prior assumption (3.2.3), theorems 1
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and 2 of the work developed by Ghosh et al. [44], give the conditions to obtain a proper
posterior distribution for 8]y when P(iy = 1) = 1. Following both theorems, it is possible
* to find a generalization towards the SMN cagse. The next proposition gives conditions when

non-structured random effects are assumed.

Propaosition 3.2.1. Under the following assumptions:
7. The support of 6; € (8,,0;), for some —co < 8; < 8; < .
. m-—p+a>0
Wi, b>0,d>0,m+e>0
v, w's Normal{0,%;'62),i=1,...,m.
N lﬁ]ﬁ,i: 1,...,m, such that Py{0) =0.
If
8;
f exp{d (6 — 9(6))}H(6)dB < oo,

L)

Vi=1,...,m, then m(8|y) is proper.

Proof. The full joint posterior distribution present the following structure,

7(8,8,u,02,0%,9ly) o< i, exp{e;  (1:b; — 9(6:))}
x [0, exp{—(1/207%) (h(6;) — xiB — u;}*}7'(6:)

s TTy exp{ —(abs/ 202y it (0 %02) /2
x exp{—a/2a2}(g?)~/2+1) exp{—c/202}(aﬁ)_(d/2+1)P{b,

where P{b represent the density function of 1. Integrating with respect to 3, o? and 02, the

kerne! reduce to,

7(8,u,9]y) iy exp{d; (wifs — g(6:)) }h'(6:)
X H:r;l TP,I/Z (a 4 'Abiuf)lfz(m+b) P;'F;'
Notice that this last result is the product of m Student-t kerneis. This fact let to

integrate over u € R™, producing the following result,
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m(0,%ly) < CTIL; exp{e;™ (u:b; — 9(6:) ' (8:)
x [z, Py
where C is a constant that does not depend on @ or any of the parameters previously
integrated. Finally, integration over 1) leads to the desirable resuls. O
In a spatial framework the treatment is different. The random effects u must verify the

MRF properties, which implies to specify the same ¥;, Vi = 1,...,m. The next propositicn

extend the previous results, when the spatial random effect follow a SMN RF.

Proposition 3.2.2. Under the following assumptions:
i.  The support of 0; € (8,,8,), for some —oo <§; < 6; < 0.
. m-—-p+a-—-1>0
W 0>0,d>0,m+e>0
v, u;’s distributed as (2.3.3) and constrained to sum zero.
v, W =tva=...=1n =%~ Py, with B{%?) < .
If the condition of integrability in the proposition 3.2.1 is verified then m(B|y) is proper.

Proof. The full joint posterior distribution is specified as follows,

7(6,8, w03, 0% Ply) i1 exp{e; ! (bl — g(8:)) }'(6:)
x T, exp{~(1/20%)(h(6:) — xiB — u)*}
x exp{-(3/202)0 Dyu}
xp™/2{g2e2) ™2 exp{—a/202}
x (02)~®/2H1) exp{ /202 }(02)~(W/2 1) P,
where Pl':.; represent the density function of ¢. Integrating with respect to 3, o? and o2, the

following joint distribution is obtained,

7(8,u,%ly) ™ expl{e wif — g(6:)}h (8:)
x ™2 (g + P’ Dy )t/ A Bl
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Notice that under sum zero constraint condition, the last function in the above relation
correspond to a m ~ 1 Student-t kernel. Thus, integration on u is performed over R™1,

' giving the following result,

m(6,¢ly) < CITLexp{d; (vt — 9(8:))}1'(6:)
1/2
xpt 2Py,
with €, constant which not include any of the parameters previously mentioned. As

JRecta) #1/2dPy, < 00, then the result is obtained. O

3.3 Markov chain Monte Carlo schemes

When a hierarchical model is considered, the MCMC implementation requires the specifi-
cation of _full conditionals distributions. In this case, the implementation will depend on
the choice of the hidden parameters. Analysis is treated separately, depending on random

effects specification, given by Propositions 3.2.1 and 3.2.2.

The analytic problems that Bayesian models present has been widely discussed in the
literature. MCMC methods has become the best solution to make inference. Gibbs sam-
pling ([23], {42]) , Metropolis Hasiings [26] and adaptive rejection {45] algorithms are the
most discussed choices ([70], [69], [44], among others) in the context of GLM for small area

analysis.

In order to obtain general expressions for the computations] treatment of this model,

the following matrix representations will be used for the implementation purposes,
h{60) = (A(#1),..., h(6))

B= (ﬁl}ﬁ% ---:ﬁp)’

and X = [z5],i=1,...,m;k =1,...,p, defines an arbitrary design matrix.
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3.3.1 Non-structured random effects

Consider the model (1.2.1), link function (3.2.1), stochastic representations given by (2.4.1)-
' (2.4.2) or (2.4.3)-(2.4.4) when Dy, = I, and independent prior distributions for 3, ¢2, and
o2 given by 3.2.3. Full conditional distributions, under the above assumptions and Propo-

sition 2.3.1 when a non spatial structure is considered, is described by the algorithm IIL

Algorithm III. {Non spatial dependence]

