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Abstract. We consider the unperturbed operator Hy := (—iV — A)? + W, self-adjoint in
L?(R?). Here A is a magnetic potential which generates a constant magnetic field b > 0, and
the edge potential W = W is a T-periodic non-constant bounded function depending only
on the first coordinate z € R of (z,y) € R% Then the spectrum o(Hy) of Hy has a band
structure, the band functions are b7 -periodic, and generically there are infinitely many open
gaps in 0(Hp). We establish explicit sufficient conditions which guarantee that a given band of
o(Hp) has a positive length, and all the extremal points of the corresponding band function are
non-degenerate. Under these assumptions we consider the perturbed operators Hy = Hy £V
where the electric potential V € L>°(R?) is non-negative and decays at infinity. We investigate
the asymptotic distribution of the discrete spectrum of Hi in the spectral gaps of Hy. We
introduce an effective Hamiltonian which governs the main asymptotic term; this Hamiltonian
could be interpreted as a 1D Schrodinger operator with infinite-matrix-valued potential. Fur-
ther, we restrict our attention on perturbations V of compact support. We find that there
are infinitely many discrete eigenvalues in any open gap in the spectrum of o(Hp), and the
convergence of these eigenvalues to the corresponding spectral edge is asymptotically Gaussian.
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1 Introduction

The general form of the unperturbed operators we will consider in the article, is

0 0 ’
Hy = Ho(b, W) := 92 + (_Za_y — bx) + W(x).
Here b > 0 is the constant magnetic field, and W = W € L*®°(R) is an electric potential
independent of y. The self-adjoint operator Hy is defined initially on C§°(R?) and then
is closed in L?(R?). Let F be the partial Fourier transform with respect to y, i.e.

(Fu)(x, k) = (QW)_l/z/]Re_ikyu(x,y)dy, u € L*(R?).

Then we have o

FHyF* = / h(k)dk
R
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where the operator

d2

h(k) = 05+ (bx —k)> +W(x), kER,
is self-adjoint in L*(R). Since the multiplier by x € R is relatively compact in the sense
of the quadratic forms with respect to h(0), we easily find that h(k) is a Kato analytic
family (see e.g. [18, Theorem XII.10]).
For w € L*(R) and k € R set (Upw)(z) := w(x — k/b). Then Uy is a unitary operator
in L?(R), and we have U} h(k)U, = h(k) where

7 d? 2 2

h(k) := 0 +b% "+ W(x +k/b), kel
Evidently, for each k € R the operator h(k) (and, hence, h(k)) has a discrete and simple
spectrum. Let {£;(k)}>2, be the increasing sequence of the eigenvalues of h(k) (and,

hence, of h(k)). The general Kato analytic perturbation theory (see [8] or [18]) implies
that E;(k), 7 € N, are real analytic functions of £ € R. Since E;(k) depend on the
parameters b and W, we will sometimes write E;(k;b, W) instead of Ej;(k).

Even though in some parts of the article we will impose more general conditions on W,
in our main theorems we will assume that W is a periodic function with period 7 > 0,
which is not identically constant. The explicit expression for the operator ﬁ(kz) implies
that all the functions E;, j € N, are periodic functions of period 7 := 07. Set

£ = min Ej(k), & = max Ej(k).

kelo,7) kelo,7)

Then we have

C8

O'(H()) = [8 ng]

1

J

We will call the closed intervals [€ ,Sf] j € N, the bands of the spectrum of Hy. Note
that if for some 7 € N we have

Ef <&, (1.1)
then the interval (SJ ,€;11) is an open gap in the spectrum of H.
Further, assume that the perturbative electric potential V : R? — R is A-compact. A

simple sufficient condition which guarantees the compactness of the operator V(—A +
1)~ is that V € L>*(R?), and

V(z,y) =0 as 2+ y* — oo. (1.2)

By the diamagnetic inequality, V is then also a relatively compact perturbation of Hy,
and, hence, we have

Tess(Ho 4+ V) = Oess(Hp) = U £,

]’J
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For simplicity, we will consider perturbations of definite sign. More precisely we will
suppose that V' > 0, and will consider the operators Hy := Hy £ V. Note that in the
case of positive (resp., negative) perturbations, the discrete eigenvalues of the perturbed
operator which may appear in a given open gap of the spectrum of the unperturbed
operator, may accumulate only to the lower (resp., upper) edge of the gap.

