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Chapter 1

Introduction

1.1 Multifractal Analysis

Let X be a metric space and 7' : X — X a continuous function. The pair (X, T') is called
a dynamical system. We review some definitions from ergodic theory that we will use

throughout this work.

Definition 1.1.1. A Borel probability measure 1 is called T-invariant if for every Borel
set A C X it satisfies (T A) = u(A). The set of all T-invariant probability measures
is denoted by M.

Definition 1.1.2. A T-invariant probability measure 4 is called ergodic for the system
(X, T) if for every Borel set A C X such that T-1A4 = 4, it satisfies u(A) € {0, 1}.
Associated to the dynamical system (X,7’) several local invariant quantities can be

obtained, we will focus on one in particular, the Birkhoff averages:

Definition 1.1.3. Given a continuous function ¢ : X — R and a point x € X. The
Birkhoff average of ¢ at x is defined by

1l k
Jan 5 20T
k=0
whenever the limit exists.

For a € R, consider the following level sets,

n—1
Jo = {z € X : lim 1 Zgb(Tk:L‘) = a} . (1.1)
k=0

n—oo N

1



These level sets are pairwise disjoint and induce what is called a multifractal decomposi-
tion
X = (U Ja> uJ', (1.2)
a€eR

where J’ := {z € X : the Birkhoff average of z is not defined}.
g

Briefly speaking, multifractal analysis studies the complexity of the level sets .J, by
measuring the size of these sets, and establishing how it changes as « varies. We will
compute the size of these sets in two different ways, one of them is obtained by means
of the Hausdorff dimension (see Definition 2.1.2), and the other is dynamical in nature,
it is obtained using the entropy restricted to subsets (see Definition 2.2.12). We define

the functions that encodes the decomposition in (1.2):

Definition 1.1.4. The Hausdorff dimension multifractal spectrum and the entropy multifrac-

tal spectrum are defined respectively by
D(a) = dimH Ja,

E(a) := h(T|Jy).

The domain of these functions is the set {a € R : J, # &}.

1.2 Main Theorem

In this section we state the main results of this thesis. We completely describe the
multifractal analysis of Birkhoff averages in both a compact and a non-compact full
shift (X,T"). In the compact case, Theorem 1.2.1, we provide a new proof of a result
tirst obtained by Pesin and Weiss ([PW, Theorem 1]). In this setting the spectrum has

bounded domain, it is real analytic and strictly concave.

Whereas in the non-compact case our complete characterization of the multifractal
spectra is new (Theorem 1.2.2). The methods and techniques are based in work by
Iommi and Jordan ([IJ]). Although the result in this setting is similar to the one in the
compact case, in terms of the relation between the two spectra we analyze, it has re-
markable differences. Interestingly, in the non-compact case new phenomena occurs.
Indeed, as opposite to the compact setting the domain of the spectra is unbounded, the

spectrum may or may not have phase transitions, and it is strictly decreasing.

First assume that X is a compact full-shift with the metric d defined in (3.1) for some
A > 1. The main theorem we are going to prove shows a relation between the Hausdorff

dimension spectrum and the entropy spectrum, as well as their regularity.



Theorem 1.2.1. Let ¢ : X — (—00,0) be a Holder continuous function defined on a
compact full-shift (X, T"), and not cohomologous to a constant function. Let o € R, .J,
as in (1.1) and the functions D, E from Definition 1.1.4. Then, the following hold:

e The domain of D and F is a compact interval [a, @];

For every a € (a,@), there exists a measure 1, € My such that E(«) = h(uq)
and D(a) = dimpy p, (see Definition 2.2.3 and Definition 2.1.3) ;

For every o € (a, @), the set J,, is dense in X;

The functions D and FE are real analytic and strictly concave;

For every o € (a, @),
_ E()
~log A’

D(a)

In the proof we use a tool called the topological pressure P(¢) € R (see Definition 3.2.1),
and the good properties that the function ¢ — P(g¢) has whenever ¢ is regular enough.

As a corollary of the formula for £(«), we get the following result:

Proposition 1.2.1. For every « € (a, @),

E(a) = sup{h(p) : p € Mr, u(Ja) = 1}.

Now assume that (X, T) is a non-compact full-shift. We will have several difficulties
because of the non-compactness of the space X. If we ask for some regularity for the
potential ¢ : X — R, such as locally Holder (see Definition 3.1.3) and zero pressure, the
function ¢ — P(g¢) has the good properties it had in the compact setting, however this

holds in an interval (g, 00), whereas in (—o0, ¢,) we get P(q¢) = .

Another difficulty we have in this setting is that we are no longer able to compute the
same formula for E(«a) as in Theorem 1.2.1, since we used strongly the compactness of
the space X and of the space Mr (with the weak* topology). However, Proposition

1.2.1 suggests a way to define in this setting the following spectrum:

Definition 1.2.1. The variational entropy spectrum is defined by
E(a) :=sup{h(u) : p € My, u(Ja) = 1}.

Theorem 1.2.2. Let ¢ : X — (—00,0) be a locally Holder potential with P(¢) = 0. For
a € R, J, asin (1.1) and the functions D, E from Definition 1.1.4 and Definition 1.2.1
respectively. Then, the following hold:



e The domain of D and F is an unbounded interval (—oo, @;
e Forevery a € (—o0, @),

_ Elo),

~ log M\’

D(«a)

e We have one of the following:

1. D (and hence E) is real analytic, strictly concave and strictly decreasing on
(—o0,@); or
2. there exists o, € (—oo, @) such that D (and hence F) is real analytic on (e, @)

and it is affine for a € (—o0, o).

1.3 Working with symbolic space

In this section, as an illustration of the wide range of examples in which the results
obtained in this thesis can be applied, we discuss several dynamical systems that admit
symbolic codings. We present cases on compact and non-compact one-sided shifts, and
one case of a compact two-sided shift. We will change the notation for the symbolic

space to that we use in Chapter 3.

1.3.1 Symbolic coding

Let f : M — M be a differentiable map on a smooth Riemannian manifold M. We will
see that sometimes we can study the dynamics of f by looking at the the trajectory of
the points given a certain partition. This relation will be called coding, and the trajectory

of a point is given by an element of the symbolic space.

Definition 1.3.1. We say that f is expanding on a compact f-invariant set A C M if there
exist constants C' > 0, 8 > 1 such that

ldpf o]l = CB" o]

foreveryn e N,z € Aandv € T,M.
Definition 1.3.2. A finite cover of A by nonempty closed sets {R1,..., Ry} is called a
Markov Partition of A if

e int R; = R, for every i;

o int R, Nint R; = @ ifi # j;



° Rj C f(RZ) if f(int Rz) Nint Rj #+ 2.

Let us assume also that for every 7, j, f(int R;)Nint R; # @. Then, it is possible to define
amap x: Xy = {1,...,N}N = Aby

X(iliz .. ) = m f_kRik+1.
k=0

If we consider the shift map o : ¥y — Xy defined by o (i1i2i3...) := (i2i3...), then the
coding map x is such that y oo = f o x.

Yy -2 Ny

x| | x

A——A

f

Thus, in order to perform multifractal analysis over complicated spaces, sometimes it
is very useful to work at symbolic level, apply the results obtained for symbolic space
and then transfer them to the original setting. As an example, we have the following

result from [Ba], which we state for the entropy spectrum.

Theorem 1.3.1. ([Ba, Theorem 9.4.1]) Let f : A — A be a C'*¢ expanding transfor-
mation for some £ > 0. Assume that f is conformal' and topologically mixing? on A.
Let ¢ : A — R be a Holder function, o € R, .J, as in (1.1)*> and the function E from

Definition 1.1.4. If ¢ is not cohomologous to a constant function, then

1. the function F is defined on an interval [, @] and it is analytic in (¢, @);

2. ifa € (a,a),

E(a) = max{h(,u) e Mf,/@zﬂ = a} .

Remark 1.3.1. There is an analogous way to define the coding of a partition { Ry, ..., Ry}
whenever f is invertible. In this case the coding is over the space Eﬁ = {1,...,N}*

and with the same shift map o : Z]j\t, — Z]j\t,, which is invertible as well.

Also, there exists countable Markov partitions, which coding is over the full-shift on

countable many symbols NN or N, as we see in the following subsection.

'We say that f is conformal in A if df,, is a multiple of an isometry for every p € A.

*We say that f is topologically mixing if for every U,V open sets of A, there exists N € N such that
ffU)NV # @ foreveryn > N.

*Replacing (X, T) by (A, f).



1.3.2 Continued Fractions

This subsection is based on the work of Godofredo Iommi and Thomas Jordan in [I]].

Definition 1.3.3. Amap 7" : [0,1] — [0, 1] is called an EMR map (expanding-Markov-
Renyi) if there exists a countable family of closed intervals I; C [0, 1] with pairwise

disjoint interiors such that

T is of class C? on |, int I;;

there exists { > 1 and N € N such that for every z € | J, [ and n > N,

(") ()] > €75

T is Markov and it can be coded by a full-shift on a countable alphabet;

(Renyi condition) there exists K > 0 such that

()
sup sup ————— <
neN z,y,z2€1, |T’(y)||T’(Z)|

The repeller of T' is defined by

A= {x € UIZ- : T"z is well defined for every n € N} .
Example 1.3.1. The Gauss map G : (0,1] — (0, 1] defined by G(z) := 1/z — [1/z] ([-] is
the integer part) is an EMR map.

For EMR maps, we can use the strategy we described in the previous subsection. This
is, we can solve the problem at symbolic level, and then transfer the result to the origi-

nal system. For example, consider the continued fraction expansion of a number

1 i =: [a1a2a3 .. ] S (0, 1) \ Q,

“t T
G2t
as+ —

where a; € N for every i € N. Then the Gauss map acts as the shift map in this expan-

sion, i.e. if z = [a1aza3 . . .| then G(z) = [agas . . .].