1. B|X, 0%, u ~ Normal(8, c2(X'X)~1) where,
B=(X"X)"'X'(h(8) - u)

2. ui)0,X, 8,0%, a2,9; ~ Normal(p¥,v¥) where,

. -1
w,+i>

wy = (h(6;) — X;ﬁ)'uf and v} = (% =
3. 07218, 8,X,u,c,d ~ Gamma(a*,b*) where,

o = Lim+a] and b* = 1 [(h(8) — X'B— w/(h(6) ~ X'B—w)+]

1
2

4. 0;%u,c,d, 9 ~ Gamma(c*,d*) where,

. Mm+c 1 {—
¢ =— andd"‘=—2—(;wiu?+d>

5. Two different scenarios can be obtained for the hidden parameters ¢4, ¢ = 1,...,m,
depending on the dependence structure initially adopted. Therefore, the full condi-

tionals for this parameter can be expressed by one of the following specifications:

¢ Independent random effects:

Sa. if the mixing distribution is ¥; ~ Gamma(v/2,v/2),i=1,...,m, then

1 1
¥ilu, 02, v ~ Gamma (-2—(1/ + 1), %92 (uf + aﬁv)) ,

u
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5b. if the mixing distribution is ¢; ~ Beta(v/2,1),i = 1,...,m, then

1 1
i, o2, v~ Gamma  3{v +1), 707 () ) T ).
s Non correlated random effects:

5a. if the mixing distribution is ¥ ~ Gamma(v/2,v/2),i = 1,...,m, then

1
Ylu, 62, v ~ Gamma (E(V +m), %u’u + v) )

U

5b.” if the mixing distribution is ¢ ~ Beta(r/2,1),i =1,...,m, then

1 1
Y|u, 02, v ~ Gamma (-z-(u +m), E&-gufu) Loy ().

6. Tr(&:ly; ﬁ:X1 0-2) U.) & h"(e?r) exp{qbi_l(yiaé -+ 15(91) - %(h’(a’b) - Xiﬁ - ut)z)}

3.3.2 Spatially-structured random effects

The main interest is focussed in establishing a robust parametric spatial random effect.
Consider the model (1.2.1) with associated link function (3.2.1), stochastic representation
{3.2.2) and independent prior distributions given by (3.2.3). Based on these assumptions
and recalling the Proposition 3.2.2, the full conditional distributions for this case differs
from the last specifications on the distribufions of u, &2 and 1, which structure is replaced.

The next algorithm present the full conditional distributions for this particular model.

Algorithm IV. [Spatially correlated]
1. BiX, 02, u ~ Normal(B8, 02 (X’X)™?) where,

B =(XX)X'(h(6) - u)

2. 4]0, X, 3,02, 0%, %, u.; ~ Normal{p¥, v}*) where,

' -1
p:" = (M + S%'M‘i[—i) ’UI,,-‘L and rvz"‘ = (;g.b._.. + _.]..'._.) ,

o2 o2

i~

where, p;)_; and 0'2.2!41. are the location and dispersion parameter given in (2.3.6).
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3. 07%6,8,X,u,¢,d ~ Gamma(a®, b") where,

& = % m+a] and 8" = 2 [(1(6) ~ X8 w) (h(6) - X'B — w) + 1]

4. o, 9, ¢, d ~ Gamma(c*, d*) where,

c*=m;candd*=

(¥(u'Dyu) +d) .

b | -

3. In this case, mixing distribution is common ¥4 = 1,...,m, according to Proposition
3.2.2, thus,

ba.” if 1 ~ Gamma(v/2,v/2), then
1
Yu, o2, v ~ Gamma (—2-(1/ +m), 2Tiz-(u'ji)wu) + 1/)
U

5b. if ¢ ~ Beta(v/2,1), then

1 1
pju, o2, v ~ Gamma (E(v +my), —Q—E_E-(u’Dwu)) 1Y)

6. (Bily, 8, X, 0%, u) o< A (6;) exp{p; * (w:bs + 9(6:) — %(h(ﬁ,r) - xt8 —u)?)}.

MCMC scheme maintains its routines as in the subsection 3.3.1. Nandram et al. [70] dis-
cussed computaticnal details such as the construction of proposal densities for the Metropo-
lis Hastings sampler, when full posterior distributions for the Gibbs sampler do not exhibit
closed forms. Software as WINBUGS [85], through its Geobugs library, has facilitated the
computational treatment of a great variety of hierarchical models, including the GLMM

spatial models.

3.4 Simulation Study

Simulation study present similar characteristics as in chapter 2. Several additional stages
will be considered to complete the spatial model. The steps of this study are reviewed in

the next points.

1. Dispersion parameters o2 and o2 will be assumed known. Without lost of generality,

the equal geographical influence assumption will be considered, when 0% = o2 = 1.
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Real Fitted Proportion of spatial variability
MRF MRF

Mean Std, Dev. 95% HPD CI MC Error
Slash(5) 0.656 0.0328 (0.608,0.746) 0.160

Stash(10) Slash{10) 0.622  0.0284  (0.541,0.671) 0.126
Slash(50) 0476 00232 (0.421,0.520) 0.034
Normal 0.474 00214 (0.406,0.509) 0.034

Stodent-t(5) | 0.659  0.0357  (0.574,0.703) . 0.243
Student-t(10) | Student-t(10) | 0.623  0.0310  {0.553,0.678) 0.280
Student-t(50) | 0.490  0.0245  (0.454,0.562) 0.026

Normal 0.475  0.0193  (0.444,0.531) 0.032

Table 3.1: Proportion of spatial variability estimations: Posterior mean, standard deviation, 95% HPD credibility
intervals and Monte Carlo error

2. A zero mean Gaussian distribution is considered for the non structured random effect

v.

