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This work is a natural companion of [I0], where the dynamics of cocycles of isometries of R’
over a minimal dynamics (semigroup action) is studied. While [I0] is mostly devoted to the case
in which the orbits of the fibered (skew) dynamics are bounded (a condition that turns out to be
equivalent to the existence of a continuous invariant section), here we concentrate on the opposite
(i.e. mon-reducible) case. For simplicity, we restrict our attention to actions of Z. Thus, we
consider a minimal homeomorphism 7" : X — X from a compact metric space X to itself, and
given two continuous functions ¥ : X — O(R) and p : X — R, we consider the dynamics of the
fibered transformation

(z,v) — (T(z), ¥(z)v + p(z)).

Such a fibered map will be referred to as a cylindrical vortex, a name that is inspired from that
of the classical cylindrical cascades, which correspond to vortices with ¢ = 1 and ¥(x) = Id, for
all x € X. One of the main difficulties of our study is that cylindrical vortices do not commute
with translations along the fibers. This property holds for cylindrical cascades, and it is actually a
fundamental tool for the study of their dynamical properties (e.g. the classical proof of Gotsschalk-
Hedlund’s theorem [12]).

Our first theorem is a generalization of an old result of Besicovitch [6] to our general framework.
Because of technical reasons, we restrict ourselves to the case where X is locally homogeneous, that
is, for every point x € X and every neighborhood V' of x, given y € V there exists a homeomorphism
hv,., sending x into y that is the identity outside V. For example, topological manifolds and the
Cantor set are locally homogeneous.

Main Theorem. No cylindrical vortex over a locally homogeneous space is minimal.

It is worth to stress that the statement above refers to two-side minimality. (All along this
work, the word orbit for an homeomorphism refers always to a two-side orbit.) Indeed, the version
of this result for positive minimality follows from an elementary and classical result of Gottschalk;
see [11].

The validity of our Main Theorem in (fiber) dimension 1 is quite natural; for instance, if X is the
unit circle, then it follows from and important and difficult theorem of Le Calvez and Yoccoz [25].
However, our proof is much simpler and follows the lines of Besicovitch’s, thought it needs a key
modification (we have to consider the case where the linear part of the skew dynamics combines
Id and —1d.)
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In higher dimension, the situation is rather different, and the arguments are of geometric nature.
We follow an strategy initiated by Birkhoff [7], strengthened by Pérez-Marco [22] for germs of 2-
dimensional homeomorphisms fixing the origin, and adapted by the third-named author for fibered
holomorphic maps [23]. Basically, the idea consists in attaching to each cylindrical vortex a totally
invariant compact set “at infinity”, which allows concluding the non-minimality. The existence
of such a compact set is established by an argument of approximation of the base dynamics by
periodic ones.

Although non-reducible cylindrical vortices cannot be minimal, they may admit minimal in-
variant closed subsets. This is for example the case if there are discrete orbits. However, in the
case of a 1-dimensional cascade, the existence of such an orbit gives raise to a nonzero drift. The
rest of this work deals with zero-drift cylindrical vortices. After slightly extending a result due to
Matsumoto and Shishikura to this setting (c.f. Proposition [7]), we show how subtle is the higher-
dimensional case. As a concrete example, we construct a 2-dimensional, topologically transitive
cylindrical vortex over an irrational rotation of the circle such that the angle rotation along the
fibers is constant and rationally independent of that on the basis. We close this work by discussing
the arithmetic properties of the pairs of angles thus obtained. As a straighforward application of
the KAM theory, we show that these pairs must satisfy a Liouville type condition provided the
corresponding function p is smooth.

1 Non minimality of cylindrical vortices

1.1 The 1-dimensional case

In this section we prove that 1-dimensional cylindrical vortices cannot be minimal. To do this,
we need to distinguish three cases: when the linear part of the skew dynamics is the identity
everywhere, when it coincides with —Id everywhere, and when it combines I'd and —/Id. The first
case was settled by Besicovitch [6]. The second case follows by slightly modifying Besicovitch’s
arguments. Finally, the third case can be reduced to the second one.

We start by (recalling and) slightly modifying Besicovitch’s proofE] Consider a cylindrical
cascade

F:(z,v) = (T(2),v+ p(z)),

and denote by II the projection of X x R on R. Obviously, if (the II-projection of) the orbit of
a point is bounded either from above or from below, then F' cannot be minimal. Assume next
that all the orbits are unbounded from above and from below. We will show that, in this case, all
the orbits are proper as maps from Z into X X R (compare §2.1]). Indeed, if the orbit of a point
(z,v) € X x Ris (unbounded from above and from below and) not proper, then by examining all
possible cases one easily convinces that we may choose three sequences of integers n; < n; < nj

"We do this in order to avoid the use of the fact that if F' is minimal then, a-priori, it must have a dense orbit.



such that either
lim II(F™ (z,v)) = lim I(F" (z,v)) belongs to [—o0, 400),

j—o0 j—o0

I(F% (z,v)) >j, and II(F"(z,v)) = max II(F"(x,v)).

n; Sngng’
or

lim II(F™ (z,v)) = lim II(F™ (z,v)) belongs to (—oo, 400],

j—oo Jj—oo
I(F" (z,v)) < —j, and II(F"(z,v)) = min I(F"(z,v)).
nj<n<nf

Let us first consider the case (). Set, for every n; — n; <n< n;’ - n;»,

2 o= F (2,0 — I(F (2,0))).

