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AsTrRACT. Two interesting problems that arise in the theory of closed Riemann surfaces are the
following: (i) the computation of algebraic curves representing the surface, and (ii) to decide if the
field of moduli is a field of definition.

In this paper we consider pairs (S, H), where S is a closed Riemann surface and H is a subgroup of
Aut(S), the group of automorphisms of S, so that §/H is an orbifold with signature (0; k, kLR K
where k, n > 2 are integers.

In the case that S is the highest Abelian branched cover of S/H we provide explicit algebraic
curves representing S . In the case that & is an odd prime, we also describe algebraic curves for some
intermediate Abelian covers.

For k = p > 3 a prime and H a p-group, we prove that H is a p-Sylow subgroup of Aut($), and
if p > 7 we prove that H is normal in Aut(S). Also, when n # 3 we prove that the field of moduli
in such cases is a field of definition. If, moreover, S is the highest Abelian branched cover of S/H,
then we compute explicitly the field of moduli.

1. INTRODUCTION

A closed Riemann surface S of genus g > 2 may be described by many different objects; for
instance, by algebraic curves (by the Riemann-Roch theorem [8]), by torsion free co-compact
Fuchsian groups (by the Koebe-Poincaré uniformization theorem [16, 17, 20]), by Schottky groups
(by the retrosection theorem [2, 17]), or by certain principally polarized Abelian varieties (by the
Torelli theorem [23, 24]). In general, to provide different explicit representations for the same Rie-
mann surface has been a difficult problem, in spite of huge efforts to solve it. It seems that Burnside
[3] provided the first example of an algebraic curve and a Fuchsian group, both representing the
same Riemann surface. In many cases, the group Aut(S) of automorphisms of S and its subgroups
play a fundamental role to find algebraic curves representing S. For instance, if S/ Aut(S) has
signature of the form (0;r, s, 7), then in general it is not difficult to provide an explicit Fuchsian
group and an explicit algebraic curve, both of them representing S .

A field of definition of S is a subfield K of C for which it is possible to find an irreducible
non-singular projective algebraic curve representing S, defined by polynomials whose coefficients
belongs to K. If C is a algebraic curve describing §, then the field of moduli of S is defined as
the fixed field of the group of field automorphisms o of C such that C and C“ are isomorphic,
where C7 is the algebraic curve defined as the zeroes of the polynomials obtained from the ones
defining C after o acts on their coefficients. The field of moduli is always contained in any field of
definition, but it may happen that the field of moduli is not a field of definition.

In this article we study closed Riemann surfaces S admitting subgroups H < Aut(S) so that
S /H has signature (0; k, k1 k", k™), where n, k > 2 are integers. For k = 2 in [4, 9] these type of
surfaces were considered to give examples of closed Riemann admitting topologically equivalent
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but conformally non-equivalent cyclic groups of order 2".

In the general case, if S is the homology cover of S/H, then we compute the field of moduli and
we give explicit algebraic curves for §. These explicit algebraic curves for homology covers allow
us to find algebraic curves for those Riemann surfaces S admitting an Abelian group G < Aut(S$)
such that S /G has signature (0; k, k"', k", k™). We describe such a situation for the case that k is a
prime and G = Z; X Z». Also, for k an odd prime, we describe the group Aut(S) and we prove that
the field of moduli of S is in fact a field of definition.

2. PRELIMINARIES

2.1. Orbifolds. An orbifold is atuple O = (S, {(p1,k1), ..., (Pn,ky),...}) where (i) S is a Riemann
surface, called the Riemann surface structure of O, (ii) pi, p2,... € S is a collection of different
isolated points, called the cone points of O, and (iii) each k; > 2 is an integer, called the cone order
of p;. An orbifold of signature (y;ki,...,k,) is given by an orbifold O = (S, {(p1, k1), ..., (Pn, kn)})
where S is a closed Riemann surface of genus y. An orbifold without cone points is just a Riemann
surface.

A conformal homeomorphism between two orbifolds is a conformal homeomorphism between
the corresponding Riemann surface structures, sending cone points to cone points, and preserving
the cone point orders. If both orbifolds are the same, then we speak about a conformal automor-
phism of the orbifold. We use the notation O; = O, to indicate that O; and O, are conformally
equivalent orbifolds.

We denote by Aut,,(O) the group of conformal automorphisms of O. If S is the conformal
Riemann surface structure of O, then we denote by Aut(S) its group of conformal automorphisms.
There is a natural inclusion Aut,,(O) < Aut(S), but in general these two groups are different.

If O is an orbifold and H < Aut,,(O) acts discontinuously on the Riemann surface structure,
then the quotient O/H may be seen again as an orbifold as follows. We denote by 7 : O — O/H
the canonical quotient map. A cone point of O/H may be obtained in two different ways. In the
first case, if p € O is not a cone point and it has non-trivial H-stabilizer H(p), then n(p) is a cone
point with order equal to the order of H(p). In the second case, if p € O is a cone point of order n
and its H-stabilizer has order m, then 7(p) is a cone point with order equal to nm.

The orbifolds we consider in this paper are the good orbifolds in Thurston’s terminology; they
are obtained as quotient spaces R/F, where R is a Riemann surface and F' < Aut(R) is a discontin-
uous group of conformal automorphisms of R. From now on we will identify R/F with O in order
to simplify the notations; we will say that R/F is an orbifold.

2.2. Homology covers. Good orbifolds admit as (branched) universal cover either the Riemann
sphere, the complex plane or the hyperbolic plane; this is a consequence of the classical uni-
formization theorem.

Consider a good orbifold O = (S, {(p1, k1), ..., (P, kn)}) Of signature (y; ki, ..., k).

The first (orbifold) fundamental group of O is

0% n
1) 0 = <a1,...,ay,,81,...,ﬁy,61, b | e ] o =0 =1 =6l = 1>,
j=1 k=1

Y

where m,(S) = <a1, s @y By By l_[[aj,ﬁj] = 1>, with [a, b] = aba™'b7!, and the element
j=1

0; represents a simple small loop around p;in § —{py,...,p,}, foreach j=1,...,n.
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It is clear that to each normal subgroup N of finite index of 79™(O) there corresponds an orbifold
O and a finite group H < Aut,,(0), so that O = O/H. Observe that H is isomorphic to n‘l’rb(()) /N.

When N = ﬂ‘l)rb(O)’ (the derived subgroup of ﬂ‘l)rb(O)), the corresponding cover orbifold O is
called the homology orbifold cover of O. We will be interested only in the particular case when the
homology orbifold cover is a closed Riemann surface, in which case we call it the homology cover
of O, and say that O is a homology orbifold.

Clearly, the homology orbifold cover of O is the homology cover if and only if 79°(O)’ has finite
index in 79™(0) and it acts freely on the universal cover space of O. The finite index condition is
equivalent to the condition that the underlying Riemann surface structure of O is the Riemann

sphere; that is, to have y = 0, and the free action condition is equivalent to the following (see [19])
(2) lcm(kl, e ,kj_l,kj_,.l, e ,kn) = lcm(kl, cee ,kn), VJ = 1, R (8

Note that the homology cover (when it exists) is the highest abelian Galois cover of O.

2.3. Fuchsian groups. The basic theory of Fuchsian groups may be found, for instance, in the
classical book by Beardon [1]. A co-compact Fuchsian group acting on the upper half-plane H?
is a discrete group I' < PSL(2,R) such that H?/T is an orbifold of some signature; that is, the
underlying Riemann surface is a closed Riemann surface. It is known that a co-compact Fuchsian
group I" has a presentation of the form

b% n
3) r= <a1,b1,...,ay,by,dl,...,d,, | tap e Joi=6t=... =60 = 1>,
j=1 j=1

where y and n are non-negative integers, the k; > 2 are integers, and 2y — 2 + n — Z kjfl > 0.
=1

The tuple (y; ki, ..., k,) is known as the signature of I (this is the signature of its quotient orbifold

H?/T).

An orbifold O is of hyperbolic type if there is a co-compact Fuchsian group I' so that O =
H?/T. By the Poincaré-Koebe uniformization theorem [16, 17, 20], every orbifold with signature
(v; ki, ..., k) is of hyperbolic type if and only if 2y =2 +n — 3 ijl > 0.