Let T be a self-adjoint linear operator in a Hilbert space. Denote by P (7T') the spectral
projection of T' corresponding to the Borel set O C R. For A > 0 set

Ny (A) :=rank P _ooer—n) (H-).

Next, fix j € N and assume that (1.1) holds. Pick A € (0,€;,, — &), and set

N7 (A) i=rank P+ o- \\(H-),

J 3 %41

NN = rankP(SjJr)\’gj;l)(HJr).

J

The aim of the article is to investigate the asymptotic behaviour as A | 0 of the func-
tions /\/'ji()\). For definiteness, we consider only the asymptotics of /\/'J-J“()\) while the
asymptotics of /\/'j_ (M) could be considered in a completely analogous manner.

The paper is organized as follows. In Section 2 we discuss some properties of the band
functions F;, j € N, necessary for the formulation and the proofs of our main results. In
particular, we obtain explicit conditions which guarantee that for a given j € N we have
& < 5;“ , and, moreover, that all the extrema of E; are non-degenerate. These explicit
conditions could be of independent interest for other models and problems involving
similar unperturbed operators.

Section 3 contains the statements of our main results. In Theorems 3.1, 3.3, and Corol-
lary 3.2 we introduce several versions of the effective Hamiltonians which are responsible
for the main asymptotic term as A | 0 of /\/;-Jr(/\), and establish the corresponding asymp-
totic bounds. In Theorem 3.4 we consider compactly supported perturbations V' and
prove that if the spectral gap Sjr < &4 is open, then it contains infinitely many discrete
eigenvalues of H,, and the convergence of these eigenvalues to the edge c‘fj+ is asymp-
totically Gaussian provided that all the maxima of F; are non-degenerate.

The proofs of our main results could be found in Section 4.

2 Basic spectral properties of H

In this section we describe some spectral properties of the unperturbed operator H
needed for the formulation and the proofs of the main results.

First we recall a simple condition on W, which guarantees that (1.1) holds true for all
J € N. Note that if W = 0, then the eigenvalues F; are independent of %, and their
explicit form is well-known:

Ej(k;b,0) = E;(b,0) =b(2j = 1), keR, jeN.
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Set
W_ = essinf,cgW(z), W, :=esssup,pgW(z).

By the mini-max principle,
b(2j — 1)+ W_ < E;(k;b, W) <b(2j — 1) + W, keR, jeN,

and, hence,
€76 C (2 —1)+W_,b(2j — 1)+ W,], jeN.
Thus, a sufficient (but not always necessary) condition which guarantees that (1.1) holds
for all j € N, is
Wy —W_ < 2b. (2.1)

Fix j € N. The asymptotics as A | 0 of ./\fji()\) depends crucially on the set
M ={kel0,7)|E;jk)=E},

and the behaviour of E; in a vicinity of this set. Even though we investigate for defi-
niteness only the asymptotics of ./\f;“, here it is convenient to consider both sets ./\/liE
First of all, we assume that the band function E; is not identically constant. Corollary
2.3 below contains an explicit sufficient condition for this.

Further, since the functions E; are periodic, non-constant, and real-analytic, every set

+
/\/lji, j € N, is non-empty and finite, i.e. ./\/l]i = {kojij}jilv Aji € N. Moreover, for each
k.; € M; there exists | = I(k, ;) € N such that

d°E;
dk*

&'E;
dk2 (

(k) =0, s=1,..,21—1, and 7 kag) > 0.