We have:
zjo = (x,0), for every j € N,
Zin = F"(z50), M(z;,) <0, for every n; —n); <n <nj —nj,
!/ " !/ .
nj —n; — —00, nN; —n; — +00, as j — +o00o.

and

(3)
(4)
()

Due to (3, passing to a subsequence, we may assume that z;( converges to a point 2z := (¢, 0).
By @), z;, converges to z, := F"(z), for every n € Z. Finally, using () and (), one may easily
see that the orbit {z,} ez remains bounded from above by zero, which contradicts our assumption.
Similarly, in case (), one may conclude the existence of a point whose orbit remains bounded from

below by zero, which again contradicts our assumption.

Consider now a cylindrical vortex of type

F:(z,v) = (T(x), —v + p(z)).

Set G := F2. This is a fibered transformation over the non-necessarily minimal map 72. Clearly,
if G has a bounded orbit, then the same holds for F', which violates our hypothesis. If not, then

the arguments given so far show that either:
— there is a point z5 = (xg,v) whose G-orbit is bounded from above, or
— there is a point z§ = (xg,v) whose G-orbit is bounded from below, or
— all the G-orbits are proper.
In the first case, we let
h := sup IT(F"(z0,v)).

nez
With obvious notation, for every w € R, we have

orbp(zg,w) = orbg(zo,w) U F(orbg(xo,w))
C X x(—o0,w+h] | J F(X x (—o0,w+ h])

C X x(—oo0,w+h+]pl] U X x [—w—h-—|pl],+00).

3



Taking vg := —1 — h — ||p||, we see that the orbit of (zg,v9) avoids X x (—1,1). In particular,
F' is not minimal. The second case can be treated similarly. Finally, since I’ is a proper map, if
the G-orbit of (x,v) is proper, then its F-orbit orbg(zo, w) = orbg(xo, w) U F (orba(zo, w)) is also
proper, and F' cannot be minimal neither.

Finally, consider a general 1-dimensional cylindrical vortex
F i (,0) o (T(2), U(a)(0) + pla)).

where linear part W(x) can be either Id or —Id at each pointE Denote by Y C X the preimage of
{—Id} under W. This is a clopen set. Assuming that it is nonempty, the map Fy induced from F
by the first-return map 7y to the set Y has the form

Fy(z,v) = (Ty(z), —v + p(x)),

where p: Y — R. Since T' is a minimal homeomorphism, the same must hold for 7y. Therefore,
Fy is a cylindrical vortex of the type considered in the second case, thus it cannot be minimal.
Now, every point in Y x R that does not have a dense orbit for Fy also fails to have a dense orbit

under F', since Y x R is a closed set. Therefore, F' is not minimal, and this concludes the proof
of the Main Theorem for ¢/ = 1.

1.2 The case of higher dimension

In [7], to each local planar homeomorphism fixing the origin, Birkhoff associated a forward-
invariant compact set touching the boundary of the definition domain. In the holomorphic case, this
construction was refined in [22] by Pérez-Marco, who constructed a completely invariant compact
set touching the boundary. In this section, we construct a Birkhoff/Pérez-Marco like set at infinity
(a B/P-M set, for short) for cyclindrical vortices of dimension d > 2. To do this, we follow the
strategy developed by the third-named author in [23], where he extends the construction of Pérez-
Marco to fibered holomorphic maps. Next, we use the B/P-M sets to show the non-minimality of
these vortices. It is worth mentioning that this last idea is not completely new, as Besikovitch’s
work [6] already includes a remark relating forward non-minimality of cylindrical cascades to the
existence of Birkhoff invariant sets.

Given d > 2, let I: R* — R’ be an affine Euclidean isometry, that is,

Iv=Yv+p

for certain ¥ € O(R?) and p € RY. This isometry extends continuously to the one-point compact-
ification R® U {oo} by letting Too = co. We will show that the infinity is not an isolated point as
an invariant object. More precisely, we will show that given an open, bounded set U, there exists
a closed set containing oo that is completely invariant under I, touches the boundary oU, and is
contained in R?\ U. We introduce a terminology for this. We say that K is a B/P-M set for I
avoiding U if the following conditions hold:

2For a nice discussion of the measure-theoretical cohomological properties of such a map, see [21].



1. K CR\U.

2. K U{oo} is compact and connected for the one point compactification topology of R
3. (K)=1TYK)=K.

4. KNoU # 0.

Proposition 1 For any open, bounded set U C R® and any affine isometry I : R® — R*, there
exists a B/P-M set K for I avoiding U.

To prove this proposition, we need an elementary lemma.

Lemma 2 If the claim of Proposition[d holds for I? and any open, bounded set U C RY, then it
also holds for I.

Proof. Set U := U U I(U). This is an open, bounded set. By hypothesis, there exists a B/P-M set
I for I? avoiding U. Letting K := K UZ'(K), it is not hard to check that K is a B/P-M set for
I avoiding U. U

Proof of Proposition[l. We start with the case d = 2. Due to the lemma above, we only need to
consider two cases:

o U = [dg2: Take two parallel lines in the direction of p touching the boundary of the open
set U, and such that U lies in between the band determined by these two lines. Then choose
K as being the union of the two semi-planes that form the complement of this band. (See
Figure 1.)

e U equals the counterclockwise rotation R, of angle o # 0: The isometry [ fixes the point
vo := (Id — R,)"'p, and I corresponds to the rotation of angle a centered at this point. Let
B be the smallest open ball centered at this point and containing U. We then may choose
K := B°. (See Figure 2.)

When d = 3, in a suitable orthonormal basis, the isometry may written in the form

~ a 0

Iv:[q] }v+ b | +10
1

0 c

for some linear isometry ¥ of R2, Let U be the orthogonal projection of U onto R?, and let K a
B/P-M set for I = ¥+ [a b]” avoiding U. (Such a set is known to exist because the case £ = 2 has
already been settled.) Then K := K x R is a B/P-M set avoiding U.