By the hyperbolic area of a Fuchsian group I' (respectively, of a hyperbolic orbifold) of signature

(y,n; ki, ..., k,) we refer to the hyperbolic area of a fundamental polygon domain for it; it is given
by
- 1
4 AD) =22y -2 + 1-—
) I) n[ y JZI< k.,-)]

We say that a co-compact Fuchsian group I', with presentation (3), is a homology Fuchsian group
if v = 0 and it satisfies Maclachlan’s conditions (2). In other words, homology Fuchsian groups
are exactly those co-compact Fuchsian groups providing a Fuchsian uniformization of a hyperbolic
homology orbifold of genus zero. If I" is a homology Fuchsian group of signature (0; k4, ..., k,),
then the homology cover of the homology orbifold O = H?/T" is § = H?/I"”, where I denotes the
derived subgroup of I'.

2.4. Fields of moduli and fields of definition. As a consequence of the Implicit Function Theo-
rem, every irreducible non-singular projective algebraic curve defines a closed Riemann surface;
conversely, by the Riemann-Roch Theorem, every closed Riemann surface may be described by an
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irreducible non-singular projective algebraic curve. It is this equivalence which allows the work at
the analytical and at the algebraic settings in a parallel way.

Let C be an irreducible non-singular projective algebraic curve, say defined by homogeneous
polynomials Pi,..., P,, each one with coefficients in a subfield K < C. Let g denote the genus
of the closed Riemann surface corresponding to C. If o € Aut(C/Q), the group of field automor-
phisms of C, then we may consider the new polynomials P{.,..., P7, where the coefficients of P{
are the corresponding images under o of the coefficients of the original polynomial P;. The alge-
braic curve C7, defined by these new polynomials, is still an irreducible non-singular projective
algebraic curve, and it defines a new closed Riemann surface of genus g. It is not difficult to see
that if C is another irreducible non-singular projective algebraic curve that is birationally equiva-
lent to C, then C” and C7 are also birationally equivalent. Therefore, a natural action of Aut(C/Q)
is defined on the moduli space of genus g. The stabilizer of the moduli class of C under such action
is the subgroup

Kc ={o e Aut(C/Q) : C = C”} < Aut(C/Q).

The fixed field of K¢, denoted by M(C), is called the field of moduli of C.

A subfield K of C is called a field of definition of C if there is an irreducible non-singular
projective algebraic curve C defined over K which is birationally equivalent to C. At this point it
is important to note that it is not clear that given a field of definition L < C of C there is a smaller
subfield F < L which is again a field of definition of C.

The field of moduli M(C) is contained in any field of definition of C, and it coincides with the
intersection of all fields of definitions of C [18]. Moreover, there is a field of definition of C which
is an extension of finite degree of the field of moduli [6, 11].

If g = 0, then C = P!, so in this case M(C) = Q is a field of definition. If g = 1, then C
is equivalent to an (affine) elliptic curve E, = ( = x(x = 1)(x = )}, where n € C - {0,1}. If
i = (A =n+ 1?3 /n*(n — 1)? is its j-invariant and a(n) = 27,(n)/(j(n) — 1), then E, is also
described by D, = {y* = 4x* — a(n)x — a(n)}. 1t follows that Q(j(n)) is a field of definition for E,.
Moreover, if o € Aut(C/Q) and E} = E,, is conformally equivalent to E,, then they must have
the same j-invariant; that is, o(j(n7)) = j(n). It follows that M(C) = M(E,) = Q(j(n)) is also a
field of definition.

In genus g > 2, the situation is more difficult. There are examples for which the field of moduli
is not a field of definition [7, 15, 21]; all of the examples there are hyperelliptic curves. It is stated
in [7] that there are examples of non-hyperelliptic Riemann surfaces with the same properties, but
no explicit one was given. An explicit example of a non-hyperelliptic Riemann surface of genus
g = 17 which cannot be defined over R and whose field of moduli is inside R is given in [13] (this
example is related to the hyperelliptic example in [7]).

A. Weil [24] provided the following sufficient and necessary conditions for the moduli field to
be a field of definition.

Theorem 1 ([24]). Let C be an irreducible non-singular projective algebraic curve defined over
a finite Galois extension L of its field of moduli M(C). If for every o € Aut(L/M(C)) there
is a biholomorphism f, : C — CY defined over L such that the compatibility condition f;, =
3 o f; holds for all o, € Aut(L/ M(C)), then there exists an irreducible non-singular projective
algebraic curve E defined over M(C) and there exists a biregular map R : C — E, defined over L,
such that R o f, = R.



ORBIFOLDS WITH SIGNATURE (0; &, k"', k", k™) 5

As a consequence of Theorem 1, it follows that if C has no non-trivial automorphism, then it
may be defined over its field of moduli. Unfortunately, if C has non-trivial automorphisms, then
it is a very difficult task to verify if Weil’s conditions hold. But if C/ Aut(C) has signature of the
form (0; a, b, ¢) (quasiplatonic surfaces, or platonic if some cone order is equal to 2), then C may
be defined over its field of moduli [5, 25].

Consider a (branched) holomorphic covering between closed Riemann surfaces, say f : X — Y.
Assume X and Y are given by fixed algebraic curves and that Y is defined over M(X). For each
o € Aut(C/ M(X)) we may consider the (branched) holomorphic covering [ : X — Y7 =Y. We
say that they are equivalent, denoted by {7 : X — Y} = {f : X — Y}, if there is a holomorphic
isomorphism ¢, : X — X7 so that f7 o ¢, = f. The field of moduli of f : X — Y, denoted by
M(f : X = Y), is the fixed field of the subgroup

K(f : X->Y)={ce At(C/MX)): {f7: X - Y}={f: X > Y}}.

It is clear from the definition that M(X) < M(f : X — Y), but in general they may be different
fields. For the particular case that ¥ = X/ Aut(X) and X has genus at least two, the following is
well known (a direct consequence of Theorem 1).

Theorem 2 (Debes-Emsalem [6]). If X is an irreducible non-singular projective algebraic curve
of genus g > 2, then there exists an irreducible non-singular projective algebraic curve B, defined
over M(X), and there exists a Galois cover f : X — B, with Aut(X) as Deck group, so that
M(f : X = B) = M(X). Moreover, if By denotes the branch locus of f and if B — By contains
at least one M(X)-rational point, then M(X) is also a field of definition of X. Such a curve B is
called a canonical model of X/ Aut(X).

3. MAIN REsuLrs

Let S be a closed Riemann surface and let H;, H, < Aut(S ). We say that H; and H, are (weakly)
topologically equivalent (respectively, conformally equivalent) if there is an orientation preserving
self-homeomorphism (respectively, conformal automorphism) 4 : S — S so that H, = fH; f~!. If
H < Aut(S), then we denote by Auty(S) the normalizer of H in Aut(S).

3.1. p-groups of automorphisms. We are interested in regular p"*'-covers of orbifolds of type
0; p, p™ ', p", p"), where n > 2 and p is an odd prime.

The interest in these type of examples is that in [4, 9] it has been constructed examples of
closed Riemann surfaces S admitting topologically equivalent but conformally non-equivalent
cyclic groups of order 2"*!, where n > 2, so the quotient of S by the 2-group generated these
two cyclic subgroups is an orbifold with signature (0;2,2", 2"*!,2"+1),

Let S be a closed Riemann surface and let H < Aut(S) be a p-group such that S /H has signature
of the form (0; p, p"~!, p", p"), with n > 2. There is a regular branched cover P : § — @, with H
as Deck group.

If n > 3, then (up to left composition by a suitable Mobius transformation) we may assume that
the branch values of P are oo of order p, 0 of order p"~!, and 1 and some A € C — {0, 1} are the ones
of order p". In this case, the choice of 4 is not unique, but the only other possible choice is 1/A4.