3. Three different SMN-RF will be assumed for the spatial random effect u, normal,
Student-t and slash. For the last two densities, the related degree of freedom is
v = 10. Adjacency matrix associated to the Chilean Metropolitan region is used to

perform the simulations.

4. Finally, given 8 = 0, u and v, simulated data will be generated assuming a Poisson

distribution.

The proportion of spatial variability inference is of interest in spatial models. Most fitted
models gave similar results for each simulated scenario. Therefore, just simulated results
related to the slash and Student-t, both with ten degrees of freedom, fit are presented in
table 3.1. From the table, while the degrees of freedom increase, it is possible to appreciate
a monotonic decreasing behavior in the posterior mean of the proportion of spatial variabi-
lity. Similar trends could be observed when a Student-t MRF or a slash MRF is assumed.
This downward trend suggests that a SMN RF should be appropriate in order to give more

importance to the spatial aggregation effect, instead of obtaining smoothed estimations.

The proposed models are illustrated by using two real data sets, in the context of

epidemiological applications.



Chapter 4

Applications

The aim of this work is to apply robust spatial Bayesian model developed in Chapter 3
to detect unusual high relative risks or disease rates in Chilean communes. Using data
associated to IDDM incidence rates in Metropolitan region and female lung, trachea and
bronchi cancer SMR in the country’s northern zone, an exploratory analysis was performed

in Chapter 1.

Studies related to incidence rates for diseases like childhood diabetes and cancer have
not been studied extensively in the spatial context in Chilean population. Results of robust

spatial Bayesian modeling related to both disease are presented in the next sections,

4.1 Insulin dependent diabetes mellitus incidence, Metropoli-
tan Region, Chile

Spatial behavior of IDDM has been studied through Bayesian perspective in diverse popula-
tions, such as the Sardinia Island, Ttaly ([7], [24], [83]), Sweden [81], Norway [52] or Finland
[80]. In these countries, IDDM is of a particular importance, due to their incidence rates

are higher than in the rest of the world and the trend has been increasing.
Torres et al. [86] show an aggregation of incident rates in space coordinates for urban

40



Gaussian MRF | Student-t MRF | Slash MRF |

-9.721 (0.004)
(-9.844,-9.634)

-9.760 (0.006)
(-9.876,-9.631)

-9.752 (0.002)
(-9.841,-9.656)

0.346 (0.013)
(0.162,0.574)

0.261 (0.016)
(0.089,0.537)

6.275 (0.014)
(0.090,0.507)

0-230 (0.016)
(0.102,0.547)

0.071 (0.001)
(0.035,0.117)

0.067 (0.001)
(0.032,0.112)

% Spatial
Variability

0.441 (0.011)
(0.242,0.649)

0.537 (0.0114)
(0.332,0.749)

0.546 (0.012)
(0.338,0.749)

2

10.475 (16.482)
(3.958,18.277)

7.346 (6.226)
(3.038,12.389)
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Table 4.1: Posterior mean, standard deviation and 95% HPD credibility intervals for unknown parameters when a
Gaussian MRF, Student-t MRF and Slash MRF are assumed.

DIC BIC Predictive (G&QG)
Model Dbar | pD
Gaussian 846.778 1151.067 13240.408
534.886 | 311.892
Student-t 852.687 1160.315 13335.069
537.371 | 315.315
Slash 836.498 1136.405 13301.901
529.097 | 307.401

Table 4.2: IDDM meodel selection criteria, DIC, BIC and predictive check.

areas of Metropolitan region, using Bayesian methodology proposed by Molliz ([67], [68]).

Robust Bayesian models proposed in chapter 3 were applied to this problem. Posterior
estimations are obtained from a single run of the Gibbs sampler, with a burn-in of 1,000 ite-
rations followed by 10,000 further cycles. Convergence have been checked through trace and
autocorrelation plots. Inference over unknown parameters are displayed in table 4.1, when
GMRF, Student-t MRF and Slash MRF are assumed to control spatial variability. It is

possible to appreciate that similar values are estimated for S and o2, under the three MRF
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Figure 4.1: IDDM incidence rate (IR) variability: Raw estimates, Mollig’s convolution model (Gaussian MRF),
Student-t convolution model (Student-t MRF) and Slash convolution model (Slash MRF).

models. In contrast, o2 present different values, depending on the distribution assumed for
the MRF. The robust model (Slash MRF) increase the degree of spatial aggregation from
44.1 % to 54.6 %, that is, the excess of spatial variability presented in this data seems mostly
due to clustering effect. As it is mentioned in Banerjee et al. (6], p. 166), differences could
exist in this quantity, when other prior distributions are considered. By the other hand,
even when degrees of freedom were not included as an additional stage on modeling step,
inference over this parameter is considered. Notice that estimated degrees of freedom are
small, which implies that the excess of variability is better captured by one of the SMN RF

model.

