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Introduction

Let  C R™ be a bounded, connected C*-domain of the form Q = Qg \ 1, where Qg is a bounded
domain, and €2y is a finite union of bounded domains in R™, n > 2, with Q; € Qg. The present

work is devoted to the study of the boundary value problem

Au+ f(u)=0, w>0 in Q,
u=0, u,=cy on 09N, (1.1)

u=a, u,=c; on 08,

where f is a C! function, v denotes the inner unit normal to Q and @ > 0, ¢y and ¢; are real
constants. Note that the problem above is overdetermined in the sense that both Dirichlet and
Neumann boundary data are provided, and therefore a solution might not exist even if the separated
Dirichlet problem and Neumann problem have solutions. Note that whenever (1.1) admits a
solution u € C%(Q), then the Hopf lemma implies that the constant ¢ > 0.

Problem (1.1) arises in classical models in the theory of elasticity, fluid mechanics and elec-
trostatics — we refer to | ] for a discussion of applications to physics. The special case in which
a = 0 and ¢y = ¢; was treated by Serrin in his seminal 1971 paper | ]. He showed that a
strong property of rigidity was forced upon any solution u € C?(Q2) and upon the shape of the
domain Q supporting it: namely, Q has to be a ball (; = (}) and u has to be radially symmet-
ric and monotonically decreasing along the radius. Serrin’s proof is based on the moving planes
method, pioneered earlier by Alexandrov | ] in a geometric context, and has ever since been
a powerful tool for establishing symmetry of positive solutions to second-order elliptic problems.
An important artifact of the method is that proving radial symmetry comes hand in hand with
proving the monotonicity of solutions in the radial direction.

Reichel | | adapted Serrin’s method to analyze (1.1) in the case when
ulog, =a>0 and wuylon, =c1 <0.

Under the additional assumption that 0 < u < a in €, he showed that u has to be radially
symmetric and the domain  — a standard annulus. Several years later, Sirakov | ] removed

the extra assumption and proved a more general rigidity theorem, allowing for separate constant



8 CHAPTER 1. INTRODUCTION

Dirichlet conditions u|r, = a; > 0 and separate constant Neumann conditions u,|r, = ¢; < 0
to be imposed on each connected component I'; of the inner boundary 0§y, i = 1,... k. The
assumption of non-positivity of each Neumann condition u,|r, = ¢; < 0 is crucial for the moving
planes method to run and yield the radial symmetry and monotonicity of solutions. Furthemore,
the rigidity theorems by Reichel and Sirakov apply to a more general class of second-order elliptic
equations in which the non-linearity f is allowed to depend also in |Vu|. In n = 2 dimensions, a
symmetry result for (1.1) in the case f = 1 was obtained earlier by Willms, Gladwell and Siegel
[ ] under some additional boundary curvature assumptions. See also | ] for a complex
analytic approach to (1.1) when n =2 and f = 1.

Constructions of non-trivial solutions to overdetermined elliptic problems have been prominent
in the literature in recent years. Many of them have been driven by a famous conjecture of
Berestycki, Caffarelli and Nirenberg | ], according to which, if f is a Lipschitz function and
) C R" is an unbounded smooth domain, such that R™ \ Q is connected, then the overdetermined

problem

Au+ f(u)=0, u>0 in Q,
(1.2)
u=0, wu, =const on O,

admits a positive bounded solution if and only if €2 is a half space, a cylinder, the complement
of a cylinder or the complement of a ball. Many of this constructions have been done by means
of Bifurcation Theory, and the solutions constructed are close, but different, from known, trivial
solutions. First, Sicbaldi [ | constructed domain counterexamples €2 to the conjecture when
n > 3 and f(u) = Au, which bifurcate from cylinders B"~! x R for appropriate A > 0. Then
Ros, Ruiz and Sicbaldi | ] constructed a different set of counterexamples for all dimensions
n > 2 and f(u) =uP —u, p > 1, that bifurcate from the complement of a ball R™ \ BY. The main
tool behind the two results is a bifurcation theorem by Krasnoselskii that is based on topological
degree theory and which yields a sequence of domains €2, rather than a smooth branch. Schlenk
and Sicbaldi | ] managed to strengthen the construction in | ] through the use of the
Crandall-Rabinowitz Bifurcation Theorem to obtain a smooth branch of perturbed cylinders Q. A
similar approach leading to perturbed generalized cylinders was pursued by Fall, Minlend and Weth
[ ] in the case f = 1. The bifurcation method has also been successful in finding nontrivial
solutions in versions of (1.2) set in Riemannian manifolds [ , ]. Other methods for
the construction of solutions in overdetermined elliptic problems have also been developed, for
instance, in | , , , , , , , , , , ]
and references therein.

In the present work, we focus on the case in which the Neumann data on the inner boundary

is positive:

U|8QO =0, u|391 =a>0 and U/V‘QQO =c >0, uy|agl =c; > 0. (1.3)



We make the following crucial observation: over annuli €, problem (1.1) now possesses radial
solutions that are not monotone along the radius — see Lemma 3.3 in Chapter 3 and Proposition
4.2 in Chapter 4 for the existence of one-parameter families of such examples. Their presence hints
that proving radial symmetry for solutions of (1.1) would be out of the scope of the moving planes
method. Thus, one is led to conjecture that, under (1.3), radial rigidity does not hold for solutions
of (1.1).

Our main results confirms that this is indeed the case for some non-linearities f(u).

Theorem 1.1. Let f = 1. Then there exist bounded, real analytic annular domains of the form
Q= Q\ Q1 C R™, which are different from standard annuli, such that the overdetermined problem

(1.1) admits a solution u € C*°(Q) satisfying (1.3) for some positive constants a and cy = c;.

Theorem 1.1 was shown by the author and his advisor in [ |, and its proof is the content
of Chapter 3. We largely follow the exposition in [ ], but we provide some additional details
and references to help readers who are not experts in the field.

Our second result treats a family of non-linearities of power type, and can be seen as the
analogous result to that of Ros, Ruiz and Sicbaldi in | ] in the setting of bounded annular

domains.

Theorem 1.2. Let f(u) = uP — ku, where k > 0 and 1 < p < Z—fg, when n > 3, and p > 1,
when n = 2. Then there exist bounded, C? annular domains of the form Q = Qg \ Q1 C R", which
are different from standard annuli, such that the overdetermined problem (1.1) admits a solution

u € C?(Q) satisfying (1.3) for a = 0 and some positive constants co # c1.

The proof of Theorem 1.2 is the content of Chapter 4.

This thesis is organized as follows. In Chapter 2 we review some of the results in the theory of
overdetermined elliptic problems, focussing on the rigidity results of Serrin and Sirakov proved by
means of the moving planes method (Section 2.2), and the construction of non-trivial solutions to
some overdetermined problems by means of Bifurcation Theory (Section 2.3). In Chapters 3 and
4 we give more refined, quantitative versions of Theorems 1.1 and 1.2, and finally provide their
proofs, which are based on bifurcation arguments. The theorems of Bifurcation theory we apply
in these constructions are stated in the Appendix A.

Although the results in Chapter 3 and Chapter 4 are independent, the basic strategy and
layout are very similar, and thus some computations in the first stages of the proof of Theorem 1.2
are only sketched. For this reason, we recommend that the reader goes over Sections 3.1 and 3.2 in
Chapter 3 before starting Chapter 4. As the computations are more explicit, and the techniques
more elementary in Chapter 3 than those in Chapter 4, useful intuition can be gained there first.

The purpose of this work is two-fold. On the one hand, its aim is to communicate the

contribution of the two main results given by Theorems 1.1 and 1.2. On the other, it is conceived
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to serve as an introduction to the field for those who are taking their first steps in this direction,

as the author did a couple of years ago.



Quick overview of overdetermined elliptic

problems

The purpose of this chapter is to give a basic account of the theory of overdetermined elliptic
problems. Since a complete review could become technical and extensive very quickly, we limit
ourselves to cite some of the classical results and the recent contributions relevant for our construc-
tion, explaining briefly how they were proved, providing the appropriate references. In Section 2.1
we give some examples in which overdetermined problems arise. In Section 2.2 we state some of
the rigidity results, most notably the theorem of Serrin (Theorem 2.2) and the theorem of Sir-
akov (Theorem 2.7), and in Section 2.3 we review some of the symmetry breaking constructions
of solutions which have been obtained by means of Bifurcation theory (see Appendix A) in recent

years.

2.1 Motivation

To provide some motivation to the study of overdetermined problems, we will describe three
situations in which this type of problem arises. The first two are problems which come from the
modelling of physical situations, and the third is a problem in spectral geometry.

Physics is one of the sources for overdetermined elliptic problems. Such problems appear, for
instance, in fluid dynamics, the theory of elasticity, and electrostatics. The survey [ ] contains
many physical applications, and in this section we will describe two of the examples given there.

The first problem was considered by Serrin in | ]. Suppose that a viscous incompressible
fluid is moving in a straight pipe with a given cross section. We can fix Cartesian coordinates
(z,y,2) in such a way that the z-axis is directed along the pipe, and so the cross section of the
pipe can be represented by a domain Q in the (z,y)-plane. The differential equation that models
this situation is

—Au=A in Q (2.1)

where u is the flow velocity of the fluid, and A is a positive constant depending on the length of

the pipe, the dynamic viscosity of the fluid 7, and the change of pressure between the two ends

11
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of the pipe. The adherence condition on the wall of the pipe is then expressed as the Dirichlet

boundary condition

u=0 on JN. (2.2)

The tangential stress of the fluid on the wall 9 of the pipe is computed as nu, |sq. In applications,
the determination of the points on 92 where the stress is maximal is an important problem, and
therefore one can ask the following question: when is the tangential stress the same at each point
of the wall 907 Thus, we are asking for a solution u to the Dirichlet problem (2.1)-(2.2) to satisfy,
in addition, a constant Neumann condition

U
— =const on 0,

ov

which makes the problem for u overdetermined.

Another overdetermined problem arises in electrostatics. Consider a smooth conducting body
Q) C R3, with a charge distribution p € C(99) on its boundary. The charge distribution p is said
to be at equilibrium if the single-layer potential induced by p,

_ 1 p(y)
\I/(J}) T 4 50 ‘.’E _y| dS(y)v

is constant in 2. Note that ¥ is harmonic in R? \ Q. The question we want to answer is: what
conducting bodies admit a constant charge distribution which is also at equilibrium? Suppose p
is a constant charge distribution which is also at equilibrium. Then the single-layer potential ¥ is

constant on 02, and satisfies

ov
— = —p=const on O,

ov

where v is the inner unit normal with respect to R® \ Q. Thus, ¥ satisfies the overdetermined

problem.
AV =0 in R*\Q,
U =const on 01,

¥, =const on Of.

To finish this section, we describe a spectral-geometric problem. Let M be a Riemannian
manifold, and let 0 < k < vol(M). Let Q C M be a domain with smooth boundary, and let
A1 = A1 () be the first eigenvalue of the Laplace-Beltrami operator in Q C M, taken with a zero
Dirichlet boundary condition. The question we want to answer is: for which domains of fixed finite
volume « does the first eigenvalue A1 (Q2) take an extremum value? In other words, we are seeking
for critical points of the functional € — A1 (€2) under the constraint vol(2) = k. Such domains are

called eztremal domains, and are characterized by the following property: there exists a positive



2.2. RIGIDITY RESULTS 13

solution to the overdetermined problem

Apyu+Mu=0 in Q,
u=0 on 09, (2.3)

u, = const on Of).

In other words, the first Dirichlet eigenfunction for Ay, in € also satisfies a constant Neumann
condition (see [ D.
In Sections 2.2 and 2.3 we will see how this problems are treated, and what type of results

have been obtained in this direction.

2.2 Rigidity results

Let © C R” be a bounded C?-domain, n > 2. Consider the model overdetermined problem

—Au=1 in €,
u=0 on 09, (2.4)

u, = const on 0f),

and let u € C%(Q) be a solution to (2.4). Note that by the maximum principle v > 0 in €.
Problem (2.4) was first treated by Serrin in his seminal paper [ ]. A first look at the
problem reveals that when 2 = Bgr(z¢) is a ball, it possess a unique solution given by

R? — |z — x0|?

u(z) = 2n

(2.5)

A natural question to ask is whether there exists a domain €2 different from a ball which supports
a solution to (2.4). The answer to that question turns out to be negative, as was shown by Serrin.
We thus say that problem (2.4) is rigid: the only domains for which the problem are solvable are
balls and the corresponding solution u is monotonically decreasing along the radius.

Serrin had a very clever insight on the geometry of problem (2.4), showing rigidity by means
of the moving planes method. The method was first introduced by Alexandrov in [ ] to prove
that the only closed constant mean curvature hypersurfaces isometrically embedded in Fuclidean
space are the spheres, and Serrin’s result can be seen as an analogue to Alexandrov’s. The method
consists in the following. Suppose Ty C R™ is an hyperplane such that To N Q = &. Then Tj
can be continuously moved in direction normal to itself towards the domain ) until it touches the
boundary 0f) at some point for the first time. From that moment onwards the resulting hyperplane
T will cut a portion of , which we call ¥ = 3(T'). Let ¥’ = ¥/(T) be the set resulting after the
reflection of ¥ with respect to T. We see that ¥’ C Q at the beginning of the process until at least

one of the two occurs:
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e Y’ becomes internally tangent to the boundary 99 at some point not belonging to T
e T becomes orthogonal to 92 at some point.

Denote the hyperplane T at which one of these positions occur for the first time by 7. The
goal now is to show that Q must be symmetric with respect to 7”. If this can be shown for any
hyperplane 77 whose normal is any given direction in R™, then Q must be radially symmetric with
respect to some point. Moreover, {2 cannot have n-dimensional holes; otherwise there would be
a T’ at which ¥’ is internally tangent to 9Q at some point, and Q would not be symmetric with
respect to T, contradicting our assumption. It follows then that € is a ball, since they are the
only radially symmetric domains satisfying this property.

We now sketch the proof given by Serrin. Introduce the function v € C?(X’) defined by
v(z) ==u(x"), xed,
where x’ denotes the reflection of x with respect to 7”. Note that v satisfies
v=u on 9¥'NT', and v=0 on 9% \T".
Then, as Av(z) = Au(z’) in ¥/, we have that w := u — v is a solution to

Aw=0 in Y,
w=0 on 0X'NT,

w>0 on Y \T.

The strong maximum principle then implies that
w>0 in ¥ (2.6)

or else w =0 in X', In the later case, we have that u(z’) = v(z) for all z € ¥, which means that
u is symmetric with respect to 7", and since u > 0 in 2, this means that 9%’ \ 7" must coincide
with that portion of 9 contained in the same side of T”. As in the construction ¥’ C €, we the
have that Q is symmetric with respect to 77. That Q is a ball follows from the discussion above.
Thus, we have to rule out the case (2.6). In the case that ¥’ is internally tangent at some point

x € 09, we have at this point that

ow ou ou, ,

_ = — —_ — = O

@)= @) — @) =0,
but the Hopf lemma implies w, (z) > 0, which is a contradiction. The case in which 7" is normal
to 0 at some point x is a bit more delicate, but can be ruled out in a similar fashion by a version

of the Hopf lemma in boundary corners given by Serrin, namely:
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Lemma 2.1 (Serrin). Let D' C R™ be a C?-domain, and let T be a hyperplane containing the
normal to OD' at some point x € D' NT. Let D denote the portion of D lying on some particular
side of T'.

Suppose that w € C?(D) and satisfies

w>0, Aw<0 in D, and w(z)=0.

Let s be any direction at x which enters D non-tangentially. Then either

ow 0w
g(ﬁc) >0 or ﬁ >0

unless w = 0.

The proof finishes after applying Lemma 2.1 to D = ¥’ and the function w = u — v, and
showing that the first and second derivatives of u and v must coincide in the point z at which T”
is normal to €2, which is clearly a contradiction.

A careful analysis shows that what is needed in the above proof is the following:

e the differential equation is invariant under the substitution z — z’;

e the differential equation satisfies the strong maximum principle, the Hopf lemma and its

boundary corner version in Lemma 2.1.

The above, as noted by Serrin, is satisfied for any C! non-linearity of the form f(u,|Vu|) when the
solution u is positive. Then holds the following generalization of the previous result, also proved

in [ ]

Theorem 2.2 (Serrin). Let Q C R™ be a bounded C?-domain, and let f(u,s) be a C' function.

Let u € C?(Q2) be a positive solution to the overdetermined problem

Au+ f(u,|Vul) =0, u>0 in  Q,
(2.7)
u=0, u,=const on ON.

Then Q must be a ball and w is radially symmetric and monotone decreasing along the radius.

The moving planes method was later greatly developed and exploited in the analysis of the
symmetries of solutions of elliptic differential equations. In their classical work [ ], Gidas,

Ni and Nirenberg employed this powerful method in proving the following.

Theorem 2.3. Suppose Q C R" is a ball, f is a Lipschitz non-linearity, and let u € C?(Q) be a

positive solution to the Dirichlet problem

Au+ flu)=0 in £,
(2.8)
u=0 on ON.

Then u is radially symmetric with respect to the center of the ball © and decreasing along the

radius.
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Note that in the above theorem it is assumed a prior: that € is a ball, in contrast to Theorem
2.2, where it is derived as a consequence. What makes this conclusion possible it is exactly the
extra Neumann condition present in problem (2.7).

The proof of Theorem 2.3 is very similar to that of Theorem 2.2: one reflects the domain
with respect to an hyperplane T at some critical position, and then, applying the various forms
of the maximum principle, shows the solution u to equation (2.8), and hence the domain 2, has
to be symmetric with respect to T. We will explain how the moving planes method works in this
case, and in a somewhat more general context, in some more detail later on.

The method, through the use of the maximum principles, has the drawback that it relies on the
smoothness of the boundary of the domain €) . For example, the method fails in proving symmetry
for solutions with respect to each axis when €2 is a cube. However, Berestycki and Nirenberg in
[ | generalized the method removing the assumptions on smoothness. In fact, they require no

smoothness at all. We cite the following theorem, which is a generalization of Theorem 2.3.

Theorem 2.4 (Berestycki-Nirenberg). Let Q@ C R™ be an arbitrary bounded domain which is
convex in the x1 direction and symmetric with respect to the hyperplane x1 = 0. Let f be Lipschitz
function, and let u € VVIQOCn(Q) N C(Q) be a positive solution to (2.8). Then u is symmetric with

respect to x1 and uz, <0 for x1 >0 in Q.

The proof again relies on the moving planes method, though the classical maximum principles
of Hopf are now replaced by a more general notion and a generalization of the maximum principle
in narrow domains. We make this more precise in the following.

Consider a second order uniformly elliptic operator L in a bounded domain 2 C R”

n

L= Z ajkajk + ijaj +c
G k=1

j=1
with bounded measurable coefficients a;, b; and c. We say that the maximum principle holds for
Lin Qif

Lz>0 in Q, and limsupz(z) <0,
z— 00

implies 2 < 0in Q. In | ] is proved:

Lemma 2.5. Assume diamQ < d. There exists 6 > 0 depending only on the dimension n, d, the
ellipticity constant of L and a bound for its coefficients, such that the mazximum principle holds for

L in Q provided its measure |Q| < 4.

Thus, Lemma 2.5 asserts that for a given linear elliptic operator with bounded coefficients
L, the maximum principle holds for a domain 2 with bounded diameter if it has small enough
measure, in other words it is narrow. We will give a sketch of the proof of Theorem 2.4 contained

in [ ]
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Let  be as in Theorem 2.4, and let a := inf,cq x1, and let T) be the hyperplane z; = A for
A € (—a,0). Denote

ZA:{$€Q:$1<)\},

and define in X the functions
v(zy,2") = u2X —z1,2'), wa(z) :=v(x) —ul).

Note that (2A — z1,2’) is the reflection of the point (z1,z’) trough the hyperplane T). Now, we

have
Awy = Av — Au= f(v) = f(u) = f(§)(v—u)

for some £ between u and v. Since f is Lipschitz, then f’ is bounded. Therefore w) is a solution
to
Aw+cyw =0 in Xj,

w>0 on 90X,

for a function ¢y uniformly bounded in A. We wish to prove
wy >0 in X,.

If A+ a > 0 is small enough, then |X,] is also small, and by Lemma 2.5 the maximum principle
holds in ¥y and we can deduce w > 0 in ¥. Take then p < 0 to be the supremum over all A such
that the above holds. If u = 0 the proof is finished. So suppose p < 0 and look for a contradiction.

By continuity w,(xz) > 0 in ¥,. Since u > 0 in Q, we have w # 0 on 0%, and by the usual

o
maximum principle w > 0 in ¥,,. The idea is now to show that w,4. > 0 in X, . for € > 0 small,
which would contradict the definition of p. For this, fix § > 0 small such that Lemma 2.5 holds,
an approximate X, by a compact subset K such that |¥, \ K| < /2. Then w, > 0 in K by
compactness, and by continuity w,y. > 0 in K for all small € > 0 such that |, \ K| < 4. We
then apply the maximum principle of Lemma 2.5 to wj,4. and show that w,y. > 0in X, \ K.
Therefore, wy4 > 0 in ¥,., which contradicts the maximality of p.

This refined moving plane method proved very successful and simplified the proofs of the
symmetry results contained in [ ]. Tt also served in generalizing Serrin’s result to other
homogeneous manifolds than R™. Using the machinery developed by Berestycki and Nirenberg,
Kumaresan and Prajapat proved in | ] an analogous result to Theorem 2.2, now set in the
sphere S™ and the hyperbolic space H". In this context, the moving planes is replaced by moving

closed, totally geodesic hypersurfaces I' C M.

Theorem 2.6 (Kumaresan-Prajapat). Let M be the sphere S™ or the hyperbolic space H™. Let
Q C M be a bounded C'-domain, contained in a hemisphere when M = S™, and let f be a C*
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function such that the overdetermined problem

Apyu+ flu)y=0, u>0 in 9,
(2.9)
u=0, wu,=const on Of.

possesses a positive solution u € C?(Q), where Ay denotes the Laplace-Beltrami operator in M.

Then Q is a geodesic ball and u is radially symmetric.

A natural way to proceed from the above mentioned rigidity theorems is to consider domains
that have holes a priori. More explicitly, consider a C2-domain €y C R", and a finite union of

C?-domains Q; C R", where ), is bounded and €; € Q. Let us write the inner boundary 0§

as
k
o =1,
i=1
where T'; are the distinct connected components of 9Q;. Let Q := Qy \ Q; be connected, and

consider the following overdetermined problem

Au+ f(u,|Vu]) =0, «w>0 in €,

u=0, wu,=cy on 0N, (2.10)
u=ua;, u,=c¢ on Iy i=1,...k,
for some real constants cg, c; and a; > 0, for e = 1,..., k. Note that the method of Berestycki and

Nirenberg cannot be applied to (2.10) since the underlying domain €2 is not convex in any direction.
In this setting, Reichel | | studied problem 2.10 and adapted the moving plane method of Serrin
to work under suitable hypotheses over the non-linear term f(u,|Vu|). He concluded that with

the additional hypotheses over the boundary conditions and the solution u
a;=a>0, ¢g=¢<0, i=1,....k, and u<a in £, (2.11)

rigidity holds in the following sense: the domains 2y and £2; must be concentric balls, in particular
k=1 and Q is a standard annulus, and the solution u is radially symmetric and decreasing along
the radial direction.