If n = 2, then again (up to left composition by a suitable Mdbius transformation) we may assume
that the branch values of P of order p are co and 0, the ones of order p” are 1 and some A € C—{0, 1}.
Again the choice of A is not unique, but the only other possible choice is 1/A4.
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Theorem 3. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed Riemann surface
S with a subgroup H < Aut(S) such that H is a p-group with S /H of signature (0; p, p"~', p", p").
Let 1 € C—{0, 1} be as defined above. Then the following properties hold.

(1) H is a p-Sylow subgroups of Aut(S). In particular, if H;,H, < Aut(S) are p-groups
with S/H; of signature (0; p, p"~', p", p"), with n > 2, then H, and H, are conformally
equivalent.

(2) If n = 3, then

(a) Auty(S) =H, for 1 # —1.
(b) [Auty(S) : H] € {1,2}, for A = —1.

3) If n =2, then

(a) [Auty(S): H] € {1,2}, for A # —1.

(b) [Auty(S) : H] € {1,2,4}, for 1 = —1.
4) If p = po, where

(a) po =7 forn =2, and

(b) po=5forn >3,

then Autg(S) = Aut(S).

Remark 4. In the case 4 = —1 and n > 3, part (2) of Theorem 3 asserts that either Auty(S) = H
or [Auty(S) : H] = 2. In the last case, S/ Auty(S) has signature (0;2p,2p""!, p"), which is a
maximal signature [22], so Auty(S) = Aut(S).

3.2. Normality condition. Let S be a closed Riemann surface and H < Aut(S). Let M(S, H)
denote the locus in the moduli space M(S) of S consisting of those classes of Riemann surfaces
S admitting a group H of conformal automorphisms, which is topologically equivalent to H. In
general, one should expect that M(S, H) is a singular variety. The following shows that this is not
the case if H is a p-group and S /H has signature (0; p, p"~', p", p").

Corollary 5. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed Riemann surface
S and let H < Aut(S) be a p-group such that S | H has signature (0; p, p"~', p", p"). Then M(S, H)
is a normal subvariety of M(S).

Proof. The normality condition for M(S, H) is equivalent to the following property: Given any two
pairs (S, Hy) and (S, H>), where S ; is a closed Riemann surface (of the same genus as §') and H;
is a p-group of conformal automorphisms of S ; so that S ;/H; has signature (0; p, L, p*, p"), and
there is an orientation preserving homeomorphism f : §; — S, with fH, f' = H,, then f may be
replaced by a biholomorphism with the same properties. This property is exactly what part (1) of
Theorem 3 states.

O

3.3. Homology rigidity.

Corollary 6. Every Riemann orbifold of signature (0; p, p"~', p", p"), where p > 3 is a prime and
n > 2 is an integer, is uniquely determined, up to conformal equivalence, by its homology cover
Riemann surface. cover Riemann surface.
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Proof. A consequence of part (1) in Theorem 3. O

Remark 7 (Torelli’s theorem). Let O be a Riemann orbifold of signature (0; p, p"~!, p", p"), where
p = 3 is a prime and n > 2 is an integer. As any two homology covers of O are conformally
equivalent Riemann surfaces, we may define the Jacobian of O, denoted by J(O), as the Jacobian
of any of these covers. It follows that J(O) is uniquely determined, up to equivalence of principally
polarized Abelian varieties, by O. As a consequence of Torelli’s theorem, J(O) determines the
conformal class of the homology cover of O and, by Corollary 6, it also determines the conformal
class of O. In this way, a kind of Torelli’s theorem is obtained for this class of Riemann orbifolds.
We may wonder how to describe the Jacobian of O in terms of multivalued holomorphic differential
forms so that it looks more similar to the construction for the case of Riemann surfaces. In order
to do this, we use as homology the orbifold homology group H™(0) = n%(0)/n™(O)’, and as
holomorphic forms those multivalued holomorphic forms whose liftings to the homology cover
define the holomorphic one forms of it.

3.4. Algebraic curves in the Abelian case. Curves for the hyperelliptic homology covers and for
the homology covers of homology orbifolds with triangular signature have been described in [12].
Algebraic curves for the homology covers of orbifolds with signature of the form (0; %, . .., k) have
been obtained in [10]. We next provide the algebraic curves for the homology covers of orbifolds
with signature (0; &, k1 k" k™), where k,n > 2 are integers. As a consequence of the results in
[12], the homology covers of such orbifolds cannot be hyperelliptic. Note that if R is the homology
cover of such an orbifold O, then O = R/H, where H = Z X Zyn-1 X Zyn.

Theorem 8. Let k,n > 2 be integers and let O be a Riemann orbifold with signature (0; k, k"=, k", k™).
Denote by R an homology cover of O, let H < Aut(R) be so that R/H = O, and let P : R — O be
the Galois cover with H as Deck group. We may assume (up to a Mobius transformation) that the
cone points of O (that is, the branch values of P) are given by the points 0, 1, co and A € C—{0, 1}.
We may also assume that oo is the cone point of order k, that 0 is the cone point of order k"' and
that 1 and A are the cone points of order k".

Then R is represented by the (singular) projective algebraic curve

_ n—1 _n—1 n
C/l . /l k kn—l_k kn—l kn—l _ 0 - P )
92y -+ +zm =
H is generated by the projective linear transformations

a([zo:z1:22:231) = [p1z0:21:22: 23]
bo([zo:z1:22:23])) = l[20:pna121:22: 23]
collzo : 21 122 z3]) [z0 : 21 : pn22 : 23],

where p; = e*™/¥| for each positive integer s, and the branched covering map P is represented in
this model by

Z’fH
P(lzo:z1:22:23]) = — .

Kk k1—k
0%3

The only singular point of the above curve is [1 : 0: 0 : 0].
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Theorem 8 may be used to find algebraic curves for closed Riemann surfaces S admitting an
Abelian group G < Aut(S ) whose quotient orbifold S /G has signature of the form (0; k, k"~!, k", k).
In fact, let Q : S — S/G = O be a regular Abelian branched cover with G as Deck group. Let
R be the homology cover of O, let P : R — O be the regular Abelian branched cover, with Deck
group H < Aut(R). Then there exists a subgroup K < H, acting freely on R and so that G = H/K,
and there exists a regular unbranched cover F : R — S, with K as Deck group, satisfying that
P = Qo F. As we have explicit curves for R and an explicit presentation for H, the classical
invariant theory permits to obtain explicit algebraic curves for S and an explicit presentation of G.
We show an application in the next section.

3.5. Families with Galois group of order p"*!

. As mentioned before, we are interested in regular
p*l-covers of orbifolds of type (0; p, p*~!, p", p"), where n > 2 and p is an odd prime. In Section
9 we will see that the algebraic structure of the corresponding groups of order p™*! is restricted
to only two algebraic types: a direct or a semi-direct product of Z,» and Z,. The geometric types
(classified by either geometric signature or generating vector for the corresponding action) are
more varied: four different types are found in each algebraic case.

We study the corresponding families of Riemann surfaces, giving their algebraic curves in the
abelian case.

The next result makes the above more explicit for the case when G = Z, X Z,., where p is a
prime. As we will see in its proof, this is a heavy computational procedure, but not a hard one.

Theorem 9. Let S be a closed Riemann surface S admitting a group G < Aut(S) such that
G=(A,B:A? =B" =[A,B] =1) = Zp X Ly and O = S |G is a Riemann orbifold with signature
O; p, p L, p*, p), where n > 2 and p is a prime. Let R be an homology cover of O, let H < Aut(R)
be so that R/H = O. Let K < H be the normal subgroup so that S = R/K and G = H/K.

() If K = Zy-, then there exist B € {1,2,... ,p”‘l -1}, a € {0,1,....,p—1} and q €
{1,....[(p" = D/pl}, with (B,p) = 1 = (p, q), such that a (singular) projective algebraic
curve representation of S is given by either of the following two families.

