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Introdution

The present work is a ontribution to the Spetral Theory of Di�erential Operators and arises from

the onjuntion of two di�erent subjets.

The �rst one overs a summary of works published in the reent years whose purpose is to develop

a formulation that express in an abstrat manner some lassial results related with eigenvalues

of seond order di�erential operators with boundary onditions on bounded domains, and self-

adjoint operators with nonempty disrete spetrum in general. This formulation introdues the

use of ommutators for trae identities and inequalities of self-adjoint operators, and allows to

generate an abstrat writing for the developments involving the spei�al result of the alulus

of these ommutators in some typial ases. A ommon example is given when we onsider the

operators H and G where H is the Laplae operator or a Shrödinger operator on a bounded

domain Ω ⊆ R
d
with Dirihlet boundary onditions, and G is an operator of multipliation by the

i-th oordinate xi, 1 ≤ i ≤ d. By means of the �rst and seond ommutators [H,G] and [[H,G], G],
the proedures to derive several relationships for the eigenvalues and the disrete spetrum of H is

reovered; this in an useful tool to obtain some important results on the eigenvalues, suh as universal

inequalities, di�erential inequalities on the Riesz means of eigenvalues, sharp Lieb-Thirring estimates

on the moments of eigenvalues, and monotoniity of the eigenvalue moments onsidered as mappings

depending on a parameter on whih the operator H may depend. See [11℄, [12℄, [15℄ for referene.

The onrete example H := −△D, the Laplae operator de�ned on a bounded domain Ω ⊆ R
n

with Dirihlet boundary onditions (or brie�y the Dirihlet Laplaian on Ω), and G := xi, is treated
in [12℄ as a partiular ase of a general seond order operator with a positive matrix of variable

oe�ients and Dirihlet boundary onditions. In this ase the ommutator trae identities turn to

be universal inequalities for the seond order operator, i.e., inequalities that do not depend on the

bounded domain in whih the operator is de�ned. The Laplae operator is the partiular ase in

whih the oe�ient matrix is equal to the identity matrix, and the orresponding inequality is just

the Yang inequality for the eigenvalues of the Dirihlet Laplaian, a well known universal inequality

that has been obtained by applying the Rayleigh-Ritz variational riterion for the eigenvalues ([1℄).

On the other hand, in [10℄ the trae identities an be applied to derive di�erential inequalities

and di�erene inequalities for the Riesz means of the set of eigenvalues of the Dirihlet Laplaian.

Moreover, the prinipal results presented in [11℄ provide a generalization of the trae identities that

an be applied to nonempty ontinuous spetrum operators, inluding partiularly the Shrödinger

operators on the whole Eulidean spae with nonpositive potentials vanishing at in�nity. Subse-

quently to [11℄, J. Stubbe presented in [15℄ an appliation of the main trae inequality, in whih

he onsiders a Shrödinger operator H = H(α) with the presene of a positive parameter α, and
derives the monotoniity behaviour with respet to α of the trae of f(H(α)), being f a funtion

ix
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belonging to a suitable lass of trae-ontrollable funtions ([11℄, [15℄).

One of the spei� objetives of the present work is to look for an extension to the results

presented in [10℄, [11℄, [12℄, [15℄, and obtain monotoniity results for further kinds of one-parameter

operators H(α) in addition to the one onsidered in [15℄.

The seond subjet overs the study of one-dimensional Shrödinger operators with symmetri

double-wells potential. Speaking in general terms, the n-dimensional Shrödinger double wells ope-

rator have been a matter of partiular attention in several distint siene topis; while they are

ubiquitous in phisis, their main appliations may be found in Quantum Field Theory, Statistial

Mehanis and Moleular Chemistry. They are applied to model several problems of interation

between partiles, in whih there have been an interest to establish the asymptoti behaviour of

these interations when the partiles move away in opposite diretions to in�nity. A general disus-

sion about these operators an be found in [9℄. One of the most ommon features that have been

obtained in the study of the spetrum of operators with this kind of potentials is desribed as a �two-

fold degeneray�; namely, onseutive ouples of eigenvalues an be assoiated in suh a way that

its spetral gap dereases to zero as the wells in the potential move far away. Some developments

desribing this behaviour an be found in [6℄ and [14℄.

In the partiular ase of the present work, our objetive is to onsider a one-dimensional operator

of the form

Hu := −d
2u

dx2
+ (V (−x− a) + V (x− a))u (1)

in order to deide the monotoniity of the funtions de�ned by the eigenvalues of H with respet

to the parameter a, in the same spirit of the results presented in [15℄. However, unlike the results

of J. Stubbe, our developments involve tehniques related to the Theory of Ordinary Di�erential

Equations, instead of adopting methods with trae identities. A presentation of both methods is

made in this work with the purpose of ontrast them and state the posibility of ombining them to

extend as muh as it is possible the information that may be obtained about monotoniity of traes

with respet to a parameter.

The main ontent of this work has been subdivided into three hapters. In the �rst hapter we

present an overview of some preliminary fats referring to the one-dimensional Shrödinger operator,

with the aim of establishing a theoretial framework in order to provide some of the neessary tools for

the developments in the third hapter. Most of the theory we overviewed in hapter 1 is a summary of

several topis presented in [2℄ and we do not present any new result improving this theory in our work;

however we emphasize the appliation of the theory to the ase of Shrödinger operators with negative

potential vanishing at in�nity, the main ase of our interest. The results we present in the initial

setions of this hapter refer to the self-adjointness of the one-dimensional Shrödinger operator, and

the sets of zeros of its eigenvalues. Conretely we introdue the Sturm Osillation Theorem, that

provides some information of omparison between solutions of two di�erent Shrödinger operators,

assuming information about omparison between its orresponding potentials. This result allows to

onlude several fats on the struture of the sets of zeros for eigenfuntions and its relationships

with the struture of the eigenvalues of the given Shrödinger operator. In the �nal stage of the

hapter, we present some important results on the estimation for the number of eigenvalues in terms

of the potential v(x). This presentation involves some Perturbation Theory tehniques and the

Glazman variational lemma. In this approah we introdue as well the study of the Shrödinger

operator over the half-line [0,∞) with Dirihlet and Neumann onditions, and we remark some fats

about the ontrast on the behaviour of the eigenvalues for eah ase.
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The seond hapter is foused on the main results of [11℄ and [15℄. These are the most relevant

results about trae inequalities, bearing in mind the purposes of hapter 3. The initial part of the

hapter is devoted to prove the Theorem 2.1 of [11℄, that states a trae inequality for a self-adjoint

operator having the disrete part of its spetrum below. Therefore it may be applied to operators

of purely disrete spetrum, as well as Shrödinger operators with nonpositive potential vanishing

at in�nity. We present this result and its proof by onsidering distint features from the referenes

about trae identities we mentioned above, and we modify slightly the development of the proof

in order to emphasize some important details about the properties of the funtion for whih the

inequality is applied. Then we desribe the appliation of this trae identity to derive that the trae

for an operator of the form H(α) is a fator for a monotone mapping that is obtained by the produt

of the trae with α
d
2
. This is one of the main results in [15℄. One this result has been presented, we

introdue in the last part of the hapter an appliation of the result in [15℄ to study perturbations by

multiplying the independent variable by the parameter α. In this ase it is onsidered the Dilation

Generator orresponding to a family of Hamiltonians related by the Unitary Dilation Group.

Finally, in the third hapter we ome into the main purpose of this work. We develop here the

solution for the problem of deiding the monotoniity for the trae (the sum of the eigenvalues) of the

operator given by (1). In our presentation we assume that V is a pieewise ontinuous funtion with

support ontained in [0, 1]. We remark the ontrast with the monotoniity problems of hapter 2 and

explain the tehnial di�ulties that does not allow to arry out the same proedures to solve this

problem. Instead we make an elementary analysis of the eigenfuntions as solutions of the seond

order initial value problem assoiated to the operator. The fat that this solution belongs to C1

implies a determined relationship between the eigenvalue λ and the parameter a. We �nd that in fat

λ and a must satisfy an impliit relation of the form F (λ) = a for a ertain funtion F (λ). Thus the
eigenvalues λ as funtions of a are the loal inverses of the funtions F (λ), and their monotoniity

with respet to a is obtained from the monotoniity of the funtion F (λ). Heneforth, the ore

of the hapter onsist on deide the intervals of monotoniity of F (λ). One we have determined

this monotoniity, we provide some other essential fats in order to omplete the desription for the

struture of the eigenvalues λ = λ(a) for this Shrödinger operator.

In onsequene, the essential results developed in the present work improve our knowledge about

monotoniity with respet to a parameter that has been motivated by the results of J. Stubbe.

Some natural questions that ould rise from this work are referred to the possibilities of ombining

the monotoniity developments of hapters 2 and 3 to derive other essentially distint monotoniity

results for Shrödinger operators depending on a parameter. Another natural question an be

formulated, referring to the generalization of the results of hapter 3 to the ase of n-dimensional

Shrödinger double-wells operators. We prospet to devote the study of this generalization in future

researh projets.

Finally, we refer the reader to [7℄ as a losely related work that allows to make an immediate

extension of the results of Chapter 2 to other kind of funtions di�erent from the trae-ontrollable

funtions proposed in [11℄. On the other hand, the results developed in Chapter 3 onstitute an

improvement to the Inverse Lieb-Thirring inequalities that are proved in [5℄. The formal presentation

of these omparisons belongs as well to the future researh.





Chapter 1

The One-dimensional Shrödinger

Operator

In this hapter we summarize some priniples for the spetral theory of one-dimensional Shrödinger

operators. Their study is obviously onneted with the study of the Shrödinger equation, whih

relevane is fundamental in quantum physis; we shall be speially interested in this operator along

the present work.

In many irumstanes, the spetrum of a Shrödinger operator has a nonempty disrete set

of eigenvalues, and the fundamental theory provides several fats desribing the distribution of

these eigenvalues and the behavior and struture of its eigenfuntions. The approah we adopt in

the urrent hapter is the one developed in [2℄, and we quote and review its most relevant results

aording to our purposes. For most of these results we either ommit the proofs or provide merely

outlines of them, in order to desribe the proedures. The reader an �nd the omplete details in

[2℄, Chapter 2.

We start by onsidering a real-valued funtion v(x), referred as the potential funtion or just the

potential, whih is supposed to be measurable and loally bounded. We introdue the operator H0

given by

H0y(x) = −y′′(x) + v(x)y(x) (1.1)

de�ned on the domain C∞
0 (R). This is a symmetri operator in L2(R), but it is not neessarily an

essentially self-adjoint operator on the provided domain. There exist some onditions that should

be imposed on the potential v(x) to onlude that H0 is essentially self-adjoint. We provide them

by means of the following theorem.

Theorem 1.0.1 (Sears) Suppose that there exist a funtion Q(x) suh that

v(x) ≥ −Q(x), x ∈ R (1.2)

Q(x) being ontinuous, positive, even, inreasing on [0,∞), and suh that

∫ ∞

−∞

dx√
Q(2x)

= ∞. (1.3)

Then the operator de�ned by (1.1) is essentially self-adjoint on C∞
0 (R).

1



2

We brie�y desribe the proof of this theorem, that requires to show two preliminary propositions.

These propositions provide some neessary onditions for a funtion f to belong to the domain of

H∗
0 , and may be needed for other purposes on our work.

Proposition 1.0.2 For every f ∈ DH∗
0
, it holds that f ′

is absolutely ontinuous and f ′′
is loally

square-integrable.

Proof: Consider g = H∗
0f . Then the equality

∫ ∞

−∞
f(x)φ′′(x) dx =

∫ ∞

−∞
(v(x)f(x) − g(x))φ(x)dx, φ ∈ C∞

0 (R)

holds. Let F be a seond primitive funtion of v · f − g; by integrating by parts we get:

∫ ∞

−∞
fφ′′ dx =

∫ ∞

−∞
Fφ′′ dx

It follows that the seond distributional derivative of F − f vanishes, and therefore, F − f is a linear

funtion, and hene f = F − (F − f) should learly satisfy the assertions of the proposition.

Proposition 1.0.2 has a remarkable importane in our work, as we shall see in a subsequent hapter;

nevertheless, most of the proof of Sears Theorem is overed by the following proposition:

Proposition 1.0.3 Let v satisfy (1.2), Q being a positive even funtion that is non-dereasing on

the non-negative half axis. Then f ∈ DH∗
0
implies

∫ ∞

−∞

|f ′(x)|2
Q(2x)

dx <∞.

Outline of Proof: From the fats that f and g := −f ′′ + vf are square-integrable funtions, it an

be derived elementarily the inequality

1

4

∫ T
2

−T
2

|f ′(x)|2 dx ≤
∫ T

−T

Q(x)|f(x)|2 dx + c (1.4)

for any T > 0, where c is a onstant that does not depend on T .
Now we take into aount a result known as Bonnet Mean Value Theorem; namely, if f is

ontinuous and K is ontinuous, dereasing and nonnegative on [a, b], then it holds the inequality

∫ b

a

f(x)K(x) dx = K(a)

∫ ξ

a

f(x) dx

for some value ξ ∈ [a, b]. If we denote by ω(T ) the left-hand side of (1.4), and by χ(T ) the right-hand
side, then Bonnet Theorem gives us that

∫ T

0

ω′ − χ′

Q
dx =

1

Q(0)

∫ ξ

0

(ω′ − χ′) dx =

=
1

Q(0)
[ω(ξ)− χ(ξ)− ω(0) + χ(0)] ≤

≤ χ(0)− ω(0)

Q(0)
= onst.
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Sine ω′(x) = 1
8 [|f ′(x2 )|2 + |f ′(−x

2 )|2], χ′(x) = Q(x)[|f(x)|2 + |f(−x)|2], then the estimate obtained

yields

1

8

∫ T

0

|f(x2 )|2 + |f ′(−x
2 )|2

Q(x)
dx ≤

∫ T

0

(|f(x)|2 + |f(−x)|2) dx+ c.

Substituting x for

x
2 and sine f ∈ L2(R), we obtain the proposition.

Outline of Proof for Theorem 1.0.1: The proedure to omplete the proof of Sears Theorem onsist

on proving that the operator H∗
0 is a symmetri operator, namely, for every f1, f2 ∈ DH∗

0
, gi =

−f ′′
i + v(x)fi, i = 1, 2, the equality

∫ ∞

−∞
f1g2 dx =

∫ ∞

−∞
g1f2 dx

holds. This is aomplished as follows: set ρ(t) = 1√
Q(2t)

, P (x) =
∫ x

0 ρ(ξ) dξ. Then some omputa-

tions together with Proposition 1.0.3 allow to show that there exist a bound c verifying
∣∣∣∣∣

∫ T

−T

(P (T )− P (x))[f1g2 − g1f2] dx

∣∣∣∣∣ < c

for every T > 0. But by ondition (1.3) it holds P (T ) → +∞ as T → ∞; therefore we an divide

the former inequality on both sides by P (T ) and obtain, as T → ∞,

lim
T→∞

∣∣∣∣∣

∫ T

−T

(
1− P (x)

P (T )

)
[f1g2 − g1f2] dx

∣∣∣∣∣ = 0.

Now let ǫ > 0 and apply the square-integrability of fi, gi to �nd ω suh that

∫

|x|≥ω

(|f1| · |g2|+ |g1| · |f2|) dx < ǫ.

Then for every T ≥ ω it holds

∣∣∣∣
∫ ω

−ω

(
1− P (|x|)

P (T )

)
[f1g2 − g1f2] dx

∣∣∣∣ ≤
∣∣∣∣∣

∫ T

−T

(
1− P (|x|)

P (T )

)
[f1g2 − g1f2] dx

∣∣∣∣∣+ ǫ.

hene taking T → ∞ on both sides and applying Dominated Convergene Theorem we have

∣∣∣∣
∫ ω

−ω

(f1g2 − g1f2) dx

∣∣∣∣ ≤ ǫ,

and taking the limit as ω → ∞ we obtain |
∫∞
−∞(f1g2 − g1f2) dx| ≤ ǫ for arbitrary ǫ > 0, implying∫∞

−∞(f1g2 − g1f2) dx = 0 as desired.

Remark Su�ient onditions in Sears Theorem are not neessary in general; however, if we on-

sider the two-parameter potential given by v(x) = a(1+ |x|)α, then the onditions of Sears Theorem

haraterize the values for a and α suh that the orresponding operatorH0 is essentially self-adjoint.

In fat, hypotheses of Sears Theorem are satis�ed when a ≥ 0 (α arbitrary), or when a < 0 and

α ≤ 2. Otherwise it an be proved that the operator H0 is not essentially self-adjoint; this an be

obtained from the asymptoti behavior of the eigenfuntions for the operator by means of Liouville's

transform applied to its assoiated seond order di�erential equation ([2℄, setion 2.4, paragraph 2).



4 1.1. DISCRETE SPECTRUM AND ZEROS OF EIGENFUNCTIONS

The one-dimensional self-adjoint Shrödinger operator is de�ned now as the losure of an operator

H0 of the form (1.1), de�ned on the domain C∞
0 , densely ontained in the Hilbert spae L2(R),

provided that the potential v(x) satis�es the hypothesis of Sears Theorem. This self-adjoint extension

is denoted as H ; we write Hy(x) = −y′′(x) + v(x)y(x), whenever the sense of this equality is lear.