Assume now that the proposition holds for / = k—1 and ¢ = k, and consider the case £ = k+1.
In a suitable orthonormal basis, the isometry may be written in the form

aq 0
0
IU - \i] v + a’k‘—l + 0
0 Qg
i 0 ] | Qk+1

5



Figure 1 Figure 2

where U, U are linear isometries of R¥=! and R?, respectively. Let U be the orthogonal projection
of U onto R¥™', and let K be a B/P-M invariant for I = ¥ +[ay - --az_1])" avoiding U. Then
K := K x R? is a B/P-M set for I avoiding U. O

In what follows, we give an analog of the preceding proposition for fibered isometries. More
precisely, we consider a cylindrical vortex F: X x R* = X x Rf over a minimal homeomorphism
T: X — X. We say that an open, bounded set U C X x R’ is a tube for F if for every € X, the
fiber U, is nonempty. A closed set K is a B/P-M set for F' avoiding U if the following conditions
hold:

1. KC (X xR)\U.

2. For each x € X, the fiber K, U {oco} is compact and connected for the one-point compactifi-
cation topology of R

3. F(K) = F'(K) = K.
4. There exists x* € X such that K« NOU, # (.

We first consider a fibered dynamics over the finite space X := Z, = Z/pZ with the basis
homeomorphism 7'(j) = j + 1. In other words, given a finite family {Io, Iy, ..., I,_1} of affine
isometries of R, with ¢ > 2, we consider the cylindrical vortex

F:Z,xR" — Z,xR
(G0) — (+1,1).

Proposition 3 For every tube U C X x R?, there exists a B/P-M invariant set K for F avoiding
U.

Proof. For simplicity, we only deal with the case p = 2, leaving the (slightly more elaborate)
general case to the reader. Fix two (nonempty) open, bounded subsets Uy, U; of Rf, and let



U := UyU I;*(U;). By Proposition [I], there exists a B/P-M invariant set K for I; o I avoiding U.
Set K := Iy(Kp). Property 3. in the definition above follows from

(I 0Iy) " (Ko) = Ko,
It (I7H(Ky)) = Ko,
ITYKy) = Ih(Ky) = K.

Since Ko N U # 0, either Ko N OUy # 0 or Ko N OI; (Uy) # (. Since the second condition is
equivalent to K7 NOU; # (), in both cases Property 4. above holds. O

We can now proceed to the general case covered by the Main Theorem. Slightly more generally,
we will say that T': X — X is approximated by homeomorphisms having periodic orbits if there
exists a sequence of homeomorphisms 7}, : X — X that converges to T uniformly on X so that
each T), has a periodic point. Our Main Theorem follows directly from the next two propositions.

Proposition 4 Let X be a locally homogeneous compact metric space. If T: X — X is a minimal
homeomorphism, then T is approximated by homeomorphisms having periodic orbits.

Proof. Given z € X, let V,, be a decreasing sequence of neighborhoods of x converging to {x}. Let
pn € N be the first-return time of x to V,, under 7', and let y,, := TP"z. Define T, := hy,, 4, 0 T
Clearly, x is periodic for T,, with period p,. Finally, since V,, — {z}, we have the (uniform)
convergence T, — T. 0

Proposition 5 Let U C X x R be a tube. If T: X — X is approzimated by homeomorphisms
having periodic orbits, then there exists a B/P-M set for F' avoiding U.
Proof. Let 29, z1 := T'(20), ..., 257 .= T(2%™~?) be a periodic orbit of period p(n) of T}, which

n»'n

we identify with Z,,y. Let F,: Z,) x RY — Ly X R¢ be the cylindrical vortex defined by
Fy(x),v) = (237, U (2g)v + pla)) -

Proposition 3 yields a B/P-M invariant set K, for F}, avoiding U. Let K, C X x R’ be the compact
set resulting from K, by attaching the infinity curve X x {oo} to it, that is, K, :== K U(X x {oco}).
Taking an appropriate subsequence, we may assume that there exists a connected compact set
K C X xR that is the limit of K, for the Haussdorf topology on compact sets. Since OU is a
compact set and, for each n € N, one has K,, N OU # (), the intersection K N AU is nonempty. We
denote K := K U (X x {oo}). Since T}, — T uniformly, we have the uniform convergence F,, — F.
Thus, F,(K,) = F(K) and F;*(K,) — F~*(K). This implies that F(K) = F~}(K) = K, which
closes the proof. O

1.3 Two possible generalizations

As it is pointed out in the Introduction of [10], the Main Result therein still applies to fibered
isometric actions when the fiber is a CAT(0) proper space. It is very likely that our Main Theorem
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here holds in this context as well. Indeed, there is a general description of isometries of such a
space that allows to give an analog of Proposition [l for “higher dimensional” CAT(0)-spaces (e.g.
spaces that are not quasi-isometric to the real line). In this situation, this would certainly allow
to perform a similar procedure to get a B/P-M set and show the non-minimality, whereas for the
“l-dimensional case”, it should not be very difficult to adapt the arguments of §I.1. We do not
carry out the details of all of this here because we do not see any interesting application except for
spaces for which the arguments apply without major modifications (e.g. hyperbolic spaces H"). In
this direction, it is worth pointing out that, though no cylindrical vortex of isometries of H? over
an irrational rotation is minimal, the action on the product of the circle and the boundary of the
Poincaré disk appears to be minimal in many cases [4].

Perhaps more interesting is trying to settle the infinite dimensional case of the Main Theorem.
Indeed, most of the arguments of §1.2] strongly depend on the fact that the fiber space, namely
R’ (the same would apply to proper CAT(0)-spaces) is locally compact. This turns natural the
following

Question. Does there exist a minimal cylindrical vortex with infinite-dimensional fiber 7

Recall that, by [20, Exercise 5.3.15], no isometry of a Hilbert space can be minimal (it cannot
be even topologically transitive “at large scale”). However, isometries without fixed points but
having recurrent points do exist: see [9] and [20, Exercise 5.2.26]. The situation might be compared
with that of general linear maps: in finite dimension, topological transitivity is impossible, while
in infinite dimension, even topological mixing may hold [5].