In figure 4.1 it is possible to appreciate that fully Bayesian estimates of IDDM incidence
rates show less variation than raw incidence rate. The three Bayesian variation plots seems
to have a similar behavior, due to the presence of several communes with high incidence

rates, which are considered as outliers. The main difference, in comparison to the raw IDDM
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Lucidroce Rate

Figure 4.92: IDDM incidence rate: a) Raw incidence rate. b} Mollié’s convolution model (Gaussian MRTF). c)
Student-t convolution model (Student-t MRF). dj Slash convolution model (Slash MRF).

incidence rate, is that commune Las Condes is added in that extreme group by the three
models. The Normal MRF assumption lead fo estimate smoother rates, however, Student-t
and Slash MR¥’s present slight differences of variability. That difference let to control the
excess of smoothness, i.e., robust shrinkage gives a more adequate estimate of the pattern

of underlying risk of disease than that provided by the Mollit's convolution estimates.

Model selection criteria results are presented in table 4.2. According to goodness of fit
criteria mentioned in chapter 1, small values implies better adjustment. Therefore, spatial
model that includes Slash random effects with 7 d.f. is a strong candidate to model geo-

graphical dependence.

High incidence estimates remains on communes with high socioeconomic level, such as
Vitacura and Providencia, for the four maps. Even more, on those communes this excess
is estimated assuming any of the proposed Bayesian models. Spatial distribution of IDDM
incidence rates Bayesian estimates can be observed in figure 4.2. Slight differences can be

observed between results when Slash MRF (d) and Student-t MRF (c) models are assumed.
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L | Gaussian MRF | Student-t MRF | Slash MRF |
Bo -0.348 (0.001) | -0.372 (0.001) | -0.391 {0.001)
(-0.409,-0.300) | (-0.441,-0.313) | (-0.425,-0.331)
o 0.092 (0.0003) | 0.087 (0.0004) [ 0.085 (0.0003)
(0.060,0.129) | (0.054,0.128) (0.055,0.128)
o2 0.197 (0.001) 0.203 (0.001) 0.203 (0.001)

(0.153,0.238) | (0.150,0.253) | (0.153,0.244)
% Spatial | 0.770 (0.001) | 0.788 (0.001) | 0.788 (0.002)
Variability | (0.708,0.841) | (0.740,0.848) | (0.715,0.863)

> N 26.406 (116.944) | 32.049 (87.516)
- (15.742,53.499) | (15.585,50.462)

Table 4.3: Posterior mean, standard deviation and 95% HPD credibility intervals for unknown parémetets when a
Gaussian MRF, Student-t MRF and Slash MRF are assumed,

4.2 Female trachea, bronchi and lung cancer mortality, Chilean

northern regions

Several applications applied Bayesiar methods to estimate relative risks in small-areas io
cancer mortality data can be found in the literature, for example, Ghosh et al. [44], Giuducci
et al. [46], Pacutto et al. [72], and Molli& ([68], [67]).

In this work, the application is related to the estimation of female lung, bronchi and
trachea cancer mortality relative risks in the northern of Chile. The problem arises when
Mollig’s mode! estimates for women cancer mortality risks were too smooth and high on
communes where zero cases were observed. Posterior summaries were based on a single
sample of the Gibbs sampler, with 10,000 iterations after discarding 1,000-iteration (burn-
in). Convergence have been checked via an informal assessment of trace and autocorrelation

plots.

SMR and model estimations variability are shown in figure 4.3. Estimation variability

is reduced when any of the Bayesian models is considered.



DIC BIC Predictive (G&G)
Model Dbar | pD

Gaussian 4821.381 8187.896 381675.00
3064.272 | 1757.108

Student-t 4805.212 8152.110 381671.59
3058.344 | 1746.869

Slash 4792.151 8125.845 381950.00
i 3052.174 | 1739.977

Table 4.4: Cancer mortality model selection criteria, DIC, BIC and predictive check.
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Figure 4.3: SMR Rate variability: Raw rate, Mollié’s convolution model (Qaussian MRF), Student-t convolution
model (Student-t MRF) and Slash convolution model {Slash MRF).
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Figure 4.4: Pemale lung, trachea and bronchi cancer SMR: a) Standardized mortality ratio (SMR). b) Mollié's
convelution model. ¢) Student-t convolution model (Studens-t MRF). d) Slash convolution model (Slask MRF).

Figure 4.4 displays the cancer mortality relative risk estimation using three different mo-
dels, with Molli¢’s convolution model (b), Student-t MRF (c) and Slash MRF (d) as spatial
random effects. Models were tested and the best fit was selected among the three different
proposed spatial structures. Table 4.4 selected the Slash spatial random effect with appro-
ximately 32 degrees of freedom. The degrees of freedom were estimated assuming a proper
non informative prior; see table 4.3 to check the estimates. One important result is referred
to the 79% estimated proportion of spatial variability. Notice that this proportion is almost
the same for the three proposed models. This could be related to the estimated degrees of

freedom.