Iommi and Jordan study the behavior of the limits

1
lim log /ajas - a, and lm —(a; + a2+ -+ ay),
n—oo

n—o0o N



where x = [a1as . . . ], getting the following results:

Proposition 1.3.1. ([IJ, Proposition 6.5]) The function

D(a) :=dimpy {x €(0,1): nli_)rrololog Yay-ag---a, = a}

is real analytic, it is strictly increasing and strictly concave in an interval [oy,, o), and

it is decreasing and has an inflection point in (s, 00).

Proposition 1.3.2. ([I], Proposition 6.7]) The function

1
D(a) := dimgy {:U €(0,1): nlggo ﬁ(al +ag+ - +ap) = a}

is real analytic and strictly increasing.

In Remark 1.3.1 we discussed that when the system f : A — A is invertible, it can be

coded on a two-sided full shift, as we see in the following subsection.

1.3.3 Horseshoes

This subsection is based on the work of Luis Barreira and Claudia Valls in [BV1].

Let f : R? — R? be the Smale horseshoe map. It acts on the unit square S := [0,1]? as
a strong contraction in the horizontal direction, followed by a strong expansion in the

vertical direction, folding and placing back over S (see [BV2, Section 5.2.2]):

f
Hy
I f(HY)  |f(Hz)
H,y /,’/

The repeller of f
A:={zeS: f¥x)ec Sforevery k € Z}

is the product of two middle third Cantor sets C.



Given continuous functions ¢, 9 : A = C x C — R, consider the "two sided’ level sets

of Birkhoff averages: for a, 8 € R set

n—1

n—1
Jop = {x eA: nl;rgO%dekx) = «aand Jgngo%zw(f_kx) = B},
k=0 k=0

and the following spectrum
D(a, ) := dimp Jap.

From the behavior of f along the vertical and horizontal directions, if we denote by
p1 and p, the orthogonal projections onto the horizontal and vertical axes respectively,
then

n—1

pl(Jaﬁ) x C = {CC eA: nli)rglogzw(ffkm) = 5} ,
k=0
1 n—1

C X p2(Jag) = {a: eA: nlL%Ongﬁ(fka:) :a},
k=0

Thus, notice that

Jop = (P1(Jap) x C) N (C x pa(Jag)) = p1(Jap) X p2(Jas)-

The main result in [BV1] is that a multifractal analysis on two variables becomes two
independent multifractal analysis on one variable, since p;(J,3) does not depend on «

(neither on ¢) and p2(J,g) does not depend on S (neither on ).

Theorem 1.3.2. The spectrum D(«, ) is real analytic, and for every (¢, 3) in the domain
of D
D(a, B) = dimpg p1(Jag) + dimg pa(Jag)-

The system (A, f) canbe coded in the two-sided full shift on two symbols E2i = {1,2}~.
The main idea is, through the coding map, to present the problem with functions ¢, %) :
%5 — R, use arguments on this space to prove that these functions are cohomologous
(see Definition 3.1.5) respectively to functions ¢* : Z;t — R and 9* : E;t — R, where
¢* depends only on the future of the points and ¢* depends only on the past of the
points ([BV1, Lemma 1]). This allows to obtain an explicit formula for the multifractal
spectrum as the sum of two multifractal spectra, and then transfer the result to the
repeller A ([BV1, Theorem 3]).



Chapter 2
Dimension Theory and Entropy

In multifractal analysis there are many ways of measuring the size of the level sets we
are studying, in this chapter we will review some of them. Throughout the Dimension
Theory section we define a notion of dimension, called the Hausdorff Dimension, and
we present a technique to compute it using finite Borel measures. Then, in the Entropy
section we review the classical definitions of topological entropy on compact topologi-
cal spaces, Bowen’s definition for uniformly continuous functions on metric spaces (not
necessarily compact), and we finish with two equivalent dimensional-like definitions
of entropy restricted to subsets given by Bowen in [Bol] and by Pesin and Pitskel in

[PP], which is the one we will use in multifractal analysis.

2.1 Dimension Theory

2.1.1 Hausdorff Dimension

Let (X, d) be a separable metric space.
Definition 2.1.1. A collection of subsets { £;} ¢y is called an open cover of F' C X if each
E;is openand F' C Ujel E;.

For F C X,6 > 0and s > 0, define

H5(F) := inf {Z(diam E;)® : {E;}; is open cover of F' and diam E; < (5} ,

=1

and H*(F) := %in% Hi(F).
—>
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For any s > 0, the function H* is an outer measure on X and induces a o-additive

measure on X called the s-dimensional Hausdorff measure.

Givenaset ' C X and 0 < 0 < 1, observe that #;(F) is a non-increasing function of s,

and so is H*(F). Moreover, if t > s and {U;} is an open cover of F' with diam U; < §,

7

D (diam U;)" <) (diam U;)~* (diam U;)* < 6" " (diam U;)*.

i

So, HE(F) < 6" 5H(F). Letting & — 0 notice that if H*(F) < oo, then H!(F) = 0. Thus,
there exists a critical value s, > 0 such that #*(F') = oo for s < s,, H*(F) = 0 for s > s,
and H** (F) € [0, o0]. This behavior is shown in Figure 2.1.

Definition 2.1.2. For F' C X, the number s, is called the Hausdorff dimension of F', and it
is denoted by dimy F.

FIGURE 2.1: Graphic of s — H*(F).

The Hausdorff dimension satisfy the following properties:

Proposition 2.1.1. (see [P, Theorem 6.1] and [P, Theorem 6.2])

1. dimpy @ =0; dimyg F > 0forany F C X.
2. If F; C Fy, thendimy F; < dimpg Fs.

3. dimgy ;2 Fi = sup;ey dimp F;.

4. If F is finite or countable, then dimyg F' = 0.

Remark 2.1.1. In [F] this theory is developed in R". For m < N, there is a relation
between the m-dimensional Hausdorff measures and the classic m-Lebesgue measure.
Hausdorff measures generalize the notions of length, area, volume, etc. in the following
way: for FF C R"

H™(F) = ¢, Leb™(F),
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where Leb™ is the m-dimensional Lebesgue measure, and ¢, is the Leb™-measure of
the m-dimensional ball of diameter 1. So, for lower-dimensional subsets of R", H°
counts the number of points in the set, H! gives the length (of a line or a curve for
example), 12 gives the area of a smooth surface (or a 2-dimensional object), 3 is the

volume, etc.

The scaling properties of length, area and volume are known. If we scale by a factor
k > 0, the length of a curve is multiplied by k, the area of a plane section is multiplied by
k?, and the volume is multiplied by k. Hence, we can think the Hausdorff dimension
s of a set F' as the exponent in the scaling factor such that the s-dimensional Hausdorff
measure is multiplied by £° when the set F is scaled by a factor k. In other words, we

have the following proposition.

Proposition 2.1.2. ([F, Scaling property 2.1]) Let S : R® — R" be a similarity transfor-
mation of scale factor k > 0, this is, image of sets can be obtained by uniformly scaling
by k, possibly with additional translation, rotation and reflection. Then for /' C R"™ and
s >0,

HP(S(F)) = k*H*(F).

Example 2.1.1. Let C be the middle third Cantor set (see Figure 2.2), and decompose it
into its left part C7, :== C'N[0,1/3] and its right part Cr := C'N[2/3, 1]. Observe that both
parts are geometrically the same as the original set C, but scaled by a factor £ = 1/3.
We also have that C is the disjoint union of C, and Cg, then

H(C) = H(C) + HP (CL) = %HS(C) + %”HS(C) - %7—[5(0).

If we assume that 0 < H4m#7C(C) < oo, then letting s = dimpy C and dividing by

log 2
#5(C), we have dimy C = —22 = 0.6309....
log 3
1 2
0 3 3 1

FIGURE 2.2: Construction of the middle third Cantor set C.

In [OV, Example 12.4.1] is proven that actually #'°62/1°¢3(C) = 1, which implies that
dimpg C = log 2/ log 3. However, to compute the Hausdorff dimension of the Cantor set
we use the assumption 0 < H4m# C(C) < oo, but this is not always true. There exist

sets F for which H4im# F'( F) equals zero or infinity.
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Example 2.1.2. An example is any Euclidian space R". It has Hausdorff dimension n
and H"(R"™) = oo. Other example is any countable set: it has zero Hausdorff dimen-

sion, but when we count its points the result is infinity.

On the other hand, if we consider the family of entire functions {f(z) = Xe* : X # 0}
(the “exponential family”), we have that the Julia set (this is, the boundary of the set
of points which converge to infinity under iteration) of any member of this family has
Hausdorff dimension 2. However, for some values of A (for example 0 < A < 1/e), the

area of the Julia set of \e” is zero (see [Mc, Theorem 1.2] and [Mc, Theorem 1.3]).

Now, to compute the Hausdorff dimension of certain sets, we will need some tools

related to the use of measures on the space X.

Definition 2.1.3. Let 1 be a finite Borel measure on X. The Hausdorff dimension of p is
defined by
dimg p = inf{dimpy F : p(F) = 1}.

Definition 2.1.4. Let u be a finite Borel measure on X. For x € X, define the lower and
upper pointwise dimension of x with respect to ;1 respectively by
log u(B(z,r))  — log i(B(x,1))

;= liminf ————"*~ =i
u(z) = log r o dul@) 1r;1_§(1)1p log r

where B(z,r) := {y € X : d(x,y) < r}. When this limits coincide, we will denote it by
du(x).

Remark 2.1.2. Notice that the pointwise dimension of a point « with respect to p de-
scribes the behavior
p(B(z,r) ~ 1

as r — 0. It also quantifies how concentrated is a measure around a point.

Example 2.1.3. Let z € X, and let i be the atomic measure concentrated on z, i.e.
u(A) =0ifx ¢ Aand u(A) = 1if x € A. Then d,(z) = 0 and d,(2’) = co whenever
' # .