Reichel also considered the case when €y = R™ and the boundary condition over 9} in (2.10)

is replaced by the natural

lim » =0, lim Vu=0. (2.12)
Again, using his adaptation of the moving planes method he showed in | ], under the boundary

conditions (2.11)-(2.12), that for (2.10) to be solvable €; must be a ball, and the solution v radially
symmetric and decreasing along the radius.
Later, it was the work of Sirakov in [ ] which unified all previous results. He removed the

assumptions (2.11) for the boundary conditions and treated the more general case in (2.10) where
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he allowed distinct positive constants a; > 0 and distinct non-positive constants ¢; < 0. Thus,

Sirakov proved:

Theorem 2.7 (Sirakov). Let Q C R™ be a C?-domain of the form Qo \ Q1, where Q; € Qq, and
let f(u,s) be a locally Lipschitz function.

Suppose first that Qg C R™ is bounded, and let u € C?(Q) be a positive solution to the
overdetermined problem (2.10) for some positive constants a; > 0 and some non-negative constants
¢; < 0. Then Qg and Qy are two concentric balls, and u is radially symmetric and decreasing along
the radial direction.

Suppose now that Qo = R™, and further suppose that f(u,s) is non-increasing for small values
of u. Let u € C%(Q) be a positive solution to the overdetermined problem (2.10) for some positive
constants a; > 0 and some non-negative constants ¢; < 0, where the boundary condition over 9
is replaced by (2.12). Then Qq is a ball, and u is radially symmetric and decreasing along the

radial direction.

We want to point out that the hypothesis of non-positivity of the Neumann condition w,|aq,
is crucial for the moving planes method to run in the proof of Theorem 2.7. Indeed, when this
condition is removed, the the overdetermined problem (2.10) can have a non-monotone positive
solution u. Thus, if this hypothesis is removed, rigidity in the sense of Theorem 2.7 may fail
to hold. The work present in this thesis aims to show that the condition on non-positivity of
the Neumann condition is actually sharp in the case of bounded annular domains, in the sense
that when w,|aq, > 0 is allowed there exist non radially symmetric positive solutions to the
overdetermined problem (2.10).

Of the many symmetry results for overdetermined problems set in unbounded domains, a par-
ticularly influential one was obtained by Berestycki, Caffarelli and Nirenberg in | ]. Their
work was motivated by the study of free boundary problems, which through the application of a
blow-up technique for studying the regularity of the free boundary, led to the study of overdeter-
mined problems now set in Lipschitz epigraphs. In this setting, they were able to show rigidity for
such overdetermined problems under growth conditions on the boundary of the epigraph. Their

result was the following:

Theorem 2.8 (Berestycki-Caffarelli-Nirenberg). Let ¢ € C2(R"™1) be a Lipschitz function such
that

lim @(x+7)—@(x) =0 uniformly in 7€ R

|z|—o00

and let Q@ C R™ be the epigraph of ¢,
Q={(x1,...,2n) €R" 12y, > p(21,...,2p)}

Let f(s) be a Lipschitz function, and suppose there exist 0 < so < s1 < p and § > 0 such that
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o f(s)>0 for0<s<pand f(s) <0 for s> u;
o f(s)>ds for0<s<sp;
e f is non-increasing in (s1, 1)
If there ezists a positive bounded solution u € C%(Q) N L*°(8) to the problem

Au+ flu)=0, u>0 m Q,
(2.13)
u=0, u, =const on O0f,

then ¢ is constant and u ts monotone along the x,, variable.

Motivated by this result, Berestycki et al. proposed the following conjecture: if € is a smooth
domain with R™ \ Q connected, and there exists a Lipschitz function f such that (2.13) has a

positive bounded solution, then 2 must be a ball, a cylinder, a half-space or the complement of

one of them | ]. The Berestycki-Caffarelli-Nirenberg Conjecture would be ultimately proven
false in dimensions n > 3 in [ ], and later in all dimensions n > 2 in | ]. Other set of
counterexamples can be found in | ]. We will discuss these results in Section 2.3.

2.3 Symmetry breaking results

The results described in the previous section make us wonder if there are non-trivial domains
which support a positive solution to an overdetermined problem. The answer to that question is
affirmative, and in this section we review some of the constructions prominent in the literature of
the past decade.

We return to the problem of finding extremal domains in a given Riemannian manifold, de-

scribed in Section 2.1. That is, the problem of finding a positive solution to

Apyu+Au=0 in €,
u=0 on 0%, (2.14)

u, = const on 0f),

where A\ = A\ () is the first eigenvalue for the Laplace-Beltrami operator A, in Q C M, and the
domain € has a fixed finite volume. When M = R™, by Serrin’s Theorem 2.2 extremal domains
can only be balls. In fact this is an old result known as the Faber-Krahn inequality: the balls
minimize the first Dirichlet eigenvalue for the Laplacian among all domains with the same volume.
When we remove the volume constraint, the problem for minimizing or maximizing A;(£2) loses
its meaning, but the problem (2.14) still makes sense. It was in this setting that Sicbaldi | ]
constructed a family of non-trivial cylinder-type domains which constitute counterexamples to the

Berestycki-Caffarelli-Nirenberg Conjecture.
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We describe now the construction in | ]. Consider the unit ball By C R"™! centred at
the origin, the first Dirichlet eigenvalue A; > 0 for the Laplacian in Bj, which is the square of
the first positive zero of the Bessel function J,, /51, and the first eigenfunction Q; associated to A\q
normalized in the L?-norm. So, gz~5 is a solution to

AQ~5+>\1$:0 in Blv

=0 on O0B;.

Also, ¢ is smooth and can be chosen positive in By (see | ]), and by the symmetry theorem
of Gidas-Ni-Nirenberg, Theorem 2.8, (Z) is also radially symmetric. This means $ also satisfies a

constant Neumann condition along dB;. Therefore, the function ¢ € C°°(B; x R) defined by
o(x,t) = g?)(x), x € B, tcR,

is clearly a solution to
A¢+>\1¢:0 in Bl><R,

o=0 on 0B; xR, (2.15)

¢, =const on OB; xR.
Now, define the perturbed periodic cylinder

CT .= {(z,t) ER" I xR:0< |z| <14 v(t)}.

for v € C?*(R) T-periodic and such that v(t) > —1 for all + € R. Then there exists a constant
A = A\, 1 and a unique L?-normalized positive function ¢ = ¢, 1+ € C?*(CL) (see | ]) which

is a solution to the Dirichlet problem

Ap+rp=0 in CT,
(2.16)
$=0 on 0CT,

Uniqueness of the solution implies that ¢, r is T-periodic in the ¢ variable, that is
d(x,t +T) = ¢p(x,t) forall (x,t)€Cr.

After identifying 0CT with 0B; x R, we can define the operator

N(’U T) _ 8¢1),T _]{) 6¢1),T

3

—=dS,
By xR v

where by the symbol fag we represent the mean value over 9f2. Now, by the Schauder regu-
larity theory and the T-periodicity, N(:,7) defines an operator between U C C?%(R/TZ) and
CY2(R/TZ), where U is a neighbourhood of the zero function v = 0. After a change of scales we
may consider N(-,T) : U C C**(R/27Z) — C"*(R/2rZ). Then, we see that the solution ¢, r to
(2.16) solves the overdetermined problem (2.14) for Q = CI' if and only if

N(v,T) = 0. (2.17)
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Note that when v = 0, then ¢g r is the unique solution to (2.15) for all ' > 0. Therefore, there
exists a trivial branch of solutions (0,7) to equation (2.17). The equation above can be seen as
a family of operator equations depending on a parameter 7', and thus the methods of Bifurcation
theory can be applied to it (see Appendix A). The idea can be roughly explained as follows. By
the Implicit Function Theorem, if the linearization dN(0,Ty) : C**(R/27Z) — C1*(R/27Z) is an
isomorphism of Banach spaces, then in a small neighbourhood of (0,7) € C%%(R/27Z) x (0, 00)
the only solutions to (2.17) are the trivial (0,7"). Therefore, a necessary condition to find non-
trivial solutions to (2.17) near (0,7p) is that dN(0,7p) is degenerate, in the sense that its kernel
ker dN(0,Tp) is non-trivial. In this way, a crucial step in the construction is to show that such
Ty exists, and the next step is to show that the hypotheses of a bifurcation theorem are fulfilled.

Following this reasoning, Sicbaldi concluded:

Theorem 2.9 (Sicbaldi). Letn > 2 and o € (0,1). There exists a positive number T, a sequence
of positive numbers T; — Ty, and a sequence of non-zero Tj-periodic functions v; € C**(R)

converging to 0 such that the domains

Q=0 = {(z,t) e R" I xR || < 1+v;(t)}

v
support a positive solution u; € C**(Q;) to (2.14).

Note that when the dimension n > 3, the sets R™ \STJ are connected, and thus the sequence €2;
is a family of counterexamples to the Berestycki-Caffarelli-Nirenberg Conjecture. Note, however,
that when the dimension n = 2, the sets R™ \STJ have two connected components, and thus do not
contradict the conjecture.

The domains in Theorem 2.9 were constructed by means of the Krasnoselskii Bifurcation
Theorem A.2, and a careful study of the linearized operator dN(0,T) and how its kernel varied
with respect to varying the bifurcation parameter 7' was needed. Later, Schlenk and Sicbaldi
[ | managed to strengthen the proofs in the construction and showed that the domains Q; in
fact belong to a smooth family of bifurcating domains to equation (2.14). The latter construction
is based on the Crandall-Rabinowitz Bifurcation Theorem A.1, which yileds a smooth curve of
solutions rather than a sequence converging to the trivial branch at the bifurcation point. We will
make use of each of these two bifurcation methods later in Chapters 3 and 4, and show how they
work in detail.

Fall, Minlend and Weth | ] considered a related overdetermined problem in generalized

cylinder-type domains, obtaining a similar result.

Theorem 2.10 (Fall-Minlend-Weth). Let m,n > 1, and « € (0,1). Then there exists \. =

A«(n) >0 and a smooth curve

s € (—g,8) = (A, 0s) € (0,00) x C**(R™)
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with o9 = 0, Ao = A\i, and @5 a non-constant R™ /27Z™ -periodic function for every s # 0, such

that there ezists a solution u € C*(§,) to the overdetermined problem
—Au=1 in Qg
u=0 on 08, (2.18)
Uy = A/ on 08y,
in the domains

Q, = {(z,y) € R" x ™ : [z] < A, +,(y)} C R™™,

The method of construction follows the same scheme as in | , ]. Note that in the
cylinders

Qy ={(z,y) e R" xR™ : |z| < A}
there exists a solution to the overdetermined problem (2.18) given by

)\2 — |z 2
ur(a,g) = 1L
Consider the perturbed cylinders
Qf = {(z,y) ER" xR™ : |z] <A+ p(y)},

where the perturbations are functions ¢ € C%%(R™) which are R™ /27Z™-periodic. Then, consider

the operator

ou A A
F(gp,)\) = TT/ - Ev

where u = uy, ) € C 2”‘(Qif) is a solution to the Dirichlet problem

—Au=1 in Qf,

(2.19)
u=0 on 09QF.
Then, the solution uy , to the problem (2.19) satisfies a constant Neumann condition if
F(p,A) =0. (2.20)

Note that for ¢ = 0, the solution ug x = wuy, and so there is a trivial branch of solutions (0, A)
to (2.20). The goal then, to prove Theorem 2.10, is to verify the hypotheses of the Crandall-
Rabinowitz Theorem A.l in equation (2.20) and conclude that bifurcations of non-trivial solutions
occur at a critical value of the parameter A.

Fall, Minlend and Weth also considered the above overdetermined problem in the sphere S™
[ ]. Recall that by Theorem 2.6, if the domain 2 C S™ is contained in a hemisphere, then
it must be a geodesic ball to support a solution to 2.9. The observation of Fall et al. is that the
domains

Dy :={((cosf)o,sinf) € S*: 0 € S*71 0] < A}, X€ (0,7/2),
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also support a solution to
—Agnu =1 in D,

u=0 on 0D, (2.21)
u, = const on 0D,

The domains D} are tubular neighbourhoods of the equator S”~! C S”, and thus are not contained
in a hemisphere of S™. Also, the solution to (2.21) is not monotone along the §-variable. Therefore,
there is the possibility of obtaining solutions to (2.21) in domains D which are small perturbations

of the domains Dy. The result in | ] is obtained in this line of reasoning.

Theorem 2.11 (Fall-Minlend-Weth). Let n > 2, and o € (0,1). Then there exists a strictly
decreasing sequence A\; — 0 with the following property: for each j there exists e; > 0 and a

smooth curve

s € (—¢j,65) — (Nj(s),9;(s)) € (0,7/2) x C%(S™)

with ¢;(0) = 0, X\;(0) = Aj, and @;(s) a non-constant function for every s # 0, such that there

exists a solution u € C**(D;(s)) to the overdetermined problem (2.21) in the domains
D;(s) = {((cosB)o,sinf) € S" : 5 € S"71, 6] < \;(s) + ¢;(s)}.

Note that the bifurcating domains D,(s) have two connected boundary components, in con-
trast to the domains in Theorems 2.9 and 2.10, which may appear as an extra difficulty. However,
the symmetry of the sphere S™ with respect to its equator S*~! C S™ allows a symmetric per-
turbation of the domains Dy with respect to S*~!. Thus, in the construction in Theorem 2.11,
the treatment of the disconnected boundary can be reduced to the treatment of one connected
component, which by the symmetry of the domain will imply the desired properties. In Chapters 3
and 4 we will treat overdetermined problems in which the underlying domains have two non sym-
metric connected boundary components, which does not allow the treatment of the construction
in [ ]

The last result we want to discuss is the one due to Ros, Ruiz and Sicbaldi | ]. Their
construction gives, finally, a negative answer to the Berestycki-Caffarelli-Nirenberg Conjecture in

dimension n = 2, the only dimension remaining.

Theorem 2.12 (Ros-Ruiz-Sicbaldi). Let n > 2, 1 < p < %’ when n > 3, and p > 1, when

n = 2. Then there exist exterior C*-domains Q C R™ different from the complement of a ball, such
that the overdetermined problem

—Au4u—uP =0, u>0 n  Q,
(2.22)

u=0, u,=const on 0L,

admits a bounded solution.
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The construction of the domains in Theorem 2.12 is aligned with that of Theorem 2.9. The
authors notice that there exists a positive, radially symmetric solution to (2.22), which is also
bounded, wheren the domain €2 is the complement of a ball Bg C R™. Under some symmetry
conditions, Ros, Ruiz and Sicbaldi show that for radii R less than a fixed raidius Ry, the Dirichlet
problem in equation (2.22) admits a unique (in the appropriate function space) positive solution

U = Uy, g in the perturbed domains
By, ={z € R":|z[ > R+ v},

where v € C%%(S"~1) is small, but not 0. Then, the authors rephrase the problem as an operator

equation F(v, R) = 0, where

L (’)ule 8uv,R
F(v,R) := o ]éBR o ds,

and then derive the required properties to apply the Krasnoselskii Bifurcation Theorem A.2, and
show bifurcation of non-trivial solutions to F(v, R) at a some critical value R..

A point worth of noting is that equation (2.22) is non-linear, in contrast to the constructions
described above. The non-linear term puts an extra difficulty, since the linearized equation may
fail to be invertible. Ros et al. overcome this difficulty restricting to function spaces which
satisfy symmetry conditions, and which guarantee the existence of the interval (0, Ry) in which the
positive bounded solutions u, g can be shown to exist and be unique. Then, the main difficulty in
the construction is to show that bifurcations occur precisely in the interval (0, Ry).

In Chapter 3 and Chapter 4 we give new constructions of non-trivial solutions to overdeter-
mined problems in annular domains by means of Bifurcation theoretic methods. Our constructions
are done in the spirit of the constructions described above, but bear new difficulties not present
before. The novelty of these constructions is that they deal, unlike previous ones, with domains
whose boundaries are not connected, and are not symmetric in an obvious geometric way. This
is a new feature, and as far as we are aware, our treatment is the first in this line of results that

deals with it.






First result

In the following chapter we show the first of the two main results obtained. The exposition here is
largely contained in [ ] . However, that paper is aimed to an expert audience and thus some
details in the proofs are omitted. Since it is the intention of this work to serve as an introduction
to the field, those details are provided here or else the appropriate reference for their discussion.

Let © C R" be a bounded C?-domain of the form Q = Qg \ 1, where Q; € Q5. We focus on
the problem
—Au=1 in

u=0 on 09,

u=a on 0,

u, =c on Of.
where a is a positive constant. Note that by the maximum principle any solution u to (3.1) is
automatically positive in €.

The main result of this Chapter is the following.

Theorem 3.1. There exist bounded, real analytic annular domains of the form Q = Qo \ Q; C R,
which are different from standard annuli, such that the overdetermined problem (3.1) admits a

solution u € C*(Q)) for some positive constants a and c.

We construct these nontrivial annular domains and their corresponding solutions by the means
of the Crandall-Rabinowitz Bifurcation Theorem [ ] (see Theorem A.1 in the Appendix A).
In this manner, we actually obtain a smooth branch of domains and solutions (in fact, a whole
sequence of distinct branches) bifurcating from the trivial branch of standard annuli admitting the
radial, non-monotone solutions of (3.1) given by Lemma 3.3 in Section 3.1. This is more precisely
stated in the body of Theorem 3.5 in Section 3.1, of which Theorem 3.1 is an immediate corollary.

The overdetermined problem (3.1) has a relation to the so-called Cheeger problem: given a

bounded domain Q C R”, find

P(E
h1(€2) :=inf {|§7|) : E C ) Lebesgue measurable, |E| > O} (3.2)
where |E| is the Lebesgue measure of E and P(F) denotes the perimeter functional (| ). The

constant hy () is known as the Cheeger constant for the domain €2, and a subset E C , for which

27
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the infimum in (3.2) is attained, is called a Cheeger set for 2. See the surveys | ] and | ]
for an overview of the Cheeger problem and a discussion of applications. It turns out that the
domains 2 constructed in Theorem 3.1 are precisely their own Cheeger sets. Such domains are

called self-Cheeger.

Corollary 3.2. Let Q) be any one of the real analytic annular domains in Theorem 3.1 that admits

a solution u € C>®(Q) of (3.1). Then

mie) =250 =

and Q) is the unique (up to sets of zero measure) minimizer of the Cheeger problem (3.2).

In this manner, Corollary 3.2 establishes the existence of non-radially symmetric domains that
are self-Cheeger.

Our approach to Theorem 3.1 is aligned with that of Schlenk and Sicbaldi in | ] and
Fall, Minlend and Weth in | , ]: we translate the problem to a non-linear, non-
local operator equation in appropriate function spaces and we derive the necessary spectral and
Fredholm tranversality properties of the linearized operators in order to implement the Crandall-
Rabinowitz Bifurcation Theorem. However, unlike the quoted results above where symmetry
considerations allow the authors to perturb all connected boundary components of the underlying
domains in the same symmetric fashion, we are bound by the geometry of the standard annulus
Oy ={z € R": X < |z| < 1} to deform its two non-symmetric boundary components differently.
Thus, the function spaces that we work in are necessarily product spaces of two factors that
correspond to the two separate connected components of 9€2y.

The chapter is organized as follows. In the next section we outline the strategy of the con-
struction leading up to the statement of Theorem 3.5, which refines Theorem 3.1, and we show
how the latter follows from the former. In Section 3.2 we set up the problem as an operator
equation Fy(v) = 0, where F) : U C (C%%(S"71))2 — (C*%(S"71))2, and compute a formula
for its linearization Ly := dF)|y—o in terms of the Dirichlet-to-Neumann operator for the Lapla-
cian in Q) (Proposition 3.6). In Section 3.3 we study the spectrum of Ly: we find that for each
k € Ng = NU {0}, Ly has two different eigenvalue branches fix,1(A) < pr,2(X) with associated
eigenvectors in the subspaces RYy @ R)), where )i is any spherical harmonic of degree k. In
Lemmas 3.9 and 3.10 we establish key monotonicity properties for ug 1(A) and pg2(XA) in both A
and k, from which we infer that for k > 2 the first eigenvalue branch py, 1 () is strictly decreasing
in A € (0,1), changing sign once, while the second py 2(X) > 0 is always positive. In Section 3.4
we restrict the operators to pairs of functions on the sphere which are invariant under the action
of an appropriate group of isometries G so as to ensure that, whenever 0 is an eigenvalue of the

restricted Ly, it is simple. We then verify the relevant Fredholm mapping properties (Proposition
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3.14), necessary to apply the Crandall-Rabinowitz Bifurcation Theorem and complete the proof of
Theorem 3.5. Finally, in Section 3.5 we provide the proof of Corollary 3.2.

3.1 Outline of strategy and refinement of the main theorem

Let us first introduce some notation. For any A € (0,1) we denote the standard annulus of inner

radius A and outer radius 1 by
O ={zeR": A< |2] <1}
and let its two boundary components be

Iy = {ZL’ ceR": |1’| = 1} = Snilv

Ty:={z cR":|z| = A} = AS" ]

where S”~! is the unit sphere in R”, centered at the origin.

We will construct the nontrivial solutions v and domains 2 solving (3.1) by bifurcating away,
at certain critical values of the bifurcation parameter A, from the branch of non-monotone radial
solutions uy of (3.1) defined on the annuli Q,, for which d,u) = ¢, is the same constant on all of

0f2. We describe this branch of solutions explicitly in the lemma below.

Lemma 3.3. For each \ € (0,1), there exist unique positive values ay and cy given by

1 1
“Alog A+ = (1 =A%) ifn =2,
ay = % )\n—Q _% 1 + by 1 9 (33)
-\ — (1 =X if >
n n—2 1—|—)\"—1+2n( ) ifn=z3,
1 1-\"
_ = 4
A nl+ -1 (3-4)

such that for Q = Qy the problem (3.1) has a unique positive solution u = wuy with boundary
conditions

u=0 on Ty, u=uay on I}, u, =cx on Oy.

The solution is radially symmetric and given by

1 1
“Alog|z|+ ~ (1 —|z[?), if m=2,
_ )2 4
un(@) =9 T -1 1
nin—2)1+ An—1

(3.5)

(1—|z>™) + % (1—|z*) if n>3.

Proof. If u = u(r), where r = |z|, is a radially symmetric solution to (3.1), then u satisfies the
ODE
W+ Ty = —1,
r
where the prime denotes differentiation with respect to . Then simple integration yields

C

rnfl

u'(r) =

31
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Note that u,|r, = '(A) and u,|r, = —u/(1). Therefore, solving —u'(1) = u/(A\) for C, we obtain
14
n(l4+ At-n)’
The formulas (3.3)-(3.5) for ay, ¢y and uy follow by integrating (3.6) once again and setting
u(1) = 0. It remains to confirm that ay > 0 when A € (0,1). When n = 2, this follows from the
observation that

d d?
dax =0=1limayx and A
AT

_— = -1_
lim : e (A 1)/2>0 for Xe(0,1).