Although the selected Slash MRF model presented better rates adjustment, notice that
the predictive criteria points out to select the model with Student-t MRF spatial random
~ effect. Therefore, from figure 4.4(d) it is possible to appreciate that the first and darkest
area in the extreme north, the most populated commune (Arica) in that region, presents the
highest rates in comparison with its closer neighbors. It was not possible to reduce the effect
produced by the larger areas in the next darkest zones; these ones corresponds to Tarapacd
and Antofagasta regions, which are placed in the Atacama Desert. The over-smoothing

effect lead to flat true variations in risk, even by the selected model.



Chapter 5

Identifiability 1ssues

5.1 About identifiability and Bayesian learning

Let consider the model (1.2.1), general link function (1.2.4) and prior distributions (2.3.3)
and (3.2.3). Taking into account that in the spatial hierarchical model considered in this
work, only the sum of two sets of random effects (u - v) are identified by the data, a

Bayesian identification study of one of the parameters is proposed.

Identifiability has been an importé,nt issue to consider when frequentisi modeling has
been applied. This concept measures the ability of data to estimate parameters of interest.
Bunke and Bunke’s [20] definition essentially says that two distinct values of an identifiable
parametric function should always lead to different likelihoods of the observation. Rothen-
berg [78] give general conditions when identification is the point of interest, which are based
on Fisher’s information matrix. An important result for exponential family of distributions
is given in this paper, related to the existence of a non singular information matrix for the

iikelihood in discussion.

Kadane [53] treats identification and defines frecuentist point of view as follows.

Definition 5.1.1. A parameter space @ is identified if and only if, given two parameters

8, ¢ € ®, such that,

47
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PQ(A) = Py (A), Ae B(R),
then, § = 6'. The converse is also true.

A definition for identification of functions, as a generalization of the notion of identifica-
tion in definition 5.1.1 is presented. This last extension is useful to characterize identification
in sufficient statistics theory. On the other hand, Bayesian results are based on expressions
that represent optimal statistical decision when the experiment is observed in two stages,
pre and post experiment. Necessary conditions must be satisfied in order to reach Bayesian
identifiabilify, such as, the existence of prior distributions over the parameter space to gua-

rantee positiveness on the difference between prior and posterior expected utility functions.

Bayesian identifiability is also discussed and defined by Dawid [33], who defined it as the
ability of posterior distribution to be updated by the available data, as a result of conditional
independence. He recalls sufiiciency definition, arguing that a sufficient parameter, which
is directly related to sufficient statistics, is an identified parameter in the sense that no ad-
ditional information is necessary, when a sample is observed. Formally, let ¥ = (1, ..., %n)
be observed data and € = (81, 82) a vector of parameters, assuming the existence of a prior

distribution for 8, 82 will be non-identified by observed data y if

7(8:101,y) = 7(02]01).

Under this intuitive definition, several parameters written in hierarchy can not be iden-
tified in the model. Even more, conditions based on conditional and prior independence
over a parameter space, characterize Bayesian non-identifiability for some specific models.
Non-identifiable parameters are frequently treated as auxiliary parameters in construction
of stochastic representations. The latter is just one way to represent uncertainty over pa-

rameters of interest instead of making fixed assumptions over them.

Last decade, Poirier [75] and Gelfand and Sahu [41}, provided general definitions, results
and conditions to preserve identifiability in certain class of models. In some cases, reparam-

eterizations can alleviate this kind of problems. They agree with the fact that identifiability
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is not an important issue to consider in Bayesian theory, because unbiased estimation is not
of main interest; even more, Poirier [75] argues that a Bayesian analysis is always possible
- when prior distributions present proper or integrability properties. By the other hand and
under the same Poirier’s ideas, Gelfand and Sahu [41] discussed and establish conditions
when generalized linear models are considered to make inferences, due to the evident iden-

tiffability problems that this class present.

Ghosh et al. [44] treated an identifiable version of the convolution spatial model [68],
presenting conditions and results of integrability when non informative prior distributions
are assumed. Now, instead of determining the existence of identifiability, measure the
Bayesian learning in the sense of Xie and Carlin [94] is of interest. They exposed two ways
of measuring it, instead of justify lack of identifiability. In this context, Kullback Leibler
(KL) divergence and precision measurements are proposed in order to determine the cost
of introducing data information after a prior belief is specified. One result iz the spatial
scenario is presented, in the form of the convolution model, assuming normality over the

areas.

Two measurements are treated in this chapter, comparing the amount of information

lost if a prior distribution for some specific set of parameters (non-identifiable) is considered, .

exploring results when generalized linear models are assumed and presenting specific results

for a spatial discrete model.

5.1.1 Information measures

Initially, two procedures based on Vidal et al. {87] and Xie and Carlin’s [94] are considered.
Two different alternatives to measure Bayesian learning are specified under assumptions of

non normality; therefore, some necessary elements will be exposed in the next lines.

Definition 5.1.2. Bayesian non information are related to the following fact interpreta-

tions.

o 7(82|61,y) = m(82|81) when y is conditionally uninformative for 82, given 8, and,
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o 7(02]y) = m(02) when y is marginally uninformative for 8y,

Let re-define the following expressions as,

Prior distribution o = 7(62),
Posterior distribution p1 = w(02]y), (5.1.1)
Full Posterior distribution pg = 7(83}61).