(a) If a = 0, then there exists A in C, with A # 0, 1, such that

A=Dwi —w)+wl = 0 3
S P 4wl B P PR cP
(=D (wy + w))Twy +w, Wy =0
and the action of G is generated by the following projective linear transformations
A(lwo : wi twaiwsz]) = [piwo : wyi @ wy @ ws]

n—1_

[wo : piwr i ph Pwy :wa]

B([wg : wy : wy : w3])

where p;, = eilr The regular branched covering map Q : S — S /G in this model is
represented by

wp + wy
O([wo = wy :wy 2 w3]) = R

0

The singular points of the above curve are given by the (p + 1) points [0 : 0 : 1 : 0]
and[1:0:0: (1 -2)"7].
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(b) If @ > O, then there exists A in C, with 1 # 0, 1, such that

1 q+1 n—1_ _
"W ((/l )1)NV‘1’ — W TRET = 0
S a C Pz
p. p(p"=p)+ap-p + (_ ) H ( _ )p —ﬁ(/l P)a = 0
Vo V3 —(/1 1 )a+p 3 V3 Vo — V3 = .

and the group G is generated by the transformations

A([vo:viiva:vi]) = [vo:w :pfr_ﬁvz 3]
B([vo:viivyiw3]) = [PgnilVo 3,05’171_'8\’1 v w3l
The regular branched covering map Q : S — S/G in this model is represented by
vy — Vi

O([vo:vi:vaiv3]) =

Vo Ve

(2) If K = Z,»» X Z,, then there exist A in C, with A # 0, 1, integers y,v € {1,...,p — 1} such
that a (singular) projective algebraic curve representation of S is provided by the following
plane projective curve

n—1
O e l’ v PP (p=y=1)+p+py 2
{ A7 )+l (uO + ”2) ((’l = Dug - ”2) tup i =0p CP.

and the group G is generated by the transformations

Alug : uy tup]) = [prug @ uy - up]

B(luo : uy twa]) = [uo : patts @ ur]
The regular branched covering map Q : S — S /G in this model is represented by
Au?

0

Up : Uyt Up]) = ———.
O([uo = uy : uz]) "
3.6. Field of moduli. If S is a closed Riemann surface, then it follows from the Riemann-Roch’s
theorem that S may be described by an irreducible non-singular projective algebraic curve C. It is

clear from the definition that we may define the field of moduli of S as the field of moduli of C and
a field of definition of S as a field of definition of C.

Theorem 10. Let p > 3 be a prime, n > 3 be an integer, S be a closed Riemann surface, and
H < Aut(S) be a p-group with S /H of signature (0; p, p"~, p", p"). Then S may be defined over
its field of moduli.

Remark 11. Under the hypotheses of Theorem 10, if Aut,,(S/H) is non-trivial, then S/H admits
an extra conformal involution J such that (S/H)/{J) is the orbifold whose underlying Riemann
surface is C, with exactly three cone points (of orders 2p, 2p"~! and p"). It follows that S is a Belyi
curve and hence it may be defined over a finite extension of Q.

Our next result computes the field of moduli for the homology covers of orbifolds with signature
0; p, p" ', p", p"), where p > 3 is a prime and n > 2.
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Theorem 12. Let p > 3 be a prime and n > 2 be an integer. For each 1 € C —{0, 1}, let C, as in
Theorem 8 with k = p. Then the following properties hold.

() Ca=C,for A, ue C—{0,1}if and only if u € {A,1/4};
(2) M(C)) = QA+ A" and
(3) M(C)) is a field of definition for C,.

Theorem 12 will be proved using arguments similar to those given by Debes-Emsalem in the
proof of Theorem 2. In our case, we do not consider the quotient by the full group of automor-
phisms, but just the quotient by the Abelian group H in Theorem 8.

4. Proor oF THEOREM 3

4.1. Proof of part (1). As previously noted, there is a regular branched cover P : § — C, with
H as Deck group, so that its branch values are oo of order p, 0 of order p"~!, 1 of order p" and A
of order p". Let us denote by O, the orbifold whose underlying Riemann surface is C and whose
cone points are oo of order p, 0 of order p"!, 1 of order p" and A of order p”; that is, O, = S/H.

If H is not a p-Sylow subgroup, then there is some H < K < Aut(S), where K is a p-group and
[K : H] = p. It follows that there is an automorphism of order p > 3 of the orbifold O,. As there
are no three cone points with the same order, this is impossible.

4.2. Proof of parts (2) and (3). If n > 3, then it is easy to see that

BRI 1€ C—{0,£1},
Aut,(0,) = { (1(x) = =7), A=-1.

Since Auty(S)/H < Auty,(O,), it follows that

H, 1e€C-{0,+1},
AUtH(S):{K S

where [K : H] € {1, 2}.
If n = 2, then
_ ) (al(z) = A/z), 1€ C—{0, 1},
Autorb(o/l) - { <T(Z) — _Z,ﬁ(Z) — _1/Z>, 1= _1.

Again as Auty(S)/H < Auty,(0,), it follows that

E, 1eC-{0,=x1},
AutH(S):{E A:_l{ }

where [H : H] € {1,2} and [K : H] € {1,2,4}.
4.3. Proof of part (4). As a consequence of the results in [14], there exists a prime p, such that

the group H is a normal subgroup in Aut(S) for p > py; that is, Aut(S) = Auty(S). Next, we
proceed to prove that p, may be chosen as desired.

Let p > 3 be any odd prime. We already know that H is a p-Sylow subgroup of Aut(S) and that
S /H has signature (0; p, p*~!, p", p"). If S/ Aut(S) has signature of the form (0;a, b, ¢, d), then it
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follows from Singerman’s list of maximal Fuchsian groups [22] that (0; a, b, ¢, d) = (0; p, p™', p", p")
and, in particular, that H = Aut(S).

Thus we need only take care of the case when S/ Aut(S) has signature of the form (0;r, s, t).
In this case, at least one of the values r, s, f should be a multiple of p”. We may assume ¢t = kp",
where k is a positive integer. We may also assume that 2 < r < s and, moreover, that if r = 2, then
s > 3. Let D =[Aut(S) : H]. If D = 2, then clearly Auty(S) = Aut(S).

From now on assume that D > 3. Riemann-Hurwitz (hyperbolic area comparison) asserts that

(5) D(l—l—l— l)zz_l_L_E,

where both sides are necessarily positive.

Lemma 13. If

(1) either p >, or
(2) pe{3,5}andn >3,

then D < 11.
Proof. Assume D > 12. As (r, s) # (2, 2), it follows from (5) that

11 1 1 2
D|=- <2-—-—-=.
6 kp p P

1 1
Since (6 - k_) is positive, the last inequality implies that
p}’l
12
< —
2+ p+pr!

Therefore, if p > 7 then
12 12 3
k < < -
24p+pt T 24+2p " 4
and if p € {3,5} and n > 3 then

12 12
k < <
24p+pt T 243432
obtaining a contradiction in all cases. O

The following Proposition gives the desired result.

Proposition 14. (1) If n > 2, then py < 7.
(2) If n = 3, then py < 5.

Proof. Let us denote by N, be the number of p-Sylow subgroups of Aut(S). We need to prove that
N, =1, if either (i) p > 7 is prime and n > 2 or if (ii) p > 5 is a prime and n > 3.

As N, =1 mod p, we may write N, = 1 + pL,, where L, is a non-negative integer.

If we assume that N, > 1, then N, > 1 + p. As N, divides | Aut(S)| = D|H|, it follows that N,
must divide D.

If p > 11, then N, > 12; as D < 11 by Lemma 13, we obtain a contradiction.
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For the remaining cases, we will make use of the following equality, obtained from (5),

11 D
(6) (D(l————)—Z)p"+p"‘l+p+2:EE{l,...,D}.
S

Note that both sides in this equality are positive integers.
It p =7, since D < 11 by Lemma 13, we must have that L; = 1 and N; = D = 8. If either

r,s >3orr=2and s > 4, then
1 1
(8(1————)—2)20
ros

and the left side of (6) is bigger than 8, a contradiction to the fact that the right side should be less
or equal to D.
We are left with the case r = 2 and s = 3. But in this case the left side of (6) equals

1 1
(8(1 ————)—2)7"+7"—l +9<0,
again a contradiction.