1.1 Disrete Spetrum and Zeros of Eigenfuntions

We have desribed how the de�nition of H as a self-adjoint operator depends on the form of the

potential. Now we present an overview of several results that are applied in [2℄ for the ases in whih

the operatorH has nonempty disrete spetrum, and study some features of the relationship between

the potential and the eigenvalues with their assoiated eigenfuntions. In most of these results we

onsider linear di�erential equations and its solutions, and we will apply frequently the existene

and uniqueness of the solutions provided a �xed initial ondition. This existene and uniqueness

is assured by the Piard-Lindelöf Theorem in the ase of v(x) being a ontinuous potential; if v(x)
is merely a measurable, loally bounded potential, existene of solutions still an be assured in

an extended sense by means of Carathéodory Theorem, while uniqueness an be derived in the

partiular ase of linear di�erential equations by a Lipshitz ondition satis�ed by the �rst-order

system assoiated to the equation. A detailed treatise on these topis an be found in hapters 1 and

2 of [4℄. For the sake of simpliity, we assume that v(x) is pieewise ontinuous along this setion;

thus existene and uniqueness is provided by Piard-Lindelöf Theorem.

We start by introduing some omparison results for solutions of the di�erential equations of the

form

−y′′ + vy = 0 (1.5)

Our �rst presented result is alled Sturm Osillation Theorem.

Theorem 1.1.1 Let y1, y2 be non-zero solutions of the di�erential equations

−y′′1 + v1y1 = 0, −y′′2 + v2y2 = 0. (1.6)

If v1(x) ≥ v2(x) on a segment [a, b] suh that y1(a) = y1(b) = 0, then there exists x0 ∈ [a, b] suh
that y2(x0) = 0. In other words, between any two zeros of y1 there is a zero of y2. If, however, we

additionally assume that v1(x) > v2(x) on a subset M ⊂ [a, b] of positive Lebesgue measure, then a

point x0 suh that y2(x0) = 0 an be found even in an open interval (a, b) between two zeros of the

funtion y1(x).

Proof: As y1 does not identially vanishes, it may be assumed without loss that y1 > 0 in (a, b).
This implies that y′1(a) ≥ 0 and y′1(b) ≤ 0, but in fat, the inequalities are strit beause either

y′1(a) = 0 or y′1(b) = 0 would imply y1 ≡ 0 by the Uniqueness Theorem. Reasoning by ontradition,

suppose for example that y2(x) has no zeros on [a, b] and, for example, y2(x) > 0 for x ∈ [a, b]. It
follows that

0 < y′1(a)y2(a)− y′1(b)y2(b).

On the other hand, if we multiply the �rst equation of (1.6) by y2, the seond equation by y1, and
integrate over [a, b] the di�erene of the obtained equations, we get

0 =

∫ b

a

(y1y
′′
2 − y′′1y2) dx+

∫ b

a

(v1 − v2)y1y2 dx.
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Hene

0 ≥
∫ b

a

(y1y
′′
2 − y′′1y2) dx =

∫ b

a

d

dx
(y1y

′
2 − y′1y2) dx =

= (y1y
′
2 − y′1y2)

∣∣∣
b

a
= y′1(a)y2(a)− y′1(b)y2(b),

a ontradition. For the seond part of the theorem, we repeat the ontradition reasoning, onsi-

dering y2(x) > 0 on (a, b) instead of [a, b]. We will obtain now 0 ≤ y′1(a)y2(a) − y′1(b)y2(b) and at

the same time 0 > y′1(a)y2(a)− y′1(b)y2(b) by the integration.

Corollary 1.1.2 If v(x) ≥ 0 for x ∈ [a, b] in (1.5), then any non-vanishing solution y has at most

one zero on [a, b].

Proof: This orollary follows by using Theorem 1.1.1 to ompare equation (1.5) with −y′′ = 0,
whose solution y ≡ 1 has no zeros at all.

Corollary 1.1.2 has an important onsequene for the solutions of (1.5). It will be applied in the

derivation of the main propositions of our work in the hapters below.

Proposition 1.1.3 If y(x) is a non-zero solution of (1.5), and if there exist N suh that v satis�es

v(x) ≥ 0 for every |x| ≥ N , then y(x) has a �nite number of zeros (possibly none at all).

Proof: The set of zeros for a solution is an isolated set, for if there exist an aumulation point x0,
then Rolle's Theorem and ontinuity of the solution and its derivative would give that y(x0) = 0
and y′(x0) = 0, i.e., y ≡ 0 by Uniqueness Theorem. Now, Corollary 1.1.2 and the hypothesis on v
implies that there exist at most one zero on eah of the intervals (−∞,−N ] and [N,∞). This proves
the proposition.

A partiular ase of solutions for the equation (1.5) ours when we want to study the eigenfuntions

of a Shrödinger operator; indeed, λ is an eigenvalue of the operator Hy = −y′′ + vy if and only if

the equation

−y′′(x) + (v(x) − λ)y(x) = 0 (1.7)

has a nonvanishing solution y(x) ∈ DH ⊆ L2(R), whih is an eigenfuntion of H . We fous the

prinipal results of the present work on Shrödinger operators with bounded, negative, ompat-

supported potentials, i.e, potentials v(x) satisfying

M ≤ v(x) ≤ 0, v(x) = 0 for every |x| ≥ N (1.8)

for someM, N . It an be shown that in this ase the operatorH has no positive eigenvalues (see [2℄),

and hene, in equation (1.7) it may be assumed λ < 0. Therefore Proposition (1.1.3) is veri�ed for

this equation, i.e., the eigenfuntions of H have a �nite number of zeros. Furthermore, Proposition

1.1.5 below provides an important relationship between the number of zeros of the eigenfuntions

and its assoiated eigenvalues. Let us introdue �rst a preliminary lemma:

Lemma 1.1.4 Let v(x) be suh that there exist a > 0 verifying v(x) ≥ 0 for every x ≥ a; if y(x)
is a solution for the di�erential equation −y′′ + vy = 0 suh that y(x) ≥ 0 for every x ≥ a, and
y(x) → 0 as x→ ∞, then y′(x) ≤ 0 for every x ≥ a.
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Proof: It holds that y′′(x) = v(x)y(x) ≥ 0 for every x ≥ a; hene y′(x) is nondereasing. If the

laimed statement is not true, then there exist some b ≥ a suh that y′(b) > 0. But on the other

hand,

y(x) = y(b) +

∫ x

b

y′(t) dt ≥ y(b) + (x− b)y′(b),

and this would imply y(x) → ∞ when x → ∞, in opposition to the hypothesis. This proves the

lemma.

Remark We �xed as an hypothesis y(x) → 0 as x→ ∞ in the former lemma, but we have applied

only that it does not hold y(x) → ∞ when x→ ∞, a onsiderably weaker fat. Nevertheless, in [2℄

it is proved that if a positive solution y that satis�es −y′′ + vy = 0, with v verifying the onditions

of the lemma, then either y(x) → 0 or y(x) → ∞. In partiular, if y ∈ L2(R), then y(x) → 0 as

x→ ∞.

Proposition 1.1.5 Let v be suh that (1.8) holds. If y1, y2 are eigenfuntions in DH satisfying

(1.7) with the eigenvalues λ1, λ2 and n1, n2 are its respetive numbers of zeros, then λ2 > λ1 implies

n2 > n1.

Proof: Suppose that n1 > 0. Let α1 < α2 < . . . < αn1 be all the zeros of y1. By Theorem 1.1.1,

there exist a zero of y2 in eah of the open intervals (αi, αi+1), i = 1, . . . , n1 − 1. We show further

that at least one zero an be found in eah of the intervals (−∞, α1) and (αn1 ,∞).
Consider the interval (β,+∞) and, arguing by ontradition, assume that y2(x) > 0 for x ∈

(β,+∞), y1(β) = 0. We may also assume, without loss of generality, that y1(x) > 0 for x ∈ (β,∞).
As in the proof of Theorem 1.1.1, we obtain for any N ,

0 =

∫ N

β

(y1y
′′
2 − y′′1y2) dx+

∫ N

β

(λ2 − λ1)y1y2 dx

= (y1y
′
2 − y′1y2)

∣∣∣
N

β
+

∫ N

β

(λ2 − λ1)y1y2 dx

Sine by hypothesis y1(β)y
′
2(β)− y′1(β)y2(β) = −y′1(β)y2(β) ≤ 0, it follows that

y1(N)y′2(N)− y′1(N)y2(N) ≤ −ǫ < 0 (1.9)

for any N ≥ β+1 (we an take as ǫ, for example,

∫ β+1

β (λ2 −λ1)y1y2 dx). Note that sine y1, y2 are

deaying positive solutions of the orresponding equations and v(x) − λi ≥ 0 up to some value N0,

by Lemma 1.1.4 it follows y′1(N) ≤ 0 and y′2(N) ≤ 0 for N ≥ N0. Therefore (1.9) now implies that

y1(N)y′2(N) ≤ −ǫ < 0, N > N0,

whih is impossible beause y1(N) → 0, y′2(N) → 0 as N → ∞ (the deay of y′2(N) follows

immediatly from y′2(N) ≤ 0 and y2(N) → 0 as N → ∞).

It remains to omplete the proof for the ase n1 = 0, i.e., y1 has no zeros at all. Then y2 must

have at least one zero, for if this does not holds, then the eigenfuntion y2 is not orthogonal to

y1, but at the same time they are eigenfuntions assoiated to distint eigenvalues of a self-adjoint

operator, and hene should have to be orthogonal. This ompletes the proof.
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Propositions 1.1.3 and 1.1.5 implies obviously the following

Corollary 1.1.6 Let v be suh that (1.8) holds. For every eigenvalue λ0 of H, there exist at most

a �nite number of eigenvalues λ suh that λ < λ0.

We onlude this overview with the following result about the multipliity of the eigenvalues.

Proposition 1.1.7 With the same assuptions of 1.1.6, every eigenvalue λ of H is simple.

Proof: Let a be suh that v(x) − λ > 0 for every x > a. Then the solution for the initial value

problem with the equation (1.7) and the initial onditions y(a) = 1, y′(a) = 1 has a solution

that satis�es y(x) → ∞ as x → ∞ (see proof of Lemma (1.1.4)); on the other hand, the spae of

general solutions of (1.7) is spanned by two linearly independent solutions. If there were two linearly

independent eigenfuntions yi(x) ∈ L2(R) of H , i = 1, 2, then yi(x) → 0 as x → ∞. But these

eigenfuntions must span the whole spae of solutions, and this would imply that every solution y(x)
satis�es y(x) → 0 as x → ∞, whih is an absurd sine it does not hold for the solution obtained

above.

Remark One of the main purposes of the above results in the approah of [2℄ is to provide a proof

for the fat that a Shrödinger operator has a purely disrete spetrum onsisting of a monotonially

inreasing sequene of eigenvalues when v(x) is a on�ning potential, i.e., satis�es v(x) → ∞ as

x → ∞. The most ommon argument that may be found in literature to prove this result is to

show that in this ase the operator is a ompat-resolvent operator, i.e., its inverse operator is a

ompat operator. In fat, this argument is developed in a �rst proof presented in [2℄. However, it

is obtained alternatively by the appliation of several results suh as the ones presented above, with

the advantage of getting as muh information as possible about the relationship between the sets of

zeros and the eigenvalues distribution. In the same spirit we employ these results to desribe the

struture of the disrete spetrum in the ase of ompat-supported potentials. Following [2℄, we

show now how the number of eigenvalues of a Shrödinger operator H an be estimated, applying

the theory overviewed above.

1.2 Estimates on the number of eigenvalues in the ase of

ompat-supported negative potentials

We have onluded in Corollary 1.1.6 and Proposition 1.1.7 an important fat about the set of

negative eigenvalues for a Shrödinger operator satisfying (1.8). These statements tell us that the

mentioned set should be either �nite or a monotone inreasing sequene; furthermore, it an be

proved that the essential spetrum of the operator H is ontained in [0,∞), and hene in the ase of

a monotone inreasing sequene, this sequene onverges to zero. Now we onsider the relationship

between the potential and the �niteness and/or the quantity of negative eigenvalues. We begin this

onsideration by introduing several onepts related with variational priniples and perturbation

theory. Reall that given a self-adjoint operator A in a Hilbert spae H, the Spetral Theorem

guarantees the existene of a spetral family of self-adjoint projetion operators {Eλ : −∞ < λ <∞}
inH that satis�es several properties (f. Theorem 1.1', setion 1, supplement 1 of [2℄). Partiularly it

holds that Eλ+0 := lim
µ→λ+

Eµ = Eλ in the strong operator topology. De�ne the distribution funtion

of the spetrum of A by

N(λ) = dim(EλH),
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whih may be sometimes written as N(λ;A) when the involved operator has to be spei�ed. Notie

that N(λ) may be in�nite. This funtion veri�es N(λ − 0) := lim
µ→λ−

N(µ) = dim(Eλ−0H), and if

N(λ + 0) := lim
µ→λ+

N(µ) is �nite, then N(λ + 0) = N(λ). The distribution funtion of eigenvalues

verify an important variational formula provided by the following

Lemma 1.2.1 (Glazman) Let D be a subspae ontained in the domain of A, DA, suh that A is

essentially self-adjoint on D. Then for any λ ∈ R we have

N(λ− 0) = sup{dimL : L is subspae of D, 〈Au, u〉 < λ〈u, u〉, u ∈ L \ {0}}. (1.10)

If A is a semibounded operator, sometimes it is neessary to onsider the quadrati or sesquilinear

assoiated form of A, whih is onsidered on a wider domain than DA. Indeed, let us assume �rst

that A ≥ I, that is, 〈Au, u〉 ≥ 〈u, u〉 for any u ∈ DA. Then set

A(u, v) = 〈Au, v〉 for u, v ∈ DA.

The form A(·, ·) de�nes a salar produt on DA and the orresponding norm ‖·‖A satis�es ‖u‖A ≥
‖u‖, where ‖·‖ is the norm in H. Denote by HA the ompletion of DA with respet to ‖·‖A. Then
it an be proved that HA is naturally embedded in H and the image of this embedding is dense

in H. If we do not have A ≥ I but we have A ≥ −αI instead for some α ∈ R, then we de�ne

Â := A+(α+1)I and apply the same onstrution to obtain a domain HÂ, whih we denote as HA

as well. We de�ne on this domain the sesquilinear form

A(u, v) = Â(u, v)− (α+ 1)(u, v)

obtained from the form A(·, ·) de�ned on DA by extension by ontinuity. This allows to formulate

a modi�ation of Lemma 1.2.1 given by the following:

Lemma 1.2.2 (Glazman modi�ed) Let A be a self-adjoint operator that is semibounded from

below, and D a dense subspae of HA (with respet to the norm in HA). Then for any λ ∈ R we

have

N(λ− 0) = sup{dimL : L is subspae of D, A(u, u) < λ〈u, u〉, u ∈ L \ {0}}. (1.11)

For the proof of these lemmas we refer to [2℄, setion S1.3 in supplement 1.

Another important fat we apply in the statements below is a theorem on a perturbation of

an isolated eigenvalue of �nite multipliity for a self-adjoint operator, namely, Theorem 3.1 from

setion S1.3 in supplement 1 of [2℄. In this theorem it is onsidered an operator-valued funtion

A(ǫ), ǫ ∈ (a, b), where A(ǫ) is a linear operator on a �xed Hilbert spae H for every ǫ, and it may

be written A(ǫ) = A(ǫ0)+G(ǫ) for some ǫ0 ∈ (a, b), where G(ǫ) is a symmetri operator that satisfy

an analiity ondition. It is supposed as well that there is given an isolated eigenvalue λ0 ∈ R of

A(ǫ0). The onlusion of the Theorem provides, among several properties, that there exist analyti

vetor funtions ψj(ǫ), j = 1, . . . ,m and salar analyti funtions λj(ǫ), j = 1, . . . ,m de�ned on a

neighbourhood U ⊆ R of ǫ0 suh that

A(ǫ)ψj(ǫ) = λj(ǫ)ψj(ǫ), j = 1, . . . ,m, ǫ ∈ U, (1.12)

and {ψ1(ǫ), . . . , ψm(ǫ)} is an orthonormal basis in the spae E(λ0−δ,λ0+δ)H for some �xed δ > 0
for any ǫ ∈ U . Here E(s,t) = Et − Es, where {Eλ}λ is the spetral family of A(ǫ) for eah ǫ ∈ U
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�xed. Moreover, if ψ(ǫ) is an arbitrary normalized funtion satisfying (1.12), then the derivative

λ′j(ǫ) =
dλj(ǫ)

dǫ satis�es the equation

λ′j(ǫ) = 〈A′(ǫ)ψj(ǫ), ψj(ǫ)〉, j = 1, . . . ,m, ǫ ∈ U (1.13)

(this formula is also known as Feynman-Hellmann Theorem). The de�nition of the operator deriva-

tive A′(ǫ) in this theorem allows to alulate it formally as usual, at least in the situations we

onsider below.

Now we arry out the proedure of estimate for the funtion N(λ) in our ases. We need to

onsider at �rst operators de�ned just on the half-line R
+ := [0,∞) with Dirihlet or Neumann

boundary onditions at zero. The result for an operator in the whole line is derived by splitting it

in operators on half-lines.

Consequently, let us onsider the operator

Hy = −y′′ + v(x)y (1.14)

de�ned on funtions y(x) on the interval R
+
with the Dirihlet boundary ondition

y(0) = 0. (1.15)

Spei�ally, it is de�ned as the losure operator of an essentially self-adjoint operator H0 in the

domain

D := {y ∈ C∞(R+) : y satis�es (1.15) and has ompat support ontained in R
+}. (1.16)

All the propositions in the last setion are veri�ed with obvious modi�ations for this ase; In

partiular, if v(x) is bounded from below, then the operator H de�ned by (1.14) is a self-adjoint

operator by a straightforward adaption of Sears Theorem taking into aount the domain of de�nition

R
+
and the boundary ondition (1.15). Let N_(H) be the number of negative eigenvalues of H ,

i.e., N_(H) = N(−0;H). Then we have the following

Theorem 1.2.3 Let v be negative and bounded from below, and suppose that the funtion v(x) is

ontinuous on [0,∞). Then

N_(H) ≤
∫ ∞

0

x|v(x)| dx. (1.17)

Proof (Outline): Assume v 6≡ 0; otherwise the assertion is trivial. We introdue the parameter τ ,
0 ≤ τ ≤ 1, and onsider a family of operators

Hτy = −y′′ + τv(x)y.