If l(kij) = 1 for some kij € /\/l;-t, we say that k:ij is a non-degenerate point, and set

1
,Uij = q:QE]”(koiz]) (22)

Fix j € N. Denote by (k) is the orthogonal projection onto Ker (h(k) — E;(k)).

Lemma 2.1. Let W € L*(R,R). Fiz j € N. Then there exists a real eigenfunction
Y;(- k) € Ranm;(k) = Ker (h(k) — E;(k)) such that ||[¢;(-; k)| 2y = 1, and the mapping

R >k (-1 k) € L*(R) (2.3)
18 analytic.

Proof. Our argument will follow the main lines of the proof of [6, Lemma 2.3 (v)], which
on its turn is based on [18, Theorem XII.12] (see also the original work [7]). Since the
coefficients of the differential operator h(k) are real, there exists a real eigenfunction
¥;(+;0) € Ranm;(0) such that |[¢;(;0)|[z2) = 1. On the other hand, [18, Theorem
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XII.12] implies that for k in a complex vicinity of the real axis, there exists an analytic
family of invertible bounded operators w(k) such that

w;(k)m;(0) = m; (k)w; (). (2.4)

Moreover, for real k, the operators w;(k) can be chosen to be unitary. Following the
argument in the proof of [6, Lemma 2.3 (v)], we find that in our case of a differential
operator with real coefficients, the operator w;(k) can be chosen to be real and unitary
for real k. Set

i (k) 1= w0y () (.0).

k) =
Evidently, for & € R, the function 1;(-; k) is real, and |[¢;(-; k)| 2y = 1, while (2.4)
implies that the mapping defined in (2.3) is analytic. O
In the sequel we will use the canonical representation
mi(k) = (- (5 k)b (5 k)
with an eigenfunction ;(-; k) satisfying the properties described in Lemma 2.1. Put
7j(k) = Ugm;(k)U;, keR, jeNlN.

Then we have . .
i (k) == (0 (5 k)5 (5 k), (2.5)
where 1, (- k) = Ufv;(-; k), or in other words,
Vi(x; k) =z + k/bjk), z€R, keR, jeN.

Evidently, the function z/zj(g k) satisfies the equation

82%
0x?

Moreover, H?@(; B)ll2ey = 1.

(3 k) + 22 (z; k) + W (x + k /D), (x; k) = E;(k);(x; k). (2.6)

Proposition 2.2. Let W = W € C*[R) N L=(R) with W/',W" € L*(R). Suppose
that W'(xg) > 0 (resp., W'(xo) < 0) for some xy € R. Pick j € N. Then there ezists
bo = bo(W, j) such that b > by implies E}(bxo;b,W) >0 (resp., Ej(bxo;b, W) < 0).

Proof. By the Feynman-Hellmann formula we have
E(k; b, W) /W’ T+ I{:/b)@/)J(:v k)d (2.7)

Pick b > 2||WW ||~ and denote by I'; the circle of radius b, centered at b(2j —1). Denote
by h(b,0) the harmonic oscillator —% + b*z%. Then the interior of T'; contains the



eigenvalue Ej(k;b, W) (resp., b(2j — 1)) of the operator iL(k;b, W) (resp., of iL(b, 0)),
while the rest of the spectra of these operators lie in the exterior of I';. Then, evidently,
(2.7) implies

VE(k; 0, W) = Tr (W'(- + k/b)7;(k)) =

—Tr (/ W'(- + k/b)(h(k; b, W) — w)™ 1dw) =

27

L </ W(- + k/B)(R(b,0) — w)" 1dw> -

2

N (/ W'(- 4 k/b)(h(b,0) — w) W (- + k/b)(h(k; b, W) — w)~ 1dw>, (2.8)

27

the contour I'; being run over in clockwise direction. Further, we have

27

Ly (/ W(- 4 /) (h(b,0) — )~ 1dw> -

b'/? / W' (x + k/b)p; (b x) dx = / W0~y + b~ k) (y) dy =
R R

W'(b~'k) + /(W'(b_l/zy +07k) — W (b7R)); (y)*dy, (2.9)
R
where ¢; = p; satisfies
—¢i(x) + 2*pi(x) = (25 — V)j(a),  lejllzm = 1.
It is well-known that
—x2/2 .
() =H;_1(z)e , reR, jeN,

where H;, | € Z,, are appropriately normalized Hermite polynomials. Combining (2.8)
and (2.9), we get