Now we consider p = 5 and n > 3. In this case either (i) Ls = 1 and Ns = D = 6 or (i1) Ls = 2
and Ns =D =11.
For D = 6, if either (a) r, s > 3 or (b) r = 2 and s > 6, then

and the left side of (6) is bigger than D, a contradiction. The remaining cases are r = 2 and
3 < s < 5. But in these cases we have

1
(6(1————)—2)5"+5"-1+7<0,

again a contradiction.
For D = 11, if either (a) r, s > 3 or (b) r = 2 and s > 4, then

and the left side of (6) is bigger than D, a contradiction. The remaining cases are r = 2 and s = 3, 4.
But in these cases we have

1 1
(11(1————)—2)5"+5"-1+7<0,

again a contradiction.

5. PrOOF oF THEOREM 8

Let R be the homology cover of an orbifold O with signature (0; &, k"1 k", k™), where k,n > 2.
The closed Riemann surface R admits a group H < Aut(R), where H = Z; X Zj»-1 X Zy» and such
that R/H = O.

First consider the Riemann orbifold O* obtained from O, but assuming all cone points of order
k". The homology cover of this new orbifold is a closed Riemann surface S admitting a group
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H* < Aut(S), H* = Zin X Zjn X Zjn, and such that O* = S/H*. It is known (see [10]) that an
algebraic curve representation of S is given by

0 3

0 } c P,

k}’l n k}’l
EZ { X + x’{ + X5
a([xo : x1: X2 : x3]) = [PnXo 2 X1 2 X2 & X3]

le n le
Axy + x’f + X3
that H* is generated by the projective transformations

b([xo : x1 @ x2 1 x3]) = [x0 : ppx1 2 X2 1 3]
c([xo @ x1 2 x2 0 x3]) =[x @ X1 1 ppxa & x3]

and that the holomorphic map

k}’l
— — X1
m:C—>C:[xg:x1:%:x3]> —|—
X0

has degree k*" and is a branched regular cover with H* as Deck group. In this case, n(Fix(a)) = oo,
n(Fix(b)) = 0, n(Fix(c)) = 1 and n(Fix(abc)) = A.

Now consider the subgroup of H* given by K = (a*, b Y = Zyput X Zy, and set Oy = S/K. The
group Hy = H*/K is a group of conformal automorphism of Oy, Hy = H, and Oy/H, = O".

Clearly, if Ry denotes the underlying Riemann surface structure of the Riemann orbifold Oy, then
Ro/H, is the Riemann orbifold O. In this way, since any two homology covers of O are conformally
equivalent, we may assume R = R,.

In order to find an algebraic curve representation for Ry we proceed as follows. First, we consider
the affine curve representation of S defined by x = xy/x3, y = x;/x3 and z = x,/x3; that is,

_ L LR L
Co:{ka,f’fykffl;g}c@
and the action of H* is generated by the linear transformations
a(x,y,2) = (OnX, ¥, 2)
b(x,y,2) = (X, pny,2)
(X, ¥,2) = (X, ¥, 0n2)

The subalgebra of (a*, 5"y invariant polynomials, C[x, y, 24P s generated by the mono-
mials x*'', y* and z. It follows that the holomorphic map

F:CP =
(x5, y,.2) > (X )2 = (v, w)

is a regular branched covering with (¥, b*""') as Deck group, and therefore F(Cy) provides an affine
algebraic curve representation of R, given by

k knfl K" _

u +ve o +wt = 0 c
k ! _ :

Au*+ve +1 = 0

where the action of H = H*/K is generated by

F(Cy) = {

ao(u, v,w) = (p1u, v,w),
bo(u, v, w) = (U, Pu_1v, W),

co(u, v,w) = (U, v, p,w).
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If we consider the projective space P? with coordinates [z : 71 : 2> : z3], and we set
20 21 22
U=—,v=—, w=—,
a3 a3 3
then we obtain that R is represented by the projective algebraic curve
n_ n—1 n_pn—1 n
C _— k knfl_k knfl knfl C P .
Azy73 +zp +zz = 0
As the branched covering map P : R — R/H must satisfy that # = P o F and
A . . n—1 . k kn—l_k . n—l_l . kn—l
F([xo : x; .XZ.X3]):[X16 DX X3 .x2x§ ix3 1,

then
<y

knfl
P(lzo:z1: 20 : z3]) = —( — ]
Foteli

6. PrROOF oF THEOREM 9

Consider a closed Riemann surface S admitting a group G < Aut(S) such that G = Z, X Z»
and O = S/G is a Riemann orbifold with signature (0; p, p"~!, p", p"), where n > 2 and p is an odd
prime. Denote by P : § — O the natural holomorphic branched cover with G as Deck group.

In this section we will find algebraic curves representing S and the action of G on them.

Let R be the homology cover of O, and let Q : R — O = R/H be the branched regular covering
with H as Deck group, where H = Z, X Z -1 X Zp.

Since G is abelian, there is a subgroup K < H such that S = R/K (and hence K acts freely on
R), G = H/K, and there is a regular holomorphic covering 7 : R — § with K as Deck group and
O=PoT.

Consider the affine algebraic curve Cy representing R, obtained from Theorem 8 by making
3 =1,

n—1 n

p P p

z,+z, +z, =0

C(): Op lpn—l 2 CC35
Azy + 7 +1=0

in which case the group H is generated by

ao(z0,21,22) = (0120,21,22)
bo(20,21,20) = (20,Pn-121,22)
co(20,21,22) = (20,21,P0n22)

6.1. Algebraic structure of K. We next describe the algebraic structure of K. At this point we
should note that, using the model of R given in Theorem 8, the transformations in H acting with
fixed points on § are exactly the ones that belong to {(ay) U (by) U (co) U {(aoboco).

Proposition 15. Consider the algebraic model of (R, H) provided by Theorem 8. Let K < H be
such that K acts freely on R and H/K = Z, X Z,». Then, either

(1) Zy-1 = K = agbocy), where (p,q) =1and 0 <a < p—1; or

(2) Zp2XZy=K = (bapcgzv) X <aocgn_]7), where (p,v) = land1 <y <p-1.
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Proof. Consider a surjective homomorphism
(DZH%J:ZpXan

with K = ker(®) acting freely on R. Note that the order of K is p"!.
Then
a) K N ({ap) = {1}, which implies that ®(a,) has order p;
b) K N {by) = {I}, which implies that ®(b,) has order p"!;
¢) K N{co) = {I}, which implies that ®(cy) has order p"; and
d) K n<{apbocy) = {I}, which implies that ®(ay)P(by)P(c() has order p".
Hence the subgroups of J given by (®(b,)) and (®(cy)) have respective indices p? and p, and
there are two cases to be considered, as follows.

Case i). Assume (D(by)) C (P(co)). Then there exists 1 < u < p — 1 such that O(by) = P(c}"), in
which case i = bocgp “is an element of K of order p"~!, and therefore K = (h) is cyclic of the form
given in case (1).

Case ii). Assume (D(by)) ¢ (D(cp)).
Then we have the following commutative diagram of subgroup inclusions and corresponding
indices

(D(cop)) (D(by))
(D(cp)) N{D(by))

and it follows that ,
(D(co)y N{D(bo)) = (D(cy )y = (D(bY)) .

Hence there exists v such that sy = cgzvbap is in K, and hy has order p"~2. Also note that
(v, p) = 1, since otherwise an adequate power of i, would be a nontrivial power of by in K. It
follows that there are two possibilities for K, either K = Z 1 or K = (ho) X () = Z > X Z),.

Subcase K is not cyclic. As previously noted, in this case K = (hg) X (t) = Z,> X Z,, where
hy = cgzvbgp and (p,v) = 1. Ast € H has order p, it has the form ¢ = a2h/” Hcgp "' where
a,B,y€{0,1,....p—1}L
Let us assume @ = 0. If y = 0, then 7 € (by). As K acts freely on R, necessarily t = 1 and we get
n—2 n—1
a contradiction. If (y, p) = 1, then we may assume ¢ = b'gp ¢y (by considering an appropriate
power of the original 1), hence i = th," "= pEHP " e KN (by). Again, as K acts freely, 7 must
be trivial, and ¢t would belong to (h), again a contradiction. Then we have proved that @ > 0.
Since ¢ has order p, we may replace ¢ by a suitable power of it in order to assume that t =

aobgprchgpnfl.
We now claim that we may assume § = 0. Indeed, if 8 > 0, then ¢
element of order p in K that does not belong to (A).