By Corollary 1.1.6 and Proposition 1.1.7, it holds that for any τ , the spetrum of Hτ onsists of

disrete simple eigenvalues whih we enumerate in asending order:

λ1(τ) < λ2(τ) < . . . < λn(τ) < . . .

By our preliminaries on perturbation theory and relationship (1.13), it follows that λn(τ) is an

analyti funtion of τ , and

λ′n(τ) =

∫ ∞

0

v(x)|fn(τ, x)|2dx < 0,
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where fn(τ, x) is the normalized eigenfuntion ofH with eigenvalue λn(τ). Note that λn(τ) is de�ned
just in a half-open interval (τ0(n), 1], passing into the positive part of the spetrum for τ = τ0(n).
For a �xed µ0 < 0 we onsider the number Nµ0 of eigenvalues of H that are less than µ0. It is lear

that Nµ0 → N_(H) as µ0 → 0. Letting τ derease from 1 to 0 we see that for any n, τn an be

found suh that λn(τn) = µ0 provided that λn(1) < µ0 (and only in this ase). We see that the

eigenvalues λn = λn(1) suh that λn < µ0 are in one-to-one orrespondene with numbers τ suh

that 0 < τ ≤ 1 and there exist a funtion y(x) ∈ L2(R) satisfying

−y′′ − µ0y = −τv(x)y (1.18)

Let L denote the di�erential operator −d2/dx2−µ0 de�ned on L2(R+) with the boundary ondition

(1.15) and with the natural domain orresponding to (1.15). Then L is invertible and L−1
is

expressed in the form

L−1f =

∫ ∞

0

K(x, ξ)f(ξ) dξ

where K(x, ξ) an be found by determining y = L−1f from the equation −y′′ − µ0y = f by the

method of variation of parameters, taking into aount (1.15) and the requirement that y(x) ∈
L2(R+). We obtain the following expression for K(x, ξ):

K(x, ξ) = θ(ξ − x)
sinh

√−µ0x√−µ0
e−

√−µ0ξ + θ(x − ξ)
sinh

√−µ0

−µ0
e−

√−µ0x,

where θ(x) = 1 for z ≥ 0 and θ(z) = 0 for z < 0. We an now rewrite (1.18) in the form

y = τL−1[(−v(x))y],

from whih we see that the required τk are the reiproals of the eigenvalues of the integral operator

K1 with kernel

K1(x, ξ) = −K(x, ξ)v(ξ).

Now we state without proof the following auxiliary lemma, whose proof an be found in [2℄

Lemma 1.2.4 If v is integrable in [0,∞), then the operator K1 has not more than a ountable set

of non-zero eigenvalues λk, k = 1, 2, . . . ., all of them positive and simple, and

∞∑

k=1

λk =

∫ ∞

0

K1(x, x) dx.

Using this lemma we �nish the proof of Theorem 1.2.3. For Nµ0 the following estimate is valid

Nµ0 ≤
∑

τk≤1

1

τk
=
∑

λk≥1

λk ≤
∞∑

k=1

λk =

∫ ∞

0

sinh
√−µ0x√−µ0

e−
√−µ0x|v(x)| dx =

=

∫ ∞

0

1− e−2
√−µ0x

2
√−µ0

|v(x)| dx ≤
∫ ∞

0

x|v(x)| dx,

where we have used the obvious onavity inequality 1 − e−y ≤ y for y ≥ 0. Sine the right hand

side of this estimate does not depend on µ0, we have proved (1.17).
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By means of Theorem 1.2.3, we have obtained a result of estimate for the number of eigenvalues in

the ase of Dirihlet boundary ondition. We have to obtain now the orresponding results for the

ase of Neumann boundary ondition and the operator in the whole line. The strategy to derive

this results onsist of applying Theorem 1.2.3 and the Glazman Lemma; in this sense, the estimate

in the Dirihlet ase is our most essential result, while the results of the other ases are merely

onsequenes of the Dirihlet ase by means of the Glazman Lemma.

Indeed, let us onsider an operator H of the form (1.14) on R
+ = [0,∞), with the Neumann

boundary ondition at zero, given by

y′(0) = 0. (1.19)

As well as in the Dirihlet ase, it an be veri�ed by a modi�ation of Sears Theorem that H is an

essentially self-adjoint operator in the domain

DN := {y ∈ C∞(R+) : y satis�es (1.19) and has ompat support ontained in R
+}, (1.20)

and hene, its losure is a self-adjoint operator. Let us denote this self-adjoint operator by HN ,

and reserve the notation H for the self-adjoint operator with Dirihlet boundary ondition. We

onsider now the number of eigenvaluesN_(HN ), having this notation the same meaning asN_(H),
replaing H by HN .

Theorem 1.2.5 Let v be bounded from below, and suppose that the funtion v_(x) is ontinuous

on [0,∞). Then the estimate

N_(HN ) ≤ 1 +

∫ ∞

0

x|v_(x)| dx (1.21)

holds.

Proof: By Theorem 1.2.3 it su�es to demonstrate that N_(HN ) ≤ 1 + N_(H), where H is

the same operator but with the Dirihlet boundary ondition (1.15). A more general inequality is

atually true:

N(λ;HN ) ≤ 1 +N(λ;H) for all λ ∈ R, (1.22)

where N(λ;HN ), N(λ;H) are the spetrum distribution funtions of HN and H respetively. It

su�es to verify (1.22), substituting λ− 0 for λ (for any λ). Let D and DN be given by (1.16) and

(1.20). Then aording to Lemma 1.2.1,

N(λ− 0;HN ) = sup{dimL : L is subspae of DN , 〈Hu, u〉 < λ〈u, u〉, u ∈ L \ {0}}, (1.23)

and

N(λ− 0;H) = sup{dim L̃ : L̃ is subspae of D, 〈Hu, u〉 < λ〈u, u〉, u ∈ L̃ \ {0}}. (1.24)

Therefore it su�es to prove that for any L subspae of DN suh that

〈Hu, u〉 < λ〈u, u〉, u ∈ L \ {0}

there exist L̃ subspae of D suh that

〈Hu, u〉 < λ〈u, u〉, u ∈ L̃ \ {0}
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and dimL ≤ 1 + dim L̃. But this an be done setting

L̃ = {u : u ∈ L, u(0) = 0}.

Sine L̃ ⊆ L and dimL/L̃ ≤ 1, L̃ evidently satis�es all the neessary requirements.

We inluded the proof of the former theorem as it has been presented in [2℄ in order to illustrate

the appliation of Glazman Lemma for the development of results involving numbers of eigenvalues.

Further onlusions an be obtained by the appliation of this result; for example, one ould get

the inequality N(λ;H) ≤ 1 + N(λ;HN ) by interhanging the roles of Dirihlet and Neumann in

the proof of Theorem 1.2.5. Nevertheless it may be applied the modi�ed Glazman Lemma (Lemma

1.2.2) to obtain the stronger inequality

N(λ;H) ≤ N(λ;HN ). (1.25)

See [2℄ for its proof. Inequalities (1.22) and (1.25) imply in partiular an important relationship

between the eigenvalues of the operator H with the boundary onditions (1.15) and (1.19) whih we

all respetively the Dirihlet and Neumann eigenvalues of H ; indeed, if we onsider the Dirihlet

eigenvalues as a sequene of the form

λ1(H) ≤ λ2(H) ≤ λ3(H) ≤ . . . ,

and the Neumann eigenvalues as a sequene of the form

λ1(HN ) ≤ λ2(HN ) ≤ λ3(HN ) ≤ . . . ,

then (1.22), (1.25) hold if and only if

λ1(HN ) ≤ λ1(H) ≤ λ2(HN ) ≤ λ2(H) ≤ λ3(HN ) ≤ λ3(H) ≤ . . . (1.26)

These inequalities do not have to be strit if we onsider the eigenvalues in a generalized sense;

nevertheless, in the ase of our Shrödinger operators, the eigenvalues are simple by Proposition

1.1.7 and hene the inequalities are strit.

We onlude this setion by presenting a third theorem of estimate for the number of eigenvalues,

applied to operators in the whole line.

Theorem 1.2.6 Let H be an operator of the form (1.14) on (−∞,∞) and suppose that the potential

v is loally bounded, bounded from below, and has ontinuous negative part v_(x). Let N_(H) be
the number of its negative eigenvalues. Then

N_(H) ≤ 1 +

∫ ∞

−∞
|x|||v_(x)| dx. (1.27)

As usual, the thehniques developed for the proof of this theorem (see [2℄) involve Glazman Lemma,

perhaps in a subtler sense than the former results that required its appliation. Nevertheless this

result an be easily reovered if one has that the potential v(x) is an even funtion. In fat, we prove

in Chapter 3 that in this ase the operator H may be taken as the diret sum of a Dirihlet and a

Neumann operators on [0,∞); thus the eigenvalue number N_(H) in this ase is not greater than

the sum of the right hand sides of equations (1.17) and (1.21), whih by the assumtion on v(x) is
learly equal to the right hand side of (1.27).



Chapter 2

The Harrell-Stubbe Trae Inequality

for Commutators of Self-adjoint

Operators

In this hapter we shall review the main theorem in [11℄, whih appears below as theorem 2.0.7. This

is one of the E. Harrell and J. Stubbe's publiations about trae inequalities for self-adjoint operators;

it is an abstrat inequality involving ommutators of self-adjoint operators whih an be applied on

onrete examples of di�erential operators in order to reover spetral bounds for eigenvalue gaps

and Riesz means, and it is also the prinipal tool in [15℄ to derive the main monotoniity results for

eigenvalue moments of one-parameter Shrödinger operators that we onsider in our work and shall

be treated in detail in the next hapter.

In what follows, it will be assumed that H is a self-adjoint operator with domain DH on a

Hilbert spae H with salar produt 〈·, ·〉; also, it will be supposed that H has nonempty point

spetrum, and J is a �nite-dimensional subspae of H spanned by an orthonormal set {φj} of

eigenfuntions of H . We denote EA the spetral projetor assoiated to H and the Borel set A, and
J := {λj : Hφj = λjφj}. With this onditions we have the following:

Theorem 2.0.7 Let H and G be self-adjoint operators with domains DH and DG suh that G(J ) ⊆
DH ⊆ DG. Then, for any real-valued C

1
-funtion f de�ned on the smallest losed interval ontaining

J suh that its derivative f ′
is a onave funtion,

1

2

∑

λj∈J

f(λj) 〈[G, [H,G]]φj , φj〉+ f ′(λj)‖[H,G]φj‖2

≤
∑

λj∈J

∫
(f(λj) +

1

2
f ′(λj)(κ− λj))(κ − λj) |〈Gφj , dEκEJcGφj〉|2 .

(2.1)

The proof we present for this theorem emphasizes the strutures from the proofs of the orres-

ponding theorems in [11℄, [12℄ and [15℄; we also arry out some straightforward details that were

omitted in [11℄.

13
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Proof: Let us note �rst that [H,G]φj = (H − λj)Gφj for any eigenfuntion φj . This implies

〈G [H,G]φj , φj〉 = 〈G(H − λj)Gφj , φj〉 = 〈(H − λj)Gφj , Gφj〉 (2.2)

By the spetral resolution of the last term in (2.2) we have

〈G [H,G]φj , φj〉= 〈(H − λj)Gφj , Gφj〉 =
∫

σ(H)

(κ− λj)dG
2
jκ

=
∑

λk∈J

(λk − λj) |〈Gφj , φk〉|2 +
∫

Jc

(κ− λj) dG
2
jκ

(2.3)

where dG2
jκ = |〈dEκGφj , Gφk〉|. In partiular this implies that 〈G [H,G]φj , φj〉 is real.

On the other hand we have:

〈G [H,G]φj , φj〉 = 〈[G, [H,G]]φj , φj〉+ 〈[H,G]Gφj , φj〉
= 〈[G, [H,G]]φj , φj〉+ 〈φj , [H,G]Gφj〉 (2.4)

= 〈[G, [H,G]]φj , φj〉 − 〈G [H,G]φj , φj〉 (2.5)

The step (2.4) is due to the onjugation of the real term aording to (2.3), and the step (2.5) is

due to the skew-symmetry of [H,G] and the symmetry of G. Thus by summing on both sides the

last term in (2.5) and replaing with (2.3), we have

1

2
〈[G, [H,G]]φj , φj〉 =

∑

λk∈J

(λk − λj) |〈Gφj , φk〉|2 +
∫

Jc

(κ− λj) dG
2
jκ

Multiplying on both sides of this equation by f(λj) and summing over j ∈ J we get

1

2

∑

λj∈J

f(λj) 〈[G, [H,G]]φj , φj〉 =
∑

λj∈J

∑

λk∈J

f(λj) (λk − λj) |〈Gφj , φk〉|2 +
∑

λj∈J

∫

Jc

f(λj) (κ− λj) dG
2
jκ

(2.6)

but the term (λk − λj) |〈Gφj , φk〉|2 is skew-symmetri in j and k, so we an symmetrize the

double sum to get

∑

λj∈J

∑

λk∈J

f(λj) (λk − λj) |〈Gφj , φk〉|2 = −1

2

∑

λj∈J

∑

λk∈J

(f(λk)− f(λj)) (λk − λj) |〈Gφj , φk〉|2

= −1

2

∑

λj∈J

∑

λk∈J

f(λk)− f(λj)

λk − λj
(λk − λj)

2 |〈Gφj , φk〉|2
(2.7)

By the Fundamental Theorem of Calulus, the ratio an be written as

f(λk)− f(λj)

λk − λj
=

1∫

0

f ′(sλk + (1− s)λj) ds,
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so we replae it in (2.7) and then in (2.6) to get

1

2

∑

λj∈J

f(λj) 〈[G, [H,G]]φj , φj〉+
1

2

∑

λj∈J

∑

λk∈J




1∫

0

f ′(sλk + (1 − s)λj) ds



 (λk − λj)
2 |〈Gφj , φk〉|2

=
∑

λj∈J

∫

Jc

f(λj) (κ− λj) dG
2
jκ. (2.8)

Now we apply the onavity of f ′
to estimate the de�nite integral for below; a term whih is

the disrete part of the spetral resolution for ‖[H,G] φj‖2 appears. Then we add the remaining

ontinuous term on both sides and this will give us the inequality. Indeed, beause of the onavity

of f ′
, we have

∑

λj∈J

∑

λk∈J




1∫

0

f ′(sλk + (1 − s)λj) ds



 (λk − λj)
2 |〈Gφj , φk〉|2

≥
∑

λj∈J

∑

λk∈J

1

2
{f ′(λk) + f ′(λj)} (λk − λj)

2 |〈Gφj , φk〉|2

=
∑

λj∈J

f ′(λj)
∑

λk∈J

(λk − λj)
2 |〈Gφj , φk〉|2

(2.9)

The last equality in (2.9) is due to the symmetry of the term (λk − λj)
2 |〈Gφj , φk〉|2.

By onsidering the inequality (2.9), from (2.8) we derive:

1

2

∑

λj∈J

{f(λj) 〈[G, [H,G]]φj , φj〉+ f ′(λj)
∑

λk∈J

(λk − λj)
2 |〈Gφj , φk〉|2}

≤
∑

λj∈J

∫

Jc

f(λj) (κ− λj) dG
2
jκ.

(2.10)

Now we onsider the spetral resolution of ‖[H,G]φj‖2:

‖[H,G]φj‖2 = 〈[H,G] φj , [H,G]φj〉
= 〈(H − λj)Gφj , (H − λj)Gφj〉

=

∫

κ∈σ(H)

(κ− λj)
2 dG2

jκ

=
∑

λk∈J

(λk − λj)
2 |〈Gφj , φj〉|2 +

∫

κ∈Jc

(κ− λj)
2 dG2

jκ

so, by adding on both sides of (2.10) the remaining term

1

2

∑

λj∈J

∫

κ∈Jc

f ′(λj)(κ− λj)
2 dG2

jκ,
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we obtain the onlusion of the theorem.

Remark Formula (2.1) involves the whole spetrum of H . Reall that the set J is a set of eigen-

values; the main purpose of this formula is to derive trae inequalities for di�erential operators that

involves only the disrete part of the spetrum. It often happens that the right-hand side of (2.1)

is nonpositive; one an get it by proving that the fator f(λj) +
1
2f

′(λj)(κ− λj) at the integrand is

nonpositive. Nevertheless there is not an expliit argument in [11℄ or [15℄ for this last fat, although

there is an isolated proposition presented in [11℄ from whih it an be easily derived. We reall �rst

the proposition 1.2 from [11℄.

Proposition 2.0.8 If the funtion h(x) is onave for 0 < x < x0, then

xh(x) − 2

∫ x

0

h(s) ds

is onave on the same interval.

Although we ommit the general proof of this fat, we observe that it turns out immediatly in

the ase of h ∈ C2([0, x0]) by alulating the seond derivative.