1 1
Ej(k b, W) — W' (b7'k) = 3 (K + Ko) (2.10)

with

K = ——Tr (/ W (- + k/b)((b, 0) — )" "W (- + & /b) (h(ks; b, W) — )1dw>,

Koim [ OV 2y 670 = W07 ) ()



It is easy to check that we have

Ky <eb™, Ko < b2, (2.11)
with
0o 1/2 1/2
c1 = W ooy | W] oo i) (Z(zyz—ﬂ - 1)—2) ( > @l - —3/2>—2+4) ,
I=1 IEN:I£]
(2.12)
Cy 1= ||W”||L°C(]R)/ [yls(y)*dy. (2.13)
R
Putting together (2.10) and (2.11), we get
1 _ _ _
‘E;.(k;; b, W) — gW’(b 1k)’ < b 24 epb (2.14)
Bearing in mind that by hypothesis W'(zg) > 0 (resp., W(x) < 0), we find that if
2
Co + \/C% + 401|W’<J]0)|
b>by:= 21|W || e 2.15
0 max || ||L (R)7< 2|W’(1}0)| ) ( )
then £ (bxg) > 0 (resp., Ej(bxg) < 0). O

Proposition 2.2 implies immediately the following

Corollary 2.3. Assume that W satisfies the assumption of Proposition 2.2. Then for
each j € N there exists by = by(j, W) > 0 such that b > by implies that

inf £;(k;b, W) < sup E;(k; b, W). (2.16)
keR kER
Remark: The absolute continuity of the spectrum of the operator Hy is equivalent to
the validity of (2.16) for any j € N. Unfortunately, the constant ¢, in (2.13), and hence
bo in (2.15) grow unboundedly as j — oo so that Corollary 2.3 only implies that for any
a € R there exists by = Bo(a, W) such that the absolute continuity of the spectrum of
the operator Hy(b, W) on the interval (—oo,a) follows from b > by.
Many authors have conjectured the absolute continuity of the spectrum of the Landau
Hamiltonian Hy(b,0) perturbed by generic periodic potentials W : R? — R such that
the flux of the magnetic field through the unit cell of the lattice of the periods of W is
27-rational (note, however, that this is evidently false for constant ). This conjecture
was proved only recently by F. Klopp for a Gs-dense set of potentials W which satisfy the
rational-flux condition (see [10]). If W depends only on x, and is periodic, then it always
satisfies the rational-flux condition. Nevertheless, even in this simpler situation, there is
no general proof of the absolute continuity of o(Hgy(b, W)) for non-constant periodic W.
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In [1, Theorem 4.0.4, Corollary 4.0.5] the absolute continuity of o(Hy(b,W)) is proven
under an explicit condition on the Fourier coefficients of W, and a smallness assumption
on ||[W||L=m); see also the related results in [4]. One of the difficulties in the proof of
the absolute continuity of o(Hy(b, W)) for general non-constant periodic W : R — R, is
related to the fact that we have

lim (& —b(2j — 1) — (W)) =0 (2.17)

j—oo t 7

where (W) is the mean value of W (see [9]); in particular, lim; .., (£, — ;) = 0. On
the other hand, (2.17) implies as a by-product that for j € N large enough, inequality

(1.1) is valid even if (2.1) does not hold true.

Proposition 2.4. Let W = W € C3(R) N L>(R) with W', W" , W" € L>(R). Suppose
that W"(zo) > 0 (resp., W"(xo) < 0) for some xy € R. Pick j € N. Then there ezists
by = b1 (W, j) such that b > by implies Ej(bxo;b, W) >0 (resp., EY(bxo;0, W) <0).