2 Minimal invariant sets

2.1 Almost-integrability and proper orbits

The next proposition is folklore but difficult to find in the literature stated in this way (compare
[16,19]); we include the proof just for the convenience of the reader. For the statement, notice
that for a cylindrical cascade F': (z,v) = (T(z),v + p(z)) and each n € N,

F'(xz,v) = (T”(m), v+ pn(:c)),

where p,, denotes the Birkhoff sum

n—

pule) = p(T'(2)).

1
=0

<

Proposition 6 The following properties are equivalent:

1. There exists a family of continuous sections @i : X — R that is almost invariant under the
skew action. In other words, the associate cohomological equation can be solved in reduced
cohomology:

p=lim [px(T(2)) — px(z)].

k——~4o00



2. We have the uniform convergence

lim sup
n—-+4o00

pn(-)‘ _o

3. The set of proper orbits has zero p-measure for every T-invariant probability measure p.

4. For every T-invariant (ergodic) probability measure p on X,
| pla)auta) =o.
X

Proof. We give the proof of more implications than necessary because they will useful for the
further discussion of general cylindrical vortices.
1. — 2. Given € > 0, let k = k(¢) be such that for all z € X,

|p(x) = [s(T(x)) — pr(x)] < e

For each n € N,
| () = [pr(T"(2)) — @r(@)]| < me,

thus 5
n X o0
)| o 2eelloe
n n
Passing to the limit, this yields, with an uniform rate,
(T
lim sup p_()‘ <e.
n——+o0 n

Since this holds for all € > 0, we have the desired uniform convergence to zero.
2. — 1. For each k € N, let

. p@) tpa(x) + -+ pr(x)
onl(z) = — p ANy

We have

3 [ola) - p(r7(a))] = pla) ~ D,

| =

T (@) — orle) = 1 3 [3(0) = ,(T(@)] =

and the last expression converges uniformly to p(x).
1. — 4. For every T-invariant probability measure ;4 and each k € N, we have

[ Tor(r @) = st =o.

Thus,
/Xpdu = /Xlilgn (oo T — oldu = li,gn/X [pr(T(x)) = ()] du = 0.
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4.— 1.Let L be the closure of the subspace of C'(X) spanned by the functions of the form poT—¢,
where ¢ € C(X). If p does not belong to L, the Hann-Banach separation theorem provides us with
a linear functional I that restricted to L is zero and I(p) = 1. Such an I comes from integration
with respect to a signed probability measure on X. Since I(LL) = {0}, this measure is T-invariant.
Finally, the Hann decomposition theorem yields an invariant probability measure for which the
integral of p is nonzero.

2. — 3. This implication directly follows from a classical lemma due to Kesten [14] (it can be also
derived from a well-known lemma of Atkison [2]).

3. — 4. This follows directly from the Birkhoff ergodic theorem. U

We will say that the cylindrical cascade F' above is almost-reducible if the equivalent conditions
of the preceding proposition hold. The situation for a cylindrical vortex

F:(z,0) = (T(2), ¥(2)(v) + p())

is less transparent. First, in order to introduce a drift-like condition, notice that if we define
pn: X = R (and ¥,,: X — O(RY)) by

F"(z,v) = (T"(2), Uy(2)(v) + pu(@)),

then for all m,n in Z, we have

i) = Wal(T7(2)) (pn(2)) + pu(T7(2).
In particular,
| pmn(@)]| < [ om(@)|| + [0 (T™ (2))]].

By the sub-additive ergodic theorem [15], for every T-invariant ergodic probability measure p, the
value of
[lon ()]
n
converges to a limit (drift) D = D(u) for p-almost every point x € X.

The main difference here is that Proposition [6] does not extend to cylindrical vortices, even to
those with W = Id. More precisely, the equivalence between conditions 1. and 2. still holds with
an analogous (direct) proof. Nevertheless, all the arguments relying on ergodic type theorems fail.
As a matter of example, let us consider Yoccoz’ example from [25]. This is an irrational rotation
of the 2-torus T': (z,y) — (z + o,y + ) together with two continuous functions p = p(x) and
p = p(y), both of zero integral, such that for almost every (z,y) € T2,

im[|pu()] + |pa()]] = co.

Then letting ¥ = Id and p := (p, p), the induced cylindrical vortex F on T? x R? has almost every
orbit is proper. However, for every point (z,y) € T?, we have

n——+00 n n——+00 n

=0,
where the convergence is uniform in (x,y). In particular, D = D(Leb) = 0.
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2.2 On a theorem of Matsumoto and Shishikura

One of the major interests on proper orbits is that they are nontrivial minimal invariant closed
sets. It easily follows from Denjoy-Koksma’s inequality that for any almost-reducible cylindrical
cascade over an irrational circle rotation, there is no such orbit provided that the function p has
finite total variation (without the last assumption, proper orbits may appear; see [24] and [6];
see also [17] for recent simpler examples). Actually, as it is shown by Matsumoto and Shishikura
in [I8], no nonempty, proper, minimal invariant closed set can appear in this situation. A slight
extension of this result is our next

Proposition 7 Let F' be an almost-reducible, 1-dimensional cylindrical vortex over an irrational
rotation of the circle. If the corresponding function p has finite total variation, then F' admits no
nonempty, proper, minimal invariant closed set.