Therefore we may write ¢ = aocpnfly, and observe that 1 < ¥ < p — 1 because K N {(ay) = {I}.
This is case (2).

B _ P )
hy, = aoc, is an
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Subcase K is cyclic. In this case, K = (h) = Z 1. Let us write
_ apBy
h = agb ¢,

wherea € {0,1,...,p—1}, B {0,1,....,p" =1}, y €{0,1,...,p" — 1}.

The condition ¢’ "' = W' = 1 ensures that ¥ = 0 mod p. It follows that either y = 0 or
v =pq, where s e {l,....,n—1}and (p,q) = 1.
Next, we need to ensure that, for 6 € {1,2,..., p""! — 1}, no power h’ acts with fixed points in

C; that iS, h(s é <Cl()> U <b0> U <C0> U <a0b0€0>.

But if y = 0 then h¥ = bgﬁ is a nontrivial element of the group generated by by, a contradiction.
Similarly, if s > 1 then A" = bf 7" is a nontrivial element of the group generated by by, a
contradiction.

Therefore h = agbgcgq, with (p, g¢) = 1, and it follows that /° is not in {(b).

Butif 8 = 0 mod p, then hP" = ¢ is a nontrivial element of the group generated by ¢y, a
contradiction. Hence (p,8) = 1, and A° is not in {cy).

We note that 2° € {ay) implies that 56 = 0 mod p"!, and since (3, p) = 1, to have § = 0
mod p"!, which is not possible by our choice for 6.

The condition #° € {agbocy) implies that 6 = pgé mod p"!, from which (8 — pq)é
mod p"‘l, and then § = 0 mod p”‘l, which is not possible by our choice for 6.

By taking an appropriate power of 4, we may assume that

—_ (01 Pq
K = {ayboc," ),

0

where (p,q) = 1.
Now note that in this case 1 < @ < p—1, since @ = 0 implies that ®(by) = D(cy) "7 is an element
of (®(cp)), which is a contradiction, as we are in case ii). This is case (1). O

6.2. The cyclic case. As a consequence of Proposition 15, we may assume
K = {agbocy?,
where (p,q) = 1 and @ € {0, 1,..., p — 1}. Note that

agbocy’ (20,21, 22) = (P120, Pu121, Pl 122)-

6.2.1. The case @ = 0. We next search for polynomials in C[zy,z;,2,]X. We first note that z, €
Clzo,z1,22]1%. Next, we search for polynomials of the form 712, € Clzo, 21, 221X, where u,v €
{0, 1,..., p"!}. The invariance property obligates to have that the values u and v must satisfy the
relation

u+vg=0 mod p".

As (p,g) = 1, we have that some of those polynomials are given by

pn—l pn—l q pn—l_l
AR AR £ 45

Let us consider the holomorphic map
F:C -

n—1 n—1 n—l_l

F(z0,21,22) = (0,2) ,2 ,Ziz5 ) = (X1, X2, X3, X4).
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Let us note that x;/x3 = z? /z2. As (p"7!, q) = 1, it follows the existence of integers a, b so that

aq + bp"' =1, that is, z; = (Z)*(z} H)b = (x4/x3)°x5. It follows that z; is uniquely determined
by the tuple (xi, x», x3, x4) and a choice for z,. In particular, as zj is uniquely determined by xj,
one sees that the map F has degree p"~! and it is K-invariant. In this way, an affine algebraic curve
defining F(Cy) is given by

X+x+xi =0
F(C)=4{ A+x+l = 0tcct
Xy, —xjxy )

and a projective one is provided by taking x; = yo/y4, X2 = y1/Y4, X3 = Y2/V4, X4 = y3/Vs4, Where
[Yo : ¥1: Y2t y3,y4] € P, as follows
-1
Yoty ¥, =0
ﬂy@’ + Y1y, | +y) = 0 }cP
J1— n—1__ 1_
yg - yi]yg 1)’4 7 = 0

The map F is, in projective coordinates, given as

n—1_ n—1 n—1 n—1_ _ n—1
Fzo:zi:2 D) =202 il o o820 70 =Dy iy ys iyl
As, by the first equality above,
Yo+
yi=-— 1|
Yy
the above also provides the (bi-rational) algebraic curve

{ (a—nyé’—n_y,‘;]wi Lo =0 }CP3
(DTog+ahy Ty T = 0

By making the change of coordinates wy = yo, w; = y2, W, = y3, w3 = y4, the above is written as
follows

PP 1P
(/1 B 1)WO _n‘:vl'1 ]+ W3 n—1 1 C ]P)3
(=D wy +wiw? T+ wh wiT = 0
and the map F is given as
1_ -1

n=1_1 n )1—1_1 1- n—1
Flzo: 21 22t z3]) = [207 12y izl Tz tidy 1=1[wotwriwa i wsl

In this case, the group G = H/K is generated by the transformations

Ar([wo :wi iwp tws]) = [piwo @ wi 2 wa D ws]
Bi([wo :wi twaiws]) = [wg:wy ZPZ_lw% s wsl
Cillwo i wi twaiwsl) = [wo:piwi:pl “'wy:wsl

Notice that the elements A = A; and B = C; also generates G as desired. As the branched
covering map Q : § — S/G must satisfy that P = Q o F, where P : R — R/H is (as in Theorem
8) given by

<

pnfl
P AR =S\
([zo:z1:22: 23] [ppn—l_p]
20%3
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and since
n—1
4 p-1 P P P P
& __()’1)/4 )_y0+y2_w0+w1
n—1_ - P - P - D ’
v Yo Yo Wo
we obtain
wp + wy
O([wo : wy :wa i ws]) = — 7

0

6.2.2. The case a € {1,2...,p — 1}. Next, we search for polynomials of the form zz{z} €
Clzo,z1,22]%, where t € {0,1,...,p— 1} and u,v € {0, 1,..., p"~!}. The invariance property obli-
gates to have that the values u and v must satisfy the relation

tap"*+u+vg=0 mod p" .

As (p,q) = (a, p) = 1, we have that some of those polynomials are given by

n—1 n—1 n—1 n—2
p P p g pr" -1 _p-1_ap
Z09 Zl D) Z2 D) Z1Z2 D) ZO Zl
Let us consider the holomorphic map
F:C5C

n—1 n—1 n—I_l ~1 n—2
F(z0,21,22) = (2,2] 35 ,2(2 .2y 2,0 ) = (X1, X2, X3, X4, X5).

Let us note that x4/x;3 = z‘f/zZ. As (p"',q) = 1, it follows the existence of integers a, b so
n—1
that ag + bp"™' = 1, from where z; = (29)(z] )’ = (xa/x3)x5z,. It follows that z; is uniquely
determined by the tuple (xi, x,, x3, X4, x5) and a choice for z,.
_ n—2 . . .
As z{ is uniquely determined by x;, and z; lz(f” is uniquely determined by x,, x3, x4, x5 and a
choice of z,, we have that z is also uniquely determined by the previous data.

All the above permits to see that the map F has degree p"~! and it is K-invariant. In this way, an
affine algebraic curve defining F(C)) is given by

Xi+xm+x, = 0
Axi+xx+1 = 0 s
F(CO) = xpn—l _ qupn—l_l _ 0 C C
4 243 =
P pP—l o _
xg—xp oxy = 0.
We may write x, = —(x; + x‘g’). In this way, writing u; = xy, u, = x3, u3 = x4 and uy = xs, the
above curve is
_ P —
1 (A= Duy — uy -il- { =0
4 1 NI ) S 4
uy; + (=D (u +1142)‘1u2 = 0 pcC
P 1, p- P _
u, + (=D u] (u +uy))* = 0.