Definition 2.1.5. We say that X is a metric space of finite multiplicity if the following
condition holds: there exists K > 0 and ¢( such that for any 0 < ¢ < ¢y one can find a
cover of X by balls of radius € such that every point in X belongs to at most K balls of

the cover.

Definition 2.1.6. We say that a complete separable metric space X is a Besicovitch metric
space if the following condition holds: there exist K > 0 and ¢y > 0 such that for any
subset Z C X and any cover {B(z,e(x)) : x € Z,0 < e(z) < g0} one can find a subcover

of Z such that every point of Z belongs to at most K elements of the subcover.
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The following theorems were proven in [P, Theorem 7.1] and [P, Theorem 7.2] in the
case X = R™. However, in [P, Appendix I] there is a discussion about them with the

hypotheses we will present.

Theorem 2.1.1. Let X be a complete separable metric space of finite multiplicity and

let 11 be any Borel finite measure on X. Then the following statements hold:

1. if d,,(z) > d for pu-almost every x then dimpy p > d;

2. if d,(x) < d for p-almost every x then dimy p < d.

Thus, if d,(z) = d,(x) = d for y-almost every z, then dimy p = d.

Theorem 2.1.2. Let X be a Besicovitch metric space and let ;s be any Borel finite measure
on X. Assume that there exists d > 0 such that @(x) < dforeveryx € Z C X. Then
dimgy Z <d.

Remark 2.1.3. Theorem 2.1.1 and Theorem 2.1.2 give a technique to compute the Haus-
dorff dimension of a set ' C X. If one can find a number d and a finite measure p
such that u(F') = 1, d,(z) > d for p-almost every x and d,(x) < d for every x € F, then
dimy F = d. - -

Remark 2.1.4. There is an alternative definition of dimension, called the upper and lower
Box-counting dimension and denoted respectively by dimp and dimp. Its relation with
the Hausdorff dimension is that for every F C R”, dimy F < dimpF < dimpF. An-
other property of the Box-counting dimension is that the dimension of a set equals the
dimension of the closure of the set. This property shows the main disadvantage of the
box-counting dimension to be used as multifractal spectrum, since the level sets con-
sidered in our computations of dimension are dense. Thus, when we compute the box

dimension of one of these sets, we obtain the box dimension of the entire space.

2.2 Entropy

Throughout this section we will review the notion of entropy of a dynamical system
with respect to an invariant probability measure and the notion of topological entropy.
Finally, we will introduce a dimensional definition of entropy of a system restricted to

arbitrary subsets, which is more useful in multifractal analysis.
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2.2.1 Metric Entropy

Let T : X — X be a measurable transformation preserving a probability measure 4,
ie. u(T~1A) = u(A) for every measurable set A C X. Recall that a partition P of a the
probability space (X, B, ;1) is a finite or countable collection of pairwise disjoint subsets

of X such that their union has full measure.

Definition 2.2.1. The entropy of the partition P with respect to the measure ;. is defined
by

H,(P) == u(P)log pu(P),
pep

where 0log 0 := 0.
Given a partition P and n € N, set
P ={PNT'PNn---NT""P, ;: PP}

Since T preserves p, the sequence H,(P") is subadditive, so we have the following

definition.

Definition 2.2.2. The entropy of the measure 1, with respect to the partition P is defined

by .
h(p, P) := nh_{r;o ﬁHu(P”).

Definition 2.2.3. The entropy of 1 is defined by

h(p) = h(p, T) := sup{h(u, P) : P partition of X, H,,(P) < cc}.

We also have results to compute the entropy of a measure. Given a partition P, denote

by P(z) the element of the partition which contains the point . For n > 1, let
P(x) :=Px)NT 'P(Tz)N---NnT " p(1m 1)

be the points with trajectory close to that of z until time n — 1.

Theorem 2.2.1. (Shannon-McMillan-Breiman) Given a partition with finite entropy P,

for p-almost every x € X there exists the limit

. 1 n
h(p, P, x) := lim ——log u(P"(x)).

The function = ~ h(u, P, ) is u-integrable and the convergence holds also in L!(u).

Moreover,
B, P) = / W, P, 2)du(x)
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and if  is an ergodic measure with respect to T', then h(u, P, z) = h(u, P) for p-almost
every x € X.

We also have another way to compute the metric entropy of a dynamical system 7" with

respect to a T-invariant probability measure s

Proposition 2.2.1. ([OV, Corolary 9.2.5]) Let P be a partition of finite entropy of X
such that the union of the iterates P" generates the o-algebra of measurable sets, up to

measure zero. Then h(u) = h(p, P).

Example 2.2.1. Let X := {1,2,..., N} with the dynamical system 7" : X — X defined
by T((2n)nen) := (Tnt1)nen-. Consider a product measure i := v and set p; := v({i})
for 1 < i < N. Such a measure p is called a Bernoulli measure, and it is ergodic with
respect to T' [OV, Proposition 4.2.7]. For n € N, iy,...,i, € {1,..., N}, define the
cylinder

[i1 .. in] = {(Tn)nen € X 115 =i5,1 < j < n},

Then, we have

p(fin- - in)) = [ [ piy-
Jj=1

We will use the Shannon-McMillan-Breiman Theorem to compute the entropy of 7' with
respect to this measure p and the partition P := {[i] : 1 <14 < N} of cylinders of length

one. Notice that for every n > 1 and = = (2, )nen € X,

P (z) = [x1...xp).

Now, for1 <¢ < N,z € X and n > 1 define

n—1

filr,n) =#{1<j<N:z; =i} = Zx[i](zj),

J=0

and observe that

N
p(P" @) = T,
=1

Since p is an ergodic measure with respect to 7', by Birkhoff’s Ergodic Theorem we

fi(z,n)
n

obtain lim,, = u([é]) = p; for p-almost every z € X.
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Then, for p-almost every x € X

N
T 1 n T 1 i(z,n)
h(p, P, ) = lim ——log u(P"(x)) = lim —*log[[pi

n—oo n

N
. 1
= lim —— z; fi(z,n)logp; = — Z;Pi log p;.
By Shannon-McMillan-Breiman Theorem, for p-almost every z € X

h(p, P) = h(p, P, ) sz log p;-

Since cylinders generate the topology on X, and hence the measurable Borel sets, by

Proposition 2.2.1 we have h(u Z p; log p;.

2.2.2 Topological Entropy

The topological entropy of a topological dynamical system 7" is a number i(T") € [0, oo
which measures the complexity of the system. First, we will present the definition
introduced by Adler, Konheim and McAndrew on a compact topological space; then
we will present a definition of topological entropy by Bowen on a metric space, not
necessarily compact. Finally, we conclude this chapter presenting a dimensional-like

definition of entropy of a dynamical system restricted to arbitrary subsets of the space.

2.2.2.1 Definition by open covers

Let X be a compact topological space and 7' : X — X a continuous function. Given an

open cover «, for n > 1 let
o= {A,NT 4 N NT A A € al, (2.1)

which is also an open cover of X.

Denote by N (a™) the number of sets in a finite subcover of o™ with smallest cardinality,

and define the entropy of T with respect to the cover a by

1
h(T,«) := lim —log N(a").

n—oo n
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Definition 2.2.4. The topological entropy of T' is defined by
R(T) := sup{h(T, «) : v is open cover of X }.

Example 2.2.2. Let (X, T') be the dynamical system as in the Example 2.2.1 and consider
a := {[i] : 1 <i < N} the open cover by cylinders of length one. In order to compute
h(T, «), notice that

o ={[iy...in) : 1 <i; <N}

and that if we remove an element of o, it will no longer be a cover of X. Therefore,
N(a™) = #a™ = N™.
Finally,

1
hT,a) = lim —log N" =log N.

n—oo n

Moreover, it can be proven that actually ~(T") = log N (see [OV, Example 10.1.2] and
[OV, Corollary 10.1.13]).

Now we present an important relationship between the two notions of entropy that we
have discussed, the metric entropy and the topological entropy (see for example [W,
Theorem 8.6]).

Theorem 2.2.2. (Variational Principle) Let 7' : X — X be a continuous map of a com-

pact metric space X. Then
MT) = sup{h(p) : p € Mr}, (2.2)

where M7 is the set of all Borel T-invariant probability measures on X.

2.2.2.2 Bowen’s definition

Let (X, d) be a metric space (not necessarily compact) and 7' : X — X a uniformly
continuous map. Forn > 1, z € X and ¢ > 0 define the dynamic ball of center x, length n

and radius € by
Bp(z,e) :={y € X : d(TV2,T?y) < e forevery 0 < j <n — 1}.

Definition 2.2.5. Let n € N, ¢ > 0 and let K be a compact subset of X. We say that a
subset I' C X is a (n,¢e)-spanning set for K if for every x € K, there exists y € F such
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that d(T7z,T7y) < e for every 0 < j < n — 1. This is, if

K C U By (y,€).
yeF

Definition 2.2.6. Denote by 7, (¢, K) the smallest cardinality of any (n, €)-spanning set
for K. Notice that this number is finite because of the compactness of K, and that is

decreasing as a function of ¢.

Definition 2.2.7. Define

1
r(T) := sup lim lim sup — log r, (¢, K),

K €20 nosoo N
where the supremum is taken over the collection of all compact subsets of X.

Definition 2.2.8. Let n € N, ¢ > 0 and let K be a compact subset of X. We say that a
subset £ C K is (n,e)-separated if for every x,y € E, there exists 0 < j < n — 1 such
that d(T7z, T7y) > e. That is, if for every z € E the dynamic ball B, (z, ¢) contains no
other point of E.

Definition 2.2.9. Denote by s, (¢, K) the largest cardinality of any (n, €)-separated sub-
set of K.
It can be proven that this number s,, (e, K) is finite, and that it is decreasing as a function

of e.

Definition 2.2.10. Define

1
s(T') := sup lim lim sup — log s, (¢, K),

K e=0 nosco N

where the supremum is taken over the collection of all compact subsets of X.