Proof. First of all, note that

O . o, 10Y; .
(@ k) = =@+ kb k) + (o + kb k).

Applying Lemma 2.1, we conclude that 8%( k) € L*(R). Calculating the derivative
with respect to k in (2 7), we get

O

E(k; b, W) /W” x4 k/b)e; (2; k)2dx + = /W’ —I—k/b) ( k) (z; k) dx
(2.18)
As in the proof of (2.14), we suppose that b > 2||W|| =), and find that
/ W (x4 k/b);(x; k)2 dx — W”(k:/b)‘ < egb ™t 4 eyb” V2 (2.19)
R

where the constants c¢3 and ¢4 are defined by analogy ¢; and ¢o, replacing W’ by W” in
(2.12), and W” by W" in (2.13). Further, obviously,

N,

< W'l oo (m) W(‘;k) (2.20)

/W’ x—l—k/b) (x k)b (z; k) da

L2(R)
Since the functions %( k) and 9);(-; k) are orthogonal in L*(R), we find that

00 o)
D25k = (1= (k) L (5)



the orthogonal projection 7;(k) being defined in (2.5). Deriving equation (2.6) with
respect to k, we easily obtain

%(-; k) = —%(Mk) = Bj(k)) ML = 7y (R)W'(- + k/b)d;(: k), (2.21)
and, hence, 3
Wi (k) S S ey (222)

Putting together (2.18), (2.19), (2.20), and (2.22), we obtain

1
E!(k:b, W) — b—2W”(b—1k)' < b + cqb™5?

with ¢5 = c3 + 2||W/||%OO(R). Therefore W”(x9) > 0 (resp., W”(xg) < 0), implies
EY(bxg) > 0 (resp., £ (bxg) < 0), provided that

2
ci+ /i +4c W (o
b > by := max < 2||W{|Le(r), ( \/2TW"(;0)‘ ( M)

O

Remark: Propositions 2.2 — 2.4 show that for large magnetic fields b the band func-
tions E;, j € N, behave quite similarly to the edge potential W. This behaviour could
be considered as semiclassical.

The combination of Propositions 2.2 — 2.4 easily yields the following

Corollary 2.5. Let W = W € C3(R) be a T -periodic function such that W'(x) = 0,
x € R, implies W"(z) # 0. Assume that the sets M3, = {x € [0,T)|W(z) = Wy}
consist of A‘jf[, € N points. Then for each j € N there exists by(j, W) > 0 such that
b > by itmplies that the set ./\/l;t contains exactly Aljfv points, and all of them are non-
degenerate.

3 Main Results

3.1 Notations. Auxiliary results

This subsection contains notations used for the statement of our main theorems, and
related auxiliary results needed for their proofs.

Let X;, I = 1,2, be two separable Hilbert spaces. By L£(X7, X3) (resp., Seo(X1, X2))
we denote the class of bounded (resp., compact) linear operators T : X; — X5, and by
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Sp(X1,Xa), p € [1,00), the Schatten-von Neumann class of operators T € Sy (X7, Xs)
for which |7, := (Tr (T*T)P/2)1/p < oo. If Xy =Xy =X, we will write £(X) and
Sp(X) instead of £(X, X) and S,(X, X), p € [1, 00], respectively. Let T' = T* € S (X).
For s > 0 set

n4(s;T) = rank P o0y (£T);

thus ny(-;T) are the counting functions respectively of the positive and the negative
eigenvalues of T'. Let T' € Soo (X7, X3). Put

n.(5;T) = ny (s*T*T), s> 0;
thus n.(-;7T) is the counting function of the singular numbers of 7. We have
n(s;T) =n.(s;T%), s>0.
Moreover, if X; = Xy = X, and T' =T, we have
ne(s;T) <ni(s;T), s>0.
Note that the functions ny satisfy Weyl inequalities
ny(s(l4¢€);Th) —n_(se; 1) <ny(s;Ty + 1) <ni(s(l—e);Th) +ni(se;Tz), (3.1)
with s > 0 and € € (0,1), while the function n, satisfies the Ky Fan inequalities
ne(s(1+¢);Th) — nu(se; To) < n(s;T1 4+ To) < nu(s(1 —e);Th) + na(se; Tz),  (3.2)
with s > 0 and € € (0,1). Finally, for each s > 0 and p € [1,00) we have

n.(s;T) < s7P||T|P. (3.3)