For n > 3, we can rewrite the expression (3.3) for ay as
B 14+ A
2n(n —2)(1+ An—1)
Then the positivity of g(A), and thus of ay, over A € (0,1), follows from the fact that
d’g(N)

: / 0 —_T1 _ _ _ n—301 _
1,\1%19 AN)=0= l/\l%lllg()\) and VR nn—1)n—-2)A""7(1-X) >0 for Ae(0,1).

ay g(\) where g(\) = (n—2) —n\—(n—2)A" 4+ n\""1,

O

We will be perturbing the boundary of each annulus €2y in the direction of the inner unit
normal to dQy. For a pair of functions v = (vy,v2) € C?%(S"~1) x C%(S"~1) of sufficiently small

C?“.norm, 0 < a < 1, denote the v-deformation of Q0 by:
Yi={z eR*": A+vi(z/|z]) <|z| <1—ve(z/|z])},

so that its boundary 902y =I'Y UT'Y, where

IV :={z eR": |z| =1—va(x/|z])},

Y :={z eR": |z| = A+ vi(x/|z])}.

Our perturbations v will ultimately be taken to be invariant with respect to the action of a

certain subgroup G of the orthogonal group O(n). We call a domain Q C R™ G-invariant if it is
invariant under the action of GG, and a function v : 2 — R, defined on a G-invariant domain €2, is

called G-invariant if

Y =1og, forevery geGaG.

The notation for the usual Holder and Sobolev function spaces, restricted to G-invariant functions,
will include a subscript-G, as in Cg’a, L2G7 Hg, etc. We point out that these spaces are closed
subsets of the corresponding function spaces, and hence Banach and Hilbert spaces on their own.
We know that for each A\ € (0,1) and every v € (C%%(S"1))? of appropriately small C%<-
norm, the Dirichlet problem in the perturbed annulus QY
—Au=1 in X
u=0 on IY, (3.7)

u=ay on IY,
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with ay defined as in (3.3), has a unique solution u = uy(v) € C**(QY) [ ]. Moreover,
ux(0) = uy, the map (v, A) — uy(v) is smooth by standard regularity theory. Note also that if v
is G-invariant, then the domain QY is also G-invariant, and so are equations (3.7). Therefore, the
uniqueness for the solution of the Dirichlet problem implies that ux(v) and d,uy(v) are G-invariant
functions.

We would like to find out when the Dirichlet problem solution wuy(v) also satisfies a constant
Neumann condition on QY. For the purpose, given A € (0,1) and U C C**(S"~1) x C%*(S"~1)

— a sufficiently small neighbourhood of 0, we define the operator

Fy:U = Cho(s") x Cho(s"Y),
F(v) = — (3““") ~ oy, 2020)

cy, —t
o |pv T Ov
A

- C)\> ) (38)
Iy

where we identify functions on 9QY with pairs of functions on S”~! in a way that is going to be
precise later. The Schauder regularity theory | , ] implies that (3.8) is a good definition,
and the factor of 1/c) provides a convenient normalization. Now, the solution uy(v) of the Dirichlet

problem (3.7) in QY solves the full overdetermined problem (3.1) if
Fy(v) = 0. (3.9)
Note that F(0) = 0 for every A € (0,1). Our goal is to find a branch of solutions (v, A) of (3.9),

bifurcating from this trivial branch (0, A). To achieve it, we will need to understand how the kernel

of the linearization Ly := dF|y=o depends on A. In Proposition 3.6 of the next section we will
derive a working formula for Ly:
9w

L)\(’LU171U2) = ;
( ov F1>

where ¢y is the harmonic function ¢ on €2y with boundary values ¢|p, (z) = wi(x/|z|) and

oI, (z) = wa(z/|2]).

In order to study the kernel of Ly, we will look more generally at the eigenvalue problem

wy 0%uy

9w

b
s ov

wy O%uy

2 2
Iy cy Or r, cy Or

La(w) = p(N)w,  we (C(S"H)%
For each spherical harmonic Yy of degree k € Ny, the subspace

Wy = Span{<yk’ 0)7 (O’yk)}

is invariant under Ly and decomposes into eigenspaces for Ly|w,, associated with two distinct
eigenvalues pi 1(A) < pg,2(X), for which we will calculate explicit formulas in Section 3.3. We will
study the dependence of these eigenvalues on both A € (0,1) and k € Ny, focussing on whether they
cross 0 as A varies in (0, 1). It turns out that when k = 1, p1 1(A\) < 0 while p1 2(A) = 0 for all A, i.e.
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the eigenspace correponding to p1,2(A) is always in the kernel of Ly (see Remark 3.3). This part
of ker Ly comes from the deformations of {2y, generated by translations. What we find for k > 2 is
that the first eigenvalue branch p 1 () is strictly decreasing in A and that it crosses 0 at a unique
Af € (0,1). This is done in Lemma 3.9. Moreover, we establish in Lemma 3.10 that both g 1 ()
and g 2(X) increase strictly in k € Ny for fixed A. This means that for £ > 2, the second eigenvalue
branch g 2(A) > 0 never crosses 0, while the values of A}, at which g 1 () is zero, form a strictly
increasing k-sequence; in addition, the eigenvalues for k = 0, po,1(A) < po,2(A) < 0 (Proposition
3.12). Therefore, at the critical values A = A}, k > 2, the kernel of Ly~ over (C**(S"~!))? consists
of the g, 1(A})-eigenspace plus the always present component of the p; o = 0 eigenspace.

We prove the A-monotonicity of the first branch pi1()), £ > 2, by analyzing the explicit
formula for pg 1(A) directly and using some delicate estimates, based on hyperbolic trigonometric
identities (see the proof of Lemma 3.9). Unfortunately, this approach does not extend to the
second eigenvalue branch py 2(A), & > 2, which we also believe to be decreasing in A, based on
numerics. Showing the latter is ultimately not necessary, since we prove that g 2(A) > 0 never
contributes to the kernel of Ly. Neither do the eigenvalue branches for k = 0, po ;(A), j = 1,2,
which are shown to be strictly negative. In order to establish the k-monotonicity of py ;(A), for
fixed A, j = 1,2, we treat k as a continuous positive variable and extend the p ;(A) to be smooth
functions in (k,\) € (0,00) x (0,1), continuous up to k = 0 (see Remark 3.2). Even so, trying to
prove Oy, ;(A) > 0 directly from the formula for the eigenvalue turns out to be unyielding, and
we accomplish it instead by looking at the matrix representation M} j of Ly |w, and showing that
O M) 1, is positive definite (see the proof of Lemma 3.10).

The Crandall-Rabinowitz Bifurcation Theorem requires that the linearized operator has a
one-dimensional kernel at bifurcation values. To achieve this, in Section 3.4 we will restrict the

operators F and Ly to G-invariant functions in (C%<(S"~1))2.

The symmetry group G will be
chosen so as to completely eliminate the eigenspaces of Ly corresponding to k = 1 (which contain
the w12 = 0 component of ker Ly), and ensure that, whenever py 1(\) is an eigenvalue of the
restricted Ly for some k > 2, it is of multiplicity 1. Additionally, we will choose the group G in a
way that will guarantee that the constructed G-invariant domains QY are not merely translations
of the standard annulus.

More precisely, let —Agn—: be the Laplace-Beltrami operator on the sphere S ! and let
{0i}72, be the sequence of its eigenvalues, i.e. ; = i(i + n — 2). We shall fix any group G < O(n)

that has the following two properties:
(P1) If T is a translation of R™ and T'(S"~!) is a G-invariant set, then 7T is trivial.
(P2) If {0y, }72, are the eigenvalues of —Agn—1 when restricted to the G-invariant functions, then

0;,, has multiplicity equal to 1, i.e. there exists a unique (up to normalization) G-invariant

spherical harmonic of degree iy, k € Ng.
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Note that iy = 0 and that because of (P1), spherical harmonics of degree 1 are not G-invariant,
i.e. i1 > 2. An example of such a group G can be established as a consequence of the following
lemma and the fact that spherical harmonics are precisely given by the restrictions to S*~! of

homogeneous harmonic polynomials in n variables.

Lemma 3.4. Let G = O(n — 1) X Zy act on R™ as orthogonal transformations on the first n —
1 wariables and reflections with respect to the hyperplane x, = 0, and let f : R® — R be a
homogeneous G-invariant harmonic polynomial. Then the degree of f is even. Moreover, for
each k € Ny the vector space of homogeneous G-invariant harmonic polynomials of degree 2k is

one-dimensional.

Proof. Clearly if f is constant, then it is G-invariant. If f is a nonconstant homogeneous G-

invariant polynomial, then
flxy,...,x,) = f(£]2/],0,...,0,2,) = f(z', £x,), forevery (2/,z,)€R" ' xR.

Thus, the monomials comprising f have to be products of even powers of |z'| and z,, implying

that deg(f) = 2k, for some k € N. Since f is homogeneous, it takes the form
k .
f@, z,) = Zajxij\m’\z(kﬂ), (', z,) e R"1 xR,
§=0

for some coefficients a; € R, j =0,..., k. Computing the Laplacian of f,

k—1
Af(xn) =2 {ag(k = j)ln—1+2(k —j = ] + a1 (j + 1)(2f + 1)}a? |’ PET70,

j=0

so that f is harmonic if and only if its coefficients satisfy the homogeneous linear system
ajlk—Hn—1+42k —j—D)]+a;1(G+1)(2j+1)=0, for j=0,....k—1
We easily see that fixing ag = 1 determines uniquely the remaining coefficients. O

The group G = O(n —1) X Z clearly satisfies (P1), and because of Lemma 3.4, it also satisfies
(P2) with iy, = 2k and 0;, = 2k(2k +n —2), k € No.
Let us denote Yy := Y, , where };, is the unique G-invariant spherical harmonic of degree

ir € Ny, normalized in the L2?-norm, that is,
Agn-1Yy + JikYk =0, / ‘Yk‘g ds =1, k € Np.
Snfl
Finally, denote by

(W, z)y = /\”*1/ w121 dS+/ woze dS, W,z € (L2(S"*1))2, (3.10)
Sn—1 S§n—1
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the inner product on L?(S"~1) x L?(S"~!) induced by the standard inner product on L?(9Qy)

under the natural identification

w & Y
(3.11)
(wi(x), wo(x)) = (p(Ax),¥(x)) forallz € S" 1,
and let
[Wllx = (W, w)x

be the induced L2-norm. We point out that Ly is formally self-adjoint with respect to (-, -} (see
Remark 3.1).

As aresult of restricting to pairs of G-invariant functions in C2®(S"~1), the linearized operator
Ly : (CEXS"1)2 = (C5*(S"1))? will now possess a one-dimensional kernel at each critical
value \; := A}, k € N — spanned by an element of the form z, = (axY%,brYs) — and its image

will be the closed subspace of co-dimension 1 orthogonal to z; with respect to the inner product

(3.10). Moreover, because of the strict A-monotonicity of p;, 1(A), the tranversality condition
ONLala=x.(zr) = i, 1(Ar)zk — La(z}) ¢ im Ly,

is going to hold. Invoking the Crandall-Rabinowitz Bifurcation Theorem A.1, we reach at the

statement of the refinement of Theorem 3.1.

Theorem 3.5. Let n > 2, a € (0,1), and let G and Yy, k € N, be as above. There is a strictly
increasing sequence {\,}72, of positive real numbers with limy_ oo A\, = 1 and a sequence {z,}72
of non-zero elements of the form z, = (arYy,brYr) with ||zk||x, = 1, satisfying the following: for
each k € N, there exists € > 0 and a smooth curve
(—e,e) — (C2o(sm1)? x (0,1)
s = (w(s),As))

satisfying w(0) = 0, A(0) = i, such that for v(s) € C>*(S"~1) x C%*(S"~1) defined by
v(s) = s(zr + w(s)),

the overdetermined problem

—Au=1 m QXE§;7
u=20 on F‘l’(s)7 (3.12)
u=const>0 on I‘Kgg,

_ v(s)
u, = const >0 on aQA(S),

admits a positive solution u € CQO‘(QXES) Moreover, for every s € (—¢,€) the two components of

w(s) = (w1(s),wa(s)) are G-invariant functions that satisfy

(w(s),zk)r, = 0. (3.13)
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Let us show how Theorem 3.5 entails Theorem 3.1.

Proof of Theorem 5.1. Fix any k € N and a € (0,1). We need only explain why for s # 0 the C*¢
domains QXE:;, constructed in Theorem 3.5, are different from a standard annulus, and why their
boundaries are actually real analytic.

Since the functions vy (s), va2(s), are G-invariant, the corresponding domains Q‘;ES and solu-
tions u of (3.12) are also G-invariant. We point out that the orthogonality condition (3.13) implies

that for s # 0, the non-zero v(s) is also non-constant since zj is non-constant and

(v(s),z1)r, = s #0,

which means that at least one of the boundary components F}'(s), r = A(s), 1, is different from a
central dilation of S*~! with respect to the origin. In addition, Property (P1) of G prevents QKE:;
from being an affine transformation of the annulus 2 that involves a non-trivial translation. All
this guarantees the nontriviality of Q;Eg

The domains 2 = Q;\'g; are constructed to be of class C??, but by the classical regularity
result of Kinderlehrer and Nirenberg | ], the boundary of a C%%domain (), admitting a
solution u € C*%(€) to (3.1), gets upgraded to a real analytic one. The solution u itself is real

analytic up to the boundary. O

3.2 Reformulating the problem and deriving its lineariza-
tion

Let us first recast the operator F), defined in (3.8), by pulling back the Dirichlet problem (3.7)

from Y to the annulus €2, where we shall use polar coordinates

(0,00) x S"' = R"\ {0} under (r,6) 2 =10

~

to describe the geometry. In this way, Qy = (A, 1) x S"~! its boundary components I'y =2
{A} xS"7 1 Ty = {1} x S"~! are two copies of S"!, and we naturally get the identification of
functions (3.11).

For any v = (v1,v3) € U C (C*%(S"71))? of sufficiently small norm, we consider the diffeo-

morphism @ : 2y — QY defined in polar coordinates by
D(r,0) = ((1 +np(r)ve(0) + 172(7‘)1}2(9))7", 9) , (3.14)
where 71, 172 are smooth functions satisfying

X if r<A+6, —1 if r>1-34,
m(r) = n2(r) = (3.15)
0 if r>\+26 0 if r<1-2,
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for some small enough § > 0. We set on Q) the pull-back metric ¢ = ®*gg, where gg is the

Euclidean metric on Y. That is, whenever X,Y are tangent vectors to {1, we have
9(X,Y) = go(P.X,D.Y). (3.16)

We now compute the metric g in a neighbourhood of the boundary 02). Since near 9y n; and

1o are locally constant function, from (3.14) we see
®.0, = (1 + njvj)é)r, o, Vy = mijj + (1 + njvj)TVQQ.

Now, in polar coordinates the euclidean metric go = dr? + r2ggn—1, where ggn—1 is the standard

metric on S, Then, by the relation (3.16), we see the metric g equals
_ 2,72 _ . 2,272 2 2
g = (1 +mn;v5)>dr= + 2rn; (1 + njv;)drdv; + ron;dvy +1=(1 + njv;) gsn-1, (3.17)

in a neighbourhood of 0. Since ® is an isometry between (Q2y,¢g) and (Y, go), ux(v) is the

solution of the Dirichlet problem (3.7) in QY if and only if u}(v) := ®*u,(v) is the solution of

—Agu=1 in Q,,
u=0 on Ty, (3.18)

u=ay on I},

where —A is the Laplace-Beltrami operator in (£2y, g). Note that from formula (3.17) follows that
the metric g is a smooth function of v, and when expressed in this coordinates, the operator —A,

has the form
1 »
Ay=——0; ( det wa-) :
g detg ’ 9979
where g% are the coefficients of the inverse metric g=!. Thus, by the Schauder regularity theory
[ ], ui(v) € C*%(Q,) and it depends smoothly on v.
Let v* denote the inner unit normal field to 9, with respect to the metric g. We have

®,v* = v, and to find the expression for d,ux(v) in these coordinates, we need to compute

dpui(v) = g(Vyui(v),v*). In the new coordinates, the operator Fy : U — (C**(S"~1)? thus

Fa(v) = ~ (8“3(") i —c)\>. (3.19)

e ov*
Then F(0) = 0 for all A € (0, 1), since u}(0) = uy, and Fj(v) = 0 if and only if 0,-u}(v) = c is

becomes

_ o 0ui(v)
Iy N Ty

constant on 0. The latter implies that uy(v) solves the overdetermined problem (3.1) in Q.
In the following proposition we will compute the linearization at v = 0 of the operator F)(v),
reformulated as in (3.19). Recall that we use the identification (3.11) of functions on 9Q, with a

pair of functions on S*1.
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Proposition 3.6. The smooth operator Fy, defined in (3.19), has a linearization at v =0,
Ly := dFy|y—o : (C**(S"71))? — (C1*(S"71))2,

given by
wy 0%uy

90w

)
I ov

wy O%uy

2
r, O or

2
r, O or

Ly(wy,we) = (— 1*)’ (3.20)

where for w = (wy,wy) € (C?>*(S"1))2, ¢y denotes the harmonic function ¢ € C**(2y) with

boundary values ¢|r, (z) = wi(z/|z|) and @|r, (x) = wa(z/|x]).
Proof. As F) is a smooth operator, its linearization at 0 is given by the directional derivative

. E\(tw
LA(W):}E% /\(t )

Write v = (v1, v2) = t(w, we) for small ¢ and consider the diffeomorphism ® = &, defined in (3.14)
and the induced metric g = g; on Q). Note that when ¢ = 0, the diffeomorphism ® is the identity
in Q) and go is the euclidean metric. Let u}(v) = u; be the solution of the Dirichlet problem
(3.18) in Qy, which smoothly depends on the parameter ¢. Since u) is a radial function and can
be extended by (3.5) to solve —Ag uy = 1 in the whole of R™ \ {0}, we have that u} := ®juy is
well defined and solves

—Agu=1 1in Q.

Expanding u} = uj(r,0) in a neighbourhood of 99 to first order in ¢, we obtain

. ou
ux (r,0) = ux(r + trn; (r)w;(6)) = ua(r) + tmj(?")wg'w)af: +0(t?),
where n;, j = 1,2, are the functions defined in (3.15).
Let 4 := uy — u}. Then ¢, € C?%(Q,) is a solution of
Agﬂpt = 0 n Q)”
Yy = —u} on I, (3.21)

*
Yy =ay—uy on Iy,

which depends smoothly on t, with ¢y = 0. Setting 1/1 = %wth:o’ we can differentiate (3.21) at
t = 0 to obtain

d d . .
7(A t,(/Jt) = —A t ’(/}O""A ¢=AT/J7
dt ¢ im0 At .
and therefore 1 is a solution to
A =0 in Qy,
¢ = (Our)wy = —crwy  on Iy,

Y =—(0rur)wy = —cyw; on Ty,
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so that
= —Crow. (3.22)

Now, given that 1, = ti) + O(t?), we have in a neighbourhood of 92,
H 8u,\ 2

Recall that v* = v; denotes the inner unit normal field to 92y with respect to the metric g;.
Below we will compute 0,,u; to first order in t. As u; is constant on each boundary component, it

follows that
Opur = |Vg,ue| = \/gi"|0rue] on  0Qy. (3.24)
Using formula (3.17) for the metric g; to calculate its inverse g; ! to first order in t, we see that

the component g;” = 1 — 2tn;w; + O(t?), so that near 9Qy,

Taking into account that 7; is constant in a neighbourhood of I'; and I'y, we differentiate (3.23)

with respect to r to find that near 02y,

Ouy  Quy o Ouy | DPuy 2
or — or +t<0r T T T +O(E). (3:26)

From (3.24)-(3.26) and the fact that |z + tA| = || + tsgn(z)A for |[tA| < |z|, we compute

Ouy o |Oug| | Oun o | 0%uy 2
an V9 o | T m“(w*’"’bwﬂaﬂ +OE) (3.27)
duy, o RN
il + tsgn(0ruy) (87" +rnjwj8r2> +O(t?) on 00,.
Now, as |[Oyux| = Opux, sgn(0rux)0r = 9, and sgn(d,uy)rn; = 1 on 0y, (3.27) yields
Oug  Ouy o _32u,\ 2
The formula (3.20) for Ly hence follows from (3.28) and (3.22). O

3.3 Spectrum of the linearized operator

In this section we give an account of the spectral properties of the linearized operator L), which
we derived in Proposition 3.6.
Recall that a function Y € C°°(S"1) is a spherical harmonic of degree k € Ny if it is an

eigenfunction of the Laplace-Beltrami operator —Agn—1 on S~ !, that is,

Agnfly + oY =0,
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where oy, := k(k + n — 2) is the corresponding eigenvalue. We first observe that the subspace W
generated by {(),0),(0,Y)} is invariant under Ly and we shall derive a matrix representation of

Ly |w with respect to a certain convenient basis.

Lemma 3.7. Let Y € C*(S"™1) be a spherical harmonic of degree k € No and unit L*(S"™1)
norm, and let W be the subspace of (C>°(S"~1))? spanned by {(¥,0),(0,V)}. Then W is invariant

under the action of Ly. Moreover, if
e1:=(A7°D,0), ey:=(0,)), (3.29)

then B = {e1,ea} is an orthonormal basis for W with respect to the inner product (-,-)x on
L2(S"1) x L2(S™71), defined in (3.10), and the matriz representing the restriction Ly|w with

respect to the basis B is given by

1 (kn=—2)N* """ P4 RN p g At _2-n—2k 1
2—n—k_)\k Y N2-n—k_ )k .
Mye=| * A . . — —id, (3.30)
N Rk () e
for k> 1, while for k =0,
1 (n=2)A\*"" _n—=1 )\FT” 2—n 1
2—n _ 2—n _ .
Myo= [ * Alfn 12 A , A 1 — —id when n >3, (3.31)
M 2 (o) | o
_1 1 1y 1
Mo = A lolg)‘ A log A — —id when n=2. (3.32)
A2 Lo __1 41 C)
log A log A

Proof. 1t is easy to verify that B is an orthonormal basis for W with respect to the inner product
(-,)x. Let w = aej + bes. Recall that in polar coordinates the Laplacian can be expressed as

AzaT2_|_n—1

1
3T + 7AS'rL—1 .
r r

Then, for n > 3 and k € Ny, as well as for n = 2, k € N, the function ¢y € C*(Q,), defined in

polar coordinates r € [\, 1], § € S*~! by

Pw(r,0) = (aA(r) + bB(r))Y(0),

where
1n ,r2—n—k _ ’I“k )\Q—n—k‘,rk _ )\kr2—n—k
A('I") =)\"2 m, B(T) = AZ*ﬂ*k — )\k s (333)
can be checked to be harmonic in €2y, and satisfies
dw(X6) = aX T V(0),  bu(L,6) = bV(0).
Formula (3.20) for Ly hence gives
—(aA'(\) +bB'(N)Y + (2ur(N)/ex)ar =Y
Ly(ae; + beg) =
(ad'(1) +bB'(1)Y + (97ua(1)/cx)bY
—(aA’(\) +bB'(\)Y — 25Laa ="y 1
= (e ) A — —(aeq + beg), (3.34)
(@A'(1) + bB'(1))Y + (n — 1)bY 2
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where in the last equality we used the fact that 92uy = —1— "T_lf)ru x. Therefore, W is an invariant
subspace of Ly. Plugging in (3.33) in (3.34), we easily derive formulas (3.30) and (3.31) for the
matrix representation M) j of Ly|w with respect to the basis B.