This allows us to prove the following

Lemma 2.0.9 Let f be a C1
real funtion with support on the negative real axis suh that f ′

is

onave. Then for every κ > 0 and every every x ≤ 0 one has

f(x) +
1

2
f ′(x)(κ − x) ≤ 0

Proof: Sine f has support on the negative real axis, one has f(0) = f ′(0) = 0. But f ′
is onave,

and from this and f ′(0) = 0 it turns out that f ′(x) ≤ 0 on the real line. Thus, it su�es to show

that

f(x)− 1

2
xf ′(x) ≤ 0. (2.11)

Sine f(0) = 0, (2.11) an be written as

2

x∫

0

f ′(t)dt− xf ′(x) ≤ 0. (2.12)

As a funtion of x, the left-hand side of this inequality has support on the negative real axis;

we laim this funtion is onave on (−∞, 0], so it will be non-positive also, beause it is C1
over

R (de�ning it as 0 over the positive real axis). Indeed, by taking h(x) = f ′(−x) and making the

hange of variables t = −s at the integral, the right hand side of (2.12) turns to be

−2

−x∫

0

h(s) ds− xh(−x)

Hene our laim is equivalent to proposition 2.0.8, by replaing −x by x ≥ 0 (Note that this last
hange of variables does not a�et the onavity).
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Example: We onsider in this example an appliation of theorem 2.0.7 to derive the main results

of [15℄. This is a work of J. Stubbe, in whih several results about monotoniity of eigenvalue

moments are presented and provides a new approh to obtain sharp Lieb-Thirring inequalities for

suh eigenvalue moments.

Let α > 0 be a �xed parameter, and let V (x) a nonpositive measurable bounded potential on

R
d
that vanishes at in�nity. Consider the operators given by H(α) = −α△ + V (x) and Gi = xi

the operator of multipliation by the i-th oordinate, i = 1, . . . , d, de�ned on the underlying Hilbert

spae L2(Rd). The set J of eigenvalues of the operator H(α) is either a �nite set of negative

eigenvalues, or a negative sequene of eigenvalues that onverges to zero (for the ase d = 1 we

overviewed the theory that assures this fat in hapter 1, but this also holds for d > 1; see hapter
3 of [2℄). In both ases this set lies in the bottom of the omplete spetrum. Let us apply theorem

2.0.7 taking H(α) as H and Gi as G. The ommutator formulas in this ase are given by

[H,G]φj = −2α
∂φj
∂xi

and

[G, [H,G]] = 2α.

Therefore, if f is a funtion that satis�es the hypothesis of lemma 2.0.9, then equation (2.1) turns

to be

∑

λj∈J

αf(λj)+2α2f ′(λj)

∫ ∣∣∣∣
∂φj
∂xi

∣∣∣∣
2

dx ≤
∑

λj∈J

∫
(f(λj)+

1

2
f ′(λj)(κ−λj))(κ−λj) |〈Gφj , dEκEJcGφj〉|2

but in the right-hand side integral, the spetral measure has support only for κ ∈ Jc
, and sine λj ∈ J

for every j, it an be assumed that κ− λj ≥ 0 for every j. Therefore, lemma 2.0.9 implies that the

left-hand side integral is nonpositive. Making expliit the dependene on α, we have obtained for

every i = 1, . . . , d,
∑

λj(α)∈J

αf(λj(α)) + 2α2f ′(λj(α))

∫

Rd

∣∣∣∣
∂φj
∂xi

∣∣∣∣
2

dx ≤ 0.

We sum this equation on i and multiply on both sides by

1
2α

d
2−2

to obtain

d

2
α

d
2−1

∑

λj(α)<0

f(λj(α)) + α
d
2

∑

λj(α)<0

f ′(λj(α))Tj(α) ≤ 0 (2.13)

where

Tj(α) =

d∑

i=1

∫

Rd

∣∣∣∣
∂φj
∂xi

∣∣∣∣
2

dx =

∫

Rd

|∇φj |2dx.

Taking into aount the Feynman-Hellmann theorem (see equation (1.13) in hapter 1 and remarks

about it), it holds the formula

dλj(α)
dα = Tj(α) if there is no degeneray of the eigenvalue. Therefore,

formally speaking, the left-hand side of (2.13) is the derivative of the mapping

α 7→ α
d
2

∑

λj(α)<0

f(λj(α)) (2.14)

and hene (2.13) implies that this mapping is non-inreasing. The remaining details an be found

in [15℄
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2.1 Dilation Generator

We have �nished the former setion with an example related to the main results in [15℄. In this

setion we present an extension of these results replaing the operator

H(α) = −α△+ V (x) (2.15)

by a one-parameter operator of the form

K(α) := −△+ V
(x
α

)
(2.16)

where V (x) is a measurable bounded nonpositive potential that vanishes at in�nity on R
d
, and K(α)

is de�ned on the underlying Hilbert spae L2(Rd) for every α > 0. For expliit referene we reall
the mentioned results of [15℄ in the following theorems. We denote by λj(α) the eigenvalues of the
operator (2.15).

Theorem 2.1.1 Let f : R → R be a C1
funtion with support on the negative half axis suh that f ′

is onave. If V ≤ 0 vanishes at in�nity, then the mapping

α 7→ α
d
2

∑

λj(α)<0

f(λj(α)) (2.17)

is non-inreasing for α > 0. In partiular, for all σ ≥ 2,

α 7→ α
d
2

∑

λj(α)<0

(−λj(α))σ (2.18)

is non-inreasing for α > 0. Consequently,

α
d
2

∑

λj(α)<0

(−λj(α))σ ≤ Lcl
σ,d

∫

Rd

(−V (x))σ+
d
2 dx. (2.19)

Theorem 2.1.2 Let H(α) be given by (2.15) and let V (x) be a on�ning potential, suh that for all

t > 0, ∫

Rd

e−tV (x) dx <∞.

Then for all t > 0 the mapping

α 7→ α
d
2 tr(e−tH(α)) (2.20)

is non-inreasing for all α > 0. Consequently, for all α > 0,

tr(e−tH(α)) ≤ (4παt)−
d
2

∫

Rd

e−tV (x)dx <∞. (2.21)

Up to now, these theorems an be applied only for eigenvalues of operators of the form (2.15).

In the following, we will all any operator of this form a Stubbe-type operator.

The key to derive the Stubbe monotoniity results for the one-parameter operator given by (2.16)

is to dedue that it is unitarily equivalent to an Stubbe-type operators family, by an appliation of
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one-parameter semigroups and Stone Theorem. Let G be the dilation generator on L2(Rd), given
formally by

G :=
i

2
(x · ∇+∇ · x) (2.22)

We shall �rst present the relationship with G and the �dilation� of funtions, i.e., the hange

of parameter given by multiplying the independent variable by e−c
, c ∈ R. This is given by the

following lemma:

Lemma 2.1.3 Let φc : L
2(Rd) → L2(Rd) given by φc(f) = fc, where

fc(x) = e−
cd
2 f(e−cx)

for every c ∈ R, x ∈ R
d
. Then φc = eicG for all c ∈ R.

Proof: We want to apply Stone Theorem for the one-parameter group {φc}c∈R, so we have to prove

the following fats:

i) {φc} is a strongly-ontinuous family. This follows from the ontinuity at b of the appliation

a 7→
∫

Rd

∣∣∣e−
ad
2 f(e−ax) − e−

bd
2 f(e−bx)

∣∣∣
2

dx = ‖(φa − φb)f‖2

where f ∈ C∞
0 (Rd) is �xed. Continuity holds for every f ∈ L2(Rd) by the density of C∞

0 in

L2(Rd).

ii) φc is an unitary operator. In fat, for all c ∈ R,

〈φcf, g〉 = e−
cd
2

∫

Rd

f(e−cx)g(x) dx

(by hange of variables) = e−
cd
2 ecd

∫

Rd

f(x)g(ecx) dx

=

∫

Rd

f(x)(e
cd
2 g(ecx)) dx

= 〈f, φ−cg〉,

(2.23)

and it is easy to hek by a hange of variables that φc is a bounded operator on L2(Rd) for
all c ∈ R; thus (φc)

∗ = φ−c, and obviously φc · φ−c = I. Therefore φc is unitary.

Now, by Stone's theorem, there exist a self-adjoint operator G on L2(Rd) suh that φc = eicG.
We have to onlude that G is the dilation generator.

Consider the derivative of the appliation c→ φc at c = 0, it should be equal to iG. In terms of

the de�nition given for φc, we have for any f ∈ C1(Rd) ∩ L2(Rd),

∂

∂c
((φcf)(x)) =

∂

∂c

(
e−

cd
2 f(e−cx)

)

= −d
2
e−

cd
2 f(e−cx)− e−c (d−2)

2 x · ∇f(e−cx)

(2.24)
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Hene

∂

∂c
((φcf)(x))

∣∣∣∣
c=0

= −d
2
f(x) − x · ∇f(x)

=
i2

2

d∑

k=1

∂

∂xk
(xkf(x)) + xk

∂f

∂xk
(x).

(2.25)

Therefore the operator G is fored to agree with the one at the right hand of (2.22), at least for

every f ∈ C1(Rd) ∩ L2(Rd). The density of C1(Rd) ∩ L2(Rd) in the whole domain of the dilation

generator gives the equality of G for every f in this domain.

The reformulation of the hange of variables by means of the operator (2.22) allows us to get an

unitary equivalene of the family K(α) with a family of Stubbe-type operators in order to get the

following

Theorem 2.1.4 Let λj(α
−2) be an eigenvalue of H(α−2) assoiated with the eigenfuntion φj as in

[15℄. Then λj(α
−2) is an eigenvalue of K(α) with the same multipliity as an eigenvalue of H(α−2).

It will be denoted by Λj(α) everytime we want to regard it as an eigenvalue of K(α).

Proof: Let α = ec, c ∈ R. For every f ∈ Dom(V ( xα )) (as a multipliation operator) we have

V
(
x
α

)
f(x) = V (e−cx)f(x)

= e
cd
2 {e− cd

2 V (e−cx)f(ece−cx)}
= e

cd
2 eicG{V (x)f(ecx)}

= eicG{V (x)e
cd
2 f(ecx)}

= eicGV (x)e−icGf(x).

(2.26)

Therefore V
(
x
α

)
≡ eicGV e−icG

; on the other hand, for every c ∈ R and f ∈ Dom(△),

(e−icG△eicGf)(x) = (e−icG△)(e−
cd
2 f(e−cx))

= e−
cd
2 e−icGe−2c(△f)(e−cx)

= e(−
d
2−2)ce−icG(△f)(e−cx)

= e(−
d
2−2)ce

cd
2 (△f)(x)

= e−2c(△f)(x).

(2.27)

Therefore we obtain the following onjugation for the operator K(α):

K(α) = −△+ V ( xα )

= −△+ eicGV e−icG

= eicG
{
−e−icG△eicG + V

}
e−icG

= eicG
{
−e−2c△+ V

}
e−icG

= eicG
{
−α−2△+ V

}
e−icG.

(2.28)
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Now, let φj be a normalized eigenfuntion of H(α−2) assoiated with the eigenvalue λj(α
−2). Hene-

forth the dependene on α for λj an be omitted. The eigenvalue satis�es

Hφj = λjφj , (2.29)

but e−icGeicG = I, whih an be replaed in the last expression to get

He−icG(eicGφj) = λjφj , (2.30)

and by operating on both sides by eicG we get

eicGHe−icG(eicGφj) = λj(e
icGφj), or equivalently

K(α)φj = λj(e
icGφj),

(2.31)

so λj is an eigenvalue of K(α) and their assoiated eigenfuntions are images of the eigenfuntions

with respet to H(α−2) by an isometry.

We are able now to get the orresponding monotoniity result established in theorems 2.1.1 and

2.1.2 for the operator K(α):

Corollary 2.1.5 Let f : R → R be a C1
-funtion with support on the negative half axis suh that

f ′
is onave, and let V ≤ 0 vanish at in�nity. Then the mapping

α → α−d
∑

Λj(α)<0

f(Λj(α)) (2.32)

is non-dereasing for α > 0. In partiular, for all σ ≥ 2,

α → α−d
∑

Λj(α)<0

(−Λj(α))
σ

(2.33)

is non-dereasing for α > 0, and

α−d
∑

Λj(α)<0

(−Λj(α))
σ ≤ Lcl

σ,d

∫

Rd

(−V (x))σ+
d
2 dx (2.34)

Proof: Let τ be the appliation at (2.17), i.e., τ(α) := α
d
2

∑
λj(α)<0

f(λj(α)), and let g(α) := α−2
.

Sine g is dereasing on α and τ is non-inreasing on α, then τ ◦ g is non-dereasing on α. But

τ ◦ g = α−d
∑

λj(α−2)<0

f(λj(α
−2))

= α−d
∑

Λj(α)<0

f(Λj(α)),

that is just the appliation at (2.32). Inequality (2.34) is obtained by taking the limit of (2.33) as

α→ ∞.

Similarly we get
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Corollary 2.1.6 Let V (x) be a on�ning potential, as in theorem 2.1.2. Then

α 7→ α−d tr(e−tK(α)) (2.35)

is non-dereasing for all α > 0. Consequently, for all α > 0,

tr(e−tK(α)) ≤ (4πα−2t)−
d
2

∫

Rd

e−tV (x)dx <∞. (2.36)



Chapter 3

Monotoniity for the Eigenvalues of a

Double-wells One-Parameter

Shrödinger Operator

In this hapter we fous on studying the following problem:

Let V (x) be a nonpositive, pieewise ontinuous real funtion with support ontained in the

interval [0, 1]. Consider the one-parameter Shrödinger operator

Ha := − d2

dx2
+ V (x − a) + V (−x− a), (3.1)

where a > 0, de�ned, aording to the theory presented in Chapter 1, as a self-adjoint operator

on the underlying Hilbert Spae L2(R). Sine V (x − a) + V (−x − a) is bounded and ompat-

supported, we know from the results of Chapter 1 that the disrete spetrum of the operator Ha is

ontained in the interval (−∞, 0] and onsist of a �nite set of eigenvalues λj(a), j = 1, . . . n. Our

aim is to determine whether the eigenvalues λj(a) are monotone funtions of the parameter a.

The study of this problem is motivated by several fats; partiularly, we reall the results from

[15℄ disussed in the example of Chapter 2, providing a orresponding result that desribes the

monotoniity of the appliation

α → Tr(f(H̃(α))),

where

H̃(α) := −α△+ V (x),

in L2(Rd), for nonpositive potentials V (x) vanishing at in�nity, and a suitable lass of funtions f for

whih the funtional alulus f(H̃(α)) is de�ned (the detailed desription of this lass an be found

in [11℄ and [15℄). One of the key steps to show the monotoniity is to apply the Feynman-Hellmann

Theorem; spei�ally, if λ̃j(α) is an eigenvalue for H̃(α) assoiated to the eigenfuntion φj , then

∂λ̃j
∂α

=

∫
|φj |2 dx ≥ 0.

23
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Therefore the appliations α → λ̃j(α) are always inreasing. However, suh an approah annot

be developed for the eigenvalues of (3.1) in a straightforward manner, for the analogue appliation

of Feynman-Hellmann in this ase does not tells us any information about the sign of the derivative

of λj(a) with respet to a. Instead we deal with a more partiular proedure to desribe the

monotoniity for λj(a); we get an expliit formulae, whih gives us the form of the funtions λj(a)
in order to obtain the monotoniity diretly.

Before going on the development to obtain the monotoniity, we will give a ouple preliminary

Lemmas to arry out a deomposition for the operator Ha into a diret sum of operators involving

just the nonnegative half-axis of the real line. In what follows, we denote by D the domain of the

operator Ha, i.e., the Sobolev spae H2(R).

3.1 Struture of Ha

Lemma 3.1.1 Let PN : L2(R) → L2(R) be the operator given by

(PNf)(x) :=
f(x) + f(−x)

2
,

i.e., the even projetor of the funtion f , and let PD := 1−PN its orthogonal omplement, whih is

the odd projetor. Then [Ha, PN ] = [Ha, PD] = 0.

Proof: Observe that learly PND ⊆ D; hene the expression [Ha, PN ]f makes sense for every

f ∈ D. Atually, it is su�ient to show that PNHaf = HaPNf for every f ∈ D. Sine the potential

V (x− a) + V (−x− a) is an even funtion in x, it is easily seen that for every even funtion g, Hag
is even as well. Therefore the even part of Hag is Hag itself, and this holds in partiular when

g = PNf ; thus
PNHaPNf = HaPNf for every f ∈ D. (3.2)

But PN is bounded and symmetri; hene, for every f, g ∈ D,

〈PNHaf, g〉= 〈f,HaPNg〉
= 〈f, PNHaPNg〉
= 〈PNHaPNf, g〉,

so it follows that PNHaf = PNHaPNf for every f ∈ D, and by (3.2) this implies PNHaf = HaPNf .
From the de�nition of PD, it is lear that HaPDf = PDHaf for every f ∈ D as well.

The subspae PµL
2(R) is the subspae of even funtions in L2(R) if µ = N , or odd funtions

if µ = D. In both ases, every funtion f ∈ PµL
2(R) is uniquely determined by its restrition to

the interval [0,∞). In partiular, we notie that if g = f
∣∣∣
[0,∞)

with f ∈ PDL
2(R), then g satisfy

the Dirihlet ondition g(0) = 0, whereas if f ∈ PNL
2(R), then g satisfy the Neumann ondition

g′(0) = 0. Let ψµ be the mapping f → f
∣∣∣
[0,∞)

, for every f ∈ PµL
2(R), being µ = N or D.