Proof. Let F: (z,v) = (x + a,—v + p(z)) be a cylindrical vortex satisfying the hypothesis. (If
U = Id, then Matsumoto-Shishikura’s result applies.) Since F' is assumed to be almost-reducible,
the same must hold for F2. Notice that F'? is a cylindrical cascade to which Matsumoto-Shishikura’s
theorem applies.

Let C' # () be a nonempty minimal closed F-invariant subset of T! x R. Given (z,v) € C,
denote by C,, the closure of its (full) orbit under F2. We will show below that either C' is F™-
minimal or C(y, 4, 18 F?-minimal for some (g, vy). Before showing this, notice that the previous
remark yields either C'= X xR or Uy, 4,) = X X R, respectively. Since C(4, .,y C C, in the second
case we still have C' = T! x R, as we wanted to check.

Assume that no C(, ) is F?-minimal, and let Clom

set. Then the set C; U F (C’(*x v)) is nonempty, closed, F-invariant and contained in C. By

minimality, it coincidés7 v)vith C'. Now choose (y, w) (depending on (z,v)) in C(z.) \ Cf, ). We must
have (y,w) € F(C{,,)) C F(Czv). Thus, the closed set Cyp) N F(C(s,)) is nonempty. Since it
is F-invariant, it must coincide with C, and by minimality, this easily implies that C,,) = C.
Finally, since this holds for every (z,v) € C, this shows that C' is F*-minimal, which concludes

the proof. O

C Cluw) be a nonempty closed F?-invariant

2.3 An interesting family of cylindrical vortices

Following [10, Example 3|, given two rationally independent angles «, 5 and a continuous
function p: T* — C, we consider the cylindrical vortex F': (z,z) — (z+a, ez + p(z)) on T! x C.

Lemma 8 The map F is conservative and has zero drift.

Proof. The function p,, defined so that

F™(z,2) = (z + na, e™z + py(x)) (6)
may be rewritten in the form
n—1 n—1
pn(T) = Z k=B (1 + ko) = ™ Z e B8 51 + ko).
k=0 k=0
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Up to the factor €™, this coincides with the n'* Birkhoff sum SI(x)(x,0) at the point (z,0) € T?
of the function y(z,y) = e~ p(z) with respect to the dynamics of the rotation T': T? — T? of
angle (v, —3). Indeed,

Z ezt ka),  palz) = e"ST () (2, 0). (7)

In particular,
Pn() _

n

(8)

Since «, 8 are rationally independent, the map 7T is uniquely ergodic. Since x is continuous, the
right side member of (8) uniformly converges to

/ (z,y dxdy—/ / Ww=p) d:vdy—/ e_i(y_ﬁ)dy/ p(x)dz = 0.
T2 T JT1 T! T!

In particular, the drift of F' is zero.
To show the conservativity of F notice that, due to Atkinson’s lemma [2], if we fix x € T! and
e > 0, there exist Z € T, y € T', and n € N, such that SI(x)(Z,y) < € and

SE00(.0) |

n

dist(x,z) <e, dist(z,7+na) <e, dist(y,0)<e, dist(y,y—np)<e
This implies that both na and ng are e-close to zero. Together with (@), (), and
dist(x,7) <e,  Sy(x)(T,y) <e,

this implies that, for any z € C, the n''-iterate under F' of the (e,¢)-neighborhood of (z, z) is
(e,e(]|z|| + 1))-close to it. Therefore, F' has no wandering open domain. O

As shown by the proof above, the dynamics of F' is closely related to the cylindrical cascade G
over T? x C defined by

G((z,y),2) = ((z+ o,y — B),z+ WP p(x)).

Besides (), both maps are related in that F is a factor of G. Indeed, letting I1: T2 x C — T! — C
be the proper map defined by

II ((:B, Y), z) = (z,e2),

we have
Foll=1Iod.

These relations allow showing the next

Lemma 9 The map F is reducible if and only if G is.
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Proof. In view of either the second relation in () or the fact that F' is a factor of G by a proper
map, this follows as a direct application of the main result of [I0]. A direct argument proceeds as
follows.

Recall that for G being reducible we mean that there exists a continuous function ¢: T? — C
such that, for all (z,y) € T?,

e+ o,y — B) = p(z,y) + 'V p(z).

If this holds, then defining the continuous function ¢, : T — C by

pu(T) 1= /T 1 e Vo(x,y)dy,
we obtain
o) = [ e ela+any - 8) — @]y
’]1‘1
=e / e oz +a,y—B)dy — e Ppx) =e P [px+a) - p(z)].
’]1‘1

Hence '
i (x4 o) = P, (z) + p(),

which shows that F' is reducible.
Conversely, assume that F is reducible, that is, there exists a continuous function ¢, : T — C
such that

o7+ a) = P (z) + p(a).
If we multiply by =% both sides of this equality, we obtain

0D, (x + a) = eYip.() + 0 p(a).
Therefore, if we define ¢: T? — C by ¢(z,y) = e¥¢,(z), we have
pla+a,y = B) = p(z,y) + I p(z),
thus showing that G is integrable. O
A more elaborate relation between F' and G is given by the next

Proposition 10 The map F is topologically transitive if and only if G is.

To show (the difficult implication of) this proposition, we will strongly use a deep theorem due
to Atkinson that characterizes the failure of topological transitivity by the existence of reducible
linear factors [3]. In our case, this may be stated as follows:

13



Theorem 11 [Atkinson| Assuming that G is conservative and non-reducible, a necessary and
sufficient condition for its topological transitivity is that there is no @ € T' such that the 1-
dimensional cylindrical cascade

((z,9),t) = (z+ o,y — B),t+ (”, WP p(z))) (9)

is reducible, where {-,-) stands for the inner product of vectors in R* ~ C.