Two usual information measures to make the analysis are Ly distance {[73], [90]) and
KL divergence [58]. These quantities will allow the quantification of gained knowledge,
when data y was observed. So, Bayesian learning process will depend on the results when
full conditional, posterior and prior distributions for the “non-identifiable parameter” are
compared. Both discrepancy measures will depend on the structure of distributions earlier

mentioned.

In this work the study will be applied to the spatial model discussed in chapter three.
Given data y, associated likelihood function and prior distributions are represented by
L(61,85;y) and (60, 8) respectively. Under the latter specification, it is possible to ob-

tain complete posterior for 82, 7(8s]61,y), and its posterior distribution 7(&z|y).

Two variations in the model (1.2.1), link function (3.2.1), prior distributions (3.2.3) and
SMN RF (3.2.2) must be taken into account,

1. Link funetion (3.2.1} re-parametrization, has the form,

. 2
n =+ v, where njv,¥,02 & (v, U—“Dful) (5.1.2)
v|o?, B ind N(x'8,0%1).

Therefore, in this work v is the set of non identifiable parameters.

2

9. Without loss of generality, fived dispersion parameters o2, o2 and structural parameter

vector 3 = 0 are assurmned.
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3. A positive Fy c.d.f. is assumed for 9.

After some algebraic manipulations and tinder re-parameterized spatial model recently

described it is possible to obtain the following proposition.

Proposition 5.1.1. If model (1.2.1), hierarchical parametrization (5.1.2) and independent
prior distributions given by (3.2.3) are assumed, then po = m(v), p1 = w(v|y) and py =

w(v|n) have the following forms,

p = N(0,s%) (5.1.3)
no= / exp{(¢ ® y)'n — ¢'g(n) }n'( )me (v fﬁD-l) dP,d

e n=Fgmin) | Ny (v, 0, wdn

X Nyp(0,01), (5.1.4)
P2 = /DmN(uw,Eu)de,xSMN(NU,EU,V), (5.1.5)

with

=7 |%D,|= = [2p,+ 41"
Hy =11 7w |~y and X, = 2 w+?£1 s
where, ¢ = (¢7%,...,8;1) are known dispersion parameters, g(n) = (g(m),...,9(1m)) is a
set of functions for the linear link and the operator a ® b indicates the elementwise product
between m x 1 vectors a and b.

These distributions will be useful to obtain the required learning measurements. Math-
. ematical expressions (5.1.4) and (5.1.5) can be approximated using Monte Carlo integration
techniques.
Remark 5.1.1. Under definition 5.1.2, it is possible to show that random vector y is

conditionally uninformative for v given n; however, according to expression (5.1.4), v is

marginally informative for v.



52

Bipteinl{y— 15— o))
B bemelty— 19 Toall 3 exptomi el

b1 ks ”

Figure 5.1: Expectation (5.1.4) vs g for (a) Poisson model and {b) Bernoulli model.

Remark 5.1.2. One more condition must satisfy {5.1.4) related to the existence of E{(¢ ®
y)'n — &'9(m)}h' (n)). In the context of exponential family, there is no limitation with this
fact.

Two special cases are of special interest. The following examples show some reduced

forms for (5.1.4).

Example 5.1 Consider a random vector y following a Poisson distribution with E(y;} =
exp(n;). Then, it is known from exponential family theory that g(;) = exp(m;} and ¢; =1,

i=1,...,m, then (5.1.4} can be re written as,

7(v|y) & Eqp(exp{(y — 1)1 — exp(m)}|v) x N(0,0°T)
where,

2
o~ SMN (v, %D;ﬁ)
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Example 5.2 Consider a random vector ¥ following a Bernoulli distribution with

E(y:) = 1—?_?3(%1{‘3—1_). In this case, g(n;) = log(l + exp(m;)) and ¢ = 1, Vi = 1,...,n; un-

- der this conditions, (5.1.4} can be expressed by,

7(v|y) o< Eqp (exp{(y ~ 1)'n + log(1 + exp(—n))Hv) x Nu(0,6°T)

with n* distributed as in examfale 4.1.

Figure 5.1 shows the expectation behavior for probability functions (5.1.4), in the Pois-
son (example 5.1) and Bernoulli (example 5.2) case, when 7 (77|v) is equivalent to a standard
normal distribution. The importance of these plots is related to their positive behavior, as
part of a distribution function. Even more, these expressions could include the normaliza-

tion constant.

On the other hand, notice that this class of models keep the initial SMN distributions

properties. A particular case is exposed in the next corollary.

Corollary 5.1.2. IfP(¢) = 1) = 1, then probabilistic expressions for p1 in (5.1.4) and py

‘in (5.1.5) are reduced to,

nh = j}; ﬂexp{(¢® '.'J)"'? - stg(?‘))}hl(ﬂ)Nn ('U, UED,;I) dfn x N’U(O, 0.21)?

by = N()uhu:z'u);
with
' -1
Ju"u = "’?' [;IEDW:F Ev ﬂ‘nd E'l) = lj'a_%Dw + -g%fI] H

where, [, and Ly remains as the previous location and dispersion parameters in Propo-

sttion 5.1.1.
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5.1.2 L, distance measure

Vidal et al. [87} analyze what they called local sensitivity, when a specific parameter for
 skewness is considered or not. They compare this discrepancy through L; distance ([73],
[90]) between two proposed models, and measures the maximaum discrepancy between them.
‘This g-divergence measure is considered in Arellano-Valle et al. [4] in order to quantify
data influence in posterior distributions, when elliptical regression models are considered.