Lemma 3.1.2 The mapping ψµ indues the operator Hµ
a := ψµHaψ

−1
µ from the spae Dµ into

L2
µ([0,∞)), where Dµ := ψµ(PµD). Furthermore, for every f ∈ Dµ,
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Hµ
a f = −d

2f

dx2
+ V (x− a)f (3.3)

Proof: We need to show �rst that the omposition ψµHaψ
−1
µ is well de�ned from Dµ to L2

µ([0,∞)).
Indeed, by Lemma 3.1.1,

Haψ
−1
µ (Dµ) = ψµHaψ

−1
µ (ψµ(PµD))

= Ha(PµD)

= Pµ(HaD)

and this last set is ontained in the domain of ψµ, and hene Hµ
a := ψµHaψ

−1
µ is well de�ned. Now,

let f ∈ Dµ. Then f = ψµg for some g ∈ PµD. From the de�nition of ψµ, it is lear that f(x) = g(x)
for every x ≥ 0. Sine (3.3) has to be shown over [0,∞), then it su�es to show:

Hµ
a f = −d

2g

dx2
+ V (x− a)g over [0,∞)

with the suitable boundary onditions. But Hµ
a f = ψµHaψ

−1
µ f = ψµHag, and

ψµHag = Hag
∣∣∣
[0,∞)

=

{
−d

2g

dx2
+ V (x − a)g + V (−x− a)g

}∣∣∣∣
[0,∞)

= −d
2g

dx2
+ V (x− a)g,

where the last step follows from the fat that the support of V (−x − a) is ontained in (−∞, 0).
This ompletes our proof.

Sine the spae D may be deomposed as the diret sum PND⊕PDD, Lemma 3.1.2 implies that

Ha is equivalent to HN
a ⊕HD

a de�ned on PNL
2(R) ⊕ PDL

2(R) and has the same spetrum. Thus

we only need to study the spetrum of the operators Hµ
a , being µ = N or D.

Now we are ready to begin the main steps to get the desired monotoniity. This will be aom-

plished by the following steps:

1. Determine the relationships that should be satis�ed for a pair (λ, a), where λ is an eigenvalue

for Ha. We will derive formulas of the form F (λ) = a for an expliit funtion F (λ).

2. Sine the eigenvalues, as appliations in λ, are inverse funtions of the funtion F , we show that

F is monotone by di�erentiating it with respet to λ. This will give us a neessary ondition

involving the funtion λ→ ρ(0, λ), where ρ is the solution for a Riati equation.

3. We show that

dρ

dλ
(0, λ) ≥ 0 over its domain, by onsidering the approximation by the numerial

Euler method for the solutions of the �rst-order Riati di�erential equation assoiated to the

Shrödinger eigenvalue equation of our operator.
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3.2 Relationships

The relationship between the eigenvalues λ and the parameter a is given by the following

Theorem 3.2.1 Let λ ∈ (−‖V ‖∞, 0) and u(x, λ) be the unique solution to the well-posed IVP

1

:

−∂2xu+ (V (x) − λ)u= 0, 0 ≤ x ≤ 1,

u(1, λ) = 1

∂xu(1, λ) = −
√
−λ

(3.4)

a) If

∂xu(0, λ)√
−λu(0, λ) > 1, then λ is an eigenvalue of HD

a if and only if

a =
1√
−λ

artanh

(√
−λu(0, λ)
∂xu(0, λ)

)
. (3.5)

b) If 0 <
∂xu(0, λ)√
−λu(0, λ)

< 1, then λ is an eigenvalue of HN
a if and only if

a =
1√
−λ

artanh

(
∂xu(0, λ)√
−λu(0, λ)

)
. (3.6)

Moreover, if none of the onditions a) or b) hold for

∂xu(0, λ)√
−λu(0, λ)

, then it does not exist a > 0

verifying that λ is an eigenvalue of Hµ
a for either µ = D or N .

Proof: Consider the ase a). Reall that by Proposition 1.0.2, every funtion on the domain of

a self-adjoint Shrödinger operator in L2(R) has absolutely ontinuous �rst derivative; this an be

obviously extended to the operator HD
a de�ned on L2

D([0,∞)), either by onsidering the boundary

ondition at zero and modifying the proof of 1.0.2, or by onsidering the equivalene with Ha given

by Lemmas 3.1.1 and 3.1.2. Taking this fat into aount, Let us prove the impliation to the right,

i.e., assume that λ is an eigenvalue of HD
a for some a > 0 �xed. Then the problem

−∂2xw + (V (x− a)− λ)w = 0,

w(·, λ) ∈ C1([0,∞)) ∩ L2(0,∞), w(0, λ) = 0
(3.7)

has a nonidentially vanishing solution w(·, λ) in the domain of HD
a ; in partiular, w(·, λ) is on-

tinuous and has ontinuous �rst derivative. These ontinuity and di�erentiability onditions are

ritial at x = a, x = a + 1, sine w(·, λ) must be joined at these points respeting the regularity;

let us alulate w(x, λ) over the intervals [a + 1,∞), [a, a + 1], [0, a] and hek how the ontinuity

onditions must be �xed:

• Over [a+ 1,∞), V (x − a) ≡ 0. Moreover, w(·, λ) ∈ L2(0,∞), so neessarily

w(x, λ) = c1e
−
√
−λ(x−a−1)

wherever x ≥ a+ 1 (3.8)

for some c1 (we an write x−a−1 instead of x, sine it implies just multiplying by a onstant).

1

Initial Value Problem. We �x this aronym heneforth.
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• Over [a, a + 1], we should have a solution that agrees with the one obtained over [a + 1,∞),
up to its �rst derivative. Moreover, V (x − a) on this interval is equal to the translation from

[0, 1] to [a, a+1] of the potential V (x) of the problem (3.4). Hene w(x, λ) must have the form

w(x, λ) = c1u(x− a, λ), wherever a ≤ x ≤ a+ 1 (3.9)

In partiular, w(a+ 1, λ) = u(1, λ) = c1 and ∂xw(a+ 1, λ) = c1∂xu(1, λ) = −c1
√
−λ. Clearly,

both w and ∂xw agree with the solution over [a+ 1,∞).

• Over [0, a]. We have to satisfy the Dirihlet ondition w(0, λ) = 0; therefore the solution must

have the form

w(x, λ) = c2 sinh(
√
−λx), wherever 0 ≤ x ≤ a. (3.10)

Note that the onstants c1, c2 may depend on λ; nevertheless we do not need to onsider this

dependene and will be omitted.

The solution has to be di�erentiable at x = a; this ondition redues to the matrix equation

[
sinh(

√
−λa) −u(0, λ)

√
−λ cosh(

√
−λa) −∂xu(0, λ)

] [
c2

c1

]
=

[
0

0

]
(3.11)

and this system of equations has a nontrivial solution for the vetor [c2, c1]
T
if and only if the

determinant of the assoiated matrix is equal to zero; that is,

− sinh(
√
−λa)∂xu(0, λ) +

√
−λ cosh(

√
−λa)u(0, λ) = 0,

and this implies, after working out a, the equation (3.5) as desired. Of ourse it would not be

possible to work out a if the inequality required in the item a) of the statement did not holds.

For the impliation to the left, let λ be suh that (3.5) holds. Then the determinant of the matrix

in the equation (3.11) vanishes, and we an �nd a nontrivial solution [c2, c1]
T
for the matrix equation

(3.11). Now we de�ne w(·, λ) by the equations (3.8), (3.9), (3.10). In order to onlude that w(·, λ)
is an eigenfuntion and λ its assoiated eigenvalue, it remains to show that w(·, λ) ∈ Dom(HD

a ); we
onsider for this purpose the ore of the self-adjoint operator HD

a , given by

D := {φ ∈ C∞([0,∞)) : φ(0) = 0 and φ has a ompat support}

(See Chapter 1, equation (1.14) and related paragraph). Let us denote K := HD
a

∣∣
D. By integration

by parts it an be proved that for every φ ∈ D,

〈w,Kφ〉 =
∫ ∞

0

w(x, λ)(−φ′′(x) + V (x− a)φ(x)) dx =

∫ ∞

0

λw(x, λ)φ(x) dx = 〈λw, φ〉.

Hene w(·, λ) belongs to the domain of K∗
, whih is itself the domain of HD

a due to the self-

adjointness of HD
a . This proves the left impliation. The proedure for the ase b) is analogue to

the ase a), but now the solution v(x, λ) for x ∈ [0, a] is of the form w(x, λ) = c2 cosh(
√
−λx), and

its derivative is ∂xw(x, λ) =
√
−λc2 sinh(

√
−λx). The ontinuity ondition at x = a imply (3.6); in

the left impliation, the ore for HN
a is its restrition to

DN := {φ ∈ C∞([0,∞)) : φ′(0) = 0 and φ has a ompat support}.

All the remaining steps are essentially the same steps as a).
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3.3 Di�erentiation

The former Theorem provides the relationships between a and λ for the operators HD
a , HN

a , and

these relationships, as we stated, have the form a = FD(λ) or a = FN (λ) (FD and FN will denote

the orresponding funtions for HD
a , HN

a respetively). Now we want to dedue the monotoniity

of λ with respet to a. In this ase, λ is de�ned impliitly with respet to a by equations of the

form a = F (λ), and the funtions λ(a), whenever they are de�ned, are loal inverses to the funtion

F (λ). Moreover, if it is assumed that F is di�erentiable on an interval and F ′(λ) 6= 0, then by the

Impliit Funtion Theorem, it holds that λ(a) is di�erentiable as well, and
dλ

da
=

1

F ′(λ)
. Therefore

we an obtain the ranges of monotoniity of λ as a funtion of a by determining the sets of values

λ suh that F ′(λ) > 0 or F ′(λ) < 0.

It may be notied obviously from the equations (3.5) and (3.6), that the di�erentiability infor-

mation for the funtions Fµ(λ) de�ned by the right hand sides of the equations depend diretly on

the knowledge we an obtain for the term

∂xu(0, λ)

u(0, λ)
. Atually, we fous most of the urrent hapter

in the study of this term. Indeed, let λ be �xed, and ρ(x, λ) :=
∂xu(x, λ)

u(x, λ)
for every x ∈ [0, 1] suh

that u(x, λ) 6= 0, where u(x, λ) is the unique solution of (3.4); it is well known that ρ(x, λ) satis�es
the Riati IVP

dρ

dx
= V (x)− λ− ρ2, 0 ≤ x ≤ 1,

ρ(1, λ) = −
√
−λ.

(3.12)

In partiular we onluded that there exist a solution for the IVP (3.12) in the set of all values

of x on the interval [0, 1] suh that u(x, λ) 6= 0 (reall that the set of zeros of u(x, λ) is �nite by

Proposition 1.1.3). Atually, the Fundamental Existene and Uniqueness Theorem (see e.g. [13℄)

provides that this solution is unique on the biggest interval of the form (t, 1] suh that u(x, λ) is
ontinuous on this interval; however, a priori the uniqueness of the solution on the other onneted

omponents in whih u(x, λ) is ontinuous in x annot be assured by theoretial tools of Ordinary

Di�erential Equations. Nevertheless we shall introdue a Lemma below that provides a resoure to

guarantee the uniqueness on the rest of the domain along [0, 1]. Moreover, we state a result that

provides the sign of the derivative for ρ(0, λ), in whih we assume the uniqueness of the solution.

Theorem 3.3.1 For every λ with −‖V ‖∞ < λ < 0, let ρ(x, λ) be the unique solution for the problem

(3.12). Then

∂ρ

∂λ
(0, λ) ≥ 0 for every λ in the domain of λ 7→ ρ(0, λ), i.e, λ 7→ ρ(0, λ) is inreasing

over eah onneted omponent of its domain.

The proof of this Theorem is a deliate issue and it is the main purpose of setion 3.4; now we obtain

the sign of the derivatives for Fµ(λ) that Theorem 3.3.1 implies. Note that if λ is an eigenvalue of

HN
a or HD

a for some a > 0, then ρ(0, λ) > 0 by Theorem 3.2.1. Thus we restrit the domain of the

funtions Fµ, µ = N, D to the subset of (−‖V ‖∞, 0) suh that ρ(0, λ) > 0.

Theorem 3.3.2

a)

dFN

dλ
> 0 on eah onneted omponent of its domain.
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b)

dFD

dλ
< 0 on eah onneted omponent of its domain.

Proof: Writing (3.5) and (3.6) in terms of ρ(0, λ), we obtain respetively a = FD(λ) and a = FN (λ),
where

FN (λ) =
1√
−λ

artanh

(
ρ(0, λ)√

−λ

)
, (3.13)

FD(λ) =
1√
−λ

artanh

( √
−λ

ρ(0, λ)

)
, (3.14)

and FN , FD are positive sine ρ(0, λ) > 0 is positive.

Proof of a): As ρ(0, λ) is positive, and inreasing by Theorem 3.3.1, it holds that

ρ(0, λ)√
−λ

is also

inreasing beause λ → 1√
−λ

is inreasing and positive. This still holds after omposing with the

monotone inreasing funtion artanh(·), and multiplying again by

1√
−λ

.

Proof of b): This ase is not so straightforward. Indeed, by applying the Fundamental Theorem

of Calulus for artanh(·),
artanhx =

∫ x

0

1

1− u2
du,

and replaing in this formula x =

√
−λ

ρ(0, λ)
and multiplying by

1√
−λ

we get

FD(λ) =
1√
−λ

artanh

( √
−λ

ρ(0, λ)

)
=

1√
−λ

∫ √
−λ

ρ(0,λ)

0

1

1− u2
du

=

∫ 1
ρ(0,λ)

0

dt

1 + λt2
. (3.15)

Now we alulate the derivative of FD with respet to λ, where di�erentiation of the integral (3.15)

an be made by using the hain rule. We obtain

dFD

dλ
=−∂λρ(0, λ)

ρ(0, λ)2

(
1

1 + λt2

∣∣∣∣
t= 1

ρ(0,λ)

)
−
∫ 1

ρ(0,λ)

0

t2

(1 + λt2)2
dt

=− ∂λρ(0, λ)

ρ(0, λ)2 + λ
−
∫ 1

ρ(0,λ)

0

t2

(1 + λt2)2
dt

but ρ(0, λ)2 + λ > 0, sine
ρ(0, λ)√

−λ > 1 (see ondition a) in Theorem 3.2.1). Moreover, ρ(0, λ) > 0

and

dρ(0, λ)

dλ
≥ 0; thus we get

dFD

dλ
< 0 as desired.
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Remark Both parts of the proof of Theorem 3.3.2 depends strongly on the ondition ρ(0, λ) > 0,
a neessary ondition for λ to be an eigenvalue of Hµ

a for some a > 0, µ = N, D. However, the

funtions given by (3.14) and (3.13) are naturally de�ned in larger domains. Indeed, for every λ ∈ R

(not neessarily an eigenvalue) suh that |ρ(0, λ)/
√
−λ| 6= 1, one of the funtions FN or FD is still

de�ned. This gives rise to the natural question about whether the the monotoniity still holds in

the intervals of the natural domains of Fµ
a (λ) where ρ(0, λ) < 0; for these values of λ, of ourse,

Fµ
a (λ) < 0 for µ = N, D. The answer of this question is negative, for it is not di�ult to onstrut

potentials V (x) suh that the funtions FN (λ) and FD(λ) may have loal extrema at values with

negative image. See example 2 in setion 3.7 for an illustration.

3.4 Riati Equations and the Euler Method

Now we fous on the proof of Theorem 3.3.1. This result has an interest on its own; indeed, there

are several lassial results in the Ordinary Di�erential Equations (ODE) Theory that study the

behavior of the solutions for IVPs with the presene of a parameter λ that appears either in its

initial ondition or in the di�erential equation, i.e., problems of the form

dy

dx
= F (x, y;λ), 0 ≤ x ≤ L, y ∈ R

n

y(0) = y0(λ).

(3.16)

In the ommon literature about the study for this problem one an �nd a lot of results establishing the

fats that an be onluded about the solutions y = y(x, λ) (if there exist someone), provided some

determined hypotheses on the funtion F (x, y;λ) or the initial ondition y0(λ). We are partiularly

interested in the issues about dependene on the initial ondition y(0) and/or the parameter λ in

F . One of the most relevant theoretial fats known in this ontext is that in ommon situations,

a solution y(x, λ) of (3.16) is uniformly ontinuous with respet to λ; namely, with the suitable

hypotheses on F and y0(λ), it holds that the supremum of the di�erene in norm between y(x, λ1)
and y(x, λ2) an be made arbitrarily small, by taking λ1 and λ2 su�iently near. The spei� results

we employ to assure this property are summarized in Appendix B. The interested reader an �nd

the omplete development of the involved topis in [3℄, [4℄ or [13℄, or analogue referenes on ODE

Theory.

It also may be notied that the IVPs we take into onsideration have the form of problem (3.16)

with n = 1. Thus the solution y(x, λ) is a salar funtion, for whih natural questions of real-

valued funtions are appliable. It is a known result (Theorem 3.4.2 of [3℄) that if F has ontinuous

partial derivative with respet to y, then the solution y(x, λ) is di�erentiable with respet to the

initial ondition (i.e. with respet to λ in our ase, if we assume y0(λ) di�erentiable). However the
property we want is monotoniity with respet to λ �xing x as a onstant value. We have not found

a general theoretial tool to derive this monotoniity provided some hypotheses on F or y0(λ), but
instead we determined it in the partiular ase of the IVPs of our interests. The develop of suh a

theoretial tool in the general ODE Theory is an unanswered question to our knowledge.