Proof of Proposition[1(l. Since F is a factor of G, the map F is topologically transitive whenever
G is.

To prove the converse implication, assume first that (J) is reducible for some § € T*, that is,
there exists a continuous function ¢: T? — R such that, for all (z,y) € T?,

(e p(x)) = p(x +a,y — B) — (x,y).
Then, letting
po(x,y) = p(z,y — 1),
we have
(€, p(x)) = po—o(x + o,y — B) — po—o(x,y).

In particular, both cocycles Re(e?W=p(x)) = (1,eWPp(x)) and Im(e¥p(z)) = (i,e@Pp(x))
are reducible. This obviously yields the reducibility of GG, which is contrary to our assumption.

Now, if no cylindrical cascade (d)) is reducible, then in order to apply Atkinson’s theorem for
concluding that G is topologically transitive, we need to show that G is conservative whenever F

is topologically transitive. To do this, we first notice that the non-wandering set of G is invariant
under both G and the translations on the fibers

((z,9),2) = ((z,y),2+1t), teC.

Therefore, this set is either empty or the whole space T? x C. To exhibit a non-wandering point
of G we proceed as follows. Since F' is topologically transitive, we may chose a point (¢, z9) in
T! x C having dense orbit under F'. If we denote (,, z,) := F"(xo, 20), this implies in particular
that there exists a strictly monotone sequence of integers (ny) such that (x,,, z,,) — (o, 20) as
k — oo. Since IT is a proper map, the sequence of subsets II7!(x,,, , 2,,) C T? x C remains inside a
compact set. In particular, there must be a point ((io, ¥o), E:o) € 117! (o, 29) such that the sequence
((ink,ﬂnk),ink) = G"k((fo,ﬂo),éo) accumulates at some point ((:Eoo,gjoo),éoo). As it is easy to
check, every such an accumulation point is non-wandering for G. O

The construction of a map
F:(z,2) = (24 a,e’z + p(2))

that is topologically transitive will be the main issue of the next section. Let us close this section
by pointing out that we do not know whether there exists a cylindrical vortex F' of the form above
that is neither reducible nor topologically transitive. This is related to the existence of Yoccoz-
like examples (see [25]) associated to functions of a particular form, which seems to be a difficult
problem. Indeed, the previous arguments easily show the following

14



Proposition 12 If F' is neither reducible nor topologically transitive, then G is non-conservative.
In particular, the function (z,y) — e~*W=%)p(x) does not satisfy the Denjoy-Koksma property.

2.4 A concrete example

Quite surprisingly, to perform our construction we will need a lemma about the density of
a certain set obtained by an arithmetic type construction Given q € N, let t(q) := [¢/q] and

r(q) := [v/g]- Define p(q) as

(q) = t(q)~' (mod ¢) if ¢ and t(q) are coprime,
PO=3 0 otherwise.

Notice that if p(q) # 0, then p(q) and g are coprime. Now, let

F5.(2,3) im {(3?((1)7 SP(Q)T(Q))j l<s< 2t(q)}’

q q

where each coordinate is reduced modulo Z (thus, F'S,(2,3) is though of as a subset of [0,1]?).
Finally, let us consider the set of frequencies

FS(2,3) == FS,(2,3).

qgeN
Lemma 13 The set F'S(2,3) is dense in [0, 1]*.

Proof. For a fixed m € N, let ¢ := m5 + 2m* +m? + 1 = (m® + m)? + 1. As one readily checks,

t(q) = m?, r(q) = m® +m.

Since t(q)(m* +2m? +1) =m® +2m* +m? = ¢— 1, we have
t(q)(g—m* —2m? —1) =1 (mod q).

Hence,

p(q) =q—m*—2m* —1=m® + m* —m?

In particular, modulo Z,

plg) mt 4+ 2m? + 1
g  mb4+2mt+m24+1
Similarly, we have the equality
p(@r(g)  (m*+2m*+1)(m* +m)  m"+3m° +3m*+m . m® + 2m?
qg mé+2mi+m2+1 mb+2mi+mi+l mb +2m* +m2 + 1

3We strongly believe that a much more general result should be true; in particular the set F'.S(m,n) analogous
to that defined further one should be dense for all m > n. Nevertheless, we were unable to produce a conceptual
proof of this seemingly interesting fact.
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Hence, modulo Z,

<sp<q> sp<q>r<q>>:< s(m* +2m?* + 1) s(m® + 2m°) ).

g ' q ComS+2mt 4+ m2 41 mS+2mi+m2+ 1

Let us consider all possible s of the form s(j, k) := jm+k, where j, k range from 1 to m. Notice
that all these values satisfy the restriction 1 < s < 2t(q) = 2m?, and therefore the associated pairs

( (jm+ k)(m* +2m? + 1) (jm+k:)(m5+2m3)>
méb+2mi4+m2+1 ° mb4+2mi+m2+1

belong to F'S(2,3). Now, easy computations show that the pair above coincides with

( gm® + km* 4+ 2jm> + 2km? + jm + k| km5+2km3—jm2—j>

mS + fy(m) ’ mS + fy(m)
where f, is a degree-4 polynomial. Since both j, k are (positive and) smaller than or equal to m,
for m large-enough, the pair above is very close (modulo Z) to (—2Z, —%) ~(1-2L1- %) with

an error that converges to zero as m — oo (independently of j, k). As a consequence, every pair
of rational numbers in [0, 1]? is contained in F'S(2,3), which shows that this set is dense. O

To construct our desired topologically transitive cylindrical vortex
F:(z,2) > (24 a2+ p(2)),

we will perform a sequence of approximations inspired in the classical Anosov-Katok’s method [I].
More precisely, we will construct a sequence of skew maps

Fp:(0,2) = (0+an, ez + pp(0), ax€Q, By €Q,

over periodic rotations so that they converge uniformly on compact sets. The main point consists
in prescribing a sequence of sections ¢y : T — C whose images become more and more dense in
larger and larger regions of C and that are invariant under Fy, that is,

pr(0) = (0 + o) — ek 0k ().
The construction of the sequence (¢y) is made so that ¢y := @r_1 + ¥, where ¥ has the form
wk(e) = £k sin(tkﬁ)eirke.