The following propositions are proven in [OV, Chapter 10].

Proposition 2.2.2. r(T') = s(T).

Proposition 2.2.3. If X is a compact metric space, then h(T') = r(T') = s(T).

Thus, we can define the topological entropy of a uniformly continuous map 7' : X — X

of a metric space by h(T') := r(T') = s(T'). Proposition 2.2.3 shows that this definition

is compatible with the definition by open covers when X is compact.

Remark 2.2.1. A relevant difference between the definition of topological entropy from

subsection 2.2.2.1 and the one given in this subsection is that in the compact case it
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depends only on the topology (h(7') is defined using open covers), but in the non-
compact case the definition depends upon the metric d. Sometimes we write h4(7") to

show this dependence.

Example 2.2.3. Let 7' : X — X be an isometry of the metric space (X, d). Notice that
foreveryn > 1land x € X, By, (z,e) = Bi(z,¢) is the usual ball of center x and radius
¢. Then for every compact K C X, s, (e, K) = s1(e, K) and therefore hy(T") = 0.

Example 2.2.4. (Dependence on the metric) Consider 7" : (0,00) — (0, 00) defined by
T(z) := 2z. Define the metric d’ on (0, o0) by

d'(z,y) = [logz — logy|.

Notice that T" is an isometry of the metric space ((0,0),d’) and by the Example 2.2.3
ha (T) = 0.

Now let d be the Euclidian metric. Notice that

By(z,e) = {y € (0,00) : d(T72,T7y) < cfor0 < j<n—1}
={y€(0,00): [z —y| <e/2"7"}

. 3 9
- (9”_ g1 2n—1)'

The length of each one of these intervals is ¢/2"~2. If we sum k of these lengths the
result is ke/2" 72, so to cover for example the interval [1,2] we need ke/2""2 > 1 and
thus, k > 2"~2 /c. Therefore,

1
hq(T) = sup lim lim sup — log r, (g, K)
K e—0 n—oo N

1
> lim limsup — log ry, (¢, [1, 2])

e—0 n—soco N

e—0 n—soo N

1 2n—2
> lim lim sup — log < >
€
: : 1 n—2 1
= lim limsup | — log 2 — —loge
e=0 nooco n n

= log 2.

So, even though the metrics d’ and d induce the same topology, ha (T") # hq(T). This
is because these two metrics are not uniformly equivalent: being uniformly equivalent
is a sufficient condition for to metrics to have the same topological entropy on a non-

compact space (see [W, Theorem 7.4]).
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2.2.2.3 Entropy restricted to subsets

Let X be a separable metric space (not necessarily compact) and 7" : X — X a continu-
ous function. In order to study the level sets in multifractal analysis (see (1.1)), we will
need a dimensional definition of entropy restricted to subsets of the space. The usual

definition is not useful because these level sets are dense and non-compact.

Let A C X be a non-compact dense set and assume for a moment that X is compact.
We will try to define the topological entropy of T restricted to A, h(T'|A), in a similar
way it was done in subsection 2.2.2.1. In order to do this, we have to consider an open

cover «a of A, and the cover o as in (2.1).

The first problem is that the number N(a™) is not necessarily well defined for each n,
since A is non-compact. We can try to avoid this problem considering open covers of
X, which always have finite sub-covers since X is compact. So if « is an open cover of
X, thenay :={U € a: UN A # @} is open cover of A. Now for n € N we can define
N (o) as its usual definition if o} has a finite sub-cover of 4, and as N(a") otherwise.
However, since A is dense, we have that a4y = « and we conclude h(T|A) = h(T).
Then, since the level sets J,, are dense and non-compact, this is not a good definition

because our spectrum E(«) := h(T'|J,) would be the constant h(T').

Now, if X is non-compact we may use a definition of entropy restricted analogous
to Bowen’s definition, but in this case as we saw in Example 2.2.4, it depends on the

metric, and we do not want this either.

We will give two definitions, the first one was presented by Pesin and Pitskel in [PP]
and it coincides with the second one presented by Bowen in [Bo1] (see [PP, Proposition

4]).

Definition 2.2.11. ([PP]) Let ¢/ be a finite open cover of X, and set

Winlh) :=A{(Uiy, ..., Ui,,_,) 1 Ui, €U}, W) = | ] Win(W).

m>0

ForJC X and U € W,,(U), set

JU):={zeJ:TrzcU;,,0<k <m—1}.

We say that I' € W(U) covers J if J C Uyer J(U), and denote by m(U) the length of
the vector U, this is, the unique integer m > 0 such that U € W,,,(Uf).
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Let us define

MU, N, J,N) :=inf {Z eXp()\m(U))} :

ver

where the infimum is taken over all I' C W(Uf) covering J such that m(U) > N for all
U € I'. Notice that M increases monotonically when N increases. Thus, the following
limit exists

my (A, J) = A}gnoo MU, J,N).

For J fixed, the function my has the following property: there exists Ao such that
my (A, J) = 0for A > \g and my(A, J) = oo for A < Ag. Now define

hy(J) == inf{\ : my/(\, J) = 0}.
The following properties hold:
1. hy(2) =0;
2. if J; C Jo C X, then hy(J1) < hy(J2);
Finally, define the entropy of the map 7' restricted to the set J by
h(J) = h(T'|J) := sup{hy(J) : U is finite open cover of X }.

Definition 2.2.12. ([Bol]) Let U/ be a finite open cover of X. We write £ < U if E is
contained in some member of U/ and {E;}; < U if E; < U for every i. Denote by ny(E)
the largest nonnegative integer such that T*E < U for every 0 < k < ny(E); ny(E) = 0
if B 4 U and ny(E) = oo if T¥E < U for every k > 1. Now set

Dy(E) = exp(~nu(E)).

For X\ € R, define a measure by

my () = lim inf {Z Dy(E;)*: J c | JEiand Dy(E;) < e} .
i=1 %

Observe that for J fixed, this function of A satisfy the same property of the function

my (A, J) from Definition 2.2.11. That is, 0 < myy (J) < oo for at most one .
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Define now h;,(J) := inf{\ : my x(J) = 0} and finally

R*(J) = h*(T|J) := sup{hj;(J) : U is finite open cover of X }.

Pesin and Pitskel prove in [PP, Proposition 4] that these definitions coincide, and we de-
note itby h(.J) or h(T|.J). This definition is compatible with the usual definition of topo-
logical entropy discussed in Subsection 2.2.2.1 whenever X is a compact topological

space: Bowen prove in [Bol, Proposition 1] that if X is compact, then h(7|X) = h(T).

Now we present two results that show relations between this definition of entropy and

the set of Borel T-invariant probability measures.

Theorem 2.2.3. ([Bol, Theorem 1]) Assume that X is compactandlet J C X.If p € My
is such that (J) = 1, then h(p) < h(T|J).

For X compact, the set M7 is a compact topological space with the weak* topology

(see for example [OV, Chapter 2]). For x € X, we define Vr(x) as the set of all limit

E : TIx
7=0 neN

where 4, is the atomic measure concentrated at the point a. Then, Vr(z) is non-empty
and by [OV, Lemma 2.2.4] we have Vp(z) C M.

points of the sequence

)

Theorem 2.2.4. ([Bol, Theorem 2]) Assume X is compact, and set
QR(t) :={z € X : 3p € Vp(z) with h(p) < t}.

Then h(T|QR(t)) < t.



Chapter 3
Symbolic Dynamics

In this chapter we will introduce the symbolic space over a countable alphabet, where
later we will do the multifractal analysis. Also we are going to define notions of topo-
logical entropy of the shift map, and thermodynamic formalism tools which will be

used in our arguments. We will use definitions and notation mainly from [MaU].

3.1 Countable full-shift

Definition 3.1.1. Consider the countable alphabet of natural numbers N. Denote by
Y= {z = (zn)n>1 : zn € Nforevery n}

the space of sequences with terms in N.

The set X is a topological space with the product topology, generated by the cylinders

[i1-- iy i={zeX:z;=1d;for1 <j<n}, nel

The finite sequence w = iz ---i, € N is called a word of length n. Sometimes, we
will use the notation [w] for the cylinders, where w is a word. Also for general elements

z,y € ¥, we will asume they have the form z = (2, )neny and ¥y = (Y )nen.

Over this space, consider the following metrics: for 8 > 0 and z,y € 3, define

dg(x,y) == exp(—fmax{n >1:z; =y, for1 <j <n}).

23
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These metrics are all equivalent and they induce the product topology. A function is
uniformly continuous with respect to one of these metrics if and only if it is uniformly
continuous with respect to all of them. The same property holds for Holder continuity,
so we can define a notion of locally Holder continuity in general, but with dependence

in the metric.

When we work with Hausdorff dimension we will use the following metric, which is

essentially one of the metrics presented: fix A > 1 and for z,y € ¥ define
d(:L‘, y) =\ min{kZl::vk;éyk}. 3.1)

This metric satisfies
[i1--ip] = B(x,\™") Vax € [i1 iy, (3.2)

where B(z, A™") is the usual open ball of center x and radius A™".

Definition 3.1.2. Consider the dynamical system ¢ : ¥ — X defined by

O-((l'n)nEN) = (mn+1)n€N-

This is a continuous function, and it is called the shift map.

Definition 3.1.3. A function ¢ : ¥ — R is said to be locally Holder if there exist constants
C, 8 > 0 such that for every z,y € ¥ with x; = y; we have

|p(x) — d(y)| < Cdg(x, y).

Remark 3.1.1. This definition of locally Holder continuity is called "Holder continuity”
in [MaU], but it is weaker than the usual definition of Holder continuity, since we do
not ask anything for sequences x,y with z; # y;. Thus, locally Holder continuous

functions can be unbounded.