Let us begin by reapitulating and �xing some notations; onsider the seond order IVP

−∂2xu+ (V (x)− λ)u= 0, 0 ≤ x ≤ 1,

u(1, λ) = 1

∂xu(1, λ) = ξ(λ)

(3.17)
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(in the ase of problem (3.12) in the former setion, ξ(λ) := −
√
−λ). Reall that by Proposition

1.1.3 it holds that given λ ∈ (−‖V ‖∞, 0), the solution to (3.17) has a �nite number of zeros for

x along [0, 1]. Reall moreover that by 1.0.2, the solutions have absolutely ontinuous �rst order

derivative, and hene, a seond derivative whih is unique up to a set of measure zero. If V (x)
is pieewise ontinuous, one an assume the seond derivative of u (with respet to x) pieewise

ontinuous as well; for simpliity we assume V to be ontinuous, sine there is no di�ulty to extend

the results to the pieewise ontinuous ase. We onsider simultaneously the Riati �rst order IVP

assoiated to (3.17), that is given by

dρ

dx
= V (x)− λ− ρ2, x ∈ [0, 1]

ρ(1, λ) = ξ(λ),

(3.18)

whose solution satis�es ρ(x, λ) =
∂xu(x, λ)

u(x, λ)
, and the inverse-Riati �rst-order IVP given by

dσ

dx
= (λ− V (x))σ2 + 1

σ(1, λ) = ξ(λ),

(3.19)

whose solution satis�es σ(x, λ) =
u(x, λ)

∂xu(x, λ)
. The main Theorem giving the monotoniity results

requires two preliminary Lemmas., whih are based on the onept of Euler-ontinuous solution of

an IVP; see Appendix A for more details.

Lemma 3.4.1 Let ω = ω(x, λ) be the solution to the IVP

dω

dx
= F (x, ω;λ), x ∈ [a, b]

ω(b, λ) = ξ(λ),

(3.20)

where ξ(λ) is di�erentiable and either F (x, ω;λ) = V (x)−λ−ω2
or F (x, ω;λ) = (λ− V (x))ω2 +1.

Suppose that the following onditions are ful�lled:

i) There exist δ > 0 suh that for every λ ∈ (λ0 − δ, λ0 + δ), x→ ω(x, λ) is an Euler-ontinuous

solution of (3.20).

ii) There exist M > 0 suh that for every x ∈ (a, b) and every λ ∈ (λ0 − δ, λ0+ δ), |ω(x, λ)| ≤M .

Then one has the following:

a) λ → ω(a, λ) is inreasing on (λ0 − δ, λ0 + δ), provided that F (x, ω;λ) = V (x) − λ − ω2
and

ξ(λ) is an inreasing funtion of λ ∈ (λ0 − δ, λ0 + δ).

b) λ→ ω(a, λ) is dereasing on (λ0 − δ, λ0 + δ), provided that F (x, ω;λ) = (λ− V (x))ω2 + 1 and

ξ(λ) is a dereasing funtion of λ ∈ (λ0 − δ, λ0 + δ).
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Proof: We need to onsider a slight modi�ation of the funtions F (x, ω;λ), sine their partial

derivative is not bounded with respet to ω; let us de�ne the auxiliar appliation

φ(y) :=

{
y2 if |y| ≤M

2M |y| −M2
if |y|> M

and de�ne F̄ (x, ω;λ) := F (x,
√
φ(ω);λ). Then φ is di�erentiable, positive, and agrees with y2 if

|y| ≤ M , but φ satis�es |φ′(y)| ≤ 2M for every y ∈ R; moreover, F̄ has bounded partial derivative

with respet to ω, and hene we an apply Theorem A.0.1 of Appendix A to the IVP (3.20) replaing

F by F̄ . From ondition ii) it is lear that ω(x, λ) is a solution of (3.20) if and only if it is a solution

of the modi�ed problem

dω

dx
= F̄ (x, ω;λ), x ∈ [a, b]

ω(b, λ) = ξ(λ).

Referring to Appendix A, we onsider the numerial Euler approximation of the Euler-ontinuous

solution x→ ω(x, λ). Let ǫ > 0 be given by

ǫ =
1

2
min

{
1

2M
,

1

4M‖V ‖∞

}
, (3.21)

and let n be a �xed integer suh that h :=
b− a

n
< ǫ, xk = b−kh, 0 ≤ k ≤ n. The orresponding

Euler sequenes for both equations have the form

ω̃0 := ω(x0, λ) = ξ(λ) (3.22)

ω̃k+1 := ω̃k − hF̄ (xk, ω̃k;λ). (3.23)

Notie that aording to the statement of the Lemma, the funtion F̄ has partial derivatives with

respet to ω and λ, and these partial derivatives are ontinuous funtions of λ, keeping x �xed.

Therefore it holds that the right-hand side of (3.23) is a di�erentiable funtion of λ, provided that

ω̃k is. Thus, taking into aount that by hypothesis ω̃0 is di�erentiable with respet to λ, it follows
by indution that ω̃k is di�erentiable with respet to λ for every k with 0 ≤ k ≤ n; moreover,

di�erentiating on both sides of (3.23) we obtain

dω̃k+1

dλ
=
dω̃k

dλ
− h

d

dλ

(
F̄ (xk, ω̃k;λ)

)

where

d

dλ

(
F̄ (xk, ω̃k;λ)

)
=





−1− φ′(ω̃k)
dω̃k

dλ
if F̄ (x, ω;λ) = V (x)− λ− φ(ω)

φ(ω̃k) + (λ− V (xk))φ
′(ω̃k)

dω̃k

dλ
if F̄ (x, ω;λ) = (λ − V (x))φ(ω) + 1,

and therefore

dω̃k+1

dλ
=





dω̃k

dλ
(1 + hφ′(ω̃k)) + h if F̄ (x, ω;λ) = V (x) − λ− φ(ω)

dω̃k

dλ
(1− h(λ− V (xk))φ

′(ω̃k))− hφ(ω̃k) if F̄ (x, ω;λ) = (λ− V (x))φ(ω) + 1.
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But we have the estimates

|hφ′(ω̃k)| ≤ 2Mh < 2Mǫ < 1
2

|h(λ− V (xk))φ
′(ω̃k)| ≤ 2M(|λ|+ |V (xk)|)h < 4M‖V ‖∞ǫ < 1

2 .

Therefore, for every k with 0 ≤ k ≤ n − 1, it follows that

dω̃k+1

dλ
≥ 0 provided that

dω̃k

dλ
≥ 0

and F̄ (x, ω;λ) = V (x) − λ − φ(ω). On the other hand, sine φ is always positive, then −hφ(ω̃k) is

negative, so we get that

dω̃k+1

dλ
≤ 0 provided that

dω̃k

dλ
≤ 0 and F̄ (x, ω;λ) = (λ − V (x))φ(ω) + 1.

It turns out by indution on k that the �nite sequene

{
dω̃k

dλ : 0 ≤ k ≤ n
}

is always positive if

F̄ (x, ω;λ) = V (x) − λ− φ(ω), or always negative if F̄ (x, ω;λ) = (λ − V (x))φ(ω) + 1.

Reall that we have onsidered n (and hene h) �xed along all our formulation. Clearly the

sequene de�ned by (3.22) and (3.23) depends on h, and eah term depends on the subindex k as

well, independently of h; let us brie�y denote this double dependene by ω̃k(h), namely, ω̃k(h) is the
k-th term orresponding to the step h. By �xing the onstraint h = (b − a)/n, de�ne the sequene
{ωn}n given by ωn := ω̃n(h) for every positive integer n (atually, we need this de�nition just for n
su�iently large).

Then we onlude our proof as follows; for the ase a), it is assumed that F (x, ω;λ) = V (x)−λ−ω2

and ξ(λ) is an inreasing funtion of λ on (λ0− δ, λ0+ δ). We have proved from this hypothesis that

for eah positive integer n > (b−a)/ǫ, where ǫ is given by (3.21), it holds dωn

dλ
≥ 0 on (λ0−δ, λ0+δ).

Therefore, for every n > (b − a)/ǫ, ωn(λ) is an inreasing funtion of λ on (λ0 − δ, λ0 + δ), i.e., if
λ1, λ2 ∈ (λ0 − δ, λ0 + δ) and λ1 ≤ λ2, then ωn(λ1) ≤ ωn(λ2). Now, by Corollary A.0.2 of Appendix

A, the maximum of the errors with respet to the exat solution, i.e. max{|ω̃k −ω(xk)| : 1 ≤ k ≤ n}
is a sequene depending on n that is estimated above for a bound that onverges to zero as n tends

to in�nity. Therefore it follows that ωn(λ) → ω(a, λ) as n → ∞, and hene, taking the limit on

both sides of ωn(λ1) ≤ ωn(λ2) as n → ∞, we onlude that ω(a, λ1) ≤ ω(a, λ2), i.e., λ 7→ ω(a, λ) is
inreasing. The onlusion for the ase b) is similar.

The former Lemma provides a result of monotoniity, given a family of Euler-ontinuous solutions.

Now we introdue the following two Lemmas that explain how we obtain Euler-ontinuous solutions

for problems (3.18) and (3.19) satisfying the hypotheses of Lemma 3.4.1.

Lemma 3.4.2 Let V (x) ∈ C1([0, 1]) be a nonpositive potential. Then, given λ0 ∈ (−‖V ‖∞, 0),
there exists and a partition 0 = tm < tm−1 < . . . < t1 < t0 = 1 of the interval [0, 1], suh that

ρ(x, λ0) is an Euler-ontinuous solution of (3.18) over eah interval of the form [t2i+1, t2i], with
0 ≤ i ≤ (m − 1)/2 and σ(x, λ0) is an Euler-ontinuous solution of (3.19) over eah interval of

the form [t2i, t2i−1] with 1 ≤ i ≤ m/2. If the potential V (x) is only ontinuous on [0, 1], then we

onlude that the solution is just ontinuous.

Proof: We start by assuming that V (x) ∈ C1([0, 1]), and proving that if a solution of (3.18) or

(3.19) is ontinuous on an interval [p, q], then suh a solution is Euler-ontinuous on [p, q]. Indeed,
onsider the solution ρ(x, λ0) of (3.18). If one has that ρ(x, λ0) is ontinuous in x for p ≤ x ≤ q,
then from the fat that V (x) ∈ C1([0, 1]) and ∂xρ = V (x) − λ0 − ρ2 it follows that ρ(x, λ0) have
ontinuous seond derivative (with respet to x) on the interval [p, q], and this seond derivative
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is bounded in [p, q] sine [p, q] is ompat. But this agrees with the de�nition of being an Euler-

ontinuous solution on [p, q] (see remark 3 of appendix A). An analogue onlusion an be derived

for the solution σ(x, λ0) of (3.19).

Thus the Euler-ontinuity requirement in the statement has been redued to ontinuity, and

now we assume only ontinuity on V . Now we onstrut the partition {t0, t1, . . . , tm} as follows: if

u(x, λ0) does not have zeros for 0 ≤ x ≤ 1, then we �x m = 1 and t0 := 1, t1 := 0; in this ase,

learly we have just that ρ(x, λ0) is ontinuous on [0, 1].

If the set of zeros of u(x, λ0) is nonempty, let 0 ≤ zn < zn−1 < . . . < z1 < 1 be these distint

zeros. Then they are also zeros for σ(x, λ0), and σ(x, λ0) is ontinuous at zi for every i, 1 ≤ i ≤ n.
Along the rest of the proof, we denote by (a, b) the interior set of the losed interval [a, b] in the

topologial spae [0, 1], onsidered as a subspae of R with the usual topology. Take for every

integer i with 1 ≤ i ≤ n an interval of the form (t2i, t2i−1) ⊆ [0, 1] in suh a way that t1 < 1, and
the following onditions are satis�ed:

i) zi ∈ (t2i, t2i−1) for every i, 1 ≤ i ≤ n

ii) (t2i, t2i−1) ∩ (t2j , t2j−1) = ∅, whenever i 6= j.

It may be notied that one should have ∂xu(zi, λ0) 6= 0 for every 1 ≤ i ≤ n. Otherwise, by existene
and uniqueness, u(x, λ0) would identially vanish for every x ∈ [0, 1]. Therefore, sine x→ ∂xu(x, λ0)
is ontinuous on x = zi, 1 ≤ i ≤ n, then the intervals (t2i, t2i−1) an be shortened to satisfy the

additional property:

iii) No zero of ∂xu(x, λ0) (and hene of ρ(x, λ0)) lies inside
n⋃

i=1

[t2i, t2i−1].

We make the desired partition by taking m = 2n if t2n = 0, m = 2n + 1 if t2n > 0; then de�ne

t0 := 1, tm := 0, and de�ne the remaining elements tk for 1 < k < m as the extremes of the intervals

(t2i, t2i−1), 1 ≤ i ≤ n.

Sine ∂xu(x, λ0) does not vanish over any interval of the form [t2i, t2i−1] by ondition iii), it follows

that σ(x, λ0) = u(x,λ0)
∂xu(x,λ0)

is ontinuous over eah of these intervals. Moreover, sine {z1, . . . zn} ⊆
n⋃

i=1

(t2i, t2i−1) by ondition i), then u(x, λ0) does not vanish over any interval in the omplement

inside [0, 1], i.e., any interval of the form [t2i+1, t2i], and therefore ρ(x, λ0) =
∂xu(x,λ0)
u(x,λ0)

is ontinuous

over eah interval of this form. Therefore, {t0, . . . , tm} is the desired partition.

Lemma 3.4.3 Let V (x) ∈ C1([0, 1]) be a nonpositive potential. Given λ0 ∈ (−‖V ‖∞, 0), let 0 =
tm < tm−1 < . . . < t1 < t0 = 1 be the partition of Lemma 3.4.2. Then there exist δ > 0 suh that

for every λ with λ0 − δ < λ < λ0 + δ, ρ(x, λ) is an Euler-ontinuous solution of (3.18) over eah

interval of the form [t2i+1, t2i], with 0 ≤ i ≤ (m− 1)/2 and σ(x, λ) is an Euler-ontinuous solution

of (3.19) over eah interval of the form [t2i, t2i−1] with 1 ≤ i ≤ m/2. If V is just ontinuous, then

we have the same onlusion with ontinuity instead of Euler-ontinuity.

Proof: We made the partition in Lemma 3.4.2 in suh a way that x 7→ ∂xu(x, λ0) is nonvanishing

on K :=
n⋃

i=1

[t2i, t2i−1]. Hene the ontinuity of x 7→ ∂xu(x, λ0) and the ompatness of K imply

min
x∈K

|∂xu(x, λ0)| > 0.
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Similarly, sine x 7→ u(x, λ0) does not vanish on the ompat L := [0, 1]\
◦
K, then min

x∈L
|u(x, λ0)| > 0.

But by Theorem B.0.6 and the proof of Theorem B.0.7 of Appendix B, it follows that the mappings

λ 7→ min
x∈K

|∂xu(x, λ)|, and λ 7→ min
x∈L

|u(x, λ)|

are ontinuous on λ = λ0; thus, there exist some δ > 0 suh that both mappings are stritly positive

for every λ ∈ (λ0 − δ, λ0 + δ). Notie that in partiular, the derivative ∂xu(x, λ) preserves the same

sign on eah interval [t2i, t2i−1], 1 ≤ i ≤ n. Therefore, �xed λ ∈ (λ0 − δ, λ0 + δ), the solution u(x, λ)
must have at most one zero in x on eah of the open intervals (t2i, t2i−1), 1 ≤ i ≤ n. But we made

the hoie of the partition {t0, . . . , tm} in suh a way that zi ∈ (t2i, t2i−1); thus we may take the

value δ > 0 in suh a way that given λ ∈ (λ0 − δ, λ0 + δ), u(x, λ) has exatly one zero on eah

interval (t2i, t2i−1). Hene the solution u(x, λ) and its �rst derivative in x, ∂xu(x, λ) satisfy the

onditions i)-iii) at the beginning of the proof of Lemma 3.4.2, replaing λ0 for λ, and learly the

same onlusion an be derived for λ. This proves the Lemma.

We remark that Lemmas 3.4.2 and 3.4.3 have been proved for a potential de�ned over the interval

[0, 1], but this interval may be replaed by any interval [r, s]. This is an important fat that allows

us to assure the validity of Lemmas 3.4.2 and 3.4.3 if the potential V is pieewise C1
on [0, 1] (or

pieewise ontinuous, if it is the only property needed).

We apply now the Lemma 3.4.2 to determine that the IVPs (3.18) and (3.19) have a unique

solution.

Lemma 3.4.4 Assume that V is pieewise ontinuous, and let λ ∈ (−‖V ‖∞, 0) be �xed. If ρ(x, λ) is
a solution of the IVP (3.18), de�ned for every x ∈ [0, 1] exept perhaps for a �nite set of singularities,

then ρ(x, λ) is de�ned for every x suh that u(x, λ) 6= 0 and ρ(x, λ) =
∂xu(x, λ)

u(x, λ)
.

Proof: Consider the partition {t0, . . . , tm} of Lemma 3.4.2. Then by the Existene and Uniqueness

Theorem, ρ(x, λ) and
∂xu(x, λ)

u(x, λ)
agree on [t1, 1], sine they both satisfy the initial ondition

ρ(1, λ) = ξ(λ) =
∂xu(1, λ)

u(1, λ)
.