When n = 2, and k = 0, the substitute for (3.33) is

_1/0logr logr — log A
A(r) = "V2 2 B(r)=——7-—" 3.35
(r) Tog X (7) Tog \ (3.35)
and we easily check again the invariance of W under Ly and derive (3.32). O

Remark 3.1. Note that the matriz M) i in Lemma 3.7 is symmetric. This is not surprising taking
into account the fact that the operator Ly is formally self-adjoint with respect to the inner product
{(-,-)x over the space V := (C**(S"71))2. Indeed, for wi,wsy € V, identified as functions on OS2y
under (3.11), let ¢w,, dw, denote their corresponding harmonic extensions to Qx. Using formula
(3.20) for Ly and the definition (3.10) of the inner product (-,-)x, an application of Green’s formula

and harmonicity yield

<L)\W1,W2>)\ — / <_ 8¢W1 U)x ¢w1> ¢w2

IO ov 87’2

_ ad’w Uy P,
B /SQA ¢W1 (_ ov 87"2 cy > <W17L)\W2>)\.

Remark 3.2. Note that the matrices My, A € (0,1), k € Ny, derived in Lemma 3.7, fit in a

two-parameter family of symmetric matrices
M={Myr:(\E) € (0,1) x[0,00)}. (3.36)

where we define My j, for non-integral k € [0,00) by the analytic formula in equation (3.30). In
that way, the family M is analytic in both (A k) € (0,1) X (0,00). Moreover, we can see that M
is continuous up to (A, k) € (0,1) x {0} after easily checking

lim My, = My 0,
k10

where My o is given by (3.31) when n > 3 and by (3.32) when n = 2.
The symmetric matrices of M are never multiples of the identity (the off-diagonal entries are

non-zero), whence every My, € M has two distinct real eigenvalues

i1 (A) < pge2(AN)

and each is a smooth function of (A, k) € (0,1) x (0,00), continuous up to (A k) € (0,1) x {0}.
Furthermore, since any eigenvector of My, € M has two non-zero entries, we can define v;(\, k) €
R? to be the unique eigenvector of My k., associated with te,j(A), j =1,2, that has unit Buclidean
norm and positive first entry. Clearly, the eigenvector vj(\, k), j = 1,2, depends smoothly in
(A k) €(0,1) x (0,00) and is continuous up to (A, k) € (0,1) x {0}, as well.
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Before we continue, it will be convenient to recast the matrices M) ; € M in new notation that
will greatly facilitate the computations when we analyze the behaviour of its eigenvalues py, j(A),

7 = 1,2. For that purpose, first define the matrix
~ 1
M)\’k = M,\,k + ; id, M)\’k e M (337)
A

whose eigenspaces are the same as those of M)  and whose eigenvalues fiy, ;(A) are shifts of py ;(A)

by 1/cy:

_ 1 ‘
g (A) = fieg(N) = = J=1,2 (3.38)
For a given k € (0,00) we shall denote
o= g +k—-1, a€(0,00) and e*:=A"% we(0,00). (3.39)

Lemma 3.8. Let k € (0,00) be given and let o, w be as in (3.39). The matriz My, defined in
(3.37) takes the form

1 n o 1
. +(acothw — 2 - —
My = i 2) VR (3.40)
7%sin€1w OéCOthWﬁ*%
and its eigenvalues are given by
. CF+vC?2—4)\D .
b, j(A) = ) , ji=1,2 (3.41)
where
n , n?
C':a()\—l—l)cothw—I—E()\—l), D=« —Z:(n—f—k—l)(k—l). (3.42)

Proof. These are straightforward computations. First note that

(k+mn —2)N"V27F L pXV/2HR=1 — (90 — )ATY 4 kA®

= (5-1) O =AY +a(r )

and, using the expresion in (3.30), we find the (1, 1)-entry of M;Hk to be

1 [ (k+mn—2)\77/27k 4 pAn/2+k-1 1 (n AT 4\
X ( A\-n/2—k _ y\n/2+k—1 - (n - ]-) = X (5 - 1) + am - (n — ]_)

= % (acothw — g) .

In a similar fashion we compute the (2,2)-entry of Mk,k- Also

ap 2on-2% 20 1 -
A2=n—k _ )k AN — e /\sinhw'

This establishes equation (3.40). The characteristic equation for M A,k then computes to
2 n - 2 n?
Afl —{04()\+1)cothw+§()\—1)}u+ o’ = =0,

from which we derive formulas (3.41)-(3.42) for its eigenvalues. O
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Remark 3.3. Note that when k = 1, we have o = n/2 and ¥ = \™™%, so that C and D in (3.42)

evaluate to

A+ A" A
= = — D =0.
n].—)\n C)\’ 0

n A2 (/2
¢=3 ((A+ Dy e T 1)

Hence, (3.41) gives us fi1,1(A) = 0 and fi1 2(\) = 1/cx, and the eigenvalues of the matriz My 1 are

then given by

1
pa) =-- 0 ma(h) =0 (3.43)

We observe that, over subspaces W = Span{(},0),(0,))}, where Y is a spherical harmonic of
degree 1, the linearization Ly|w has a kernel of dimension 1 for every A € (0,1). As spherical
harmonics of degree 1 are the restriction to S~ of degree 1 homogeneous harmonic polynomials
in R™, this kernel precisely corresponds to deformations of the standard annulus Q0 generated by

translations.

In the following key sequence of lemmas we will examine the behaviour of the eigenvalues
pe,1(A) and pro(A) in both &k € Ny and A € (0,1). See Figure 3.1 below for a plot of these

branches for k£ =0, 1,2, 3, in dimension n = 3.
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Figure 3.1: Mathematica plot of the eigenvalues uy j, kK = 0,1,2,3 and j = 1,2, as a function of
A€ (0,1) for n = 3.

First, we will establish the first branch py 1(A) is strictly decreasing in A € (0,1) for any
given k > 2. The proof of the next lemma is based on a delicate use of hyperbolic trigonometric

identities.

Lemma 3.9. For k € N, let M) i, be the matriz defined in (3.30) and let g1 : (0,1) — R denote

its first eigenvalue. For every k > 2 the following are satisfied:
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d 1/&%%,1()\) =k—-1, 1/\1%1/11@,1()\) = —00;

!

o 1y 1(A) <0, and so py1(A) ds strictly decreasing in \.

Proof. Fix k € R, k > 1. We shall first prove that Nﬁg@()‘) < 0, where ’ denotes differentiating

. n—1
with respect to A. As &+ = piid
C) 1—X

fi3,1(A) < 0. Since by (3.41)

is strictly increasing in A, by (3.38) it suffices to show that

() = oD
Hey = o o2 —aaD

and given that D = (n +k—1)(k — 1) is positive and constant in A, we only need to show that

/ 2 _
(c+ VCT=DD) = cve C“D;;g) 2D, (3.44)

Using the identity coth?w — 1 / sinh? w = 1 successively, we get

2
2 _ — e _ 2_
C2 — 4\D = {a(l + ) cothw — 2(1 A)} A {a . }

2 2
=a?(14+)\)? (1 + 12) — a1+ A)(1 — A)cothw + (1 — A)? — 4) <a2 - ”)
sinh” w 4 4

2 2 1 A 2
— Q2(1= A2 —n(1+ A (1= A cothw+ " (14 )2 + CALA
4 sinh” w

9 9 n? 9 Aha?
sinh” w 4 sinh® w
n 2 Yo
={a(t = Ncothw -2+ N} + 25—
{ ( ) 2( ) sinh? w
which gives the estimate
C2 —4\D > a(l — \) cothw — g(l ). (3.45)
On the other hand, using the fact that w’' = —a//A,
1+ o? n a? n
¢’ =acothw + —~——5— + - > acothw + —5— + —, 3.46
A sinh®w 2 sinh?w 2 (3.46)
so that (3.45) and (3.46) yield
n , n?
"(WC?—4X\D + C) — 2D > | acothw + ——— + = | (2acothw —n) — | 20 — —
sinh“w 2 2
1 202 coth 2
=242 <1+ . )+ [
sinh® w sinh” w sinh” w
202 n 202 n 202k
= 1+acothw—7> >7<1+a_7) =" >0,
sinh? w ( 2 sinh? w 2 sinh? w

where in the penultimate inequality we used cothw > 1. This confirms (3.44) and completes the
proof of the strict monotonicity of p1(A) in A.

To derive the limiting behaviour of ug 1(A) as A | 0, we first note that from the definition
(3.39), we have limyjow = oo, so that (3.42) gives limy;0C = o —n/2 = k — 1, and since

limy o 1/cx = n, we calculate

. () = ( 2D 1) D b1
1m = — —n = — 1.
,\wukl Aw C ++VC2—4)\D ¢y k—1
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As to the limiting behaviour of ug 1(A) as A 1T 1, the fact that fig 1(A) is decreasing in A and
lim1/cy = iel
lim Jex = oo yields

I)}%uk71(A) = —00.

O

Next, we will prove that, for fixed A, both py 1(\) and g 2(A) increase with k. As the explicit
formulas (3.41)-(3.42) for the eigenvalues turn out to be unyielding, we accomplish this instead by

treating k as a continuous variable and showing that 0, M)\ is positive definite.
Lemma 3.10. For fized A € (0,1) and j = 1,2 the sequence {ju j(N)}72, is strictly increasing.

Proof. We shall treat k € [0,00) as a continuous variable, following the discussion in Remark 3.2.
First, we restrict ourselves to £ > 0 and fix A. Recall that in the remark we defined v = v;(\, k) €
R? to be the unique eigenvector of M) j associated with eigenvalue py ;(A), 7 = 1,2, which has
unit Euclidean norm and positive first entry. Then v € R? is orthogonal to v and since M) is

symmetric, we have
(M1 (0kv),v) = (Okv, Mx jv) = pig,;(Oxv,v) = 0. (3.47)
Differentiating the identity ui ; = (M) xv,v) with respect to k and using (3.47), we obtain
Oppir,; = (O Mx 1 )v,v) + (M £ (Okv),v) + (M v, Opv) = (Op My xv, v).

Therefore, we will have the desired Opy,; > 0 once we show that the symmetric matrix 9y M) i is

positive definite. Using da/0k =1 and dw/0k = w/«, we compute from (3.40)

- % (cothw —
OxMy = O My = |

vV ( sinh? w sinh w

sinﬁQw) % (WCOShw - : )

sinh? w sinh w

w cosh w 1 w
) cothw — s

We see that its determinant

1 w 2 w coshw 1 2
det(FpMyz) = ~ 4 (cothw — - -
et Ok Mk A { <CO “ sinh2w> ( sinh? w sinhw) }

(sinh? w — w?)(cosh?w — 1) > 0,

- Asinh? w
as sinhw > w and coshw > 1 for w € (0, 00). Furthermore, the (2,2)-entry of 0 M)  satisfies

w coshwsinhw — w sinhw —w
cothw — ——— = — > — > 0.
sinh” w sinh” w sinh” w

Therefore, by Sylvester’s criterion the matrix 9y M) 1, is positive definite for £ > 0. Since according

to Remark 3.2, uy ;(A) is continuous in k € [0, 00) for fixed A, we can conclude

i1, (A) > pgj(A) forall keNy, j=1,2.
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In the final lemma of this section we derive the asymptotics of ug 1(A) and pg2(X) as k — .

Lemma 3.11. For fized A € (0,1) the sequences {pr j(A)}52,, 7 = 1,2, have the asymptotics

opka(A) (N 1
klig)lo Eo L klinolc Eo N

Proof. From the definition of C' and D in (3.42) and the fact that limy_,~, cothw = 1, we calculate

lim%:l—kA, limgzl.

k—o0 k—oo k2

Hence, using equations (3.38) and (3.41), we obtain

A ~ 2
limmzlim (M’“J()‘)_ 1>:hm1<0$ ¢ 4)‘D>

k00 k=00 k k) ks 20 \ k Iz
AN FV/AFN)2Z-AN )] Jj=1
22 /A j=2

As a corollary to the lemmas above, we state the following proposition.

Proposition 3.12. Let k € Ny and let p,1(N) and pg,2(X\) be the eigenvalues of the matriz My j

defined in Lemma 3.7. The following statements are satisfied:

e both eigenvalues for k = 0 are negative

to1(A) < po2(A) <0 forall Xe(0,1); (3.48)

e for k=1, the eigenvalues are equal to
pia(A) =—=1/cex,  p2(A) =0; (3.49)
e for every k > 2, the second eigenvalue
pr2(A) >0 forall Ae(0,1); (3.50)
o for every k > 2, there exists a unique value X} € (0,1) such that the first eigenvalue
pi1(Ap) = 0. (3.51)

Moreover, the sequence {\;}52 5 is strictly increasing with limy_,oo Af = 1.

Proof. In (3.43) we calculated that p1 2 = 0, hence by Lemma 3.10 we have that for k > 2

fi2 > p12 =0> po2 > po,1-
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so that we show both (3.48) and (3.50). Equation (3.49) is (3.43) reproduced here for the sake of
completeness. Only the last bullet point remains to be established.

According to Lemma 3.9, for k > 2 the first branch py, 1 () is strictly decreasing in A and
lﬁr&,uk,l()\) =k—1>0 while 1)3?11 pr.1(A) = —oo.

Thus, when k& > 2, py 1(\) has a unique zero A = A} in (0, 1), where it changes sign from positive

to negative. Since the k-monotonicity Lemma 3.10 implies that

pe1,1(Ag) > pe1(AL) =0

we must have A\j ; > Aj, so that the sequence of zeros {\} }32, is strictly increasing. Denote its
limit by [ = limp— o Aj. Obviously, Aj; <1 <1 for all kK > 2. If it were the case that [ < 1, we
would have by the asymptotic behaviour of iy 1(A), established in Lemma 3.11, that for any large
enough k, p151(1)/k > 3. But then the zero A} of u,1(\) would have to be greater than [, which

is a contradiction. Hence, [ = 1. O

3.4 The proof of Theorem 3.5

We now turn to the proof of Theorem 3.5. Following the discussion given in Section 3.1, it will
be necessary to specialize to functions that are invariant under the action of a subgroup G of the
orthogonal group O(n) satisfying (P1)-(P2), stated in Section 3.1. Recall that C’é’o‘(S"_l) denotes
the Hoélder space of G-invariant functions.

We begin by observing that the operator F) defined in (3.19) restricts to the G-invariant

function spaces (Cé’o‘(Snfl))2 and, therefore, so does its linearization L.

Lemma 3.13. The nonlinear operator Fy defined in (3.19) and its linearization Ly = dF\|v=0

have well defined restrictions

2

Fy U = (Cga(S"*1)> ,
2 2

Ly (cgrsmh) — (e )

where U C (C’é’o‘(S”*I))2 is a sufficiently small neighbourhood of 0.

Proof. We just have to explain why F)\(v) € (Cg%(S*1)?if v € U C (C5*(S" 1)) Clearly, if
v is G-invariant, then so is the pull-back metric g = g(v) = ®*gy on Q), where ® is the diffeo-
morphism defined in (3.14). Hence, by unique solvability, the solution u}(v) € C*%(€,) of the
Dirichlet problem (3.18) is also G-invariant, and we confirm that Fj(v) belongs to (C5*(S"1))2,
indeed. O
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Recall that properties (P1)-(P2) of G say that the G-invariant spherical harmonics are only
the ones of degree {iy}ren,, with g = 0 and i¢; > 2, and for each k € Ny, they form a one-
dimensional subspace — spanned by the unique G-invariant spherical harmonic Y of degree i and
unit L2(S"~!) norm. For each k € Ny, let Wi, = Span{(Y%,0), (0,Y%)}, let Br = {e1,e2} be the
orthonormal basis for Wy, defined in (3.29), and let M) ;, be the matrix of Ly|w, with respect to

By Also, recall that in Remark 3.2 we chose the eigenvector
vj(Aig) = (arj,brj), k€No, j=1,2, where ap; >0 and aj;+b; =1,
to span the eigenspace of M) ;, , associated with p;, ;j(A). The corresponding eigenvector of Ly is
Zi,j = ai €1 + by es, k€Ng, j=1,2 andits norm |z ;|[» =1. (3.52)

Remark 3.4. The sequence of eigenvectors {zy ;(A)tken, j=1,2 of Lx forms an orthonormal ba-
sis for the Hilbert space L%(S"') x L%(S"™1), endowed with the inner product {-,-)x defined in
(3.10), which is equivalent to the usual one. Indeed, this follows from the fact that {Yy}ren, is an

orthonormal basis for L% (S"™1).

Since 41 > 2, Proposition 3.12 says that the eigenvalues p;, 1(A), k € N, cross 0 at values
Ap = A}, € (0,1), with A 1 1, while the eigenvalues p;, 2(A) > 0. In addition, the eigenvalues
Hig1(A) and pg, 2(A) are strictly negative for all A € (0,1). Theorem 3.5 will follow after a
direct application of the Crandall-Rabinowitz Theorem (see Theorem A.1) to the smooth family
of nonlinear operators Fy : U — (C5%(S"1))? from Lemma 3.13, and the following proposition

puts us exactly in the framework of that theorem. In order to simplify notation, we will denote
z, =121 for keN,
where zj, 1 is defined in (3.52).

Proposition 3.14. For every k € N, the linear operator Ly, : (C’é’O‘(S"_l))2 — (C’é’a(S"_l))2 n

Lemma 3.13 has kernel of dimension 1 spanned by zy, closed image of co-dimension 1 given by

2
imLy, = {W € (Céa(Sn71)> <W Zk> 0} (353)
and satisfies
ONLa[x=x,(2zx) € im Ly, . (3.54)
Proof. The proof of (3.53) follows closely the one in | , Proposition 5.1]. Our first ob-

servation is that the Sobolev space H*(S""1) can be characterized as the subspace of funtions

v € L2(S"~!) such that

S+ 2B @) < oo,
7=0
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where P; denotes the L?-orthogonal projection on the subspace generated by the spherical har-
monics of degree j. As stated in Remark 3.4, the sequence {zj ;} is an orthonormal basis for

(LZ(S"1))? with inner product (-, ), and so we can define the map (HZ(S"™1))? — (H4(S"™1))?

w = Z(az,lzm + ap2z2) Z(al,lﬂie,lo\)z&l +apapri;2(N)2e,2)- (3.55)
£=0 £=0

Due to the asymptotic behavior of the sequences {fim, ;(A)}5°_; proved in Lemma 3.11, we can see
that (3.55) defines a continuous mapping. Since it agrees with Ly on finite linear combinations
of {zy;}, which are dense both in (C5*(S"~1))? and (HZ(S"1))2, (3.55) defines an extension of
Ly. Moreover, for A\ = A\ the map
o0 oo
W= Z(bg,lz“ + beozia) Z ( bea Ze1 + be.2 )z&g) + bk’Q)Zk,Q

et = \ g1 (Ae) Hig,2(Ak Hir,2(Ak
(K

is a right inverse for L, , which is also continuous by Lemma 3.11. Thus, Ly, defines an isomor-

phism between the spaces

X = {v € (Hé(S”_l))2 SV, Zg)a, = O},
Dy, 1= {V € (Hé(S”_l))2 SV, Zg)a, = 0}.

It follows that Ly, : XN (CH*(S* 1)) = 9N (CH*(S"1))? is a well defined, injective mapping.
It only remains to prove its surjectivity.

Let D : X — Q)i denote the difference
Dw = Ly, (w) — c;kl (8fu,\k ’FM wy, 02uy, ‘Fl wg) ,

which precisely corresponds to the Dirichlet-to-Neumann operator for the Laplacian. We note that
for every w € Xy,

(Dw, 1)y, = 0. (3.56)

Indeed, since each component of z,; and z 2 has zero integral over S*1 for ¢ > 1, it suffices to
check that
(Dzo,,1)», =0, j=1,2.

Denoting by ¢4, ;, j = 1,2, the harmonic function in {25, whose boundary data on I'y, and T'; is

given by the respective components of zo ; (which are constants), we verify that

0Pz,
Dz i, 1), = S5 gs =0, j=1,2,
Dot = [ j

due to the harmonicity of ¢y, ;.
With this in mind, let us proceed to establish the stated surjectivity. Because L, is an

isomorphism between X and )i, for any y € 9 N (C’é’o‘ (S*=1))2, there exists a unique w € X,
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such that Ly, (w) = y. This means that the solution ¢ € H2({2,,) of the Dirichlet problem
Ap=0 in Q,,,
¢p=w; on I}y, (3.57)
¢=ws on I,

also satisfies the Neumann problem

A¢ =0 in Q)\k,
wy O%uy,
_(bu =Y — a Or2 on FAW (358)
wo (92U)\k
=y — 2 r,.
v = Y2 o oz v b

Let us denote by C5*(9Q4,), HE,(02,) the usual Holder and Sobolev spaces over the boundary
00y, , restricted to functions that have zero mean over 9Q,,. Because of (3.56), the Neumann
condition in (3.58) belongs to CL*(9Qy, ) + H2, (0, ). Therefore, by elliptic regularity for the

Neumann problem [ ], it must be that
¢ € C*(,) + H ()
Let us argue by induction that
e CP(Qy,) + H?(Qy,) forall seN, s>6.
Indeed, from the inductive assumption we see that the trace
Blons, € O (0Q,) + Hi™D/2(0,)

which, in turn, implies that the Neumann condition in (3.58) is in CL*(99Q,,) + HS7V? (09,)-
Hence, by elliptic regularity for the Neumann problem, ¢ € C%*(€,) + H®1)/2(Q,, ), which
completes the inductive step. By Sobolev emdedding, we now conclude that ¢ € C%%(Q,,), so
that its boundary values w € (Cg*(S"1))2.