Definition 3.1.4. A function ¢ : ¥ — R is said to be summable if

Zexp(sup @) < 0.

ieN (3]

Definition 3.1.5. We say that two functions ¢, : ¥ — X are cohomologous in a class D

if there exists a function g € D such that

p—y=g—goo.
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Given a set F' C N, set
Yp:={xe¥:z, € Fparatodoi € N} C 3,

and observe that o(Xr) C Xp. Thus, for every subset F' C N it is allowed to consider

o : ¥p — Y. Also notice that the space X is compact if and only if the set F is finite.

Definition 3.1.6. We will use the following notation: given a natural number N € N,

set Xy = 2{172“.71\7}.

Recall that we already have seen the shift map acting on this space in Example 2.2.1

and Example 2.2.2.

3.2 Thermodynamic formalism

In this section we present some aspects and results of the thermodynamic formalism
of continuous functions (also called potentials) on the symbolic space over a countable
alphabet. We will define an important generalization of the concept of topological en-
tropy. The topological pressure is a weighted version of the topological entropy, where
the ‘'weights” are given by a potential ¢ : ¥ — R, FF C N. Using a subadditivity

argument (see [MaU, Lemma 2.1.2]) we have the following definition.

Definition 3.2.1. Given a continuous function ¢ : ¥ — R, the topological pressure of ¢

with respect to the shift map o : ¥ — X is defined by

1 n—1 ‘
Pp(¢) := lim —log exp sup (o’ x)
n—oo N w;" zE€W|NEZ R ];0

If F =N, denote P(¢) := Pn(¢).

Remark 3.2.1. Notice that it can happen that Pr(¢) = —oo or co. Also observe that if
E C F C Nthen Pg(¢) < Pr(¢), and that if ¢ < 1 then Pp(¢) < Pr(1)).

Example 3.2.1. Let us compute the topological pressure of the locally constant potential
¢ : X — R defined by ¢ ][Z.] = log a;:
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n—1
P(¢) = nh_{goﬁlog Z exp(sup ng) Ux)

weNn? o€ [w]
1 n—1

= nlg]goﬁlog Z exp( log awi>
weNn i=0

= lim —log Z Aoy oy,

n—oo N
weNn
1 n
ieN
oo
= log Z a;.
=1

Remark 3.2.2. Let F' C N. Then for every continuous function ¢ : ¥ — Rand C € R,
we have Pp(¢ + C) = Pr(¢) + C. In fact,

1 1
~1 - =1 nC S,
—log Z exp< sup S ¢+nC> —log Z e exp< sup gb)

weF™ [w]ﬂEF weF™ [w]ﬂEF
1 e 1
= —loge™™ + —log E exp| sup Spo |,
" " weFn™ [wlnZp

so letting n — oo we get the desired result.

Proposition 3.2.1. ([MaU, Proposition 2.1.9]) Let ¢ : ¥ — R be a locally Holder poten-
tial. Then ¢ is summable if and only if P(¢) < oc.

Definition 3.2.2. We define the topological entropy of o0 : ¥ — X as the topological

pressure of the constant potential ¢ = 0. That is,
hp(o) := Pp(0).

Example 3.2.2. Let us compute the topological entropy of o : ¥ — X when F'is a
finite subset of N. Notice that

hp(o) = nll_)rgloglog Z 1 =log #F.
weF™
Observe that this number coincides with our previous computation of the topological
entropy on Example 2.2.2, with F' = {1,2,...,N}. Also, by Remark 3.2.1, we have
h(c) > hp(o) for every finite set F' C N, in particular h(c) > log N for every N € N.

Thus, we conclude that the countable full shift has infinite entropy.
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Definition 3.2.3. A function ¢ : ¥ — R is said to be acceptable if it is uniformly continu-

ous and

osc(f) := sup{sup ¢ — inf ¢} < 0.
ieN 4] [4]

Remark 3.2.3. Notice that each locally Holder function is acceptable.
Now, we have an approximation of the topological pressure of an acceptable function
by its pressure on compacts full-shifts contained in ¥ (see Theorem 2.1.5 in [MaU])

Theorem 3.2.1. If ¢ : ¥ — R is acceptable, then

P(¢) = sup{Pr(¢) : F C N finite}.

Recall that we denote by M, the set of all o-invariant Borel probability measures on X.

Definition 3.2.4. A measure 1 € M, is said to be compactly supported if there exists a
finite set F' C N such that u(Xr) = 1.

We have a variational principle for pressure and compactly supported measures (see
[Bo2], [R], [W]), which says that if ' C N is finite,

Pe(@) =sup {10 + [ o € Mou(sr) =1}

We need a variational principle for functions defined on the whole space 3, and also we
are interested in Borel probability measures which attain that supremum. With some

hypotheses on ¢, there is a special kind of measures which have this property.

Definition 3.2.5. Let ¢ : ¥ — R be a potential. We say that ;1 € M, is a Gibbs state of
¢ if there exist constants C' > 1 and P € R such that for every n € N, every word w of

length n and every z € [w],

o< “(M)_l __<c (3.3)
exp(—nP + Y1g olo92))

Remark 3.2.4. Notice that the Birkhoff sum S, ¢ := E?:_ol ¢ o0’ in (3.3) can be replaced
by supy,) Sn¢. In fact, it is clear that for z € [w]

p([w]) p([w])
exp(—nP + SUP[y| Sn) = exp(—nP + S,¢(x)) =¢
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On the other hand, notice that for every = € [w] we have S, ¢(z) < log(Cpu([w])) + nP,

so we can take supremum over x € [w] and get

-1 p([w])
e s exp(—nP + supp,) Sn) s¢C (34)

Proposition 3.2.2. If a potential ¢ : ¥ — R admits a Gibbs state ; with constants C' and

P, then it has finite pressure and P(¢) = P.

Proof. Fixn > 1. Sum in (3.4) over all words w € N". Since ) _n» pt([w]) = 1 we have

Ccte P Z exp(sup Sp¢) <1 < Ce P Z exp(sup Spo).
w w)

weNn [w] weNn

Taking logarithm, dividing by n and taking limit as n — oo we get

—P+ P(¢) <0< —P+ P(¢).

See [MaU] for the proofs of the following results:

Theorem 3.2.2. Let ¢ : ¥ — R be a locally Holder summable potential. Then there

exists a unique Gibbs state of ¢, and this measure is ergodic.

Theorem 3.2.3. (Variational Principle) Let ¢ : ¥ — R be a locally Holder summable
potential. Then

P() = sup {h(u) + [ odn:v e My, [ oav> —oo} —n(p) + [ od,

where 1 is the unique Gibbs state for ¢.

Definition 3.2.6. A measure which attains the supremum is called an equilibrium state

for ¢.

Theorem 3.2.4. Let ¢ : ¥ — R be a locally Holder summable potential. Then the Gibbs

state of ¢ is its unique equilibrium state.
Remark 3.2.5. The three previous results also hold in a compact full-shift ¥ and for a

Holder function ¢ : ¥ — Xy (see [Bo2, Chapter 1]).

Later, we will use the function g — P(g¢). In [MiU, Theorem 2.10] it is explained how

to use transfer operator theory to prove the following theorem.



29

Theorem 3.2.5. Let ¢ : ¥ — R be a locally Holder function and consider the set of real
numbers ¢ such that P(q¢) < oo, D(¢) := {q € R : q¢ is summable}. Then the function
D(¢) 5 g — P(q¢) € Ris real analytic, and for gy € D(¢)

= / ¢dl'l’q()7
q4=qo0

where 11, is the equilibrium state of gy¢.

d
qu(Q¢)

Remark 3.2.6. If in addition ¢ < 0, the function ¢ — P(q¢) when finite, it is real
analytic and decreasing. It is also a convex function. It is strictly convex unless ¢
is cohomologous to a constant function. This also holds in compact full-shifts for a

Holder potential ¢ : ¥y — Xp.

Also, we have a good approximation of the function ¢ — P(q¢) by the topological
pressure of g¢ : ¥y — Xy, that is, the pressure restricted to the compact full-shifts.

Denote by Py (q¢) := Pf12,...n1(q¢) the topological pressure of ¢ restricted to Y.

Proposition 3.2.3. Let ¢ : ¥ — R be an acceptable potential. Then for every ¢ € R,
Jim_ Py (q6) = P(g9).
—00

Proof. Let ¢ > 0 and fix ¢ € R. Observe that the function ¢¢ is also acceptable, so
P(q¢) = sup{Pr(q¢) : F' C N finite}. Therefore, there exists a finite set ' C N such that
P(q¢) — e < Pr(q¢). Now set n, := max I’ and observe that F' C {1,2,...,n.}. Thus,
by Remark 3.2.1 for every N > n,

Pr(q¢) < P, (q9) < Pn(q¢) < P(qo).

Hence, for every N > n,

P(q¢) —e < Pn(q¢) < P(q9) +e.

3.3 Relation between Hausdorff dimension and entropy

In the full-shift there is a relationship between Hausdorff dimension and entropy. For
example, when it is computed with respect to an ergodic probability measure, or com-

puted over the compact full-shifts contained in the whole space . We will review them
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before performing multifractal analysis, which may give us this same relation on the

level sets we will be studying.

Remark 3.3.1. Observe that ¥ with the metric
d(z,y) = A~ mElmAE x>

is a Besicovitch metric space with finite multiplicity (see Definition 2.1.5 and Definition
2.1.6), considering that balls in this space correspond to cylinders (see (3.2)). This allows
us to use Theorem 2.1.1 and Theorem 2.1.2 on our arguments when we are computing

Hausdorff dimension.