Now, we may write

1 p
U = I l(uz - 1)7
and setting y; = uy, y, = u3 and y3 = uy, the above curve is
11— —1 q+l n—1_
T Y L
(/l - 1)1] c C3
’ (_1)a+1

I
e

—-1 a
e L R
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and F is of the form

n—1
F(z0,21,22) = (z§ ,Zng ,ZO le ) = (V1> Y2, ¥3)-
Writing y; = vo/vs, y» = vi/v3 and y3 = v,/v3, we obtain the projective model
. B -1 g+1 _
V) Ivg’q v, D (xlvo—v3)‘1v0 o
(/1 - l)q - P3
p.D +p(a/ 2) (_1)a+l

Vivh vy = vHrtah -

S E—— 0.
(/l _ 1)a+p—1
and for n > 3 we have that max{p"!, p" ! + g —1,ap"?+p—1} = p"' + g — 1 and therefore
F : P3 — P? is given as follows.
n—1 _ n—1_ @ n—1 —p—a n—2 n—1 _
Flzo:z1:22:zal) = [2 207 o g0gl ™ 0o g lgon " g ampmen™ ety

In the case n = 2 a similar formula may be given for F'; the maximum value above is p + g — 1

if g > @ and p + a — 1 otherwise.

Continuing with n > 3, the group G = H/K is generated by the transformations

Ar([vo:viivaiw]) = [w: V1 Pl_lvz :vsl
By([vo:vitvaivsl) = [vo:pl 1V1l pPiv2 1 vs]
Co[vo:vi:vaivsD) = [pvo:pl ~'vitva:vs]

Notice that the elements A = A, and B = C, also generates G as desired. As the branched
covering map Q : § — S/G must satisfy that P = Q o F, where P : R — R/H is (as in Theorem

8) given by
ZfH X uy + u
Plzo:z:n:6)=—|——|=-|—]|= -
e 7 X1 iy
=1+ (/l_l)u2_1 (/l_l)yl _
(uh = 1) (}’p -1
L @=
B Vo — V5 ’
we obtain
Avg — V4

O([vo :vitvaivs3]) =

N
Vot V3

6.3. The non-cyclic case. In this case,

nl

= (b apc!?y,
where (p,v) =landy e {1,2,...,p - 1}.
We have that

pP PPy _ -1 v
o Co (20,21,22) = (20, Pp 2215 Pp_222)

n—1
aocy” (20,21, 22) = (0120, 21, P 22)

Clearly, 752225 € Clz, z1, 221X if and only if
A+Cy = 0 modp
Cv—-B = 0 mod p"?
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In this way,
2.2, 22782 € Clzg, 21, 220%
Let us consider the map
F:C >

n—2 _
F(z0,21,22) = (20,2) -2y 2122) = (X1, X2, X3).

. . n—2
If we fix (x1, x2, x3), then we have p choices for zg (z = x;) and p"~* choices for z; (2 = x,).
Once we have made such choices, the value of z, is uniquely determined from zg_yzizZ = x3. It
follows that F has degree p"! and is K-invariant us desired.

The algebraic curve F(C)y) 1s provided by

p""(p—y)xpzv P "o
F(C) =1 % ) (x1+x2)+x3 = c 3
(Co) { Ax + 20+ 1 = 0
As
(1+ x4
x| = ——

this curve is also represented by, taking y; = x, and y, = x3,
n—1¢ 4
(=1 e Ao 2, (L) o 5
{—/lp"_l(p—y) (1 +y1) oy - 7 +y, =0, cC.
A projectivization of this plane curve is given by, using the projective coordinates [ug : u; : u;] €
P? and taking y; = ug/u, and y, = u;/u,, the following one
n—1
(-7 > p e\ P p_ D P P (p—y—D+p+pPy 2
{W(uo+u2) u; ((/l—l)uo—u2)+ul u, =0, cP-.
In this case, the transformations ay, by and ¢, define the transformations
As([uo :wy s up]) = [uo s py 7wyt us]

B3([uo : uy @ uz]) [o1uo : P, _ ur = us]
Cs([uo = uy = us]) [uo : ppur @ us]

Notice that the elements A = C; ""B; and B = C; also generates G as desired. As

n—1

P p

z Ay
P(z0,21,2) = —| | = 7 =,

0 Ty

we obtain that
)4
/luo

p P’
I/t0+1/t1

O([ug : uy = up]) =
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7. Proor oF THEOREM 10

Let C be a non-singular projective algebraic curve admitting a p-group H of conformal automor-
phisms of C with C/H of signature (0; p, p"~!, p", p") and let P : C — C/H = Chbea holomorphic
branched covering with H as Deck group. We may assume the branch values of P are given by co
or order p, 0 of order p" ! and 1 and A € C — {0, 1} the ones of order p". We notice that

Auto,(S/H) = { iIJ}(’Z) = —7), j i :}

Let Kc = {0 € Aut(C/Q) : C? = C}. For each o € K¢ there is a biholomorphism f, : C — C7.
As H” is unique up to conjugation in Aut(C”), by Theorem 3, we may assume that f, Hf;' = H".
It follows that there is a Mobius transformation M, so that P“ o f, = M, o P. The transformation
M, is uniquely determined by f,. As M, must preserve the cone points and their orders, it follows
that M, (c0) = 0o, M;(0) = 0 and that {1, A,} = {M(1), M,()}, where 4, € C - {0, 1} is branch
value of order p" of P” : C“ — C (in fact, A, = o(4)). It follows that either (i) M, = I, in which
case A, = A or (i) M,(z) = z/A, in which case A, = 1/A4.

7.1. Let us assume, from now on, that 1 # —1.

Eemgla 16. Let A i,:l and o € K¢. If there is another biholomorphism ]/‘; : C — C7 such that
f-Hf;' = H?, then f, = ho f,, for some h € H.

Proof. If there is another biholomorphism f, : C — C7 such that f,Hf.' = H, then f;' o f, €
Aut(C) normalizes H. In this way, f Lo £, induces an element of Aut,y,(S/H). As this last group
is trivial, we obtain that f;! o f, € H. |

As a consequence of Lemma 16, M, is uniquely determined by o and, in particular, the col-
lection {M,, : o € K¢} satisfies Weil’s conditions in Theorem 1. Hence, there is an isomorphism
R : C > B, where B is defined over M(C), with the property that R = R” o M,, for every o € K¢.

Let us consider the Galois cover Q : C — B, where Q = R o P. We note that, for o € K, it
holds that (as P7 = P)

Q"o f, =R’ oP of,=RoM,'oM,oPof'of,=RoP=0Q.

Now we follow Debes-Emsalem’s arguments [6]. Assume we are able to find a point b € B
which is M(C)-rational and so that b is not a branch value of the Galois covering Q. Fix a point ¢ €
C so that Q(c) = b. It follows that the H-stabilizer of c is trivial. We have the points o (c), f-(c) €
C7. As

Q7 (0(c)) = o(Q(c)) = o(b) = b,
and
Q7 (f-(c)) = Q(c) = b,

it follows that there is some h, € H so that h,(f,(c)) = o(c). Moreover, as a consequence of
Lemma 16 and the fact that ¢ has trivial stabilizer in H, such i, € H is unique. In this way, we
may assume that f,(c) = o(c) and, by the above, such an isomorphism is uniquely determined by
o. Again, by the uniqueness, this new family {f,, : o € K,} satisfies Weil’s conditions and, by
Theorem 1, C is definable over its field of moduli.
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In this way, in order to finish our proof, we only need to find a M(C)-rational point on B
outside the branch set. This is equivalent to find a point r € C — {00, 0, 1, A} with the property that
R(r) = o(R(r)), for every o € K¢. As o(R(r)) = R (0 (r)) = R(M;l((f(r))), we need to find a point
re C—{0,1, A} such that

M, (r) = o(r).
In this way, we need to find a point r € C — {0, 1, A} so that
(1) if o(1) = A, then o°(r) = r; and
(2) if (1) = 1/A, then o(r) = r/A.

Condition (1) asserts that we need to find r € Q(A). Clearly, any point of the form r = a(1 + ),

where a € Q satisfies (1) and (2).

7.2. Let us now consider the case 4 = —1. We have, see Remark 4, that either (i) Auty(C) = H
or (ii) Aut(C) = Auty(C) and [Aut(C) : H] = 2.

In case (i) we may proceed as in the case 4 # —1 as Lemma 16 still valid in this situation (the
normalizer of H in Aut(C) is H).