Therefore, Ly, : X N (CH*(S" )2 = i N (C5*(S"1))? is an isomorphism. This readily
implies equality (3.53) and that ker Ly, is spanned by z,. The tranversality condition (3.54) follows
from the fact that

ONLa|n=x, (z&) = 115, 1 (Ak)Zk — La(2},),

which by Lemma 3.9 has a non-trivial component along z;, and thus cannot belong to im Ly,. O

Proof of Theorem 3.5. Let I, C (0,1) be a small interval around each critical value A 1 1. Let
Ui C (C’é’a(S”*))2 be an appropriately small neighbourhood of 0, such that for all A\ € I, F) is
well defined on Uy, via (3.19). Then the operator

F:Ugx I, =Y :=(C5*S"™H)?%  F(v,)\):=F\(v),
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is in C°°(Uy x It,Y), and by Proposition 3.14, we can apply the Crandall-Rabinowitz Bifurcation
Theorem A.1 to get a smooth curve
(—e,6) — (C’é’a(S”*))2 x I,
s (w(s), A(s))

such that
e w(0) =0, A\(0) = A\, and (w(s),zx)x, = 0;

o Fy(5(v(s)) =0, where v(s) = s(zp + w(s)).
Then, for every s € (—¢,¢), the solution uy()(v(s)) € C’é“(ﬁ;ég) to the Dirichlet problem (3.7)

also solves the overdetermined problem (3.12). O

3.5 Proof of Corollary 3.2

The corollary follows directly from the more general | , Theorem 1.2]. For the sake of com-
pleteness, we shall provide the proof in our particular setting.
Let Q be any one of the domains constucted in Theorem 3.1 and let u € C°°(Q) be the solution

of the corresponding overdetermined problem

—Au=1 in Q

u=a on 0,

u, =c on 0.

for some constants @ > 0 and ¢ > 0.
Proof of Corollary 3.2. First, let us show that
|Vu| < ¢ in Q. (3.59)
Indeed, since —Au =1,
A|Vul|? = 2|D%ul? + 2Vu - V(Au) = 2|D?ul? > 0,
so that the function |Vu|? is subharmonic in © and, by the strong maximum principle

2

|Vul?(z) < sup |Vu|? =c* forall =€ Q.
09

Now let £ C 2 be any subset of finite perimeter and let 0*FE C JF be its reduced boundary —

where one can define a measure-theoretic inner unit normal vg. By De Giorgi’s theorem on the
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regularity of sets of finite perimeter (see [ , Chapter 4]), the (n — 1)-dimensional Haudorff
measure H"~}(9*E) = P(E) and we can apply the version of the Divergence Theorem to obtain

Vu-vg dH" ™ < / |Vu| dH" ™' < cH" Y (0*E) = cP(E), (3.60)
o*E

] :/E(—Au)dx:

O*E

where we used (3.59) in the last inequality above. Hence,
P(E)/|E| = 1/c = P(Q)/[9].

and we conclude that 2 is self-Cheeger.

It remains to show that €2 is the unique minimizer, up to a set of zero Lebesgue measure.
Let E C Q be another minimizing subset of finite perimeter with |E| > 0 and P(E)/|E| =
1/c. If equality holds in (3.60), then |Vu| = ¢ H" '-a.e. on 9*FE, and (3.59) implies that
H"1(9*ENQ) = 0. Now, according to De Giorgi’s theorem,

0=H""Y9"ENQ) :/ |Dxg|:= sup{/ xedive dr: ¢ € C3(QR™), |6] < 1}.
Q Q

Hence, xg € L'(Q) has a weak derivative Oxz = 0 a.e. in 2, which implies that yz = const a.e.

in 2. Since |E| > 0, we conclude that xg = 1 a.e. in £, i.e. E =, up to a set of measure 0. O






Second result

In this Chapter we give another construction of solutions to an overdetermined elliptic problem in
annular domains. The result in this case is a consequence of the Krasnoselskii Bifurcation Theorem
(see Theorem A.2 in the Appendix A). Thus, we only show that on each neighbourhood of the
trivial solution for a certain critical value of a parameter contains a nontrivial solution. Whether
or not this solutions belong to a smooth branch is beyond of the scope of this method.

The proofs and methods in this chapter are of a different kind of that in the previous one.
In the previous chapter, due to the nature of the differential equation, we could rely on explicit
computations to carry out the proofs. Therefore, in the absence of explicit formulas, we will rely
on a variational characterizations of the relevant quantities involved, and on the direct methods of
the calculus of variations. This sets an extra difficultly in setting up the problem, and we had to
give up the approach of the Crandall-Rabinowitz Theorem.

We follow the approach of Ros et al. in | ], and the result presented here can be seen
as the analogue of their result in the case of bounded annular domains.

In this chapter we treat the non-linearity f(u) = u? — ku, for K > 0 and p > 1. Thus, we want

to see whether there exists a solution to the problem
—Au+ru=uP, u>0 in Q,
u=0, wu,=c on 09, (4.1)
u=0, wu,=c on 09,
for some constants cg,c; > 0. The main theorem of this chapter gives an affirmative response.
Theorem 4.1. Letn > 2, k > 0 and p € (1, Z—fg), when n >3, and p > 1, when n = 2. Then
there exist bounded, annular C%-domains of the form Q = Qo \ Q; C R™, which are different from

standard annuli, such that the overdetermined problem (4.1) admits a positive solution u € C?(£2)

for some positive constants ¢y and c;.

The chapter is organized as follows. In Section 4.1 we review the basic results present in the
literature concerning the Dirichlet problem for the equation of our interest and the existence and
non-degeneracy of radially symmetric solutions over annuli and balls (Theorem 4.2). In Section 4.2

we outline the strategy we will follow for the construction of non-trivial solutions to (4.1), and state

53
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Theorem 4.6, which is a quantitative version of Theorem 4.1, and show how the latter follows from
the former. In Section 4.3 we translate the problem to an operator equation of the form Fy(v) =0
in the appropriate function spaces, and compute a formula for its linearization Ly := dF|,—o
(Proposition 4.9). Then, in Section 4.4, we study the first eigenvalue p of the linearized operator
Ly by means of a variational characterization (Proposition 4.11) and then show the existence of a
critical value \* such that gy« = 0 (Proposition 4.16). In Section 4.5 we reformulate out problem
in terms of an operator equation Ry (v) = 0, which is derived from the previous operator @y, so as
to meet the requirements for the application of the Krasnoselskii Bifurcation Theorem, and finally
prove Theorem 4.6. In Section 4.6 we prove the crucial Propositions 4.4 and 4.14, which were
postponed to the end due to the length of their proofs. Finally, we leave the Appendix 4.A to state

and prove some technical lemmas needed in Section 4.6.

4.1 Existence, uniqueness, and Morse index of radial solu-
tions
Recall that for any A € (0,1) we defined in the previous chapter the annulus
M={reR": A< |z] <1}
and let its boundary components be
I:=rS", r=\1.
We will denote by €2y or B the unit ball centred at the origin:
Qp=B:={zxeR":|z| <1}

The basic approach to the Theorem 4.1 follows very close the one in the previous chapter: we
will construct a non-trivial solution v and domains € bifurcating away from the branch of non-
monotone radially symmetric solutions defined on the standard annuli. In the absence of explicit
formulas analogous to the ones derived in Lemma 3.3 in the previous chapter, we need to gather
certain known facts present in the literature about the radially symmetric solutions to (4.1), such
as existence, uniqueness, and non-degeneracy.

We look at the Dirichlet problem

—Au+ru=uP in Q,,
(4.2)
u=0 on 00,
for k > 0 and p > 1. Note that by the Hopf Lemma, any positive solution to (4.2) satisfies u, |sq, >

0. Furthermore, if u is radially symmetric then w, = const over each boundary component I'; and
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T'y. When 1l <p < Z—f%, with the convention that Zf% = oo when n = 2, it is shown in | ]

with a variational approach that there is a positive radially symmetric solution uy € C*°(2y) to
(4.2). The solution wu) is constructed using the powerful machinery of Critical Point Theory as a

critical point for the functional

1 1
Ia(u) = f/ |Vu|? + klul? do — —— lulPt de,  we H(Q), (4.3)
2 Ja, p+1Jq,
and satisfies
Ia(uy) = inf max Jy (tu),
A(ux) weri o) e A(tu)
u#0
where Hy ,(€2x) denotes the Sobolev space of radially symmetric functions (see | ). The proof

is based on the Mountain Pass Theorem and relies on the compactness of the Sobolev embedding
H' < LPT! given by the Rellich-Kondrachov Theorem.
Since uy is radially symmetric, it can also be thought of as a function of the variable r := |z]|.

Thus, in this framework, uy = u)(r) is a solution the ODE boundary value problem

1"

-1
W+ T P — k=0, u(A) =0 =u(l). (4.4)
r

The Morse index of uy in the space H& ,(2) is defined as the dimension of the maximal

subspace V' C Hj ,(Q2) such that the second variation
d? Iy lu=u, (v,v) <0 forall veV\{0},
or equivalently, is the number of negative eigenvalues of the linearized operator
— Atk —pdd~tH Q) = H,H (), (4.5)

where H,'(€2) denotes the dual space to H} ().
We say that uy is non-degenerate in H&_’p(QA) if 0 is not an eigenvalue for (4.5), or equivalently,
the Dirichlet problem
— A + K1) — pu’;*lw =0 in Q,,
=0 on 0Ny,

only has the trivial solution ¢ = 0 in Hg ,(Qx).

We summarize all the properties of uy that we will need in the following proposition.

Proposition 4.2. Let A € [0,1), n > 2, Kk > 0 and p € (1,:‘%3). Then there exists a unique
positive radially symmetric solution uw € C>(Qy) to the problem (4.2). We denote this solution by
uy-

Moreover, the solution uy is non-degenerate in the Sobolev space of radially symmetric func-

tions H&p(Q)\) and its Morse index in this space is equal to 1.
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Proof. The existence of u) follows from the discussion above. Furthermore, since the solutions u)
have the mountain pass structure, by the result in | ] their Morse index in the space Hj. »(2))
is at most 1. Now, multiplying the the equation by uy (4.2) and integrating by parts we arrive to
the identity

/ \Vuy|? + ku3 do = / W de, (4.6)
Qx Qx

and thus, because p > 1,

d? Ty umuy (un, uy) = / \Vus|? + kud — puth de = (1 —p)/ Wi dr < 0.
Q,\ Q)\

This implies that the Morse index of u) is at least, and hence equal to, 1.

Uniqueness in the case A = 0 was proved by Gidas, Ni and Nirenberg | |, and a proof of
uniqueness and non-degeneracy can be found in | , ]. Uniqueness in the annulus A > 0,
in case k > 0, was shown in | ] for dimensions n > 3 and later in | | for all dimensions

n > 2 along with the non-degeneracy of uy in the space Hg »(€2x). Uniqueness in the case k = 0
was shown, for instance, in | ]. It only remains to prove non-degeneracy in the case kK = 0. We
give here a simple argument based on Sturm-Liouville Theory.

Suppose that the solution u) is degenerate. This means that there exists a ¥ € H&p(QA)
which is a solution to the ODE

"+ "7_11// +puy =0, in (A1), »(\)=0=1p(1), (4.7)

where r := |z|, x € Q). If we multiply the above equation by wuy, multiply the equation (4.4) by

1, and then integrate by parts we arrive at
1 1
/ (Y'ul — pubp)r" =t dr =0, / (Y'uy —uky)r™ 1t dr = 0.
A A
Subtracting the above identities we see that

1
(p—1) / ubpr™t dr = 0.
A

Now, let v := u). Then differentiating equation (4.4) we see v satisfies

-1 -1
R (puf{1 _ 5 >v =0 in (A1) (4.8)

T r
Consider the function ¢(r) := rv(r), then

o =r +v, ¢ =r"+20.

Putting this into equation (4.8) we thus find that ¢ solves de ODE

-1 _ -1
qﬁ”—l—an—&—pui 1¢:2(v’—|—nr v) = —2uf.
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If we multiply the above equation by 1 and integrate by parts we arrive to the identity

1

1
/ (¢'" — pul ')t dr = 2/ ubypr™ ! dr =0,
A A

and therefore, if we multiply (4.7) by ¢ and integrate by parts once again,

1
<z5(1)1//(1)*<z5(>\)1//(/\)>\"71*/A (@9 —pul " )" dr = (19 (1) = p(\)P (M)A = 0. (4.9)

Now, note that because wuy is positive in (A, 1) we have u)(A) > 0 and «} (1) < 0, which implies
@(A) > 0 and ¢(1) < 0. Furthermore, because the Morse index of uy is 1, then 0 is the second
eigenvalue of the linearised operator, and thus by the Sturm Comparison Theorem 1) has exactly

one zero in (A, 1). This implies that ¢'(A) and ¢’(1) have the same sign. But then

S(L)Y'(1) = gAY (A" £ 0,

which contradicts (4.9). Therefore, 1) must be identically zero or, in other words, u, is non-

degenerate. O

For A € [0,1), we denote by z, the radially symmetric function with negative eigenvalue 75 < 0

normalized in the H'-norm, that is zy € C>(Qx) N Hg ,(€2x) solves

—Az+ﬁz—pu§_1z =7z in  Q,
(4.10)
z=0 on 0Ny,

1, n£2),

From now on we fix x > 0 and p € (1, 25

Let us define the quadratic form Q, : H}(Q)) — R associated to the operator —A+H—pu§_1,

Or() = /Q VU[2 + sl — pul 2 d,

and define the space

HY™ () = {zp € HY Q) : | wandr= 0} :

Qx
Recall that for a subgroup G of the orthogonal group O(n) we denoted the spaces of G-invariant
functions with a subscript-G, and set Hég(Q,\) = Hj (1) N HY*(2). Note that Proposition
4.2 implies that for every A € (0,1), Qx(x)) > 0 for ¢ € Hé”; (©2x) \ {0}. However, this is not true
for some A if 9 is not radially symmetric, as states the following lemma.

Lemma 4.3. There exists 6 € (0,1) such that

Xai= inf  Qi(¥) <0 (4.11)
YEH G ()
“w“L2(Q>\):1

for all A € (6,1).
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Proof. Let Y be a non-zero G-invariant spherical harmonic normalized in the L?-norm and with

corresponding eigenvalue o > 0. Let us define in polar coordinates the function
Y(r,0) == ux(r)Y(0), (r,0)¢€ (\1)x8S" L
Then ¢ € H&g(Q)\) Moreover, because
[Ve(r,0)] = Jul (r) Y (0)* + T%\UA(?”)FIWY(@)I?’
we find that

ONOE /}\ (|U/,\(7“)|2 + %|U/\(7")|2 + klux(r)? —p\u,\(r)|p+l) 1 dr.

Now, recall that by the identity (4.6)

1 1
/ (|u'>\(r)|2 + KZ|’U,)\(’I“>|2) P dr = / |u,\(7“)|p'*'17°"_1 dr
A A

and therefore

1
Qr(w) = A {@=p) (WA +klua@)?) + Flua () 7~ dr (4.12)

Moreover, by the Rayleigh-Ritz formula for the first eigenvalue of the Laplacian we have the
inequality

1 1
/ [uh () [2r L dr > m\/ lux (r)[2r™ L dr, (4.13)
A A

where k) is the first Dirichlet eigenvalue for the Laplacian in €. Hence, plugging (4.13) in (4.12)
yields the inequality
~ 1 g
< [ {0-p+ 0+ G P dr (114)
A
Now, we claim that

lim k) = +o0.
A1

Indeed, by the Cheeger inequality (see | ]), there holds

h(2))

F&,\Z 4 )

where h(£2)) is the Cheeger constant. As was shown in Corollary 3.2 in Chapter 3, the Cheeger

constant for the annulus 2 is given by

. |6Q)\| _n1+)\n_1
N TP

h(25)

which goes to co as A 1 1. This sets the claim. Thus, from inequality (4.14) we have Qy () < 0
for A sufficiently close to 1. O
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Remark 4.1. As a corollary of the proof of Lemma 4.3 we have that the Morse index of uy in
the Sobolev space H&G(Q,\) diverges to oo as A T 1. Thus, one is led to think that there might
exist infinitely many branches of non radially symmetric solutions to the problem (4.2) bifurcating
away from uy at some critical values of \. This question has been studied in | , ] for a

general class of non-linearities which include f(u) = u? — Kku.

Remark 4.2. We note that x s nothing but the second eigenvalue of—A—i—fi—puZ;fl in the space
Hj (), and therefore there exists a non-zero function i € Hgg((b\) which is a weak solution
to
~AY+wp —puh =R in O,
=0 on  0Qy.

More generally, we will call uy non-degenerate in the space H(%,G(QA) if 0 is not an eigenvalue

of the linearized operator
— Atk —puldTh s HY G(Q0) = HGH Q). (4.15)

With the insight of Lemma 4.3, we see that the solution u) might be degenerate in the space
H&G(Q ) for some values of A € (0,1). We point out that the non-degeneracy of uy is crucial for
the construction, since it guarantees that a solution to (4.2) in a perturbed G-invariant annulus
is unique and also G-invariant. We did not encounter this issue in the previous chapter since the
Laplacian A : H} () — H~(Q,) is an isomorphism for all A € (0,1). However, as a consequence
of the next proposition, we conclude that the degeneracy of uy can be ruled out if A is sufficiently

small.
Proposition 4.4. There exists € € (0,1) such that xx > 0 for all X € (0,¢).

The proof of Proposition 4.4 is quite technical and is postponed to the end of the Chapter.
We also note that G-invariance is needed in this proof, and that is why we work from the very
start in spaces of G-invariant functions, contrary to what has been done in the previous chapter.

To simplify notation, we use f(u) = u? — ku and f'(u) = puP~! — &k in the following. The
enthusiastic reader can check that much of the computations in this chapter hold for a general
non-linearity f(u) that may not be of the specified form above. Therefore, one can hope for a
generalization of Theorem 4.1 which covers a much more general class of non-linear equations.
However, some of the results, like uniqueness of solutions, have not been proved in such a general
case and so the arguments used here do not carry out to those cases.

Proposition 4.4 implies the existence of a subinterval (0,X\¢) C (0,1) where the linearized
operator (4.15) has a trivial kernel. By the Fredholm alternative (see | ), (4.15) is in fact

an isomorphism. This is enough to conclude that for each w € H(l;/ 2 (09) there exist a unique
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Hé—weak solution to the problem

A’lﬁ + fl(’u,,\)@/J = 0 n Q)\,
Y=w on 0Q,.

in the sense that ¥|sq, = w as a trace and

Vi - V¢ = f(ua)p( de =0, forall (€ Hj (). (4.16)
Qx

We shall work in the maximal interval such that the above holds. For the purpose, let us call
A:=inf{Xe€ (0,1): x» <0}, (4.17)

where X is defined in (4.11). By Lemma 4.3 A is well defined, and by Proposition 4.4 A > 0.

We summarize the above discussion in the following lemma.
Lemma 4.5. Let A € (0,1). Suppose the linearized operator
A+ f'(u) : Hy o(22) = Hg' ()

has a trivial kernel. Then it is an isomorphism, and for each w € Hé/?(am) there exists a unique

weak solution ., € HL(Q\) to the Dirichlet problem

AY 4 f(un)yp =0 in Qy,
Yv=w on 0N,

(4.18)

Moreover, for every 0 < a < min{l,p — 1}, A+ f'(uy) : Cg:g(QA) — C%%(Qy) is also an
isomorphism, and if w € Cé’a((?QA) then the weak solution 1, belongs to Cé’“ () and is, in fact,
a classical solution.

The above holds, in particular, for all A € (0, A).

Proof. For the first statement, we only need to explain why the weak solution ¢ = 1), in H}-sense
is in fact a weak solution in the classical sense, that is, (4.16) holds for every ¢ € H}(Q,) regardless

of G-invariance. We decompose 1 into its Fourier series
b(r,0) =D pr(r)Yi(0),
k=0

where {Y};}2°, denotes a sequence of G-invariant spherical harmonics which span L (S"~!). We
claim the identity (4.16) in fact holds for every ¢ € H(Q,). Indeed, we decompose a general
¢ € HY(Q,) into its Fourier series

co my

C(r8) = > &ri(r)Yi(6).

k=0 j=0
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where Y ;, 7 = 1,...,my, are the L?-normalized spherical harmonics of degree k. Then, by

linearity, it is enough to cheek that (4.16) holds for a function ¢ € H'(2y) of the form

¢(r,0) = &(r)Y(0),

where Y is any non-zero spherical harmonic. Since (4.16) holds for such ¢ if Y is G-invariant, we
may suppose Y is not G-invariant. We note that for each k£ > 0
1
1 V(pr(r)Ye) - V(E(r)Y) d = ). (r)E'(r) 1 Y.Y df + T—Qcpk(r)g(r) 1 VoY) - VgY db
Sn— Sn— sn—

= (w%(ﬂ&’(r) + %%@k(r)‘f (r)) - Y (0)Y (0) d§ =0,

since Y3 and Y are L2?-othogonal for every k > 0 . Multiplying the above identity by ™!, then
integrating with respect to r between A and 1, and summing over £ > 0 hence yields
Vi - V(dx =0.
Qa
An analogous argument shows that
fur)y¢ dz = 0.
Qa
Therefore, (4.16) holds for each ¢ € H'(Q)).

To establish the Holder regularity, we note that because uy € C*(£2,) and p > 1, then
ub e €0 (Qy) for all 0 < o < min{1,p — 1}. Thus, the coefficients in (4.18) are in C%(1Qy).
The second statement of the lemma is therefore a consequence of the Schauder regularity theory
(see [GT15, Grill]).

Finally, note that by the definition of A, we have yx > 0 for all A € (0,A), and then, by
Proposition 4.2, the operator A + f'(ux) : Hy (Qx) — Hg;*()) has a trivial kernel. Thus, the
above results apply for all A € (0, A). O

4.2 QOutline of strategy and refinement of Theorem 4.1

In this construction we shall work from the very start on spaces of G-invariant functions. From

now on, we shall fix a subgroup G of the orthogonal group O(n) satisfying the properties
(P1’) If T is a translation of R and T(S"~1) is a G-invariant set, then T is trivial.

(P2’) If {0y, }32, are the eigenvalues of —Agn-1 when restricted to the G-invariant functions, then
0;, has multiplicity equal to 1, i.e. there exists a unique (up to normalization) G-invariant

spherical harmonic of degree 4.

Note that property (P1’) is the same as property (P1), but (P2’) is weaker that (P2). The

explanation for this is that we will construct bifurcating solutions to (4.23) which cluster at a single
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critical value of the parameter A € (0,1). Clearly the example G = O(n — 1) X Zg given in Lemma
3.4 satisfies property (P2’). Another more general example is given by G = O(m) x O(n — m)
for 1 < m < n — 1, which acts on R” = R™ x R®™™. In this case, the first non-zero G-invarinat
spherical harmonic, up to normalization, is the restriction to S*~! of the homogeneous harmonic

polynomial of degree 2

flxy, . an) =(m—m)(@f+ - +a3,) —m(zh,_ +- +x)).

More examples are given in | ]
Because there is no ambiguity, we relabel the sequence of restricted eigenvalues {o;, }72, to
{ok}32,- Thus
o :=1ir(ir +n—2), ke No. (4.19)

Note that og = 0 and by property (P1’) o1 > 2n. For a given k € Ny, let us denote by my, the
multiplicity of o3 and by

Yk,ja j:L"'amka

the G-invariant spherical harmonics of degree i), normalized in the L?-norm. Therefore
ASV,L71Y]€,]‘—|—O'}CY;€J =0, / |Yk,j|2 ds, j=1,....,my.
§n—1

By property (P2’), we have m; = 1, and we denote the unique G-invariant and L?-normalized
spherical harmonic of degree i1 by Y7.