Proposition 3.3.1. Let i be an ergodic Borel o-invariant probability measure on X y.
Then,

Proof. Denote by C,(z) := {y € ¥y : z; = y; for 1 < i < n} the cylinder of length n
which contains z. Since p is ergodic, by Shannon-McMillan-Breiman Theorem (Theo-

rem 2.2.1), for u-almost every z € Xy

. logu(B(x,r)) . logu(Cp(x)) I 1 h(w)
d g 1 _— = l = _— n = .
ple) = lim = nooo log A—m Tog A it~ 108 #(Cn(@)) = 103
. _ h(p)
Thus, by Theorem 2.1.1 we conclude that dimpg ¢ = Toe N [ |
og

Now, the same holds for Hausdorff dimension and entropy on the entire space. Re-
call the notation introduced on Definition 3.1.6 for the full-shift on finite symbols, and
denote by (o) the topological entropy of o : ¥y — X .

hy (o)

P ition 3.3.2. di YN = .
roposition mpg N log)\

Proof. Let 1 be the Bernoulli measure (recall the definition in Example 2.2.1) on X such
that p([7]) = 1/N for 1 <1i < N. By Example 2.2.1, we know that

Y1
h(p) = _ZNIOgN = log N.
i=1

Since (. is ergodic, by Proposition 3.3.1 and using that x(X ) = 1 we have

log N
log A

=dimy p = inf{dimy 7 : p(Z) =1} < dimpy En.
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For the other inequality, set s := lggg]/\\[ and notice that diam([i; ...14,] = ﬁ for every

cylinder of length n. Fix § > 0 and choose n > 1 such that 1/A\"*! < §. Then

Hs(Xn) = inf {Z(diam Ui)® : {U;} is open cover of X, diam U; < 6}
i=1

< > (diamliy .. .14,))°

cylinders of length n
N" 1
- An+1)s - E ’

Letting 6 — 0 we get H*(X ) < oo. Thus, dimy ¥ x < s and we conclude

log N
log X\~

dimH EN =

Recall that we already computed the topological entropy of a full-shift over a finite

alphabet i (o) = log N (see Example 2.2.2 or Example 3.2.2).



Chapter 4

Multifractal Analysis: Compact case

4.1 Introduction and notation

Let us fix some notation. Throughout this chapter, fix N € N and let X be the full-shift
on N symbols {1,2,...,N}. Denote by P(¢) the topological pressure of a potential
¢ : 3 — R (in order to lighten the notation, we will not use the index N) and by M,
the space of Borel o-invariant probability measures on 3. For A > 1, we use the metric
d as in (3.1).

Let ¢ : ¥ — R be a Holder potential such that ¢ < 0, P(¢) < 0 and not cohomologous

to a constant function. For a € R, define

n—1
Ja{xGE:nli_}n;oiZgb(ojx)a}. 4.1)
=0

Definition 4.1.1. The Hausdorff dimension spectrum and the entropy spectrum are defined
respectively by
D(a) :=dimg J,

E(a) := h(o]Ja).

and the domain of each one of them is the set {ow € R : J, # @ }.

4.2 Theorem: compact setting

In this section we will prove the main theorem in the compact case. Yakov Pesin
and Howard Weiss proved this result ([PW, Theorem 1]) for the Hausdorff dimen-

sion spectrum. Their proof is a little different than ours, since they use the level sets

32
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Ko = {z € ¥ : d,,(z) = a}, where y is the equilibrium measure of the potential ¢.
In [PW, Proposition 1] they showed a relation between the Birkhoff average and the
pointwise dimension for a special equilibrium measure. It follows from this proposi-
tion that results on the spectrum f(«) := dimpy K, can be translated into results on the

spectrum D(a).

Theorem 4.2.1.

Let ¢ : ¥ — (—00,0) be a Holder potential with P(¢) < 0 and not cohomologous to a
constant function. For a € R, let J, as in (4.1) and the functions D, E from Definition
4.1.1. Then, the following hold:

1. The domain of D and F is a compact interval [a, @].

2. For every a € (a,@), there exists a measure j, such that E(a) = h(u,) and

D(a) = dimpg piq.
3. For every a € (a, @), the set J, is dense in X.
4. The functions D and FE are real analytic and strictly convex.

5. For every a € (o, @),

Proof. By [], Proposition 2.1], we have that

@ := sup /gi)du and o« := inf /(bd,u
HEM s peMq

are respectively the supremum and infimum of possible Birkhoff averages reached by

points in 3. So, if & ¢ [a, @] we have J, = @ and if o € [a, @], Jo, # @.

We introduce the following function, which will be useful with both spectra. Define
T:R — RbyT(q) := P(q¢). We already know some properties of the function 7" (see

Theorem 3.2.5 and Remark 3.2.6): it is real analytic, strictly convex and for every ¢ € R

7'(0) = [ oy

where (i, is the equilibrium state of the function g¢.
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slope o T(q)

log N

FIGURE 4.1: Graphic of ¢ — T'(q).

slope &

Now define a(q) :=T"(q) = [ ddu,.

Lemma 4.2.1. For each « € (a, @), there exists ¢ € R such that a(q) = a.

Proof. Define the function

5@ = [ oduy o
For ¢ > 0, by the Variational Principle we have

S(a) = ~(P(qd) — h(ug)) — o

q
h(v) — h —
= sup (/qﬁdu—a%—(y)_(u(z)) +a—«
vEM, q
>0

for ¢ > 0 large enough, since the entropies are bounded. A similar argument follows

when ¢ < 0:

S(a) = L(P(ad) — h(ug)) —

q
<0
— inf </¢dy_a+w>+‘a_a‘
VGMG‘ q
<0,

thus we conclude that for ¢ < 0 negative enough (|¢| large), we have S(q) < 0.

Then, since S(¢) = T"(¢) — o, in particular is a continuous function. By the Intermediate

Value Theorem, there exists some ¢, € R such that S(g,) = 0. |
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Lemma 4.2.2. For every g € R,

Proof. Fix ¢ € R. Recall that j, is an ergodic measure and a Gibbs state for ¢g¢. By

Birkhoff’s ergodic theorem, for y,-almost every x € ¥

n—1
.1 k
Jim =% é(o'z) = /qbduq = a(q),
k=0
and thus p4(Jy () = 1. This implies that J,(,) is dense in ¥, since p, gives positive

measure to open sets.

Now denote by S, ¢ the nth Birkhoff sum of ¢. By the Gibbs property, there exists C' > 1
such that for every x € Y and n > 1

C*l < Nq(Cn(x))

= (T (q) + 45.0(@) = <

Taking logarithm and then multiplying by ﬁé)\ we get
logC  T(q) qSnd(x) _ logg(Cu(z)) _ logC™"  T(q) _ qSnd(x)

nlog\  log A nlog\ — log A—" ~ nlog)\  logA nlog\

Letting n — oo, by Birkhoff’s ergodic theorem, and by the Variational Principle applied
to g¢, we have that for p,-almost every x € ¥
T(q) — qoq) _ h(pq)

Ay () = log A\ " logh dim tg.

This equality also holds for every = € J,(,), so by Remark 2.1.3 we conclude the result.

q)/

Lemma 4.2.3. For every ¢q € R,
E(a(q)) = huqg) = T(q) — qo(q).

Proof. Fix q € R. Since p, is ergodic, by Birkhoff’s Ergodic Theorem (/o)) = 1. By
Theorem 2.2.3, and using the variational principle applied to the function ¢¢ we have
T(q) = qa(a) = hlpg) < E(a(q)).

Now we claim that J, g C QR(h(ug)) (recall the definition of QR(t) from Theorem
2.2.4). In fact, let x € J,(4) and v € V,(z). Notice that there exists a subsequence (ny),



36

such that nik Py 51 0,4, converges to v in the weak* topology. Then,

1 np—1 1 np—1 '
[ oiv = tim_[ od (nk 3 5) ~ Jim jZO 6(07z) = alq).

J=0

By the variational principle applied to the function g¢,

T(q) = P(q¢) > h(v) + q/¢dv = h(v) + qa(q),

which implies h(v) < T(q) — ga(q) = h(pg). Thus, x € QR(h(ug)). Therefore, by the

monotonicity of the entropy restricted to subsets and Theorem 2.2.4,

E(a(q)) < h(o|QR(h(pg))) < hlpg) = T(q) — q(q),

which completes the proof of the Lemma 4.2.3. |

Now we have another proof of the following conditional variational principle, which
avoids the use of the topological pressure restricted to subsets in the most general case
(see [Ba, Theorem 9.2.1]):

Corollary 4.2.1. For every o € (a, @),
E(a) = h(o|Jo) = sup{h(p) : p € Mgy, pu(Ja) = 1}. (4.2)
Proof. By Theorem 2.2.3 for every o-invariant measure p such that x(J,) = 1 we have

h(p) < E(a). However, by Lemma 4.2.1, there exists ¢ € R such that a(q) = « and
tq(Jo) = 1. By Lemma 4.2.3 E(a) = E(a(q)) = h(1q) and we conclude the result. W

Lemma 4.2.2 and Lemma 4.2.3 imply that for every ¢ € R we have

We know by Lemma 4.2.1 that every « € (a, @) can be expressed as a(q) for some g € R.

We want to write D and F as functions of «. In order to do this, notice that the function
a(q) satisfies o/ (q) = T"(¢q) > 0 since T is strictly convex. Then, by the Inverse Function

Theorem , we can write ¢ = g(«) as the inverse function of a(q):

T(q(a)) — aqa) _ E()
log A log A\’

E(a) = T(q(@)) — agq(a), D(a) =
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Since F and D only differ by a factor log A\, we analyze only one of them, E(«a). Observe
that

E'(a) = T'(q(a))q () — ag(a) — q(a) = —q(a).

So E'(a(q)) = 0if and only if ¢ = 0, this is on the value
E(a(0)) = h(po) =log N,

because g is the equilibrium state of the function 0, i.e. the measure of maximal en-
tropy. Also, «vis an increasing function of ¢ (recall ' = 7" > 0) and so is ¢ as a function
of a. Thus, if @ < a(0) then E'(a)) > 0 and if & > «(0), E'(a) < 0. Finally, we have
E"(a) = —¢'(a) < 0, so E is concave. The real analyticity comes inherited from that of
T.