3.2 Effective Hamiltonians

In this subsection, we introduce the effective Hamiltonians which under suitable assump-
tions on W and V' govern the main asymptotic term as A | 0 of ./\/}*()\), and establish
the corresponding asymptotic bounds.

In what follows, we assume that V : R? — R is Lebesgue measurable, and satisfies the

estimates
0<V(z,y) <Co(l+[z))™ A+ y))™™, (z,y) € R, (3.4)

with some Cy € [0,00), and m; € (0,00), | = 1,2. In particular, (3.4) implies that (1.2)
holds true. Fix 7 € N. Note that

Yi(zslr + k) =j(x —1T;k), z€R, l€Z, keR, (3.5)

the eigenfunction ;(-; k) being introduced in Lemma 2.1.
Put AT := #M7, S; .= {1,...,AT}. Assume that the set M = {k;raj}aesv contains
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only non-degenerate points k; ;. For A > 0 define G,(}) : I*(Z x S;) ® L*(R) — L*(R?)
as the operator with integral kernel

(27?)_1/2‘/(33, y)l/ij(x Tkt '>ei(k+lr+k;j)y (MI,ij i )\)71/2 7

’ a?]

with (I,a) € Z x S;, k € R, and (z,y) € R? the quantities p; > 0 being defined
in (2.2). It is easy to check that if V satisfies (3.4) with m; > 1, my > 1, then
Gi(A\) € S2(IA(Z x §;) @ L*(R); L*(R?)) for any A > 0.

Theorem 3.1. Let W € L*(R;R) be a T -periodic function. Let V satisfy (3.4) with
my > 1, my > 1. Fiz j € N. Assume that (1.1) holds true, and the set M contains
only non-degenerate points. Then for each € € (0,1) we have

n(1+eG1(N) +0(1) SNF(N) < nu(l —e:G1(N) + O(1), (3.6)
as A | 0.

The proof of Theorem 3.1 can be found in Subsection 4.1.
Our next goal is to give an equivalent formulation of Theorem 3.1 in the terms of an
explicit effective Hamiltonian. Define the “diagonal” operator u € L(I*(Z x S;)) by

(pu)yq = /’L;—J‘ul,a, leZ, aecs,,
where u := {ulﬂa}(ha)ersj €*(Z xS;). On I*(Z x S;) ® H*(R) define the operator

d2
Ho=pe <_d_y2)

self-adjoint in [*(Z x S;) ® L*(R). Further, define the operator V € L(I*(Zx S;)® L*(R))
by

VW) @)= D Viams@wns(y), yeR,

mez, BES;

where

1 —i((l—m)r+kT . —kF
Viam,s(y) == %/R\/(x,y)z/zj(x — 1T, k‘;r])g/)](m —mT; k%)dm i =m)T kT =S )y

and w € [*(Z x S;) ® L*(R). Thus the operator Hy — gV with g > 0, self-adjoint on
Dom(Hy), can be interpreted as a Schrodinger operator on the real line with infinite-
matrix-valued attractive potential —g)’, and a coupling constant g > 0.

Applying the Birman-Schwinger principle and the inverse Fourier transform with respect
to k € R, we easily find that Theorem 3.1 yields the following

Corollary 3.2. Under the hypotheses of Theorem 3.1 we have
rank P(_oo 3 (Ho — (1= €)V) + O(1) < N;(A) <rank P (Ho — (1+¢)V) +0(1),
as A | 0, for any e € (0,1).
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Assuming a somewhat faster decay of V as y — oo, we can obtain an asymptotic
estimate similar to (3.6) involving an operator which is simpler than G;(A). Define
Gy : I2(Z x S;) — L*(R?) as the operator with integral kernel

() V() Py (e = 1T k)R (1) €Zx S;,  (x,y) € R,
Again, if V satisfies (3.4) with my > 1, my > 1, then Gy € So(I*(Z x S;); L*(R?)).