Since by Serrin’s result (Theorem 2.2 in Chapter 2) a solution to the overdetermined problem
(4.1) cannot satisfy u,|sn = ¢ with the same constant ¢ over each boundary component of 9.

Because of this lack of symmetry it will be convenient, for reasons that will become apparent latter

wOala) _
RS IR ACY

where u) is the radially symmetric solution to (4.4) given by Proposition 4.2, and so its boundary

in Section 4.3, to re-define the perturbed annulus as
v(z/|x[) }

K::{xER”:)\—i—

comp onents now are

rfi= {r R el =1+ S,

I‘K:—{xeR”:ﬂ—)\—i—W}.

We want to see whether a positive solution to the Dirichlet problem in the perturbed annulus

Au+ f(u)=0 in QF,
(4.20)
u=0 on 0QF.

also satisfies a constant Neumann condition over each boundary component for some non-zero and

non-constant v € C%%(9Q,). We point out that in the present case, the Krasnoselskii Bifurcation
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Theorem does not provide the orthogonality condition (3.13) which ensures that that the bifurcat-
ing perturbations v are non-trivial, and this forces us to work orthogonal to the functions which are
locally constant on 92y from the start. We denote the function spaces that satisfy this property
by a subscript-m. For instance,

Cg”?n((f?QA) = {v € Cé’a(aﬁ,\) : / vdS =0, r= 1,)\} ,

r

k,a
and the spaces C’G,m

1 1,
HE,, NHY".

and H é}m over {2y and 0€Q) are analogously defined. We also set H, é;*m =

Suppose the Dirichlet problem (4.20) has a unique G-invariant positive solution wuy(v) for
v E C?;’%(@Q,\) with sufficiently small norm, and that uy(0) = wy. Then, for U C C(Q;’ffn((?Q)\) a
sufficiently small neighbourhood of the zero function, we define the operator Fy : U — C’é’ffn(ﬁQ A)s

by the component-wise formula

()|, = 8u8>\y(v)

—][ M) 4 1, (4.21)
T, T, 31/

where we are identifying 9% with 9y, f. denotes the mean value over I'. The Schauder regularity
theory [ , | implies F) is well defined for appropriate a € (0, 1). Therefore, the solution

uy(v) for the Dirichlet problem (4.20) solves the overdetermined problem (4.1) if and only if
Fy(v) =0. (4.22)

As before, we want to find non-trivial solutions (A, v) to the equation (4.22) bifurcating from the
trivial branch (A, 0). Thus, we are let to study the linearizarion Ly := dF)|,—¢ and how its kernel

depends on the parameter A. In Proposition 4.9 we compute

IMuy o
Lx(w)z—%—khﬂ\w, weC’ém(aﬂ)\),

where 9, € C’éa((T,\) is the solution to (4.18) given by Lemma 4.5, and H) denotes the mean
curvature of 9Qy with respect to the inner normal, that is
n— 17 |$| = 17

H,\(l‘) =

_nT_la |{E| = A

Since we lack the explicit formulas as we had in Section 3.3 in Chapter 3, we instead focus on
the first eigenvalue of Ly, which we call uy, and study it through an associated quadratic form
Q»: H(l;tn(QA) — R, given by
Qa0)i= [ V0P - Pt o+ [ ds.
Qx IO
In Proposition 4.11 we derive a variational characterization for uy in terms of @y, which allows us

to prove in Proposition 4.16 that there is a critical value A* € (0, A) at which py crosses 0.
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Since the operator F defined in (4.21) turns out to be inappropriate to apply the Krasnoselskii
Bifurcation Theorem to it, in Section 4.5 we define a new operator Ry : U C C’é’f:n(oh'QA) —

C%,(092) which has the form

Ry = id — Ky,

where K is a compact operator, and such that Ry(v) = 0 if and only if F\(v) = 0. Thus, ux(v)
solves the overdetermined problem (4.1) if and only if Ry(v) = 0. For this reformulation, we study
the invertibility of the family of operators Ly + p id, where p > —py is a parameter (Lemma 4.17).
In Lemma 4.19 we show that the eigenvalues of the linearization d Ry |,—¢ can be computed in terms
of the eigenvalues of L), and in particular that the number of negative eigenvalues of both operators
is the same, and in Lemma 4.20 we show the existence of a subinterval [A1,As] C (0,A) that
contains the critical value \*, such that dRy, |,—o is an isomorphism with no negative eigenvalues,
and dRp,|y,—0 is an isomorphism with exactly one negative eigenvalue. Therefore, we can apply
the Krasnoselskii Bifurcation Theorem A.2 to the family of operators Ry, A € [A1, Ag], and show
the refined version of Theorem 4.1 below.

Theorem 4.6. Letn >2, £>0,1<p <22 and 0 < o < min{l,p — 1}. Let G < O(n) satisfy

n—

(P1°)-(P2’). Then there exists a subinterval [A1,A2] C (0,A) depending on p, k, and i1 with the

following property: for every € > 0 there exists A € (A1, A2) and a non-zero v € C?;f;n(am) with

llvllc2.ea0,) < €, such that the overdetermined problem

—Au+ru=u", u>0 n 3,
u=0, wu,=const on I, (4.23)

u=0, wu,=const on IY,
admits a positive solution u € C5* ().

Let us show how to deduce Theorem 4.1 from the above Theorem 4.6.

Proof of Theorem 4.1. Fix Kk > 0,1 < p < "—i‘g and 0 < o < min{1l,p — 1}. We only need to

n
explain why the domains 2} given by Theorem 4.6 are different from standard annuli.

Note that the G-invariance of the functions v imply the G-invariance of the domains €25. Also,
since a non-zero v € C’é’fn(aﬂ ») has zero mean over each boundary component I'y, Ty, then v
must be non-constant, and thus at least one of the boundary components I'{ or I'§ is different
from a dilation of the sphere S"~! with respect to the origin. In addition, property (P1) of the
group G rules out that QY is a mere translation of the annulus Q. All this together implies the

non-triviality of €25. O
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4.3 Reformulating the problem and deriving its lineariza-
tion

Fix 0 < a < min{1l,p—1}. As before, we pullback the problem (4.20) to the fixed domain Q. For
v € C’é’ffn(@QA) consider the diffeomorphism ® = ®y(v) : 2y — Qf as defined in (3.14) in polar
coordinates

O(r,0) = ((1+m(r)v(A\0) + m2(r)v(0))r,0) (4.24)

with the slight modification that now 71, 72 are smooth functions satisfying

A~ if r <A+, uh (D)7 if r>1-4,
m(r) = n2(r) = (4.25)
0 if r>A+26, 0 if r<1-24,
for some small enough § > 0. We set on ) the pull-back metric ¢ = gx(v) := ®*gy of the

Euclidean metric go on 2. Recall that near 02y, the metric g equals
g = (1L+nv)%dr? + 2rn; (1 + njv)drdv + 7"277J2-d112 +7r2(1 + n;0)%gsn1, (4.26)
Now consider the problem

Agu+ f(u) =0 in Qy, (127

u=0 on O0N,.
where Ay is the Laplace-Beltrami operator for the metric g in 5. Suppose the Dirichlet problem
(4.20) has a unique G-invariant positive solution uy(v) for v € Cé:’?n(am) with sufficiently small
norm. Then, the pullbacked problem (4.27) has a unique G-invariant solution given by u}(v) :=
D*uy(v). For U C Oé%(@(l ») a sufficiently small neighbourhood of the zero function, we define

the operator Fy : U — ngn(am), by the component-wise formula

oui (v) oui (v)
F =2 - A4S, r=1,\ 4.28
Wi = T l| —f T s r=1 (1.25)
where v* := ®*v is the inner unit normal to 0, with respect to the metric g, J,-u}(v) :=

g(Vgui(v),v*), and dS denotes the standard surface measure on 9. Then, as before, F5(0) =0
for all A € (0,1) and Fi(v) = 0 if and only if 9,-u} (v) is constant over each boundary component
Iy, Ty and wy(v) solves the overdetermined problem (4.1) (cf. Section 3.2 in Chapter 3).

As a consequence of Lemma 4.7 below, F) is a well defined C'' mapping which depends C! on

the parameter A € (0,1), and F)\(0) =0 for all A € (0, A).

Lemma 4.7. Let A € (0,A). For each v € C?;f;n(am) of sufficiently small norm there exists a
unique positive solution uy(v) € C’éa((TK) to the Dirichlet problem (4.20). Moreover, the mapping

(A, v) = up(v) is smooth and uy(0) = uy.
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Proof. Fix Ao € (0,A) and consider the diffeomorphism ® = ®y(v) : Qy, — QY defined in polar

coordinates as

L-X A=)
T— X 1-N

<i>(r,9)=q>< 9), re(\1), #esn i

where ® : Q) — QF is the diffeomorphism (4.24). Let § = ga(v) be the pullback of the euclidean
metric in Q4 by ®. Note that when A\ = \g, v = 0 then ® = & is the identity on Qy, and so g, (0)
is nothing but the euclidean metric in €25,. Then the problem (4.27) is equivalent to
Agu+ f(u) =0 in Qy,,
! ‘ (4.29)
u=0 on 0Q),.
Now, consider the mapping S : Cg:g(Qko) xUxT — Cg* (), where U x I C Céjn(amo) X
(0,A) is a small enough neighbourhood of (0, Ag), defined by

S(h, v, X) = =Ag(ur, + ) + £(ur, +¥) — (ur, + ).

Here ¢, := max{¢,0} denotes the positive part of ¢. Then S is a C' mapping. We compute the

partial differential

0y:5(0,0,00) (Y0) = — Ao + Kby — Puigliﬁm

which by Lemma 4.5 is an isomorphism between the spaces C’g:g () = CZ*(,). Therefore,
we can apply the Implicit Function Theorem to conclude that for (v, \) € Cé‘fn (092y,) x (0,A) in
a neighbourhood of (0, Ag) that we still denote U x I there exists a unique (v, A) € Cg:g(ﬂ)\o)
such that

S(’(/J(U,)\),U, )‘) =0, '(/}(O,/\O) =0,

and the mapping (v, \) = ¥ (v, ) is in C'. Thus, u = uy(v) = (ur, + ¢¥(v,A)) 0 &1 € ng((TX)
is a solution to

—Au+rku—uf =0 in QF

and since —Au + ku = v’ > 0, by the maximum principle we have either « > 0 or v = 0 in Q5.
Since (0, Ag) = 0 we have uy,(0) = uy, > 0, by continuity, possibly after shrinking U x I a bit we
can rule out uy (v) = 0. Only remains to show that uy(0) = uy. Note that uy(0)o® = uy, +1(0, \)
is a solution to problem (4.29), but wuy o ® is also a solution. By the continuity of A — u) we have,

maybe after taking a smaller interval I, that
uy 0 ®@5(0) —uy, €U, forall Mel.

Hence, by the uniqueness of 1 (v, \) we have 1(0, ) = uy o ®5(0) — uy, and thus uy(0) = uy.

Because the above argument is true for every Ay, the proposition follows. O
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As F) is of class C1, it has a well defined and bounded linearization at v = 0,
Ly = dFx|v—0 : CZ5,(00) = C5%,(09). (4.30)

In what follows, we compute the Ly. The computation largely follows the one in the previous
chapter, so we only point out how to adapt it to this situation. But first, we will need the

following lemma.

Lemma 4.8. Let w € Cé’ffn(aﬂ)\) and ¢ = 1, € CH*(Q) a solution of (4.18). Then

/1/Jz,\dm=0, /%dS:O, r=1\
Qx FTaV

Proof. By Green’s formula and equations (4.10) and (4.18) we have

$I2 0 s [ 492 s,
ov

T Yz dr = / AP —PAzy dx =
Qx Qy ov IO ov

a0
where in the last equality we used z) = 0 on 92). Now, because z), is radially symmetric, we have
that %L,j is constant over each component of 92y, and since ¥ has zero mean over each component
of 9Qy, the first identity follows.

Note that, by Lemma 4.5 and Proposition 4.2, for all A € (0,1) there exist unique radially

symmetric solutions (1, (s € C*(£,) which are solutions to

ACH+ ff(un)¢ =0 in Q, (4.31)
with boundary conditions
0 ifxeTly, 1 ifz ey,
Gie) = () = (4.32)
1 ifxely, 0 ifzely.

Again, by the Green identity we have and the fact that % is constant on each component of 92

we see

ac; o b
EZ A

The second identity follows. O

(G

s =0, j=1,2.
O 81/
Proposition 4.9. For A € (0,A), the linear operator Ly defined in (4.30) is given by

Oy o
Ly(w) = —% + Hyw, we€ Cém(aQ,\), (4.33)

where 1y, € Céa(m) is the solution to (4.18) given by Lemma 4.5.

Proof. As F) is a C! operator, Ly is given by the directional derivative

. By (tw
L) = iy
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As before, write v = tw for small ¢ and consider the diffeomorphism ® = ®; defined in (4.24) and
the induced metric g = ¢g; on Q. Let u}(v) = w; be the solution of the Dirichlet problem (4.27)
in Qy, which depends C! on the parameter ¢, and recall that ug = uy. Note that u, is a can be
extended by (4.4) to solve Ag ux + f(ux) = 0 in a neighbourhood of Q. Then u} := ®juy is well

defined for small ¢t and solves the equation
Agu+ f(u)=0 in Q.
Expanding u} = u}(r,0) in a neighbourhood of 92 to first order in ¢, we obtain

au,\
—= 4+ 0 4.34
"1 o(), (434
where 71, 12 are the functions defined in (4.25). Let ¢, := u; — u}. Then ¢, € C’é’a(ﬁ)\) is a

ux(r,0) = ux(r + trn;w) = ux(r) + trp;w

solution of
Ay, — flue) + f(u}) =0 in  Q,

Y =—u)y on 0Ny,

(4.35)

which depends C* on ¢, with ¢y = 0. Set ) := 5 1/Jt|t _g» then from (4.34) we see

. 0
Y = —Tnjw§ =—w, on 0Q,.

Then, taking into account (4.34) we can differentiate (4.35) at ¢ = 0 to obtain

AY+ flun)d =0, in Q,
v=—w on O,

and so ¥ = —),,. Now, given that ¢, = t¢ + O(t?), we have in a neighbourhood of 92y
0
Uy = uy +t (—ww + rmwéﬁ) + O(tQ).

Recall that v* = v; denotes the inner unit normal field to 9y with respect to the metric g;.
The computation that follows reproduces verbatim from the same stage in Proposition 3.6 in the

previous chapter, and thus we arrive at

Ous  Ouy Oy 9?ux 2

= B +t <8 + sgn(Orun)rn;w ey +O(t) on 0. (4.36)
Note that 92uy = —"T_larw\ on 0Ny, and therefore sgn(@ruA)rnjaqu = H) on 002,. For the last
step, we note that since w € C’é’ffn(ﬁQ A), from Lemma 4.8 and the fact that d,uy is constant on

I, r =1, ], follows that

Ouy 8u>\ oLl 9 Ouy 2
[ e g = 7 . 4.
" o ds = dS’—i—t]{T ( ey + w) S+ O(t%) ey + O(t%) (4.37)
We subtract (4.37) from (4.36) to find
Fy(tw) =t (—6;’1“ + H,\w) +O(t%).

Then, formula (4.33) for Ly(w) follows at once. O
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4.4 The linearized operator and its first eigenvalue

In this section we study the linearized operator L). We won’t give a detailed account of the
spectrum of Ly as we did in Section 3.3 in Chapter 3, since this is not necessary for our purposes
now. Instead, we will focus on the first eigenvalue of L) and show that it crosses 0 at some critical
value A* € (0,1). Our methods here are mostly of variational nature, and we will need first to
make a couple of definitions before we proceed.

Define the bilinear form associated to the operator L) as

o

b (w1, ws) = / wila(ez) dS = [ =12 4 Hywnw S, wi,ws € CZ5,(00), (4.39)
IO\

[2195%
where ¥; = 1y, j = 1,2, and its corresponding quadratic form

a(w) = by(w,w), we C’é’z‘n(@QA).

An integration by parts in (4.38) using equation (4.18) and the observation v;|pq, = w; shows

that
bA(wl,wg) = VLZJl . Vi/)g — f/(U)\)wﬂ/}Q d:c + H)\d)ﬂ/}g dS (439)
Q)\ 89)\
Therefore by is a symmetric bilinear form. Note that by elliptic estimates (see [ , ) we
have

oA (w1, w2)| < Cllwi| g1/2 00, lw2ll 5172 (00,)
for some constant C' > 0 independent of wy, ws. Thus, the bilinear form by lets us extend the

operator Ly to the spaces Hé/i(aﬂ,\) — Haln/f(@ﬂ)\) defining

(La(wy);ws) = by(wy,wz), wi,wa € HY 2, (92). (4.40)

m

where (-;-) denotes the duality pairing between Hé/ % (0€2,) and H&;{L?(@Q)\). We also define the
quadratic form Q) : H5(Qx) — R by

QA() = /Q VO flun)? de+ [ Hyw? ds. (4.41)

9
Thus, formula (4.39) implies that

(W) = Qa(thw), w € CH% (0Q). (4.42)

Since by is symmetric, the spectrum of Ly : Hé/fn(é)QA) — Hg)ﬁ,/f(am) is real. We say that

1 € R is an eigenvalue of Ly if there exists w € C’é’ﬁn(aﬁ ») such that
Lyw = pw.

We are interested in establishing whether there exist A € (0,A) such that the kernel of Ly is
non-trivial, or equivalently if 4 = 0 is an eigenvalue. For this purpose, we first characterize the

eigenvalues of Ly in terms of functions ¢ € Céa(m) rather than functions w defined on the

boundary 0€2,.
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Lemma 4.10. Let A € (0,A). Then u € R is an eigenvalue of Ly if and only if there exists a
non-zero solution ¢ € Cé(fn(fT,\) to the problem
Aw+f/(U)\)1/J:O m Q)\,

=Yy + Hxtp=pp on 9Qx.

(4.43)

Proof. If ;1 € R is an eigenvalue of Ly, then there exists a non-zero w € Cé’f:n((?QA) such that
Lyw = pw. Therefore, the function ,, € C’écfn(KT)\) in Proposition 4.9 is also a solution of (4.43).
On the other hand, let ¢ € C’éfn(Q,\) be a non-zero solution of (4.43) for some p € R, and set

w :=1laq,. Then w # 0 as A < A and so it is an eigenfunction of L. O

In the next proposition we give a variational characterization of the smallest possible eigenvalue

ux of Ly, which we call the first eigenvalue.

Proposition 4.11. Let A € (0,A), and define

Ly = inf Q). (4.44)
wechy*m(QA)
1%l L200,)=1

Then wy is finite and achieved at a function iy € Céc;n(fTA) which is a solution to problem (4.43)
with p = px. Thus, py is an eigenvalue of Ly. Moreover, if u € R is another eigenvalue of Ly

then p > p.

Proof. Let 1 be a minimizing sequence for uy. If {¢;} is unbounded in the H'-norm, then define
Ok = Ui/l Vkllar. Thus ||drllr200,) — 0, and so we can assume ¢, — ¢ weakly in H'(2)) to

some ¢ € H&g(Q A). As @, is weakly sequentially lower semi-continuous and A € (0, A) we have

likrgir;f Qx(or) > Qx(¢) >0,

with Qx(¢) > 0 if ¢ # 0. Suppose first that ¢ # 0, then
liminf @ (vx) = lim inf ||wk||%{1(QI\)Q)\(¢k) = +o0,
k—o0 k—o0

a contradiction. If ¢ = 0 then, since ¢, — ¢ strongly in L?(2y), we have

liminf Qy(¢r) > liminf/ IVorl? + |¢n|* do — liminf/ (f'(un) +1)|px|? dz =1
k—oo k—o0 N k—o0 Q5

and therefore
lim inf Q@ (¢x) = lim inf Hi/)kH?{lQ,\((ék) = +00,
k—o0 k—o0

which again is impossible. Hence, the sequence ), is bounded in the H'-norm, and without loss of
generality we may assume ) — 1) weakly in H'(Q)). By weak lower semi-continuity of @ there

holds
P = likrgiolgf Qx(Yr) > Qx(¥) > pa.
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Therefore, 1y is finite and achieved at . Now, there exist Lagrange multipliers o5, j = 1,...,4
such that for every ¢ € HL ()
V- V¢ — f'(ua)y¢ do + Hyip¢ dS =
Qa FEIONN

= al/ 2 Cdx + as Y dS + as CdS +ay ¢dS. (4.45)
QA 69) Fl FA

Plugging in ¢ = 2z, we find oy = 0, plugging ¢ = ¢ we see o = py. With the functions ¢ = (j
defined in (4.31)-(4.32) we find ag, oy = 0. Separating variables, by the same arguments held in
Lemma 4.5 we see the identity (4.45) holds for every ¢ € H(Q,). Thus, v is a weak solution to

{A?/)Jrf/(U)\)i/)—O in Q)\,
=y + Hxp = pixip on 0N
By regularity theory for the Neumann problem, i € Céa(m) That py is an eigenvalue of Ly

follows from Lemma 4.11. Finally, if 4 € R is another eigenvalue of Ly, then by (4.38) and (4.42)

we have

u/ w® dS = bx(w, w) = Qx(Yu)
a0
for some non-zero w € Cé’f:n(aﬂ)\). Then p > py follows from (4.44). O

By the previous proposition, we see that the behaviour of py, and in particular whether it
changes sign at some A, is completely determined by the quadratic form Q. Since Héé(ﬂ A) C
Hétn(Q,\) and Qx(v) = Qx(¥) for all 3 € Hj (), by Lemma 4.3 there exist a ¢ € H(l;tn((b\)
such that @Qx(v) < 0 if X is sufficiently close to 1. We thus want to show @, is positive in the
space Hé*m(ﬂ ) for A close to 0, and therefore conclude py = 0 for some critical value of A. This

will need some preparation, starting with the following lemma.

Lemma 4.12. Let A € (0,1). Then for all ¢ € Hé’m(QA) we have the inequality

! / ho[? dS / W2 ds < * / Vy|? de (4.46)
A T T nJja,

Proof. Let ¢ € Hév’m(QA). We decompose 9 into its Fourier series

oo My

P(r,0) = @o(r) + Z Z k. ()Y ;(6), (4.47)

k=1 j=1
Since 1 has zero mean over each component of 9y we have po(A) = 0 = ¢o(1). Thus inequality

(4.46) reads

oo Mg

_ .
S5 N W =, (02 < 1 [l ar

k=1j=1
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Thus, it is sufficient to prove for each o = o}, and ¢ = ¢y ;, K € N, the inequality

1 1
A 2p(N)2 — (1) < ;/}\ "o (1) 4 o™ 3p(r)? dr. (4.48)

We write the left hand side in the above equation as

1

P20 — (1) = — / ("2 ()2 dr
A

= —/ 2r"2p(r)! (r) dr + (2 — n)/ " 3o(r)? dr. (4.49)
by A

Now, by the Arithmetic mean - Geometric mean inequality the first term in the right hand side of

(4.49) can be bounded as

p(n=1)/2

vn

/ 2r"2|p(r) ¢/ (r)| dr = / 2v/mr" =2 ()| ¢ ()] dr <
2 A

Therefore, pluging (4.50) in (4.49) yields

NN = (1 < [ e+ T

1
= —/ "o (1) 4 20" 3 p(r)? dr. (4.51)
A

Taking into account that by G-invariance o > o1 > 2n, the inequality in (4.48) follows from (4.51).