Reasoning by ontradition, let [tk+1, tk] be the �rst interval from the right to the left in whih they

do not agree; then they agree in [tk, tk−1]. But in partiular, ρ(tk, λ) =
∂xu(tk, λ)

u(tk, λ)
; then we have

the following two possibilities:

i) k = 2i for some integer i. Then [tk+1, tk] = [t2i+1, t2i]. But
∂xu(x, λ)

u(x, λ)
is a ontinuous solution

on this interval for the IVP

dρ

dx
= V (x)− λ− ρ2, x ∈ [t2i+1, t2i]

ρ(t2i, λ) =
∂xu(t2i, λ)

u(t2i, λ)
,

(3.24)
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and the ontinuity of this solution implies by the Existene and Uniqueness Theorem that

must be unique. But sine ρ(x, λ) is a solution for (3.18), then learly is also a solution for

(3.24), and hene it must agree with

∂xu(x, λ)

u(x, λ)
, a ontradition.

ii) k = 2i − 1 for some integer i. Then [tk+1, tk] = [t2i, t2i−1] and
u(x, λ)

∂xu(x, λ)
is a ontinuous

solution on this interval for the IVP

dσ

dx
= (λ− V (x))σ2 + 1, x ∈ [t2i, t2i−1]

σ(t2i−1, λ) =
u(t2i−1, λ)

∂xu(t2i−1, λ)
,

(3.25)

meanwhile

1

ρ(x, λ)
, being a solution of (3.19), must be also a solution of (3.25), whih implies

again that ρ(x, λ) agrees with
∂xu(x, λ)

u(x, λ)
and makes a ontradition as well.

Thus ρ(x, λ) must agree with
∂xu(x, λ)

u(x, λ)
on eah interval of the form [tk+1, tk], and hene on [0, 1].

Now we prove Theorem 3.3.1 for the ase of V (x) ∈ C1([0, 1]); its proof is a simple indution made

by the suesive appliation of Lemmas 3.4.1 and 3.4.2. Reall that ρ(x, λ) =
∂xu(x, λ)

u(x, λ)
for every

(x, λ) suh that u(x, λ) 6= 0; in partiular, we onsider the appliation λ → ρ(0, λ) as a funtion on

the domain

D := {λ ∈ [−‖V ‖∞, 0) : u(0, λ) 6= 0}.
Let us restate the Theorem for easy referene.

Theorem 3.4.5 Let ρ = ρ(x, λ) be the unique solution to the IVP (3.18); suppose that V ∈ C1([0, 1])
and ξ(λ) is inreasing. Then λ→ ρ(0, λ) is inreasing over any open interval ontained in D.

Proof: Let 0 = tm < tm−1 < . . . < t1 < t0 = 1 be the partition of [0, 1] given by Lemma 3.4.2.

Then, given λ0 in D̊, ρ(x, λ0) is ontinuous as an x-funtion over the intervals of the form [t2i+1, t2i],
0 ≤ i ≤ (m − 1)/2, and σ(x, λ0) is ontinuous as an x-funtion over the intervals of the form

[t2i, t2i−1], 1 ≤ i ≤ m/2. Then we an de�ne, at least in λ = λ0, the funtion

Φ(λ) :=
∑

i≤(m−1)/2

sup
x∈[t2i+1,t2i]

|ρ(x, λ)| +
∑

i≤m/2

sup
x∈[t2i,t2i−1]

|σ(x, λ)|,

whih of ourse takes a real �nite value in λ0. But by Lemma 3.4.3, there exists a value δ > 0 suh

that (λ0 − δ, λ0 + δ) ⊆ D̊, and the funtion Φ(λ) is well de�ned and �nite-valued for every λ ∈
(λ0− δ, λ0+ δ); and by Theorem B.0.7, it holds that Φ(λ) is ontinuous in λ = λ0. Then, by shorten
δ if neessary, it an be found M > 0 suh that Φ(λ) = |Φ(λ)| < M for every λ ∈ (λ0 − δ, λ0 + δ);
in partiular, it holds that |ρ(x, λ)| ≤ M for every x ∈ ⋃

i

[t2i+1, t2i], and |σ(x, λ)| ≤ M for every
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x ∈ ⋃
i

[t2i, t2i−1]. Now, the statement follows by indution; eah indution step onsist of applying

a ouple of times the Lemma 3.4.1. In the �rst �indution half-step�, we apply the Lemma 3.4.1 to

the obtained onstant M , and the IVP

dρ

dx
= V (x)− λ− ρ2, x ∈ [t2i+1, t2i]

σ(t2i+1, λ) =
1

ρ(t2i+1, λ)
, (3.26)

where ξ0(λ) = ξ(λ) and ξi(λ) =
1

σ(t2i, λ)
if i > 0; In the seond half-step, we apply the Lemma

3.4.1 to the onstant M , and the IVP

dσ

dx
= (λ− V (x))σ2 + 1, x ∈ [t2i+2, t2i+1]

σ(t2i+1, λ) =
1

ρ(t2i+1, λ)
. (3.27)

Notie that by the solutions ρ and σ in the right hand side of (3.26), (3.27) we refer to the ones

obtained in the last indution step; these initial onditions have been taken to agree the solutions

over the subintervals with the solution over the whole interval [0, 1] of the IVPs (3.18) and (3.19).

3.5 Complementary Remarks on the monotoniity of Fµ(λ)

We have proved that FN (λ) and FD(λ) are respetively inreasing and dereasing over eah interval

on its domain. The previous monotoniity result allows us to note further fats of the form of these

funtions. Indeed, let us write formulas (3.13) and (3.14) in terms of the solution u(x, λ) to the IVP
(3.17). We have that

FN (λ) =
1√
−λ

artanh

(
∂xu(0, λ)√
−λu(0, λ)

)
, (3.28)

FD(λ) =
1√
−λ

artanh

(√
−λu(0, λ)
∂xu(0, λ)

)
. (3.29)

It should be notied that in the ontext of Theorem 3.2.1 the domain of Fµ is not the natural

domain that orresponds to the formulas (3.28) and (3.29), for λ is an eigenvalue of the operator Hµ
a

if and only if Fµ(λ) > 0, and hene the domain is restrited to the set {λ ∈ [−‖V ‖∞, 0) : Fµ(λ) > 0},
µ = N, D. Let us drop o� for the moment this restrition and onsider, for example, the natural

domain of FN (λ) de�ned by (3.28). Then a value λ ∈ [−‖V ‖∞, 0) belongs to this natural domain if

and only if

√
−λ|u(0, λ)| > |∂xu(0, λ)| (in partiular,

√
−λu(0, λ) 6= 0). Now, Theorem 3.4.5 an be

applied to onlude that the mapping

g(λ) :=
∂xu(0, λ)√
−λu(0, λ)

is inreasing on any interval ontained in [−‖V ‖∞, 0) in whih g(λ) ≥ 0. Moreover, a value λ0 ∈
[−‖V ‖∞, 0) is a boundary value for the domain of FN (λ) if and only if |g(λ0)| = 1. In partiular,
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suppose that λ0 is a boundary point of the set

{λ ∈ [−‖V ‖∞, 0) : FN (λ) ≥ 0}. (3.30)

Then the monotoniity of g(λ) implies that suh value λ0 is the right-hand extreme for a onneted

omponent in the domain of FN (λ). Consequently, sine artanh(x) tends to +∞ as x tends to 1

for the left, it follows that

lim
λ→λ−

0

FN (λ) = +∞. (3.31)

Moreover, if λ1 is a boundary point of the domain of FN (λ) but not of the set (3.30), then we have

in this ase g(λ1) = −1 and hene λ1 satis�es

lim
λ→λ1

FN (λ) = −∞.

However, nothing an be onluded about whether λ1 is a left-hand side or a right-hand side extreme,

sine despite Theorem 3.4.5, g(λ) need not to be inreasing when it is negative. We shall see an

example in the setion 3.7 for whih both ases our. The same reasoning an be made for FD(λ),
to onlude that if λ0 is a boundary point to {λ ∈ [−‖V ‖∞, 0) : FD(λ) ≥ 0}, then λ0 is a left-hand

side extreme that satis�es

lim
λ→λ+

0

FD(λ) = +∞, (3.32)

and we have similar onlusions values λ1 that are boundary points on the negative range of FD(λ).

Now let us onsider the ase λ0 = 0; it also fails to belong to the natural domain of FN (λ), but
it might our that lim

λ→0−
FN (λ) exists. If this is the ase, then neessarily ρ(0, 0) = 0 by (3.28), but

by Theorem 3.4.5 ρ(0, λ) is inreasing in λ, and hene ρ(0, λ) must be negative for small negative

values of λ implying the same for FN (λ). Therefore suh a �nite limit has to be nonpositive and

hene λ0 = 0 is not a boundary point for �positive range part� of the domain of FN (λ). On the

other hand, we annot derive the same onlusion for FD(λ), sine in this ase it might happen that

ρ(0, 0) > 0 and still lim
λ→0−

FD(λ) might exist. Indeed we will see in the examples below that this ase

is possible.

These fats will allow us to provide most of the features on the behavior of the funtions Fµ(λ),
espeially in its positive range, whih is the relevant part of the range to our purposes. In the

following lemma we show another important fat about the sign of ρ(0, λ) (whih is the same sign

of Fµ(λ), µ = N, D) in λ := −‖V ‖∞.

Lemma 3.5.1 Let ρ(x, λ) be the unique solution of the IVP (3.18), with ξ(λ) = −
√
−λ. Then

λ = −‖V ‖∞ is in the domain of λ 7→ ρ(0, λ) and ρ(0, λ) < 0.

Proof: Let ǫ > 0. Consider the solution ρǫ of the IVP

∂xρǫ = V (x)− λ+ ǫ− ρ2ǫ , x ∈ [0, 1]

ρǫ(1, λ) = −
√
−λ,

It an be found in the literature (see e.g. Theorem 1.11.1 of [3℄) that the dependene on the parameter

ǫ is uniformly ontinuous, i.e. the solution ρǫ of (3.5) onverges uniformly to the solution of (3.18)
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as ǫ→ 0. Bearing in mind this fat, we ompare ρǫ with the solution of the IVP

∂xρ̂ = −ρ̂2, x ∈ [0, 1]

ρ̂(1, λ) = −
√
−λ.

Spei�ally, let x0 ∈ (0, 1] be suh that ρǫ(x0, λ) = ρ̂(x0, λ). Then ∂xρǫ(x0, λ) − ∂xρ̂(x0, λ) =
V (x0)− λ+ ǫ, and therefore the di�erene between both solutions ρ̂ǫ := ρǫ − ρ̂ satisfy ρ̂ǫ(x0, λ) = 0
and ∂xρ̂ǫ(x0, λ) > 0. Hene, sine the derivatives of the solutions are ontinuous, there exist δ > 0
suh that ∂xρ̂ǫ(x, λ) > 0 for every x ∈ (x0−δ, x0]; thus ρ̂ǫ(x, λ) must be inreasing in x ∈ (x0−δ, x0],
but sine ρ̂ǫ(x0, λ) = 0, then it must be negative for x ∈ (x0−δ, x0]. It follows that ρǫ(x, λ) < ρ̂(x, λ)
for every x ∈ (x0 − δ, x0].

Now, atually the problem (3.5) an be solved expliitly, and is solution is given by

ρ̂(x, λ) =
1

x−
(
1 + 1√

−λ

) =

√
−λ√

−λx−
(√

−λ+ 1
) .

In partiular, ρ̂(x, λ) is ontinuous in x ∈ [0, 1], and ρ̂(0, λ) < 0. Sine ρ̂(1, λ) = ρǫ(1, λ) = −
√
−λ,

the above fats imply that ρǫ(x, λ) is bounded above by ρ̂(x, λ) on the maximum interval of the form

(t, 1] ⊆ [0, 1] in whih ρǫ(x, λ) is ontinuous. But if t > 0, we would have that ρǫ(x, λ) is not bounded
from below in [0, 1], implying that its derivative ∂xρǫ = V (x)−λ+ ǫ−ρ2ǫ is not bounded from above

in [0, 1], whih is an absurd. Hene t = 0 and we have onluded that ρǫ(0, λ) ≤ ρ̂(0, λ) < 0. Taking
ǫ→ 0, it follows that ρ(0, λ) < 0.

In order to avoid ambiguity, we refer as the eigenvalue domains for the domains of the funtions

FN (λ) and FD(λ) in the ontext of Theorem 3.2.1, i.e. the subsets of the natural domains onsisting

of the values λ suh that Fµ(λ) > 0, µ = N, D. We apply the former observations, and Lemma

3.5.1 to onlude the following

Theorem 3.5.2

a) Let (α, β) be a onneted omponent in the eigenvalue domain of FN (λ). Then lim
λ→β−

FN (λ) =

∞, and lim
λ→α+

FN (λ) = 0.

b) Let (γ, δ) be a onneted omponent in the eigenvalue domain of FD(λ). Then lim
λ→γ+

FD(λ) =

∞, and lim
λ→δ−

FD(λ) = 0 if δ < 0.

Proof: Consider the ase a). Sine FN (λ) is inreasing on (α, β), then it is bounded below and is

naturally de�ned for λ = α. But this implies FN (α) = 0; otherwise, FN (λ) an be de�ned positively

on an interval of the form (α1, β) with α1 < α, in ontradition with the fat that (α, β) is a onneted
omponent of the eigenvalue domain. On the other hand, again sine FN (λ) is inreasing on (α, β),
it follows that FN (λ) annot be evaluated in β by a similar reason than the one provided for α.
Therefore β is a point in the boundary of the natural domain of FN (λ), and hene lim

λ→β−
FN (λ) = ∞

aording to (3.31) and the fat that FN (λ) > 0.
The ase b) is idential, with the di�erene that FD(λ) is a dereasing funtion.
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3.6 Estimates on the Number of Eigenvalues

Another feature that an be improved for desribing the funtions Fµ(λ) and the point spetra of

the operator Ha is to estimate from above the number of eigenvalues, in the same spirit as the

inequalities (1.17) and (1.21) in Chapter 1. The key to obtain a orresponding result for our ase

is to take into aount that there exist one and only one eigenvalue for eah onneted omponent

in the eigenvalues domain of the funtions Fµ(λ). Hene the ounting of eigenvalues is made by

ounting the onneted omponents. Indeed we have the following

Theorem 3.6.1 Let N_(Ha) be the number of negative eigenvalues of the operator Ha given by

(3.1). Then it holds the inequality

N_(Ha) ≤ 2 + 2

∫ 1

0

x|V (x)| dx (3.33)

for every a > 0.

Proof: Let a > 0 be �xed. We know that the spetrum of the operator Ha is the same as the

spetrum of the equivalent operator HN
a ⊕HD

a , and hene the number of its eigenvalues is the sum

of the number of eigenvalues of HN
a and HD

a . But by Theorems 1.2.3 and 1.2.5, the Neumann and

Dirihlet eigenvalue numbers N_(HN
a ) and N_(HD

a ) are estimated by

N_(HD
a ) ≤

∫ ∞

0

x|V (x− a)| dx,

N_(HN
a ) ≤ 1 +

∫ ∞

0

x|V (x− a)| dx.

Therefore, the total number of eigenvalues satisfy the inequality

N_(Ha) ≤ 1 + 2

∫ ∞

0

x|V (x− a)| dx.

now, take the limit as a→ 0 by the right on both sides; we get

lim
a→0+

N_(Ha) ≤ 1 + 2

∫ ∞

0

x|V (x)| dx = 1 + 2

∫ 1

0

x|V (x)| dx, (3.34)

sine the support of the potential V (x) is ontained in the interval [0, 1]. Now it is lear that

the limit of the left-hand side of (3.34) is equal to the number of elements in the union of sets of

zeros of FN (λ) and FD(λ). But eah zero orresponds injetively with a onneted omponent for

the union of eigenvalue domains of the funtions FN (λ) and FD(λ), exept perhaps for the �rst

onneted omponent at the right, i.e., the omponent with right-hand extreme λ = 0, for whih its

orresponding eigenvalue may arise from a positive value of a. Thus the right-hand side of (3.34)

may be inreased by 1; This proves the desired estimate.



CHAPTER 3. MONOTONICITY FOR THE EIGENVALUES OF A DOUBLE-WELLS

ONE-PARAMETER SCHRÖDINGER OPERATOR 41

3.7 Examples

1. Constant potential; sharpness of the estimate (3.33): Fix M > 0 and let V (x) ≡ −M for

0 ≤ x ≤ 1. The Riati IVP for this potential is

dρ

dx
= −M − λ − ρ2, ρ(1, λ) = −

√
−λ,

0 ≤ x ≤ 1. This equation an be easily solved by separation of variables to obtain

ρ(x, λ) = − tan

(
x
√
M + λ−

√
M + λ+ arctan

( √
−λ√

M + λ

))√
M + λ

and we have in this ase an expliit expression for ρ(0, λ) and for the funtions Fµ(λ) as well.
Let us take in partiular M = 0.5, and onsider the plot of the graphs of the funtions FN (λ),
FD(λ), on its natural domains; this is given by the left graph in �gure 3.1.

Figure 3.1:

Sine the eigenvalues, as funtions of the parameter a, are loal inverses of the funtions Fµ(λ),
then the graphs of λ1(a), λ2(a) are given by the inverse graph of the left �gure 3.1, whih is

given by the right �gure 3.1. The eigenvalue below is a Neumann eigenvalue and starts from

a = 0, and the eigenvalue above is a Dirihlet eigenvalue that starts from a positive value of

a, whih orresponds to the limit as λ tends to zero by the right side of FD(λ) (see remarks

at the beginning of setion 3.5). Moreover it an be notied that the right-hand side of (3.33)

equals 2.5, implying that the maximum number of possible eigenvalues should be 2, whih is

exatly the number of eigenvalues that arise as a → ∞. Therefore the estimate (3.33) is as

sharp as the the estimates provided by Theorems 1.2.3 and 1.2.5.