Theorem 3.3. Let W € L*(R;R) be a T -periodic function. Let V' satisfy (3.4) with
my > 1 and mg > 3. Fiz j € N and assume (1.1). Then for each € € (0,1) we have

N ((1 + 5)\/%; Qz) +0(1) SN (A) <n. ((1 — 5)\/%; 92) +0(1), Alo0.

(3.7)

The proof of Theorem 3.3 can be found in Subsection 4.2.

3.3 Asymptotic bounds of /\/;*(A) for compactly supported V

Theorems 3.1 — 3.3 can be used for the investigation of the asymptotic behaviour as
Al 0of /\/’;“()\) for a large class of rapidly decaying perturbations V. In this subsection
we concentrate on perturbations of compact support. This choice is motivated by:

e the fact that in this case we prove asymptotically Gaussian (i.e. the fastest known)
convergence of the discrete eigenvalue of the operator H, to the edge Sjr of the
gap in o(Hy) which is a non-semiclassical behaviour; similar Gaussian convergence
has been recently found in [2] in the case of monotone step-like edge potential W
and additional assumptions of the geometry of supp V/;

e the relation between our results and the numerous recent results on the asymp-
totics of the discrete spectrum for various (electric, magnetic, or geometric) com-
pactly supported perturbations of the Landau Hamiltonian (see e.g. [17, 13, 19,
15, 14, 16]);

e the possible applications in the mathematical theory of the quantum Hall effect and
the related spectral theory of random Anderson-type perturbations of Hy(b; W),
i. e. operators of the form H,, = Hy + V,, where V,,(x) = > 7> Am(w)u(x —m),
x € R? w e Q, Qs a probability space, {A\m(w)},,cz2 are i.i.d. random variables,
and u > 0 is the deterministic compactly supported single-site potential; note that
the estimates for the discrete eigenvalues for compactly supported perturbations
of the Landau Hamiltonian obtained in [17] have been successfully applied to
the study of various spectral and dynamical properties of random Anderson-type
perturbations of the same operator (see [3, 12, 5, 11]).
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In order to formulate our last theorem we need the following notations. For ¢t > 0 set
Ent (t) := min{l € N|I > t}. Further, let O C R? be an open, bounded, non-empty
set. Let V() be the set of the closed vertical intervals J C € of positive length |7].
Evidently, V() # 0. Put

1
C(2):= sup ———.
gevi) Ent (725)

Note that if J € V(2), then there exists a horizontal interval Z of positive length, such
that the rectangle Z x J is contained in §2.

Theorem 3.4. Let W € L>®(R;R) be a T -periodic function. Suppose that V : R* —
[0,00) is a Lebesque measurable function such that

C_xa_(z,y) <V(z,y) < Cixa,(z,y), (v,y)€R? (3.8)

where xq, are the characteristic functions of the open, bounded and non-empty sets
Qs CR? and Cy € (0,00) are constants. Fir j € N and assume (1.1). Suppose that
the set /\/lj+ contains only non-degenerate points. Then we have

V2 V2

C < liminf | In A|7Y2AF (X)) < limsup | In A 1/2N+ < ——AF 3.9
So() < limnf [1n | AT () < lmsup I ENG () < 24T (39)
where, as earlier, AJr = #./\/IJr In particular, if A+ 1, and there exists a closed

vertical interval J C Q_ of length |T| > 2% so that C(Q ) =1, we have

V2
VT

The proof of Theorem 3.4 can be found in Subsection 4.3.

hm]ln/\| N (N) =

Remarks: (i) Corollary 2.5 guarantees the existence of edge potentials W and mag-
netic fields b for which the set ./\/l;r contains only non-degenerate points, and Aj =
Thus there exist explicit examples where the assumptions of Theorem 3.4 are met.