The lemma is now proved. O

To study the sign change of the first eigenvalue py, we will need to consider a related, more

tractable quantity, which we define in the lemma below.

Lemma 4.13. For every A € (0,1) the infimum

vi= it Q) (4.52)
’L/JGHG’;” (QA)

”"L’HL2(Q>\):1

. . . . . . . 1’*
is finite and attained. Moreover, a minimizer for x is a non-zero function ) € HG,m(QA) N

C?2(Qy) which is a solution to

~AY+rp—pld T =X in Qy,
—h, + Hxyp =0 on 0.

(4.53)

and we have the bound

XA > Kk — psup UZ;\H (4.54)

Qx
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Proof. First note that by the inequality (4.46) in Lemma 4.12, for every ¢ € Hé’:n(QA) we have
Q)= o [ IVoP dot [ w0l - pul o do > (- psupal™) [ 0P o

nJa, Qx Qx Qx

Hence, inequality (4.54) holds, in particular y is finite. Now, let {13, } be a minimizing sequence for
xx- If the sequence is unbounded in the H'-norm, then we define ¢y, := ¢y /||¢k| g1 (q,). Because
of |[Yxllz2(q,) = 1, we have ||¢x]|12(q,) — 0, and so without loss of generality we can suppose that
o1, — 0 weakly in H'(Q,). By the compactness of the trace operator H!(£2,) — L?(9Q,) we have
[¢xllL2(005) — 0, and so

lim Hy|pr|* dS = 0.
k—o0 QQ/\

Therefore,

lim [ [Vée2 dz = lim Ox(ox) — Xk/ 6|2 dz = 0,
k—o0 [N

k—=oo Jo,
which contradicts the fact that ||¢x| g1(q,) = 1. Therefore, the sequence {14} must be bounded
in the H'-norm, in which case, up to subsequence, we can suppose ¥, — 1 weakly in H'(Q)).
Since @ is weakly sequentially lower semi-continuous we conclude that y is attained at 1. Now,

there exist Lagrange multipliers oy, ag, as, oy € R such that

Vz/)-VC—leJC—pu’;\_li//C dx—|—/ Hyy(¢ dS = a1P(+agzx( dx—|—a3/ Cd5+a4/ ¢ ds,
[S192N T Iy

Q)\ Q)\
for all ¢ € H5(2)). Plugging in ¢ = 1, we find a; = x». With ( = 2, we find as = 0, and with
¢ = (1, (o, where the (; are defined by (4.31)-(4.32), we find a3, ey = 0. Thus, for each ¢ € HL(2))

holds the identity

Vi - V¢ + ko — pul = ¢ da + Hap¢C dS =xx [ ¢ da. (4.55)
Qx 5I935\ Qx

By the same argument as in the proof of Lemma 4.5 the identity (4.55) in fact holds for every
¢ € HY(Q)), meaning that ¢ is a weak solution to the problem (4.53). Finally, Schauder elliptic
regularity theory implies 1) € C%%(Q,). 0O

The last ingredient is
Proposition 4.14. There exists € € (0,1) such that xx > 0 for all X € (0,¢).

We will give a proof of this proposition at the end of the chapter.
Let us define

A i=inf{\ € (0,1) : xa <0}, (4.56)
where x, is defined in (4.52). By Proposition 4.14 we have that A* > 0.

Lemma 4.15. We have \* < A.
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Proof. Note that by the definition of A* we have x - = 0. Therefore, it is sufficient to show that
xa < 0. Since H&g(Q,\) C Hé’;n(Q)\), it is clear that xao < ¥a, and by the definition of A in
(4.17) xao = 0. We now argue by contradiction. Suppose that x, = 0. Since xp = 0, there exists
a non-zero ¥ € H&g(QA) such that QA(¢) = 0, and since QA(UJ) = Qa(¥), by our supposition ¥

also minimizes Q5 over Héfn(QA) Hence, by Lemma 4.13 9 is a solution of

AY+ fl(up)y =0 in  Qy,
{ —p, + Hpytp =0 on  004.
Thus, ¥,1, = 0 on 024, but this implies that ¢» = 0 in Q,, a contradiction. The lemma is now
proved. O

We are ready to state the main proposition of this section.
Proposition 4.16. Let \* be defined as in (4.56). The following is satisfied:
e there exists Ay € (0, \*) such that uy > 0 for all X € (0,A4];
o px- =05
o for each € > 0 such that \* + ¢ < A there exist a Ae € (A\*, \* + ¢€) such that uy, < 0.

Proof. From Proposition 4.14, for A close to 0 the quadratic form @) is strictly positive, and then
from Proposition 4.11 follows the first point.

For the second point, note that from the definition of A* in (4.56), @~ > 0 in H(l;“:n(Q)\)7
and then by Proposition 4.11 we have py~ > 0. Also, since x»+ = 0, by Lemma 4.13 there exists a

non-zero solution ¢ € Hé;";l(QA) to

A+ fllux)p =0 in Qs
{ —, + Hy«p =0 on  OQy~.
Thus, by Lemma 4.10 ¢ = 0 is an eigenvalue of Ly« and py~ < 0. We then conclude that py~ = 0.
Finally, for the last point, note that by the definition of A*, for each € > 0 such that \*+¢ < A
there exist a A € (A\*, A* + ¢) such that x». < 0. Let ¢ be a minimizer for x,.. Then by the

same argument as in Lemma 4.15 we have 1. # 0 on 0f2,_, and therefore

Q)\E (wa)

pn, < —2ee) o,
%]l 20024, )

4.5 The proof of Theorem 4.1

In this section we shall re-write our problem in a more convenient way so as to apply Krasnoselskii’s

Bifurcation Theorem. For this, the following is needed.
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Lemma 4.17. Let A € (0,A). Then for each > —py the operator
Ly + pid : CE%(09) = Co, (09))
18 an isomorphism.

Proof. Let us first consider the bilinear form associated with the operator Ly + pid
b, (w1, wa) := by (wy,ws) + ,u/ wiws dS,  wi,wy € Céﬁn((?QA).
a0
where by is the bilinear form associated to Ly defined in (4.38). By means of by ,, the operator
L+ pid can be extended to an operator Ly + pid : Hé/fn(ﬁﬁ)\) — HC_;}W/LZ@Q)\) as in (4.40). Note
that by (4.42), the quadratic form ¢y , associated to by, is given by

Dou(w) = Qa(w) + p Wi, dS,
IO

We will show that by ,, : Hé{il(afb\) X Hé{frb(ﬁﬁ,\) — R is a coercive bilinear form.
Define
yi= inf Q) +p Y? dS.

VEHE, () 20,

1l 1 oy =1
and let {¢;} be a minimizing sequence for v weakly converging in H'(£2,) to some 1. Note that
as Hétn (2,) is a closed subspace of H(Q,), we have ¢ € Héfn(Q)\) Then by the weak lower
semicontinuity of @y

y=lminf Qa(Yr) v [ WRASZ QW) +p [ ¥PdS=(uatp) [ $?dS 20,
k=00 Q. IO EIo NN

where in the second inequality we used Proposition 4.11. If ¢, fails to converge strongly in H'(Qy)
to 1, the the first inequality above is strict, and so v > 0. If 1, — ® strongly, then ||¢||g1 =1, in
particular ¢ # 0. If ¢ = 0 on 9Qy, then v > QA (¥) > 0 since A < A, and if ¥ # 0 on 9, the last
inequality above is strict and also v > 0.

Now, by the boundedness of the trace operator we have

Q) + 1 /8 RS 250l 27 1oy
A

for some 4" > 0. Thus, by, is coercive, and by the Lax-Milgram theorem the operator Ly + pid :
H(l;/fn(ﬁﬁ,\) — H&%Q(BQ)\) is an isomorphism.

With that in mind, we now prove that the operator, when restricted to the Holder spaces
Cé’f:n(@QA) — Céj?n(@Q)\), is also an isomorphism. Clearly, it is injective since it has a trivial
kernel. Let y € Cé:f;(@QA), then there exists w € H};{iz(am) such that Lyw = y — pw. This
implies that the weak solution ,, € Hé*m(ﬂ ») to the Dirichlet problem (4.18) also satisfies the

Neumann condition

O

ey =y— (Hx+p)w on 00y.
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Then, by elliptic regularity for the Neumann problem, 1, € Cé’a () + H, g/ 2 (©), which in turn
implies that the trace w = 1y, |9, € C’éﬁn(ﬁﬁ A+ Hcl;m(@Q A)- An inductive argument analogous

to that in the proof of Propostion 3.14 in Chapter 3 shows
w e X (00) + HY2 (99,) forall s> 1.

By Sobolev embedding, we conclude that w € Cé’f:n(BQ a). Thus, L) is also surjective, and hence

an isomorphism. O

Now we state the lemma we need to rewrite our problem in a convenient way, so as to apply

the Krasnoselskii Bifurcation Theorem. It is a direct corollary to Lemma 4.17.

Lemma 4.18. There exists € > 0 such that for each X\ € (0,\* + &) we have py > —1 and the
operator
Ly +id : CZ% (09) — Ct, (02)

is an isomorphism.

Proof. Since ux~ = 0 by Proposition 4.16, by the continuity of A — ) there exists € > 0 such that
x> —1 for every A < A* 4+ ¢. The result follows after Lemma 4.17. O

According to Lemma 4.18 and the Inverse Function Theorem, we can chose Ag € (A\*,; A) and
a neighbourhood V' C Cé’jn((“)Q)\) of 0 such that the operator F) +id : U — V is a diffeomorphism
for every A € (0, Az]. Then, we can define the inverse operator Ky := (F) +id)~!: V — U. Since
the embedding Cé"z‘n(()Q;\) — cé;f:n(am) is compact, we have that K is a compact operator
when we look U as a subset of Cé’fjn(ﬁﬂ)\), as we shall do from now on. We then define the
operator Ry : V — U as
Ry\(v) =v— Kx(v). (4.57)
We note that v € Cé”i‘n(aQ)\) and Ry(v) =0 if and only if v € Cé’j;(am) and Fy(v) = 0.

Lemma 4.19. Let A € (0, Az] be as above and let Ry be the operator defined in (4.57). Then the
number of negative eigenvalues of its linearization at v =0, dR|y=0 : C’é”ojn(@Q)\) — Cé’iﬁn(@Q)\),
is the same as the number of negative eigenvalues of Ly. Moreover, dRy|,—o is an isomorphism if

and only if Ly is an isomorphism.

Proof. Letw € Ccl;cfn (09Q)) be an eigenfunction for dRy|,—¢ associated with the eigenvalue p. Note
that dRy|y=0 = id —dK|y=0, and so

AE oo (w) = (1 — ).

As the image imdKy|,—0 C Cé’f;n(BQ)\) and ker dKj|,—o = {0}, then 1 — p # 0 and w €
Céjjn(am). Now, because dK,\|;:10 =id+L,, we see that

dR)|y=o(w) = pw if and only if Ly(w) = ﬂw (4.58)



4.5. THE PROOF OF THEOREM 4.1 7

Therefore, as A < As, by Lemma 4.17
BN S
1—p 1—p

which implies g < 1. Then, from (4.58) hence follows p < 0 if and only if p/(1 — p) is a negative
eigenvalue of L.

Now, note that as dRy|,—¢ has the form of identity plus a compact operator, it is an isomor-
phism if and only if it has a trivial kernel. From the proof of Lemma 4.17 we see that also L) is an
isomorphism if and only if it has a trivial kernel. Then the last claim of the lemma follows from

(4.58). O
The only thing remaining to show is

Lemma 4.20. We can choose Ay € (N\*,A) such that dRp,|v=0 is an isomorphism with an odd

number of negative eigenvalues, counted with algebraic multiplicity.

Proof. In view of Lemma 4.19, we just need to show the statement replacing dRj|,—¢ by Ly, for
A = As. Consider the quadratic form @ defined in (4.41), and let ¢ € Hé’:n(QA) We decompose

1 into its Fourier series
oo Mg

Y(r,0) = o(r) + YD k(1Y (0).
k=1 j=1
Then we have - m
Qx(¥) = Qro(w0) + > Y Quklers), (4.59)
k=1 j=1

where for ¢ € H}(Qy) we define

1
k() = /A (@ (1) = (un)p(r)?) + o P p(r)? dr + (n = 1) (p(1)? = A" 2p(M)?) -
Note that as oy, is increasing with k, we have

Qakr1(p) > Qak(p), forall ¢e Hy(Q)\{0}, keN. (4.60)

We see Qx0(¢) = Qa() whenever ¢ € H}(Qy). Note also that ¢ € Héf:n(Q)\) implies
@o(A) =0 =o(1) and

Pzy dr = 0.
Qx

Therefore, as uy is non-degenerate in the space H& ,(€2)) and its Morse index is 1, we must have
Q@x,0(0) > 0 whenever g # 0.

Now, we look at the case A = A*. As in this case Q) > 0 in Héf;n(Q)\), then by (4.59) @Qxr >0
in H}(Qy) for all k > 1. Recall that by Lemma 4.13 there exists a non-zero ¢ € Hétn (©,) such
that Qx(¥9) = 0. We claim that for this ¢ holds

wr; =0 forall k>2, j=1,...,my.
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Indeed, if ¢y ; # 0 for some k > 2, then by (4.60) we would have

Qxk—1(pr,;) < Qxi(er,;) =0,

which contradicts that Qx r—1 > 0. Hence, ¢ ; = 0 for all £ > 2. Then

Qx (Vo) = Qx0(w0) + Qx,1(p1) =0,

and since ¢g # 0 implies Qx 0(po) > 0, we must have ¢y = 0. Therefore, 1 # 0 and @y 1(¢1) = 0.
This implies that any non-zero 1 € Héfn (©2)) such that Qx(¥) = 0 must be a multiple of 1y =
©1(r)Y1(0) and thus, by Proposition 4.11 the kernel of Ly is one-dimensional.

We conclude the proof of the lemma noting that by Proposition 4.16 we can choose Ay € (A\*, A)
such that pa, < 0, and by continuity if A, is close enough to A*, then

Qrk(p) >0 forall ¢e H;(QAQ) \ {0}, k>2,

so that 0 is not an eigenvalue of L. By the same arguments as above, ua, is simple. This concludes

the proof. 0O
We now are ready to give the proof of Theorem 4.1.

Proof of Theorem J.1. Let Ay € (0,\*) given by Propostion 4.16 such that us, > 0, and let
Ay € (A*,A), given by Lemmas 4.19 and 4.20, such that ps, < 0 is the only negative eigenvalue
of Ly,. We now make the identification of functions v € C**(9€,) with a pair of functions
v € (Ck2(S"1))2 as in (3.11), and let the operators Fy and R), defined in (4.28) and (4.57)
respectively, act on these spaces. Let U C (Cé’i‘n(S"’l))2 be a sufficiently small neighbourhood of

0 such that we can define the operator
R:U x [A,As] = (CE%(S™™))%, R(v,\) = R(v).

Then, we can apply the Krasnoselskii Bifurcation Theorem A.2 to conclude that each neighbour-

hood of V.C U x [A1, Ag] of {0} x [A1, Ag] contains a solution to
R(V, )\) = O7 A€ (Al, AQ), A% 7£ 0.

Since R(v,A) = 0 if and only if F)\(v) = 0, this concludes the proof. O

4.6 Proof of Propositions 4.4 and 4.14

First note that for every A € (0,1), we have Hj () C Hg,,,(2x) and QA (¥) = Qx (V) for every
NS H&G(Q,\). Hence, xx > X, and so Proposition 4.4 follows from Proposition 4.14. Therefore,
we only need to show that Q) is positive on H, éfn(Q ) for all A is sufficiently small. This proof is
somewhat delicate and will need some preparation. First, we state the following lemma, which is

rather technical and its proof is given in Subsection 4.A.1 in the Appendix.
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Lemma 4.21. There exists a family of extension operators E) : Hcl;ym(Q)\) — Hé’m(B) such that

for each Ao, there exists a constant C = C(Ag,n) for which

IExY a3y < Cllll a1 (04)
for ally € HE, ,, (25) and all X € (0, \o).

We now turn to the proof Proposition 4.14, which we argue by contradiction. Let us suppose
that there is a sequence of positive Ay | 0 such that ), < 0. For the sake of notational simplicity

we replace every subindex A\, by k. The behaviour of the functions u; and z; will be needed.

Lemma 4.22. Consider the functions uy extended to By = B\ Qi by 0. Then there exists a
uniform bound

|ukllLe(m)y < C forall k>1,
and, up to subsequence, we have that uj, — ug strongly in H*(B).
Proof. The uniform boundedness was established in | | for a general non-linearity f(u) of

sub-critical growth of which ku — u? is a particular case. In the same paper is shown that, up to

subsequence uy, — ug weakly in H'(B). We give here an alternative proof of this last fact that fits

in our special case. Recall that u;, satisfies the min-max characterization (see [ D
Ji(ug) = inf  max Jg(tu), (4.61)
uGHé’p(Qk) t>0
u#0

where Jj, is the energy functional
1 1
Je(u) = 7/ |Vu|? + ku? do — —— Ju[P T de,
2 Ja, p+1 /g,

and that uy satisfies the integral identity (4.6) which we reproduce here

/ |Vug|* + klug|? de = / g |PT de.
B B

Since Hj () C Hj (1) C Hj ,(B) up to extension by 0, from (4.61) we see Ji(uy) is
decreasing in k, and so in particular it is bounded. Also, if we subtract (4.6) from (p 4+ 1)Jg(ux)
we find

1

(p+ D) = = | [V + waif da
Qp

Thus, from the boundedness of Jy(ux) we see that ||ux| g1 (p) is bounded. Then, up to a subse-
quence, we can assume uy — u weakly in H'(B) to some u € Hj ,(B). We point out that because
of the compactness of the embeddings H(B) — L?(B), LPT!(B) we have u; — u strongly in
LPT1(B) and L?(B). Then, from identity (4.6) we can conclude |lug||m1(p) — ||ullg2(5), which
together with weak convergence imply that uj, — u strongly in H(B). Now, let ¢ € C§°(B\ {0}),
then supp ¢ C Q for all k large enough. Multiplying (4.2) by ¢ and integrating by parts we see

/Vuk-VC+HUdeI:/uZCdz
B B
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and letting kK — oo in the above equation we find u is a radially symmetric weak solution to the
problem
—Au+ru=uP in B\{0},
u=0 on JB,
Because u € H'(B), the singularity is removable (see Subsection 4.A.2 in the Appendix). Then, u
is a weak solution to the problem above in the full ball B. By uniqueness of the radially symmetric
(see Proposition 4.2) solution we must have either u = ug or v = 0. We rule out the second

possibility noting that by the monotonicity of Ji(ux) we have
1 .
L/ |Vul? + ku? de. = (p+ 1) lim Jg(ug) > (p+ 1)Jo(ug) > 0.
2 B k—o0
This concludes the proof. O
An analogous result is satisfied by the sequence of eigenfunctions zy.

Lemma 4.23. Consider the functions zy, extended to By, = B\ Qx by 0. Then, up to subsequence,

we have that z — 2z strongly in H'(B).

Proof. As ||zx| g1 () = 1, without loss of generality we can suppose that z, — z weakly in H'(B).

1

_ _ .ol
Then, as u, — ug and z, — z strongly in LPT!(B), we have u} ~ — uf) ! strongly in L1 (B)

and 27 — 22 strongly in L% (B). Therefore, since % and p%l are dual exponents,
klim ub 22 dr = / ub 22 da. (4.62)

We next show that z # 0. Indeed, if z = 0 then from the strong convergence zj, — z in L?(B) and

the identity (4.62) follows that
lim | k22 —pul'22 =0.
k—o00 B
Now, recall that z is a solution to (4.10),
—Az, + Kz — puiilzk =Tezr in Q.
Multiplying the above equation by z; and integrating by parts we arrive to the identity
/ Verl? + k2l — pul ™' 22 do = Tk/ 22 dx, (4.63)
B B
from where we can conclude
k—oc0 k—o0

0< limsup/ |V,zk|2 dr < limsuka/ zi dx <0,
B B

which contradicts the fact that ||zx||g1(p) = 1 for all £ > 1. Hence, z # 0.

Now, from identity (4.63) the same argument which proves (4.54) in Lemma 4.13 shows that

-1
Tk > K —psupuj
Qp
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which together with the uniform bound on wuy implies that {7} is bounded. So, up to subsequence,
we can suppose that 7, — 7 < 0.

Let ¢ € C3°(B\ {0}). By the Holder inequality

/ |u£712kg — ugflzq dr < / \ui71 — u871||sz| + |u€71C||z;€ —z|ldx <
B B
< uf ™t - U§71||L5;;} 2kl Lo+ ICN o+r + [luoll Lo+ [ICl r+a [z — 2l Lo+ — 0. (4.64)

Then weak convergence implies

k—o0

lim / Ve, - VC+ k2 —puiilzc — T2k dx = / Vz-VC+kzC —pul ' 2¢ —12¢ doz =0
B B

Therefore, z is a nonzero weak solution to
{Az +rz—pullz=7z in B\{0},
z=0 on OB.
Since z € H'(B), the singularity at 0 is removable. Because zj, is radially symmetric for all k& > 1,
so is z. Thus, we can conclude that 7 = 79 and z = azy for some a # 0. Finally, from (4.63) and

the strong convergence z, — z in L?(B) we see that 1 = ||z;| g2 (5) = ||2] 1 (5), and so a = 1 and

the convergence z — 2 is strong in H!(B). O

Proof of Proposition 4.1j. Let us denote by 1 a minimizer for x; < 0, extended to By = B\ Q
as in Lemma 4.21, and normalized in the H'(Q)-norm. By the uniform bound |juy|p~ < C
and Lemma 4.13, we have that the sequence {xx} is bounded below. Therefore, without loss of
generality we assume that x; — xo < 0. Also, by Lemma 4.21 the sequence {1} is bounded in
the H'(B)-norm, and so we can assume that there exists 19 € H'(B) such that 1, — 1y weakly
in HY(B), and thus 1, — 1 weakly in H'(£2,) for every A € (0,1). Recall that each v, is a weak

solution to
—AY + K —pul = in

-, +HY =0 on 0y,
We will first show that under these hypotheses the weak limit 1y is nonzero. First note that

lim/ |¢k|2dx:/ [vo|? da. (4.65)
k—o0 Qk B

Indeed, let ¢ € (0,1). We have 9 — g strongly in L?(B.), and By, C B. for k large enough.
Thus

limsup/ |Y|? drz < lim / |4n| d$=/ lhol? d,
k—o0 By, k—oo B. Be

which goes to 0 as ¢ — 0. The equality (4.65) follows at once.
Using the identity
Qr(vr) = ch/ |hi|? da
Qp
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and the inequality (4.46) in Lema 4.12 we can conclude that

1 _
vl do [k - Nl de < [l de <o (4.66)
n Qi Qe Qp

If 49 = 0, then by (4.65) and the uniform bound ||ug||r~ < C follows that

lim Klynl? — pul " ywl? dz =0,
k—oo Qk

and therefore the inequality (4.66) implies

1
lim sup f/ |V |? da <0,
k—oo N Qp
which contradicts our assumption |[¢y |1 (q,) = 1. We then conclude that vy # 0.