To perform this construction, we will need to define inductively the sequences (), (r%), (tx), (o)
and (Bx). The choice is irrelevant for k = 1 (we just need to impose the condition ¢; > 1). Now,
assuming that these values have been already defined for £ € N, we let C, > 1 be a Lipschitz
constant for ¢ and Dy > 1 be the supremum of the norm of ;. According to Lemma [13]
we may choose (Qgi1, Bks1) = (%,T}i‘_’_lak_’_l), where pgyq is the inverse (modulo ggi1) of

tit1 = [&/Qrer1) and g1 = [\/qr+1), in such a way that the following conditions are satisfied:
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1L 1< spq1 < gt

5/12 1/12 1/12 k 3
2 Qe > LY =2 i > 2kq)? and g > [2(k+1) >0 4 /a] -

}ak"'l o ak} — 2’“+1Qk(0k+Dk\ﬁ)

Finally, we let (. := q,iff .

For each k,n in N, we define (pg),: T* — C by
(P)n(0) := @1(0 + nay) — e pp(0).

Then we have '

0, 2) = (0 + nag, €%z + (pi)n(9)).
The next lemma yields a quantitative estimate for the convergence of the maps Fj, as well as some
of their iterates.

Lemma 14 For each k € N and 1 < n < g,
Cr1qrSk+1
Ak+1
Proof. Notice that (pg11)n(0) — (pr)n(f) equals

‘(pk-}-l)n — (pk)n} < + Crqr| o1 — o] + Diqr|Brer — Bil- (10)

Prr1(0 4+ nagsr) — € (6) — [ (0 + nay) — 6m5k90k(9)}
Pra1(0 4 nag1) — @r(0 + now) + €@ (0) — e [0 (0) + Yrra(0)]
= [wkH(Q + nagyq) — e B"“@bkﬂ(e)} [gok(H + nag.1) — pr(0 + nak)} + () [emﬁk — emﬁk“].

Thus, the value of |(p41)n(6) — (pr)n(0)| is smaller than or equal to
fk+1} SN (g1 (04 n0ypyy))emr Ok _ pinfi sin(tk+19)e"’““9‘ +Cyn|ags1 — ag|+ Din| Bri1 — B
The first term of this expression is bounded from above by

‘Ekﬂ@"kﬂ(ﬂmkﬂ) [sin(tkH(G +nagsy)) — Sin(tk+19)] + g1 sin(tg410) [e"kﬂ(ﬂmkﬂ) — ei("ﬁk“”’““(’)] |

< lpp ({tk-i-lnak-i-l} + |eim’k+10¢k+1 _ ei"6k+1|)‘

Since pryitkr1 =1 (mod ggy1), we have

NSky1tk+1Pk+1 NSk+1
{besrnag } = § okttt L |

qk+1 qk+1

Moreover, since Byy1 = rpyp1Qgi1, the term | k+1%+1 — emﬁ’c+1| vanishes. We thus obtain

b 1ns
[(Prs1)n(0) = (p)n(6)| < 7’”; L4 Oyl — gl + Din|Brr — Bl,
+1

which shows the lemma. O

The next lemma deals with the density of the invariant curve 6 — (0, ¢x(#)) inside a large
region of T! x C.
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Lemma 15 For every k > 2, the graph of ¢y is (i, 61’% + % 25;11 l;r;)-dense in the cylinder
T' x Ball (0,6, — >-"21 ¢)).

i=1

Proof. We first claim that the graph of vy is (- %)-dense in T! x Ball(0,¢;). Indeed, given

(6, z) in this cylinder, there must exist § € [0 — i, 0+ i} such that ¢ (0) = |z|. The claim then
follows by noticing that % < i and that for every |s| < %,
5 5 : 5 o t
[0 + 5)] = [ (O)]] < (| sin(ta(0 + )| = | sin(t0)]) < fki-

Now, to deal with the graph of ¢, we begin by noticing that
|¢;| S £jtj + ﬁjrj S 2€jrj-

Thus, on each interval [m/tg, (m + 1)/t;] C T!, the oscillation of ¢;_; is at most % Zf;ll lir;.
Since

N

-1
k-1l < D45,
j=1
this proves the lemma. O]

The next lemma deals with the density of a certain Fi-orbit along the graph of .

Lemma 16 The set {F]*(0,0): 1 < n < g} is (i, Zf% + % 25;11 Uir; + qi% Zle ;r;)-dense in
the cylinder T' x Ball(0, €y — 3521 4;).

J=1

Proof. Since y, is an invariant section for Fj, the set of points we are dealing with coincides with

{(n%,apk<n%>):1§n§qk}. (11)
4k Ak

Since p; and ¢ are coprime and s, < 2t;, < 2q,1/ 3, the projection on the first coordinate of this set

consists of at least qi/ 5 /2 points uniformly distributed on T!. Therefore, the distance between
two consecutive points of the set (1) is less than or equal to

2(j+1) k
23 4max|<p' | 82':1 Ejrj
102 do < TR < ST
373 T I,
Ik
and the claim of this lemma follows from that of the preceding one. 0J

To close the construction, notice that for each 1 < n < ¢, the estimate (I0) together with the
properties of the inductive construction yield

112 1/2

Q11 9k9 1 1
| (Pk1)n — (pi)n| < S 4 gakys — el (Cr + Dkqli/z) < 5q/1912 T o < ok (12)
qk+1 Ty
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Letting n := 1, this shows that (p;) is a Cauchy sequence, hence it converges to a continuous
function p: T' — C. Moreover, from Property 3. it follows immediately that (a;) converges to
some angle a € [0, 1]. Similarly, (5;) converges to a certain angle g € [0, 1].