2. Monotoniity may fail on the negative range: Consider the potential

V (x) =

{
−4.04 if 0 ≤ x < 0.5

−20 if 0.5 ≤ x ≤ 1
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This is a pieewise onstant potential and as well as the �rst example, the solution of its

assoiated Riati IVP an be obtained by �nding the solution ρ(x, λ) on the piee of the

potential in the interval [0.5, 1], and then �nding the solution on [0, 0.5] where the initial

onditions are provided to �t the former piee of the solution at x = 0.5. This is an useful

example to illustrate why the ondition ρ(λ, 0) ≥ 0 was essential in the proof of Theorem

3.3.2. Indeed, although the funtions Fµ(λ) are monotone in the positive part of the range,

when Fµ(λ), µ = N, D are onsidered on its natural domain we get that there exist values

λ ∈ [−20, 0] for whih Fµ(λ) < 0 and the funtions attain loal extremas in this values (See

�gure 3.2). Hene ondition ρ(λ, 0) ≥ 0 annot be dropped in Theorem 3.3.2.

Figure 3.2:



Appendix A

The Euler Method

We onsider solutions of di�erential equations of the form

y′ = F (x, y), y(0) = α (A.1)

in our work. For the monotoniity results on the dependene of a parameter in the initial ondition

(either α or another one from whih α depends on), numerial approximations by Euler Method to

the unique solution of (A.1) are easier to handle than the exat solution. Hene we state without

proof the following theorem from [8℄ desribing the Euler approximations and its onvergene:

Theorem A.0.1 Let I be the open interval (0, L) and I the losed interval [0, L]. Assume the initial

value problem (A.1) has the unique solution Y (x) on I, i.e.,

Y ′(x) ≡ F (x, Y (x))

and

Y (0) = α.

Assume that Y ′(x) and Y ′′(x) are ontinuous, and there exist positive onstants B, N suh that

|Y ′′(x)| ≤ N, 0 ≤ x ≤ L (A.2)

∣∣∣∣
∂F

∂y

∣∣∣∣ ≤ B, 0 ≤ x ≤ L, −∞ < y <∞. (A.3)

Next, let n be a �xed positive integer, and let I be subdivided into n equal parts by the grid points

x0 < x1 < x2 < . . . < xn, where x0 = 0, xn = L. Denote the grid size h by

h = L/n. (A.4)

Let yk be the numerial solution of (A.1) by Euler method on the grid points, so that

yk+1 = yk + hF (xk, yk), k = 0, 1, 2, . . . , n− 1 (A.5)

y0 = α
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and de�ne the error Ek at eah grid point xk by

Ek = Yk − yk, k = 0, 1, 2, . . . , n.

Then

|Ek| ≤
[(1 +Bh)k − 1]Nh

2B
, k = 0, 1, 2, . . . , n. (A.6)

This theorem has a straightforward orollary that we have modi�ed from its original presentation

in [8℄ to our purposes.

Corollary A.0.2 Under the assumptions of theorem A.0.1, for every positive value h ∈ {L/n : n ∈
Z
+} it follows that

S(h) := max{|Ek| : 1 ≤ k ≤ n} ≤ (eBL − 1)Nh

2B
(A.7)

Notie that taking h �xed is equivalent to take n �xed, but in our onventions we prefer to make

expliit the dependene on h for simpliity of notations.

Proof: Sine (1 + Bh) > 1, then the largest value of (1 + Bh)k results when k = n. Thus, from

(A.6),

|Ek| ≤
[(1 +Bh)n − 1]Nh

2B
,

whih, sine n = L/h, an be written as

|Ek| ≤

{[
(1 +Bh)

1
Bh

]BL

− 1

}
Nh

2B

≤
{
eBL − 1

}
Nh

2B
,

where we employed the fat that (1 + x)1/x ≤ e for every x > 0. Sine the right hand side does not

depend on k, then (A.7) follows.

Remark 1 If a priori (A.3) does not neessarily holds, but there exist an M > 0 suh that the

solution Y (x) satis�es:
|Y (x)| ≤M for every x ∈ I,

then theorem A.0.1 may be adapted by replaing ondition (A.3) with:

There exist B > 0 suh that

∣∣∣∣
∂F

∂y

∣∣∣∣ ≤ B, 0 ≤ x ≤ L, −M ≤ y ≤M. (A.8)

Indeed, given a funtion F (x, y) satisfying ondition (A.8), we an de�ne the funtion FM (x, y) for
every (x, y) ∈ [0, L]× [−M,M ] by:

FM (x, y) = F (x, 0) +

∫ y

0

G(x, t) dt, where G(x, t) =





Fy(x,M) for every t > M
Fy(x, t) for every |t| ≤M
Fy(x,−M) for every t < −M
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It is lear that if Y (x) is the unique solution for (A.1), then it is also the unique solution for

y′ = FM (x, y), y(0) = α. (A.9)

In this ase, we an apply equivalently theorem A.0.1 and orollary A.0.2 to the problem (A.9)

instead of (A.1). Hene the orresponding Euler aproximation will be

yk+1 = yk + hFM (xk, yk), k = 0, 1, 2, . . . , n− 1 (A.10)

y0 = α.

Remark 2 All these fats are extended in an obvious way to the initial value problems of the form

y′ = F (x, y), y(x0) = α

over intervals of the form [x0, x1] or [x1, x0]. In partiular we are mainly interested in problems with

initial ondition at the right hand side. In this ase, the Euler method is made from the right to the

left, so the reursion step (A.10) should be replaed by

yk+1 = yk − hFM (xk, yk), k = 0, 1, 2, . . . , n− 1

Remark 3 If there exist onstants B, M , N , suh that the solution Y (x) of the initial value

problem (A.1) (or a general initial value problem) satis�es the hypotheses (A.2) and (A.8), we say

that Y (x) that it is an Euler-ontinuous solution. In other words, an Euler-ontinuous solution is a

solution suh that its numerial Euler approximation onverges as the step h tends to zero.





Appendix B

Some Fats of Ordinary Di�erential

Equations Theory

We summarize in this appendix some of the main fats from ordinary di�erential equations used to

derive the results in hapter 2. We adopt here the presentation made in [3℄. See [13℄ and [4℄ for

further referene.

Consider the di�erential equation

du

dx
= f(x, u) (B.1)

It may be assumed in general that f is a ontinuous funtion de�ned on a subset U of R×E, whih
is often supposed to be open but might be losed sometimes. In [3℄, E is taken to be a real Banah

spae, but we shall be interested in the speial ase of E = R
n
, and we impose as well some stronger

onditions over f in the propositions below.

Let I be a real interval. A solution of the di�erential equation (B.1) is de�ned to be a C1
funtion

ϕ : I 7→ Rn
that satis�es the onditions

I) (x, ϕ(x)) ∈ U for every x ∈ I

II) ϕ′(x) = f(x, ϕ(x)) for every x ∈ I.

Moreover, let ǫ > 0; we say that a pieewise C1
funtion ϕ : I 7→ R

n
is an approximate solution of

(B.1) with auray less than ǫ, or an ǫ-approximate solution, if the following onditions are veri�ed:

i) (x, ϕ(x)) ∈ U for every x ∈ I

ii) ‖ϕ′(x)− f(x, ϕ(x))‖ ≤ ǫ for every x ∈ I

By a pieewise C1
funtion we refer to a funtion that is ontinuous on the interval I and has

ontinuous derivative on I exept on a �nite set of points, where it has just left-hand and right-hand

sided derivatives. Of ourse, it has to be notied that ondition ii) is satis�ed in the generalized

sense of sided derivatives for the pieewise C1
funtion ϕ.

It is lear that a solution of the di�erential equation (B.1) is an ǫ-approximate solution for every

ǫ > 0. In order to emphasize, we refer to a solution, satisfying the onditions I) and II) above, as

an exat solution.
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These de�nitions are the basi elements in the development of subsequent propositions in [3℄.

We present now the statement of one of those propositions, whih is presented in [3℄ as �The

Fundamental Lemma� and works as the essential tool to derive the loal existene an uniqueness

theorem for initial value problems with the di�erential equation (B.1), as well as other several lassi

propositions in ODE theory.

Lemma B.0.3 Let ϕ1 : I 7→ R
n
an ǫ1-approximate solution, and ϕ2 : I 7→ R

n
an ǫ2-approximate

solution of the equation (B.1); let u1 = ϕ1(x0), and u2 = ϕ2(x0) its initial values for x0 ∈ I.
Suppose that f is k-lipshitzian in u; then, for every x ∈ I,

‖ϕ1(x) − ϕ2(x)‖ ≤ ‖u1 − u2‖ek|x−x0| + (ǫ1 + ǫ2)
ek|x−x0| − 1

k
(B.2)

This lemma implies obviously the following

Corollary B.0.4 If in the last lemma, ϕ1 and ϕ2 are exat solutions, then the formula (B.2) is

replaed by

‖ϕ1(x)− ϕ2(x)‖ ≤ ‖u1 − u2‖ek|x−x0|

A fat that may be simply notied from this orollary is that if u1 and u2 are the respetive initial

values for the solutions ϕ1(x) and ϕ2(x), and the interval of de�nition I for both the initial value

problems is ompat, then ϕ1(x) onverges uniformly to ϕ2(x) as u1 tends to u2. This would allow

us to onsider as the initial ondition, a ontinuous funtion of an extra parameter λ, and we ould

derive that a solution ϕ(x;λ) depends on the parameter λ �in the sense of uniform onvergene�;

nevertheless, we are interested in initial value problems that have a dependene on λ not just in the

initial ondition, but in the di�erential equation as well. Therefore we need a orresponding result

that desribes the behavior of the solution of initial value problems with di�erential equations of the

form (B.1), but with an extra dependene of a parameter in the funtion f , i.e. f(x, u;λ) instead of

f(x, u). We state without proof the main result about this issue from [3℄.

Theorem B.0.5 Consider the di�erential equation

du

dx
= f(x, u, λ) (B.3)

where f is a ontinuous funtion

f : I ×B(u0, r)× L 7→ R
n,

being I a ompat interval, B = B(u0, r) the losed ball ‖u−u0‖ ≤ r in R
n
and L is a metri spae.

Suppose that the following onditions are ful�lled:

i) ‖f(x, u, λ)‖ ≤M for every (x, u, λ) ∈ I ×B × L,

ii) ‖f(x, u1, λ)− f(x, u2, λ)‖ ≤ k‖u1 − u2‖ for any x ∈ I, ‖u1 − u0‖ ≤ r, ‖u2 − u0‖ ≤ r, λ ∈ L.

Then, for every λ ∈ L, the equation (B.3) has an unique solution uλ(x) de�ned over the interval

J = I ∩
[
x0 −

r

M
, x0 +

r

M

]

suh that uλ(x0) = u0; furthermore, it veri�es that uλ onverges uniformly to uλ0 whenever λ
onverges to λ0.
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Remark Theorem B.0.5 has been stated for a general funtion f : I×B(u0, r)×L 7→ R
n
satisfying

several hypotheses. In our ase, we are interested in onsider a funtion

f : I × R
n × L 7→ R

n

of the form

f(x, u, λ) = A(x, λ)u,

i.e., a funtion that is linear in u. Of ourse, A(x, λ) is a real n × n matrix for any (x, λ) ∈ I × L
whih varies ontinuously with respet to (x, λ) in the Banah spae of real n×n matries, with the

usual matrix norm. This funtion does not exatly �t in the hypotheses of theorem B.0.5, but given

any r > 0, the restrition of f to I ×B(u0, r)× L do satisfy these hypotheses. Heneforth it raises

the natural question about whether the steps of the proof given in [3℄ for the theorem work as well in

the ase of f(x, u, λ) = A(x, λ)u; a priori, it might be possible that the solution has not a bounded

range of values and it is de�ned only in a proper subinterval of the interval I, whih may be even

nonompat. Nevertheless, the existene and uniqueness theorem for �rst-order linear initial value

problems guarantees the de�nition of the solution along the whole ompat interval I, in ontrast

with the ase of nonlinear funtions, for whih we have the results only loally. Thus, exeptionally we

an arry out the proof of the theorem for the u-linear funtion f(x, u, λ) = A(x, λ)u, to onlude

that the solution uλ(x) onverges uniformly to uλ0(x) on I, as λ tends to λ0, and there is not

essentially further work to do for deriving this onlusion; see [3℄.

Now, by means of orollary B.0.4 and theorem B.0.5, one gets the following

Theorem B.0.6 Let I, L ⊆ R be real ompat intervals, and let A(x, λ) be a ontinuous funtion

that maps I × L into the spae of real n× n matries. Consider the initial value problem

du

dx
= A(x, λ)u(x), x ∈ I

u(x0) = u0(λ)

(B.4)

where u0(λ) is a ontinuous funtion de�ned in L into R
n
. Then for every λ ∈ L, there exist an

unique solution uλ(x) for (B.4), de�ned for every x ∈ I, and if λ onverges to λ0 in L, then uλ
onverges to uλ0 uniformly on I.

Proof: Let us onsider at �rst the initial value problem

du

dx
= f(x, u, λ)

u(x0) = u0(µ),

(B.5)

where f(x, u, λ) = A(x, λ)u, and λ, µ ∈ L. For every (λ, µ) ∈ L×L, denote the solution for (B.5) as

u(x, λ, µ). Our aim is to show that u(·, λ, λ) onverges uniformly to u(·, λ0, λ0).
Consider the initial value problem (B.5), assuming µ ∈ L is �xed; by theorem B.0.5 and the

subsequent remark, we have that u(·, λ, µ) onverges uniformly to u(·, λ0, µ) on I as λ tends to

λ0. Therefore, given ǫ > 0, and given λ0 ∈ L, there exist δ1 > 0 suh that for every λ ∈ L with

|λ− λ0| < δ1, it holds that

sup
x∈I

‖u(x, λ, µ)− u(x, λ0, µ)‖ <
ǫ

2
.
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On the other hand, the mapping (x, λ) 7→ ‖A(x, λ)‖ is ontinuous over I × L, whih is ompat.

This implies that there exist a onstant k > 0 suh that ‖A(x, λ)‖ ≤ k for every (x, λ) ∈ I ×L; thus

‖f(x, u1, λ)− f(x, u2, λ)‖ = ‖A(x, λ)u1 −A(x, λ)u2‖
= ‖A(x, λ)(u1 − u2)‖
≤ ‖A(x, λ)‖‖u1 − u2‖
≤ k‖u1 − u2‖,

i.e., f is k-lipshitzian with respet to u. Hene orollary B.0.4 tells us as well that given µ1, µ2 ∈ L,
one has the inequality

‖u(x, λ0, µ1)− u(x, λ0, µ2)‖ ≤ ‖u0(µ1)− u0(µ2)‖ek|x−x0|
for every x ∈ I.

but I is a ompat interval and u0 is a ontinuous funtion, so there exist a onstant K > 0 suh

that ek|x−x0| ≤ K for every x ∈ I, and there exist δ2 > 0 suh that

‖u0(µ1)− u0(µ2)‖ ≤ ǫ

2K
whenever |µ1 − µ2| < δ2.

Then, by taking δ = min{δ1, δ2}, |λ− λ0| < δ, and µ1 = λ, µ2 = λ0, we onlude that

‖u(x, λ0, λ0)− u(x, λ, λ)‖ ≤ ‖u(x, λ0, λ0)− u(x, λ0, λ)‖ + ‖u(x, λ0, λ)− u(x, λ, λ)‖
≤ K

ǫ

2K
+
ǫ

2
= ǫ

and hene we have proved that u(·, λ, λ) onverges to u(·, λ0, λ0) uniformly on I as λ tends to λ0,
as desired.

By means of this theorem, we easily derive the onluding proposition of this appendix.

Theorem B.0.7 Let u(x, λ) be the solution of the initial value problem:

d2u

dx2
+ a1(x, λ)

du

dx
+ a0(x, λ)u(x) = 0, x ∈ I

u(x0) = ξ(λ),

u′(x0) = ζ(λ).

(B.6)

where a0, a1 are ontinuous funtions in (x, λ), and ξ(λ), ζ(λ) are ontinuous in λ.

a) Let λ0 ∈ R be �xed, and suppose that u(x, λ0) does not vanish for every x ∈ [a, b]. Then there

exist ǫ > 0 suh that u(x, λ) does not vanish for every λ ∈ [λ0 − ǫ, λ0 + ǫ], and for every

x ∈ [a, b]. For every λ ∈ (λ0 − ǫ, λ0 + ǫ), de�ne the appliation

ρλ : [a, b] ∋ x 7→ u′(x, λ)

u(x, λ)
(B.7)

Then ρλ onverges uniformly to ρλ0 if λ tends to λ0.
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b) The same onlusion as in a) is obtained if we interhange everywhere u by u′, and the appli-

ation σλ by

σλ : [a, b] ∋ x 7→ u(x, λ)

u′(x, λ)

Proof: By taking u1 = u, u2 = du
dx , we get that the initial value problem (B.6) is equivalent to the

�rst-order linear IVP: [
u′1(x)

u′2(x)

]
=

[
0 1

−a0(x, λ)−a1(x, λ)

][
u1(x)

u2(x)

]

[
u1(x0)

u2(x0)

]
=

[
ξ(λ)

ζ(λ)

]
.

Hene we are in the situation of theorem B.0.6, and therefore, the solution

u(x, λ) =

[
u1(x, λ)

u2(x, λ)

]

satis�es that u(·, λ) onverges uniformly to u(·, λ0); Moreover, for every F : R2 7→ R that is on-

tinuous over the image by u of the ompat I × [λ0 − ǫ, λ0 + ǫ], it holds that F (u(·, λ)) onverges
uniformly to F (u(·, λ0)). Hene the theorem is proved by taking F (x, y) = y

x in a) and F (x, y) = x
y

in b)
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