Now, let ¢ € C*°(B) be such that 0 ¢ supp (. Then supp ¢ C Q. for some ¢ € (0,1), and so
C|r, = 0 for k sufficiently large. Then by the compactness of the trace operator

B

k—o0 oQy,

Also, by the same arguments which prove (4.64) in Lemma 4.23 we find

lim [ ul”'pC da :/ ub ™ oC d.
B

k—o0 Qe

This together with weak convergence imply that

lim [ Vi - VC A+ whpC — pul " ouC — xpbpC da + | HyyC dS =
k—o0 Qk 8Qk

— [ Vi V¢t i = put oG~ xavod da (n=1) [ vn¢ ds = 0. (1.67)
B OB
Therefore, 1 is a weak solution to

— A+ kg —pub P =xo¢ in B\ {0},
—,+(n—1)Y=0 on OB.

(4.68)

Because ¢y € H'(B), the singularity at 0 is removable, and 1 is a solution to (4.68) in the

full ball B. We also note that, since 2, — 2o strongly in L?(B), we have

0= lim Yrzr de = / Pozo dr = 0,
Qi B

k—o0

and since H, ,,(B) C H'(B) is closed, we find ¢ € H(l;*m(B)

We use separation of variables on ¢y and write

co Mg

Yo(r,0) = 1(r,0) = @o(r) + Z Z Pk.j (T)Yk?’j (0),

k=1 j=1
where, recall, Y, ; denote the G-invariant spherical harmonics of degree k£ and m, the multiplicity
of the corresponding eigenvalue . In this coordinates, the Laplacian is written as

-1
A:&+n

1
ar + 7AS7L—1,
r r
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where 0, acts only on the r variable and Agn-1 acts only on the # variable. Recalling that
ASn71Yk7j+O'kYk,j =0, keNy, j=1,...,mg,

we see that solving the problem (4.68) for )y is equivalent to solving the boundary value problems

of the family of ordinary differential equations

/"

oy + e (T h = ) gyt xoprs =0 (0,1),
g (1) + (0= Dy (1) =0, (4.69)
SD;g,j (0) =0,
for k € Ng, j =1,...,mg, and with the convention ¢y 1 = ¢o. As € Hé,’:n(B), for k = 0 we have
@wo(l) = 0 = ¢(1), and so by (4.69) ¢y = 0. But since 1)y # 0, then ¢y ; # 0 at least for some
k, 7. We will show that for each k, j, or equivalently, for each o > n — 1, there does not exist a
non-zero solution for (4.69) when yo < 0, reaching the desired contradiction.

Fix ¢ = o, > n — 1 and suppose ¢ = ¢y, ; is a non-zero solution to (4.69). We note that

©(1) # 0, and that the function v = wy, is negative and solves

-1 -1
v+ nTv' + <10u671 —K— nr2 > v=0 in (0,1). (4.70)

Define
w(r) == olr) e (0,1). (4.71)

Then a computation shows that ¢’ = v'w + vw’ and ¢” = v"w + 2v'w’ + vw”, and plugging this

into the equation for ¢ we find

n—1

-1 _
vw1/+(2v/+ v>w/+(v//+nv/+<pugl_ﬁ_U2+X0)fU>w:
r T
—1 —1—
vw”+(2v’+n v> w’+(nQU+Xo> vw = 0.
r r

Also, by the facts v(1), (1) # 0 and v'(1) = —(n — 1)v(1), ¢’'(1) = —=(n — 1)p(1) we see that

r

Therefore, to summarize, w satisfies

-1 20 —-1-
W+(”T-%g)w+<”20+m0w=o in (0,1),

w(l) £0, (4.72)

Without loss of generality assume w(1) > 0. Because 2=52 + xo < 0, and w'(1) = 0, by the

maximum principle we have

/

w>0, w <0, in (0,1).
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Therefore, we may define

) . re(0,1). (4.73)
Then, we have w'é + w&’ = rw” + w’, and so

’LUH_ w' L B §
re = (- )+ = (- 1)2

+¢.
Dividing (4.72) by w and replacing the above identity shows ¢ satisfies the differential equation

ré + (n—2—|—r2vv/>£—|—§2+(n—1—0+X0r2):O in (0,1). (4.74)

We now derive the asymptotic behaviour of £(r) as r | 0. For this purpose, we first note that as

v(0) =0,

o)
lim 22 — 4/ (0), 475
lim == = v'(0) (4.75)
and from the relation v = v and (4.4)
, n—1 r
v+ v=~kKuy —uy, in (0,1). (4.76)

r
Hence, taking the limit r | 0 in (4.76) and using the identity in (4.75) we find

oy kuo(0) —u(0)P imrvl(T) _
17}11011) (r) = - , lrw o) 1. (4.77)

First, we show that v'(0) # 0. Consider the function

1 P+l
e(r) = 3 (v(r)? — Kug(r)?) + %, r € [0,1].
Differentiating the above expression with respect to r we find
—1
e (r) =v(r) (V'(r) — kuo(r) +ug(r)?) = _n v(r)? <0, 7€(0,1),
T

where in the last equality we used the relation (4.76). Hence, e is decreasing in [0, 1], and therefore

uo(0) <u0(20)p - /-@u02(0)) > ug(0) (1;0:_0); - HUOQ(O)> =e(0) >e(l) = %’0(1)2 > 0.

Plugging this into (4.77), we see that v'(0) < 0. We now claim that ¢(0) # 0. Otherwise we would
have ¢(0) = 0 = ¢'(0), and then by L’Hépital’s rule and the monotonicity of w

. ()
wl) < lgﬁ)lw(r) B 17%1 v'(r)

which is a contradiction to our assumption w(1) > 0. Therefore, ©(0) # 0. With this in mind,
from the formulas (4.73) and (4.77) we find the limit

() v
ipyetr) =t (507 - ) = 4
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and from (4.77)-(4.78) and the differential equation (4.74)

. / _
}13(1) ré'(r) =o.

Then, by L’Hopital’s rule
E0)/r _ €0)/r =€)/

1=1I = = 1
7%1 —1/r 7o 1/r2 o+l
which implies 0 = 0 > n — 1. Since n > 2, this gives the desired contradiction. O

4.A Appendix

4.A.1 Proof of Lemma 4.21

We construct a family of extension operators Ey : H5(2)) — HA(B) as follows. For ¢ € HA (),
let ¢ € H'(B)) be the weak solution to the Dirichlet problem

Ap=0 in By,

¢=’¢ on F,\.

(4.79)

The condition ¢|r, = 9|r, is understood in the sense of traces. Since equation (4.79) is invariant
under the action of G (A is invariant under orthogonal transformations and v is G-invariant), the

uniqueness of ¢ implies that ¢ is also G-invariant. Thus, ¢ € H}(B)). Then we define Ext) as

o, if =z € By,
Byt = (4.80)
Y, if x € Q.

It can be easily checked that Eyy € HL(B) with

Vo, if =€ By,
V(E\Y) =
Vi, if ze Q.

Therefore, (4.80) defines an operator Ey\ : HE(Q2)) — H4(B). Lemma 4.21 will follow after

Lemmas 4.24 and 4.25 below.

Lemma 4.24. Let A € (0,1). Let ¢ € H'(B)) be a harmonic function and let £ € H'(Q)) be a

weak solution to
Ag =0 1in Q)\,

§=¢ on Ty, (4.81)

& =0 on Iy

in the sense that the trace &|r, = ¢|r, and

VE-V¢dr =0, forall (€ HY (), (lr, =0. (4.82)
Qx
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Then we have the estimate

14+ A"
[ wvorar< 150 [ e an
By Qx

Proof. Decomposing into Fourier series, it is sufficient to consider functions of the form

rk k2r—o/k 4 grk
o(r,0) = 7Y (0), §(r,0) = mﬂ@), o=k(k+n-2), keN,

(4.83)

(4.84)

where Y is a spherical harmonic associated with the eigenvalue o. A direct calculation shows ¢

and ¢ are harmonic and &|r, = ¢|r,. Note that when k = 0, ¢ is a constant function, and so

(4.83)

holds trivially. Recall that for a harmonic function A in a bounded smooth domain  C R"™ we

have

/ \Vh\Z dx :/ —h@ ds,
Q 9 ov

where v is the inner normal to 9. Then, using (4.84) we compute
2 n—1 8¢ n—2 2
|[Vé|* de = A Y (0)—(A,0) df = kX |Y'(9)|° d6,
Ba §n—1 or §n—1
and

¢ Aok \F

2d :/\"*1/ —Y(0)==(\,0) do = \" "2k —/ Y (0)|? db.
| e as e (CF-1) T [ V)

Therefore, we have

KEAOR 4 oA
Vol der = —F——— VE|? da.
199 e = o ] 19

The result follows by the observation

B2A"9/k L g kN To/k 4 \k 14\
o(A=o/k — \k) = \—o/k _\k = ] — \n’

for all k€ N.

O

Remark 4.3. Note that the weak solution & € HY(Qy) to (4.81) minimizes the Dirichlet energy

V¢l L2y among all functions ¢ € HY(2)) such that (|r, = @|r,. Indeed, let ¢ satisfy C|r, =

@lr,, then (£ — {)|ry, =0 and by (4.82) we have

1 1
/ |VEP de = | VE-V(da < 7/ |VEP? da + 7/ |V¢|? du,
QA Q>\ 2 Q>\ 2 QA

which yields ||VE| r2(a,) < IVCllL2(0y)-

Lemma 4.25. Let Ao € (0,1). Then there exists a constant C = C(Xo,n) such that for each

Y e Hy ()
IEXY| () < CllYl a1 (00)

for all A € (0, Ag).

(4.85)
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Proof. Let ¢ € Hf, () and denote ¢ := (Exy)|p, . Let £ € H'(Qy) be weak solution to (4.81).
Then &|r, = ¢|r,, and by Remark 4.3 [|V&||12(q,) < [V¥|L2(0,). Then by Lemma 4.24 we have

IVéllLzs,) < Cho, )V L2(0y)- (4.86)
We note that ¢ € Hé’m(B,\) has zero mean over B), and so by the Poincaré inequality
917 (5y) < (1 +CX)[VE|Z2(5,), (4.87)
where C' is a constant which depends only on the dimension n. The result follows after noting
IExUI 5y = 191l (5, + 1¥1 0 (@, (4.88)

and plugging (4.86) and (4.87) in (4.88). O

4.A.2 Removal of singularities

In this subsection we show that closed subsets which are small in a certain sense can be removed
from differential equations. In particular, we show that point singularities can be removed in
dimensions n > 2. A more careful study can be seen, for instance, in | ], but we won’t need
to work in such a generality.

Fix a bounded domain 2 C R™ with smooth boundary, and let K C 2 be a closed set. We

define the capacity of K as the quantity
cap(K) :=inf {||ul g1 (o) :u € C°(Q), u>1in K}.
We say that the closed set K has zero capacity if cap(K) = 0.

Lemma 4.26. Let K C Q be a closed set of zero capacity. Then C§°(Q\ K) is dense in H' (),
and C§°(Q\ K) is dense in H ().

Proof. Let u € C§°(Q) such that 0 <u < 1,u > 1in K, and |lul| g1 (o) < &. Let ¢ € C°°(2). Then
Y= (1-u)¢p€Cg(Q\K) and

¢ — |l a1 ) = [udl a1 (o)
As V(ug) = uVe + ¢Vu, we see

||u¢H%{1(Q)=/Q¢2(|Vu\2+u2)+u2|v¢|2 dx+/92u¢vu-v¢ dx

1/2 1/2
§/9¢2(|Vu\2—|—u2)+u2|v¢|2 d:v+2(/Qu2|V¢|2 d:v) (/Q¢)2|Vu|2dac>

< Ce?,

where C' is a bound for ¢? and |V¢|?. Thus, every ¢ € C°(Q) can be approximated by a
€ C§°(Q\ K). Since C*(Q) is dense in H'(£2), the lemma follows. Clearly the same argument
holds for the density of C§°(Q\ K) in the space H} (). O
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The lemma can be stated in a more succinct way as H(Q) = H*(Q\ K), where the equality is
understood in the sense that both spaces are isomorphic and isometric. As an immediate corollary

we have that singularities in a set of zero capacity are removable.

Proposition 4.27. Let K C Q be a set of zero capacity. Let L be a second order partial differential

operator in divergence form with L°(Q) coefficients, and let u € H*(Q) be a weak solution to
Lu=0 in Q\K,
Then Lu = 0 in the whole domain Q.
Proof. Let L = —0;(a;10) + b;0; + c¢. Then for every ¢ € Cg°(2\ K) holds the identity
Oou OC ou
k=———— +bj— dz = 0. 4.89
/Q“J‘“axkazﬁ Jaxj”cuc “ (4.89)

Since by Lemma 4.26 the set C5°(Q \ K) is dense in H{(£2), identity (4.89) holds for every ¢ €
C§°(Q). Thus, Lu = 0 in Q in the weak sense. O

We now show the particular case of our interest, namely that a single point has zero capacity

in dimension n > 2.

Proposition 4.28. Let n > 2. Then the set {zo} C Q has zero capacity.

Proof. Since capacity is local in nature, without loss of generality we assume 2 = B is the unit

ball and zy = 0. Let € € (0,1), and define the function

loelel if o< |2 <1,

UE(JZ) — loge ?

1, if |z| <e.
Then u. € H}(B) and u.(0) = 1 for all ¢, and

2z if e <z <1,
VUS(CL') _ (log ) |z[? ‘ |
0, if |z| <e.

Therefore, using polar coordinates the H'-norms compute to

C 1 1
el ) = Tog%z (/ s dr+/0 " tlog?r dr) <
€

C 1 1
< — (/ 3 dr +/ log? r dr) , (4.90)
log”e \Je 0

where C' is a constant which depends only in the dimension n. A direct computation shows

1
/ 10g2r dr = r(log2r — 210gr+2)|(1) = 2.
0
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Inequality (4.90) hence yields, when n > 3,

C 1—gn2
”ueHHl(B) = 1Og2€ ( n—29 )

which goes to 0 as € — 0, and when n = 2,

—5— (~loge +2),

2
U
H EHHl(B) = 10g2€

which also converges to 0 as ¢ — 0. Thus, cap(0) = 0.
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Remark 4.4. The condition on the dimension n > 2 s necessary. Indeed, since in dimension

n = 1 the Sobolev space H' embeds continuously into the space of bounded functions L™, for a

function u € H' such that u(zo) > 1 for some point xo € R, we have

[ullzr = eflull= = ¢,

for some constant ¢ > 0 independent of w. Therefore, cap(xg) > ¢ > 0.

As an immediate corollary to Propositions 4.27 and 4.28, we have that point singularities for

H' weak solutions to a second order equation are removable in dimensions n > 2.






Appendix

A.1 Bifurcation theory

This appendix is dedicated to a brief description of the two theorems of Bifurcation theory needed
in the proofs of Theorem 3.5 in Chapter 3 and of Theorem 4.6 in Chapter 4, namely, the Crandall-
Rabinowitz Bifurcation Theorem and the Krasnoselskii Bifurcation Theorem.

Broadly speaking, Bifurcation theory looks at non-linear equations which depend on a param-
eter

F(z,\) =0, (A1)

and how solutions to the above equation behave as the parameter varies. Usually, the is a nice
family of trivial, known solutions {x,}, but at some critical values of the parameter A this family
may split or bifurcate into different branches of solutions; thus the name bifurcation.

Suppose now that in equation (A.1), F'(-, \) is a smooth family of non-linear operators between
two Banach spaces X and Y, which smoothly depends on the parameter A belonging to other
Banach space. Also, let {x)} be a family of solutions, smoothly depending on the parameter A, to

(A.1). By the Implicit Function Theorem | ], whenever the linearization of the operator F,
aIF(m)\,)\) X =Y (A.Q)

is an isomorphism of Banach spaces, that is, it is a bounded linear operator with bounded inverse,
then in a neighbourhood of the family {z} there do not exist other solutions to (A.1). Therefore,
a necessary hypothesis for bifurcations to occur is that the linearized operator (A.2) fails to be

invertible, or is degenerate, at some critical Ag. Note that we can replace the operator in (A.1) by
F(x —xx,A),

and so there is no loss of generality if we further suppose the family {z,} consist only on the zero

element 0 € X. Typically, we suppose the family of operators {F(-,\)} satisfy:

(F1) There exist Ao such that the linearized operator (A.2) is Fredholm, that is, its kernel
ker 9, F(0, \g) is finite dimensional and its image im 9, F (0, Ag) is a closed subspace of fi-

nite co-dimension.
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Property (F1) allows us to decompose the Banach spaces X and Y into a direct sum
X =ker 0, F(0,\) ® X1, Y =im 9, F(0, o) & Y7, (A.3)
meaning that every element x € X and y € Y can be expressed in a unique way as the sum
T =z + 21, Yy = Yo+ Y1, (A4)

where xg € ker 9, F(0,\), yo € im0, F (0, A), z1 € X; and y; € Y;. We now explain a procedure by
which the possibly infinite dimensional equation (A.1) can be reduced to a finite set of equations
in a finite number of unknowns. Let @ : Y — Y; be the projection operator onto the subspace Y7,
and so id —Q : Y — ker 9, F(0, \g) is the projection onto ker 9, F (0, \g). Then equation (A.1) is

equivalent to the system
QF(LE()—F.ZEl,)\) =0, (id—Q)F(.TO—FZEh/\) =0,

where we write © = xo + x1 according to the decomposition in (A.3)-(A.4). Since the restriction
0. F(0, ) : X1 — im 9, F (0, A\g) is now an isomorphism of Banach spaces, by the Implicit Function
Theorem for any A and xg in an appropriately small neighbourhood of Ay and 0 € ker 9, F (0, \o),

there exists a unique z1(xo, A) in a neighbourhood of 0 € X; such that
QF(.Z‘O + (l‘o, /\)7 )\) =0.

Then, substituting x1(zg, A) into equation (id —Q)F(xg + z1,A) = 0, we see we only need to solve

for x¢ and the parameter \ in
(ld —Q)F(LEQ + .Il(l‘o, /\), /\) =0. (A5)

The element x; € ker 9, F(0, Ag) belongs to a finite dimensional space and the image im(id —Q) is
also a finite dimensional space. Thus, equation (A.5) is a finite set of (non-linear) equations in a
finite number of unknowns depending on a parameter. This is the Lyapunov-Schmidt reduction,
and (A.5) is sometimes called the bifurcation equation.

Lyapunov-Schmidt reduction can be used to prove the Crandall-Rabinowitz Bifurcation The-
orem, which is the main tool that allowed us to prove Theorem 3.5 in Chapter 3. We give here a

version of the Crandall-Rabinowitz Theorem, equivalent to the one stated in the original exposition
; J-

Theorem A.1 (Crandall-Rabinowitz). Let X and Y be Banach spaces, and let U C X and I C R
be open sets, such that 0 € U. Let F € C*(U x I,Y) and assume

[ |. A proof of the theorem and more of its applications can be found in [

e F(0,\)=0 forall N € I;

e ker 9, F(0,\g) is a dimension 1 subspace and im 9, F (0, o) is a closed co-dimension 1 sub-

space for some Ay € I;
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o 0\0,F(0,X)(x0) ¢ im0, F(0, o), where xg € X spans ker 0, F(0, Ag).

Write X = X & Rxg. Then there exists a C* curve

(~e.e) > X xR, s (2(),M(s))
such that
o 2(0) = 0 and \(0) = Ao;
o s(zo+x(s)) € U and A(s) € I;
o F(s(xy +x(s)). A(s)) = 0.

Moreover, there is a neighbourhood of (0, \o) such that {(s(xo + z(s)),A(s)) : s € (—¢,¢)} are the
only solutions bifurcating from {(0,\) : A € I'}.

Note the above theorem gives an almost complete characterization of the solutions to (A.1)
in a neighbourhood of the trivial branch (0, A).

The other Bifurcation theory result we employed is the Krasnoselskii Bifurcation Theorem.
The proof of this theorem is based on Topological degree theory and is a consequence of a sign
change in the Leray-Schauder degree, or indez, of the zero solution to (A.1). The natural assump-
tion in this case is that the family of operators in (A.1) now maps into the same Banach space

F(-,)\): X — X, and is of the form
F(z,\) =z — K(z,\),
where K is a compact operator. Thus, the linearization of F'(-, A) at 0 has the form
0, F(0,\) =id —0,K(0, \),

where 0, K (0, \) is a compact linear operator. In other words, 9, F (0, A) is a compact perturbation

of the identity. Thus, the Riesz-Schauder theory implies it makes sense to assume

(F2) There exist Ag such that 0 is an isolated eigenvalue of 9,F(0, Ag) of finite algebraic multi-
plicity.

Suppose now that 9, F (0, A) is an isomorphism, which by the Riesz-Schauder theory is equivalent
to 0 not being an eigenvalue of 9, F(0, A). Then, the Leray-Schauder formula implies the index of

the 0 solution to (A.1) can be calculated as
Z(F(7>‘)50) = (71)m1+~~-+mk’ (A6)

where my, ..., my are the algebraic multiplicities of the negative eigenvalues 1, . . ., i of 9, F (0, A).

If the index of the 0 solution to (A.1) changes sign as A crosses Ag, then bifurcations are expected
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to occur at A\g. By formula (A.6), the sign change in the index is equivalent to an odd number of
eigenvalues of 9, F(0,\) changing sign from negative to positive as A crosses Ag. A detailed and
more precise exposition can be found in | | and | ].

We now state a version of the Krasnoselskii Bifurcation Theorem slightly weaker than the

classical one. Its proof follows directly from the one given in | ]

Theorem A.2 (Krasnoselskii). Let X be a Banach space, and let U C X be an open set such that
0e€U. Let F € CY(U x [a,b], X) and assume

o F(x,\) =z — K(x,)\), where x — K(x,)\) is a compact mapping for all X € (a,b);
e 0,F(0,a) and 0, F(0,b) are isomorphisms;

e the number of negative eigenvalues of 9, F (0, a) minus the number of negative eigenvalues of

0:F(0,b) (counted with algebraic multiplicity) is an odd integer.

Then every neighbourhood of {0} x [a,b] contains a solution of F(x,\) = 0, with A € (a,b) and
x #0.

A drawback of the above, weaker version is that we cannot identify the bifurcation point Ay

as in the classical version or as in the Crandall-Rabinowitz Theorem.
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