L, distance between two models f and g can be defined by,

Li(f.0) = 5 [ 1£(0) = s(@)lde = sup [P(AL) — B(4l)l,

where B rgpresénts Borel’s sets and P(A|f) denotes the probability measure defined by the
density f. Therefore, distance Ly let measure the maximum discrepancy between specific
models f and g. More detailed interpretations can be found in Vidal et al. [87] and refer-

ences therein.

Taking this idea, learning differences can be obtained using differences between distri-
butions in proposition 5.1.1, in order o measure sensitive elements to decide how much can

be learnt about the set of unidentifiable parameters, once y has been observed.

Proposition 5.1.3. For any fired 0% and o2, L, distances between distributions (5.1.3),

(5.1.4) and (5.1.5} specified in Proposition 5.1.1 are,

Li(p2,po) = C (Sign(m') [% —f W(”ih’)ﬁ””i} ji= 1,---=m) (5.1.6)
[—o0.0]™
Li(p2,p1) = %/[_ - Np(0,0%)|7(n|v) — KEplexp{(¢ @ v)'n — ¢'a(n) }1' (n)|v]|dv, (5.1.7)

where, n|v ~ w{(n|v) = SMN(v,02Dz!,v), K = f(y)™! and C is an appropriate function

that captures the joint behavior from each marginal element of L (p2, po).

Proof. Proof of proposition 5.1.1 is oriented to show the reduced expression obtained for

(5.1.6). The symmetric behavior of normal and scale of normal distributions is relevant
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Figure B.2: Regions for L; distances under symmetry.

in the demonstration process. Prior distribution for v is assumed to be zero centered.
Multivariate case considers a construction from the univariate cases. Demonstration is

reflected for the univariate case.

. 0 )
[ g = w0l = [ trutn) ~ sl + [ rtul) - ool

Assume that n; < 0.

If v; < 0 then, m(v;jn; < 0)—n(v;) > 0. Conversely, if v; > 0 then, m(vin; < 0)—m(w) <
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0 o0
= / (v < 0) — m(vs)|duy +]0 | {vi|m < 0) — w(vi)|dwy

-0

0 1 oo 1
= f (v < 0)dy; — 3 —/ 7 (vl < 0)dv; + 5
—ca 0

0 0
= f m{wgn; < 0)dv — 1 +/ 7(wi|n < 0)dv

~00 —130

0
= Qf 7(vi|ms < 0)dv — 1.

—0oG

Stmilarly, if 7 > 0,

0 G
= —/ ’ﬂ'(wlm > 0)dv; +1 - f (vi|n > 0)dws

—00 —0o0

0
= 1- 2/ w(viln; > 0)dus,
pl e ]

then L1 (pg, p2) depend on the collection generated by the signs of 1. Figure 5.2 shows indi-
vidual regions for I.; distances when n; < 0 and 7; > 0. Approximations using Monte Carlo
methods can be used. Other alternatives are related to obtain this quantity using functions

C, that approximate the joint behavior and keep the dependence between its components.

With respect to (5.1.7), its computation is relegated to use estimations obtained from

MCMC sampling methods. t

A reduced mathematical expression for L) distance between full posterior distribution
(5.1.5) and prior distribution (5.1.3) is obtained, due to the symmetry properties that SMN
and Normal distributions present. The latter present a simple structure, which just depends

on the full posterior distribution n(v{n).

Computation for expression (5.1.7) relies on simulation methods because involved pro-

bability distribution (5.1.4) depends on complex functions of unknown parameters (1,)
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and cannot be computed exactly.

Both expressions (5.1.6) and (5.1.7), represent learning discrepancies. Expression (5.1.6)
can be interpreted as the prior (potential) learning difference and expression (5.1.7) is related
to the posterior (remaining) learning difference, once y was observed. These interpretations

are appropriate, if Xie and Carlin’s work is followed.

5.1.3 Kullback Leibler divergence

A second alternative to measure discrepancy between two models is proposed in this section,
following divergence measures considered by Arellano-Valle et al. [4], who applied them for
sensitivity detection purposes in elliptical Bayesian regression models; they proposed this
class of measures as part of g-divergences measures family to quantify the effect produced

by a subset of data, in order to examine its influence in posterior distributions.

Xie and Carlin [94] compare Bayesian learning among prior and posterior distributions,
when non-normality is addressed. They suggested that KI. divergence is adequate to quan-
tify the learning process. Computations and applications are oriented to illustrate this
methodology when methods for density estimation and spatial models including multiple

random effects are considered.

In this work, non symmetrized KL divergence between two probability models f and g

will be defined by

KL(f,9) = [ ~ f(@)log g—%dm

Following Xie and Carlin [94], let define the following expressions.

o Potential Learning Divergence

KL(py,p2) = f_ 7 (v|n)log W—W%;)—)dx- (5.1.8)

¢ Remajning Learning Divergence
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KL{(p1,p) = f 7{v|n) log m(v|n) dz. (5.1.9)

[~00,00] m(v|y)
These expressions do not present analytical closed forms, therefore, MCMC approaches

can be adopted to obtain estimations for 5.1.8 and 5.1.9. Explicit expressions are omitted,

due to closed forms are unavailable and difficult to evaluate.