Notice that E(«) is tangent to the line y = —a + P(¢), since E'(a(1)) = —1 at the point
(a(1), E(a(1))) = (a(1), —a(1) + P()).

The same properties hold for the function D, and we sketch their behaviors on the

following graphics.

hn(o) =log N
h(p) = —a(1) + P(¢)

(07

P(¢)

FIGURE 4.2: Graphic of o — E(«).

FIGURE 4.3: Graphic of o — D(«).



Chapter 5

Multifractal Analysis: Non-compact

case

5.1 Introduction and notation

In this chapter we go back to the non-compact space (X, d) with the notation used on
Chapter 2: P(-) = Py(-) and for every N € N, Py(-) is the topological pressure of a
potential defined on X . If a potential ¢ is defined over the whole space ¥, then Py (¢)
will denote the topological pressure of ¢|x;, . Also recall that now h(c) = dimy ¥ = cc.

This will have consequences for the function 7" and for the function D as well.

Let ¢ : ¥ — R be a locally Holder potential with ¢ < 0 and P(¢) = 0. For o € R, we

consider the level sets of the Birkhoff averages of the potential ¢ again
1 n—1
_ Sl L Gy —
Jo = xEE.nll_{goanﬁ(a:c) ay. (5.1)

In the non-compact setting, we cannot compute the formula for E(«) as we did in the
previous chapter, since it was strongly used the compactness of the space and of M,.
For example, we cannot ensure that the set V,(z) is non-empty for every x. However,
Corollary 4.2.1 suggests a way to define a new entropy spectrum, which may satisfy

the relation between Hausdorff dimension and entropy, and in fact it does.

Definition 5.1.1. The variational entropy spectrum is defined by

E(a) = sup{h(p) : p € Mo, p(Ja) = 1}.

38
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5.2 Theorem: non-compact setting

In this section we will prove the theorem on the non-compact space. We will prove
analogous results for the functions D and E, with certain differences depending on the

function ¢.

We use again the function 7'(¢) = P(q¢), but notice that now it has a different behavior.

Remark 5.2.1. Observe that 7(0) = h(o) = oo and that 7(1) = P(¢) = 0, so we can
define
¢« :=inf{qg € R: P(q¢) < o0} € [0,1].

Then for every g > ¢. we have T'(¢) < oo, so by Theorem 3.2.2 and Theorem 3.2.4 there
exists a unique Gibbs state i, € M, of g¢, which is also its equilibrium state. Also, we
have the same properties of 7" on (g, c0) (see Remark 3.2.6 and Theorem 3.2.5) that we

had in the previous case: it is real analytic, strictly convex and

T'(q) = / ¢djug.

The behavior of the function D and E depends on the behavior of the function 7": there

are several cases, lim__, +7"(¢q) = —oc or > —oo, and lim__, + T'(¢q) = oo or < oo,
T(q) T(q)
| o
lim 77(q) > —cc lim 77(q) = —o0
q—qf a—af

FIGURE 5.1: Some behaviors of the function 7'(q).

Remark 5.2.2. Despite it is not in the pictures, it is also possible that lim__, + T'(q) = oo,

and this implies lim , + 7"(g) = —oo.

See [CI, Section 2] for analytic tools to construct examples of these different behaviors

of the function ¢ — P(q¢) depending on the potential.

For g > q,, define

a(q) :=T'(q) = /sbduq, a, = lim a(q), (5.2)

a—qf
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Theorem 5.2.1.

Let ¢ : ¥ — (—00,0) be a locally Holder potential with P(¢) = 0. For a € R, let J, as in
(5.1) and the functions D, E from Definition 4.1.1 and Definition 5.1.1 respectively. Let
ay as in (5.2). Then, the following hold:

1. If a, = —oo, then the functions D and E are real analytic, strictly decreasing and

concave. Moreover, for every o € (—00, @)

_ E(a)
~log A’

D(«)

2. If a. > —oo, then the functions £ and D are real analytic and strictly concave
for o > a,. For a < a, E is affine with slope —g., and D is affine with slope

—q+/ log A. Moreover, for every a € (—o0, @)

E(a)

D(a) = g\’

In order to prove this theorem, we will need some previous lemmas.

Lemma 5.2.1. The domain of D and F is unbounded.

Proof. Jenkinson, Mauldin and Urbanski proved in [JMU, Theorem 1] that

a:= sup [ ¢dp = lim «a(q). (5.3)
/LGMU— q—0o0
Analogously, let
;= inf d
a:= inf / pdyp,

we claim that & = —oo. Assume by contradiction that o > —o0. Since P(¢) = 0, by the

Variational Principle for every v € M,

h(v) = h(v) + /¢du - /d)dz/ < P(¢) — /¢>dy <-—a,

which is a contradiction since sup{h(u) : p € M,} = co. So our domain in this case is
the interval (o, @) = (—o0, @) C (—o0,0]. [

Lemma 5.2.2. For every q > ¢,
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Proof. Fix ¢ > g.. Recall that 1, is ergodic, so by Birkhoff’s Ergodic Theorem we have
11g(Ja(y)) = 1, and that implies h(u) < E(a(q)). We claim E(a(q)) = h(ug).

Let v € M, such that v(J,(,)) = 1. If we denote by ¢ the Birkhoff average of ¢ (defined

v-almost everywhere), then

/ pdv = / pdv = ddv = a(q). (5.4)

Ja(a)

Therefore, by the Variational Principle with the potential ¢¢,
hv) =)+ [ dv = q [ édny < Plas) ~ a [ 6duy = hing).

Taking supremum over all v € M, such that v(J,(,)) = 1, we get E(a(q)) < h(ug) and

therefore

E(a(q)) = h(ug) = T(q) — qa(q)-

Lemma 5.2.3. For every ¢ > ¢,

T(a) — qo(a)

D(a(q)) = Tog \

Proof. Fix ¢ € R. Recall that j, is an ergodic measure and a Gibbs state for ¢q¢. By

Birkhoff’s ergodic theorem, for y,-almost every x € ¥

n—1

.1 k

Jim 3" 6(0*0) = [ odny = alo)
k=0

and thus p4(Jo(g)) = 1.

Now denote by S, ¢ the nth Birkhoff sum of ¢. By the Gibbs property, there exists C' > 1
such that for every x € Y and n > 1

~1 fq(Cn ()
O = ST @) +eSua) =

Taking logarithm and then multiplying by ﬁé)\ we get

logC | T(q) _ 45nd(®) _ logg(Cul(@)) _ log c! L I(a) _ 459(2)
nlogA  logA nlogA — logA™ = nlogA logA nlog\

Letting n — oo, by Birkhoff’s ergodic theorem we have that for y,-almost every x € ¥

T(a) — ga(9)

Ay (7) = log A
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This equality also holds for every = € J,(,), so by Remark 2.1.3 we conclude the result.

|
Corollary 5.2.1. For every q > gq.,
E(a(q))
D
(@) = ot
Proof. The result follows from Lemma 5.2.2 and Lemma 5.2.3. [
Proof of Theorem 5.2.1. For the part 1, assume that a, = —oo and observe that since

a(q) = T'(q) is a continuous function on (g«, o), by (5.3) for every o € (—oo, @) there

exists ¢ > ¢, such that a(¢q) = «. It follows from Corollary 5.2.1 that

_ E(a)
~ log A

D(a)

for every a € (—o0, @).

Since o/(¢) = T"(q) > 0 on (g«, 0), by the Inverse Function Theorem we can write
q = q(a), and thus

T(q(a)) — gla)er =

D(a) = =P EEE - f(a) = T(g(a)) ~ gl

The real analyticity of both functions D and E are inherited of that of T. Since D and
E only differ by a factor log A, we analyze only one of them, E(«). Notice that for
a € (—oo, @)

E'(a) = —q(a) < =g« <0,

so [ is strictly decreasing. Moreover, since a(q) is strictly increasing, so its inverse g(«)
is. Thus, E”(a) = —¢/(a) < 0 and we conclude that E is concave. Also, it is clear from
the formula that

lim D(a) = lim E(a)= occ.

a——00 a—r—00

Notice that the tangent line at «; := «(1) is given by the slope

E(a1) = —g(a(1)) = -1

and the point (a1, E(a1)) = (a1, h(p1)). But since P(¢) = 0, by the Variational Principle

we have that

h(pr) = —/¢du1 = —aq,

and we conclude that F is tangent to the line y = —a, similarly to the compact case.
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—00 = Qi

FIGURE 5.2: Graphic of o D(a) and o — E(a).

For the part 2, assume that o, > —oo and observe that for o € (o, @), there exists

q > ¢« such that a(q) = «. It follows from Corollary 5.2.1 that

E(a)

Dle) = log A

for every a € (v, @). The fact that the functions D and F are real analytic, strictly con-
cave and strictly decreasing on («., @) are concluded with exactly the same arguments

as in part 1.

Before we go to the case « < v, we prove the following lemma:

Lemma 5.2.4. The function ¢.¢ is such that 7'(q.) = P(g«¢) < oc.

Proof. First notice that since 0 > lim_, + T'(q) > —oo and since the function 7" is
increasing, then

L:= lim T(q) < oo,

q—qf
because if not, 7 would be an unbounded uniformly continuous (since 7" is bounded)
function on a bounded interval, say (g«, g« + 1), and such function cannot exist. More-

overt, since T’ is strictly decreasing, T'(¢) < L for every q > g..

Assume by contradiction that T'(¢g.) = oo and set Tn(q) := Pn(gq¢). By Proposition
3.2.3, there exists N € N such that Tnx(g.) > L + 1. Since Ty is continuous on g,
there exists 6 > 0 such that if |¢ — ¢«| < 0, then |Tnx(¢«) — Tn(q)| < 1. In particular, if
¢ < ¢ < q«+9,then Tn(g.) — Tn(q) < 1 (T is strictly decreasing as well). Thus,

L+1<Tn(g) <Tn(q)+1.