Checking that the limit map F': (z,z) — (z 4+ a, €’z + p(z)) is topologically transitive is not
very difficult. Indeed, from Property 2. it follows that

k—1
1 12
th ZEJ’TJ' = 1/3 ZE
j=1
Moreover,
k
2/3Z€jrj— Zﬁﬂﬁ 2/3—]{;Jr 1/6:E+ 112"
dx  j=1 e

The last two inequalities combined with Lemma [I6 imply that {F7'(0,0): 1 < n < g} is (g, 0x)-
dense in the cylinder T' x Ball(0, {), — Zf;ll (;) for certain sequences (), (d;) converging to
zero as k goes to infinite. Since F}'(0,0) = (nay, (pr)n(0)), using ([I2) and the estimate (valid for
1<n<q)

3 1

< )
211, (Cx + Dy)g, V2T 2k

we conclude that the orbit of (0,0) under the limit map F is dense in T' x Ball(0, £, — Zf;ll (;)
for every k € N. Finally, since Property 2. yields

‘nak — nozkﬂ‘ <

E

-1 112,

G<(h=—Dly=(k—1)g/ 2<%k
R e

<.
Il

we have that ¢ — Zf;ll l; > %" goes to infinite together with &, thus showing that the F-orbit
of (0,0) is dense in the whole space T! x C.

It remains to show that o and 3 are rationally independent. Actually, we do not know whether
this is always true, but we can ensure it provided that the sequence (gx) satisfies a supplementary
condition.

Lemma 17 If the sequence (qx) satisfies
4. Xl — sl + 3770 B = Bl < s
then « and 8 are rationally independent.

Proof. Since py < gy, if we consider the representatives of oy and S in [0, 1], then we have

Dk TkPk
ap = —, [k =rga = —— —ny, whereng € Z.

qk qk
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Assume that (p,q,r) # (0,0,0) is 3-uple of integers such that pa+ ¢S+ = 0. On the one hand,

lpar, +qBr +r| = |plaw —a) +q(Be — B) + pa+qB + 1|
= |plax — @) + q(Br — B)|

1Y e — a5l + gl D 1841 — Byl-

Jzk Jzk

IA

On the other hand, if

,
pak+q6k+r=p&+q<ﬂ—nk>+r
4k dx

equals zero, then
pr(p + qr) = qr(qn — 7).
Since py, and g are coprime, this implies that g, must divide p+ gry. Nevertheless, since rp < |/qx

and (p,q) # (0,0), this is impossible for a large-enough k. Therefore, for a large-enough k € N,
the value of pay, + ¢ + r is nonzero, and hence

- - 1
ipas + g + 7| = ‘p(pk M) +q(repe = ) ol 1
4k dk
Therefore,
1
— < |p| Z a1 — aj| + g Z 1Bj+1 — Bil,
o J=H J=H
which contradicts Property 4. for k larger than |p| and |q|. O

3 Reducibility v/s arithmetic properties of the rotation
angles

Although the preceding construction provides us with a pair of angles («, 3) that are rationally
independent, it also suggests that 3 is very fast approximated by multiples of a.. As we next show,
this is the case of every non-reducible smooth cylindrical vortex. What follows is inspired (and
may be deduced almost directly) from [13].

We say that a pair (o, 8) € T! x T! satisfies a type-1 Diophantine condition, and write (a, 8) €
CDy, if there exist C' > 0 and 7 > 0 such that for every n € Z,

i(no— C
‘6( B)_I‘an—i-ﬂ"

For a fixed a € T, denote by CDY the set of 8 € T' such that (a, 3) belongs to CD;. Standard
arguments show the next

Lemma 18 The set CDY is a countable union of closed sets with empty interior and has full
Lebesgue measure.
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The next proposition is nothing but a straightforward application of the classical baby-KAM
theorem.

Proposition 19 Ifp: T — C is a C*°-function, then for every (a, §) € CD; the cylindrical vortex
F:(0,2) — (04 a,ez+ p(0))
1s reducible.

Proof. Recall that reducibility is equivalent to the existence of a continuous solution to the coho-
mological equation

(0 + a) — ePp(8) = p(6). (13)
At the level of Fourier series expansion, this is equivalent to that, for all n € 7Z,

~

A Pn
Pn = eina _ cif’

where ¢, and p,, stand for the Fourier coefficients of ¢ and p, respectively. Since p is a C*°-function,
pn decreases faster than any polynomial in n. The type-1 Diophantine condition on («a, 8) allows
us to conclude that the coefficients ,, defined by the previous equality also decrease faster than
any polynomial. Therefore, they correspond to the coefficients of a C'*°-function which solves our
cohomological equation. O

A better result relating the differentiability classes of p and the solution ¢ can be stated as
follows:

Proposition 20 [Herman]| Let p be a C"-function. If (a, B) € CD; is such that the associated
7 > 0 satisfiesr > 7+ 1 and s :=r — 1 — 7 is not an integer, then the solution ¢ to the equation

(I3) is a C*-function.
Finally, concerning the case of “Liouville pairs”, we have the following

Proposition 21 If («, ) satisfies no type-1 Diophantine condition, then there ezists a C*-
function p: T — C such that the equation (I3) has no measurable solution. Moreover, p can

be chosen so that the coefficients W do not correspond to those of any distribution.
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