In case (i1) we have that C/Aut(C) = (C/H)/{J), that is, C is quasiplatonic, so it is defined over
its field of moduli.

8. PrROOF OF THEOREM 12

Since

n—1 1 n—1

n n—1 1 n—1 1
pp"=p P pp P
C, =1 0% tLon ot = 0 c P
A28 P+ +d =0

and

an—l
P(zo:z1:22: 23] = —(WJ,
0<3
then, for each o~ € Aut(C/Q), one has that C] = Cy(;) and P7 = P.
Let K; = {o € Aut(C/Q) : C; = Cy(p)}, 50 M(C,) = Fix(K).
If o € K, then there is an isomorphism f, : C; — Cy(y. As a consequence of Theorem 3, we
may assume f,Hf, !'= H. So, there is a M6bius transformation M, such that M, o P = P7 o f,.

As M, must preserve the cone points and their orders, one has that
My(00) = 00, Ms(0) = 0, M1, 4} = {1, 0°(D)}.

It follows, from the the two first equalities in the above, that M,(z) = Lz, for a suitable L €
C — {0}. The equality M,{1,4} = {1,0(A)} asserts that either (1) L = 1 and o(1) = A or (2)
L = o(A) and (1) = 1/A. As a consequence, we have proved (1) and (2).

Part (3) is consequence of Theorem 10.

9. GALOIS GROUPS OF ORDER P!

In this section, we consider those groups G of order |G| = p"*!

surfaces with signature (0; p, p"~!, p", p"), for any odd prime p.
The algebraic structure for these groups is determined by the following result.

acting on compact Riemann
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Proposition 17. Let p be an odd prime number and let G < Aut(S) be a group of order |G| = p™*!
acting on a compact Riemann surface S with S |G of signature (0; p, p"~', p", p").
Then G is isomorphic to either
(1)
Ly X L), ,0r
(2) ul n—1
(y:x =y =1Ly 'xy=x"""").

Remark 18. Note that in the first case we have provided, in Theorem 9, algebraic curves for §.
In the second case explicit algebraic curves are more complicated, but we will study this problem
elsewhere.

Proof. First notice that G has a presentation of the form

n n—1

G={(x,x x = x =K = a2 =1,R
=A\X1L, X2, X3, X4 0 X =X, =Xy =X, = X XpX3Xy = 1,

where R denotes other relations.
Therefore G cannot be cyclic, since otherwise it could not be generated by elements of the given
orders.
Moreover, G has a cyclic subgroup of order p”, which is normal because it has index p, and
therefore G is isomorphic to
G = Zp” X Zp = <)C> X ()’>
where o(x) = x* with #” = 1 mod p". The only solutions for u are u = 1 and the powers of

n—1

u = p" ' + 1, and the result follows. |

Remark 19. We will denote the groups appearing in Proposition 17 as follows.
(M G, = (x,y =y =1,y xy = X”>
withu = 1 oru = 1+ p"~!, and we will study the families of algebraic curves admitting G, actions

with signature (0; p", p", p"~', p).

Lemma 20. Consider the groups G, given by (7) and
(8) I'= <Clo, b(),C() d() . Clg = bgﬂil = an = dgn = aob()C()d() = 1> .

Assume © : I -» G, is an epimorphism such that K = ker © is torsion-free.
Then either

) K= <<b0c(;pqa6“ ,aalcoaocaus», withO<a<p-1, 0<s<p and(q,p) =1, or
) K = <<a0c8pnlv ,bgc(;pzq ,balcoboca”x», withl<v<p-1, 0<s<p and (¢g,p)=1,
where {{-)) denotes the normal closure inT.

Proof. Since K is torsion-free, we obtain that
a) K N<{ap) = {1}, and it follows that y; = ®(ay) has order p;
b) K N {by) = {1}, and it follows that y, = ®(b,) has order p"~';
c) K N{cyy = {1}, and it follows that y; = ®(c,) has order p";
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d) K Nn<{apbocy) = {1}, and it follows that y, = ®(d,) has order p".

Since @ is an epimorphism, {yy, y», ¥3, y4} generate G,. But clearly y4 = (y; y,y3)~!, and therefore

{y1,¥2, y3} generate G,,.
We now examine the following two cases separately.

Case I) Suppose (y1,y3) = Gy.

We have that G, = (y3) >, (y1) forsome 0 < s < p. Alsoy, = y{y{? with (¢, p) = 1. Hence
yoy;"yT® = ®(boc,"ay™) = 1 and it follows that boc,"?a;* € K.

Furthermore ®(a,'coapcy”) = y;'ysy1y;* =1 and it follows that ay'coapc,” € K.

Then, checking the order of T'/{({byc,"ay™, aocy'ay'cy™)), we obtain the required

— — — _ S
K = <<bocopqa0“ ,aocy ay' ey >>

Case II) Suppose (y1,y3) < G,.

Then y, = ygnilv with (v,p) = 1, since (y;) is a maximal subgroup of G,. Hence
_ -1

Py
apc, € K. _
It this case (y,,y3) = G, = (y3) > (y2) forsome 0 < s < p. Hence y51y3y2y§”5 =1 from
where b;'cobocy” € K.

. 2 . - 2
Finally, y; =y ? with (¢, p) =1, from where bjc,”? € K.
Again, checking the order of I/ ((aocgp " , bgc(_)pzq by 1Cobocaus»
we obtain K = <<aoc(_)pnilv , bgc()pzq , by cobocy™ ). =

Considering the above notation for the elements y; = ®(ay), y, = D(by), y3 = DP(cy) and
ys = ®D(dp) in G,, we have the following result, which states that examples for both cases as
Proposition 17 exist, by the Riemann existence theorem.

Corollary 21. Ifthe group G,, withu = 1 oru = 1+ p"~!, acts on a compact Riemann surface with
signature (0; p, p"~L, p", p"), then a generating vector for the action may be chosen to be exactly of
one of the following forms.

Q) 01,y Y, y3,y; Py ), with (¢, p) = land 1 <@ < p - 2.

b) 015 ya,y5 Py, with (g, p) = 1.
) 1y Y2 ya,y; P9, with (g, p) = 1

n—1

v —1-p 1ty _
d) oF yayany; © Y

In the first three cases the order of y, is p, the order of y; is p" and y;1y3y1 = ygj withQ < s < p.
In the last case y, has order p"™', y5 has order p", y, = y;’pz and y;'ysy, = y4 with0 < s < p.
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The following table gives the genera of some intermediate curves, where g; denotes the genus
of the quotient of S by the subgroup L < Aut(S).

generating vector u=1+p"! u=1
Pq —T-pq _—1- _ p-1 _ p-1
OLYE YLy Ys T | gon = 5 8o =
S i B i
Sy T 2 Sy eyt T 2
_ 2p"=p"2@2p=D-p _P-p
8oy = > 861y = 3
_ 2 _ 2
Sy =P =2p+1 gy =p -2p+1
80y = 0 804y = 0
gu=p—1 gu=p—1
-T-pq -1 _ —
GLY5HY3Ys T | 8oy =0 8on =0
8oyt =0 8y riyty = 0
_ 2p"—p"*Q2p-D-p _P'-p
8oy = 5 81y = 3
2 2
_ =3 —_ P =3
8oty == +1 8o == +1
804 :10 804y :10
gm = "5 gm =5
-1 ,,P4 —-I-pq — —
()’1,)71 Y3:¥3, Y3 ) 83y = 0 83y = 0
8y =0 8yyry =0
_ 2p"-p"@2p-D-p _P-p
8oy = 2 861y = 3
_ 2 _ 2
S =p —2p+1 Jgun=p -2p+l
80hyy = 0 80k = 0
gu=p-—1 gu=p-1
n—1 1= n—1 _
04 "yynys T ) | 8oy =0 8on =0
_1—pn—1y :0 __pn—1y :0
g<y3' P g<y3l T
_ 2p"=p"p _ 2= p
8oy = 2 8oy = 2
2 2
_ =3 —_ P =3
8oy == +1 8o == +1
804 :10 804 :10
gm =5 gm =5

where M is any cyclic maximal subgroup acting freely.
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