This implies
L <Tn(q) <T(q) <L,
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which is a contradiction. Therefore T'(g,) < oco. [

In order to verify that E is affine on (—oo, o), fix a € (—00, a.). Let v € M, such that
v(Ja) = 1. Then, by the same argument as in (5.4) we get [ ¢dv = «. Hence, by the
Variational Principle with the potential ¢.¢

h(v) < P(g.6) — s / odv = T(q,) — guc.

Taking supremum over v € M, such that v(J,) = 1 we get E(a) < T(qx) — =@

For the inverse inequality, recall that by Proposition 3.2.3 for every ¢ € R

lim Tn(q) =T(q).

N—oo

Also, we can use the result on the compact case defining

En(a) = Ex(a) :=h(o]JaNEN) < E(a) VYN €N.
Remark 5.2.3. Here Ey is the variational entropy spectrum on the compact space .

Notice that T'(g«) < oo implies that g, > 0 because 7'(0) = h(c) = co. Now choose a
sequence ¢, € (0, g«) such that g, — ¢.. Since for every k, limy T (g;) = oo, we choose
Ny, such that Ty, (qx) > k and hence T, (¢x) — oo as k — oo. Therefore,

T - T "
lim N (k) = Ty (@) _ .

k—o0 qk — gx

Since T, is analytic, combining the Mean Value Theorem and the Intermediate Value

Theorem, there exists g;, € (gk, ¢«) such that T}y, (¢;) = a. Then,

E(a) > En,(a) = En, (Th, (a))
=Tn, (q) — @
> T, (g+) — qjov.

Taking limit as & — oo we get E(a) > T(q.) — g«. Thus we conclude that for o < av,
E(a) = T(g.) — g«o. Observe that T(q.) = P(q«¢) < oo implies that there exists an
equilibrium measure and Gibbs state ji,, so by the same arguments as in the proof of

Lemma 5.2.2 we conclude E () = T(gx) — quov.

By the same arguments as in the proof of part 1, and noticing that (1) > «,, we deduce

again that the line y = —a is tangent to the function E.
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T(q«) — gecx \\\\

FIGURE 5.3: Graphic of a — E(«).
Now we study the Hausdorff dimension spectrum on (—oo, o). Let o < ay and set

Dy («) := dimp(Jo N Xy ) the dimension spectrum on the compact space . Using

the results on the compact case and the sequences {N;;} and {q, } we get

Ey (o) _ Tn,(g:) — g
Dla) 2 Dw(@) = 50037 2 = 1ogn o

Letting k — oo,
Dy » 10 ~eo

for a < .

For the inverse inequality we use an auxiliar function similar to the one used in (4.2).

For o € (—o0, avy ), define

F(a) = 10;)\ sup {h(u) TRS MJ,/d)d/,L = a} .

An important property of the function F is that it is continuous. This fact was proven

in [IJ, Lemma 3.3], and we do the same argument.

Lemma 5.2.5. The function F' is continuous in (—oo, o).

Proof. Let {1, }r, be a sequence of measures in M,, such that f ¢dpy, =: oy, converges to

a € (=00, ay). Let i, u € M, such that
—oo</¢>du<oz</q§dﬁ.

Then for every n € N, there exists p,, € [0, 1] such that the following convex combina-

tion vy, := ppjin + (1 — pp) ", where p € {u, i}, satisfies [ ¢dv, = .
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Since P(¢) = 0 and the sequence {a, },, is bounded, the sequence of entropies {h(ur) }n

is bounded as well. In fact, if |, | < M, then by the Variational Principle we have

OSh(,un)S—/¢d,un——an§M.

It follows from the definition of the measures v, that « = p,a, + (1 — p,)a™, where
o= [ pdu™ € {[ ¢dy, [ ¢dii}. Thus, we get
(1= pn)(a—a") = pploan — a),

which implies that p, — 1 as n — oco. Therefore

lim [2(vy) = h(pa)| = lim [1—pa| - [2(p") = h(pa)| = 0,
n—oo e e Y ———

n—00
bounded

and hence we conclude that

F(a) > limsup F(ay).

n—oo

For the other direction let y,v € M, such that [¢dv = 8 < a = [¢du. Letting
vp == pv + (1 — p)u we observe that

. - h(vp) _ h(p)
| fF > 1 Pl =
oo (z) 2 pgl(l) logA  log A
and M) h(v)
v, h(v
lim inf F’ > lim —22 =
R 2 I g = logx

since [ ¢dv, = pB+(1—p)a takes values on every point of the interval (3, «) as p varies.

Thus, we deduce
F(a) < liminf F(ay,).

n—oo

Let 4 € M, such that [ ¢du = a. By the Variational Principle with the summable
potential ¢, ¢,

) = hip) + a. [ o —a. [ 6du<T(a) g0
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Taking supremum over p € M, such that [ ¢dp = o we get

T(g:) — g

Fla) <
(@) < log A

Y

so to conclude the theorem it is enough to prove that for every a < a,, D(a) < F(a).
This inequality is also proven in [IJ], but we adapted it to our case. For o < oy, N € N

and € > 0 consider

Jo(Nye) := {:): eX: ’;Smb(x) -«

<e€ VkZN}.

Observe that J, C |J;~; Jo(NN,€), so by Proposition 2.1.1, in order to prove the desired
inequality it is enough to get an upper bound on the dimension of the sets J,(IV, ). Fix
N € Nand € > 0. For k € N define

Crh :={C =1li1- - ig] : CNJy(N,e) # 2},

this is, the cover of J,(IV, €) by cylinders of length k.

Lemma 5.2.6. The cardinality of Cy, is finite for every k > N.

Proof. Let k > N. Since P(¢) = 0, ¢ is summable by Proposition 3.2.1, so

lim sup ¢ = —o0.

1—r 00 [l]
Thus, we choose i € N such that if z € [j] with j > i we have ¢(z) < k(a — ¢).
Let [i1---ix) € Cr and assume by contradiction that there exists 0 < j < k — 1 such
that ij1; > i. By definition of Cy, there exists z € [i1 - - -ix] N Jo(IV, ) which satisfies

#(07x) < k(a —¢) and
Skp(x)

a—e<
k

< a+eE.

Now since ¢ < 0
E(a —¢) < Spé(z) < ¢(o?z) < k(a —¢),

which is a contradiction. Then, C;, contains cylinders [i; - - - i;] such that i; < 4, and

there are finitely many of them. |

For k > N, let s, € R be the unique real number such that

Z (diam C)** =1,

CeCy,
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and define

s := lim sup sg.
k—o0

Lemma 5.2.7. The following holds:

dimyg Jo(N,e) < s,

(k)
log A

and there exists {y;} C M, with klim <5k - ) =0and [ ¢pduy, € (v —2¢, a+2e).
— 00

Proof. Observe that diam C = A~*~! < A\~* for every C' € Ci. For § > 0 and k suffi-
ciently large,
H(Ja(Nye) < Y (diam C)*F < 1.
CeCy

Letting k — oo we get H°79(J,(N,¢)) < 1 and thus dimg J, (N, ) < s+ 4. Since § was

arbitrary we conclude the first part of the Lemma.

For the second part, denote by v, the o*-invariant Bernoulli measure which gives to
a cylinder C' € Cj, the probability (diam C)*. Then, the entropy of this measure with

respect to o* is

h(vg, o%) = —sp, Z (diam C)** log(diam C') = s, log AFL,
CeCy,

h(vg, %) sp(log A + log A) (g, o)
th - d lim (000 ) o,
us log \* log \* R log \* Sk 0

Remark 5.2.4. For every € > 0, there exists k € N such that for every cylinder of length
k,C =[iy-- i) and every z,y € C

£ S0(o) ~ 150t <

In fact, given z,y € C' = [i; - - - ix] notice that since ¢ is locally Holder there exist con-
stants C, 8 > 0 such that

[¢(o7w) = (oY)l < Ciirms

for0 < j <k —1.Then,

k J+1
psioa) = s < $30(55) 65)
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Since B > 0 and A > 1 the series Y (1/\%)"*! converges, therefore the right side of
(5.5) tends to zero.

Let C = [i; - - -ix] € Cx and = € C. By definition of Cy, there exists y € C'N Jo (N, €) and

';Skgﬁ(x) —al < ﬁsm(x) - ;Sm(y)‘ + ‘;Sm(y) -

Then, by Remark 5.2.4, for k sufficiently large each cylinder in Cj only contains points
x such that Si¢(x)/k € (o — 2¢, a + 2¢), and this implies that

= ‘ "
kZ/qboajdyk:/ i ——dvy, € (o —2e, a0+ 2¢).
=0

To complete the proof set

w\)—

k—
g vpLoo "
7=0

k

Clearly p, is o-invariant, since vy, is o"-invariant. Also we have kh(py) = h(vg, o*), for

this see [JJOP, Section 2], they work on the compact full-shift, however the proof of this
fact ([JJOP, Lemma 2]) is based on Abramov’s Theorem (see [W, Theorem 4.13]), which

does not ask for the compactness of the space. Let us verify the rest of the properties.

Observe that

fomn= 33 [ oo -

o
—

e

/qboajdl/k € (v — 2, a0+ 2¢),

<.
Il
o

and finally

: h(pi) : kh () : h(vg, o)
il <5’“ og A )~ koo \F T Tlogh ) T ke \TF T Tlog A 0

Then, we get
D(a) < li_rg%sup{F(g) fe(a—e,a+e)}

It follows from Lemma 5.2.5 that D(a) < F(«), and we conclude the desired inequality.

Observe that T'(¢«) = P(¢«¢) < oo implies that there exists an equilibrium measure and
Gibbs state p., so by the same arguments as in the proof of Lemma 5.2.3 we conclude

D(ay) = %. Thus, the proof of Theorem 5.2.1 is finished.
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FIGURE 5.4: Graphic of o — D(«).
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