5.2 Markov chain Monte Carlo approach

Monte Carlo algorithms proposed by Xie and Carlin [94], can be adapted to estimate expres-
sions difficult to evaluate, such as 5.1.7, 5.1.8 and 5.1.9. Following this work, it is possible
to obtain empirical Bayes estimations for a given model, even within a simulation study.

Under this idea, MCMC scheme can be reviewed into the following steps.

i, Obtain marginal samples from v and 7 given y posterior distributions, running an
appropriate MCMC sampler. In particular, for this work, a hybrid Gibbs-Metropolis
algorithm can be applied.

ii. Once m samples are available, run the MCMC algorithm replacing y with 1 to obtain

samples from the posterior distribution =(v|n).

ifi. Estimate 5.1.7, 5.1.8 and 5.1.9, using available samples and Monte Carlo integration

techniques.

In this thesis work, the computational stage is proposed to be further developed.
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Concluding remarks and discussion

Specific results were obtained through this work, which are relevant for Bayesian small area
estimation proposing a new methodology as an alternative to usual parametric models. This
approach is particularly useful to obtain estimation of rates or relative risks when subjective
geographical dependence is assumed and related results are too smooth for the region under

study.

In this work, an extension to obtain robust inference from GMRF theory is proposed.
As a first step, the extension is applied to classical normality assumptions, considering SMN
family of distributions to capture regional spatial behavior. Conditions are reguired to en-
sure the propriety of these intrinsic spatial randem effect posterior distributions, which must
be associated to sum zero constraint and existence of mixing random variable expectations.
When spatial correlation structure is available, one Proposition led to provide sufficient
conditions to guarantee posterior distribution integrability for Bayesian GLMM. Another

Proposition is presented, when a non spatial correlation scenario is assumed.

The general methodology is applicable to situations where small area parameters must
be estimated. Variability parameters are of interess, their incorporation in the proposed
hierarchical models allowed the computation of the marginal spatial proportion of varia-
bility, through the empirical marginal standard deviation function, to quantify excess of

variability explained by the spatial effect. This fact keeps direct relation with the spatial

59
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random effect contribution considered for the analysis.

Applications study gave better results, considering the complex structure of Chilean
geography. Both applications were best modeled by Poisson regression with spatial random
effects following a joint Slash distribution. It is possible to notice that 8o do not produce
changes when the three models are fitted to both applications. That is an important
consideration that shows the robust properties of the Student-t MRF and Slash MRF.

Specifically, for IDDM incidence estimation, relevant results are,

¢ Smooth effect on several distant rural communes was better adjusted considering that

the observed number of cases are zero with associated small population at risk.

o The Slash MRF model increase the degree of spatial aggregation. This is an importaﬁt
result from epidemiologist researchers, since diabetes spatial hypothesis is not clearly

understood.

In the case of female cancer mortality relative risks estimation, some important results

are:

¢ The smoothing effect of Arica and Parinacota region matches with a better estimation

of risks in the area.

¢ Highly geographical influence that cancer mortality present has been studied in most
references. For this application, high spatial excess of variability was not the exception,

allowing for a 78.8%.

In the last chapter, Bayesian learning analysis is considered in order to show that un-
known parameters are updated by the observed data. Simulation study is proposed in
~order to investigate model behavior under heavier tailed distributions for spatial random
effects. General expressions to measure Bayesian learning were obtained. These quantities
are based on Ly distance and Kullback Leibler divergence, and allow interpretations facts
such as potential and remaining learning, defined in & previous work by Xie and Carlin
[94]. These measures were specifically proposed to measure the discrepancy between prior

and posterior distributions that take part on the Bayesian identifiability definitions, when
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a spatial random effect that follows a SMN RF is assumed. A formal simulation study is

proposed to be further developed.

This thesis proposed an extension and the Bayesian methodology to fit robust Bayesian
inference models, extending GMRF to a heavier tailed family distributions such as SMN RF.
Bayesian model identifiability was performed, to obtain results related to measure Bayesian
learning on a set of specific parameters. The results were computationally implemented

using simulated data.

As future works, several topics can be explored in the spatial context. Diagnostic ap-
proaches, model sensibility and extensions of model assumptions which include asymmetzry
in the distribution of the random effects, are related topics to be developed. Simulation

studies to validate proposed models under different scenarios can be performed too.

Bayesian space time models can be proposéd, with the subsequent problem of sparse-
ness of data that could affect estimation on communes with low population. Therefore,
robust models will become more necessary. Temporal trends and geographical patterns are
estimated simultaneously, allowing for additional random effects to represent temporal and

spatio temporal interaction variations.

Multivariate extensions related to simuitaneous modeling of epidemiclogical events, us-
ing multivariate generalized linear regression models. Develop the related Bayesian theory
of this class of models, which include estimation and decision problems under informative
and non informative prior elicitation. Model comparison with other different developed

methodologies actually proposed in the literature.
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