(ii) Theorem 3.4 implies that every open gap (5] ,€;,1) contains infinitely many discrete
eigenvalues of the operator H, for generic not identically vanishing decaying perturba-
tions V' > 0. By (3.9) the asymptotic rate of the convergence of these eigenvalues is not

faster than Gaussian.

In principle, the analysis of the asymptotic behaviour as A | 0 of /\/';r(/\) without
the non-degeneracy assumption concerning the set M;“ is also feasible but much more
complicated from technical point of view, so that we omit the details. However, we
would just like to note that (k — kF ;)% = o((k — k;,)?), as k — kI, if l e N, [ > 1;
hence, the replacement of non-degenerate points k;j € ./\/l;r by degenerate ones does
not decrease the quantity liminfy o |In )\|*1/2/\/;7L()\) (see below (4.2), (4.3), and (4.4)).

Thus we find that Theorem 3.4 implies the following

13



Corollary 3.5. Let W € L®(R;R) be a T -periodic function. Assume that V : R* —
[0,00) is a Lebesque measurable function which satisfies (1.2) and the lower bound in
(3.8). Fiz j € N. Assume that the inequalities £ < £ and (1.1) hold true. Then

0 < liminf | In A|7"2A5H (V).
A0

In particular, the open gap (8;r ,5]11) contains infinitely many discrete eigenvalues of
the operator H, and the asymptotic convergence of these eigenvalues to the edge 8]-* I8
not faster than Gaussian.

4 Proofs of the Main Results

4.1 Proof of Theorem 3.1

The Birman-Schwinger principle entails

NN =n_(LVVA(Hy—EF =)'V +0(1), Alo. (4.1)

J

Choose 6 > 0 so small that the intervals O;4(0) := (I7 + ki ; — 6, + k; +9), | € Z,
a € §;, are pairwise disjoint. Set Os := Uga)ezxs;Ora(d). Introduce the orthogonal

projection
®

Pj’(g =F" Wj(k)dk]:
Os

acting in L?(R?). Since <€'j+ is not in the spectrum of the operator H restricted to
(I—P;5)Dom(Hy), we find that the operator V/2(Hy—& = X) ! (I—P;5)V'/? converges
in norm as A | 0 to a compact operator. Therefore, the Weyl inequalities (3.1) easily

imply
ni(L+eVV2(ES — Ho+ N)'PsV?) + 0(1) <

n_(LVY2(Hy— & = X)7'V1?) <
ni(1—eV2(E — Hy+ N)'Ps V) +0(1), A0, (4.2)

with ¢ € (0,1).
For A > 0 define T7(\) : L*(R?) — L?(QOs) as the operator with integral kernel

2m)V2(ES — Bj(k) + N) V2w ke MV (2, 9) V2 (z,y) €R? ke 05 (4.3)

J

Then we have
VI2(EF — Ho+ A\)7'Pi sV = Ty (A Ti(N), (4.4)

and hence
n, (s% ‘/1/2(5;r — E;(k) + \)7'PsVY?) = nu(s; Ti(N) = nu(s; T(N)"), s> 0. (4.5)
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Let W: L*(O5) — I*(Z x ;) ® L*(—4,0) be the unitary operator defined by
Wu) (k) == u(k + I+ k;;j), (lLa) e ZxS;, ke(—0,9),
with u € L*(Oj). Define To(\) : I*(Z x S;) ® L*(—4,6) — L*(R?), A > 0, as the operator
with integral kernel
() 2V () 2y (0 — I 4 K )T (S — Bk k) + 0)

where (I,a) € Z x S;, k € (—94,0), (z,y) € R%. By (3.5), we have To(A)W = T1(\)*.
Therefore,
n.(s;T1(N)") = ni(s; To(N)), s>0, A>0. (4.6)

Define T3(\) : I*(Z x ;) ® L*(—4,0) — L*(R?), A > 0, as the operator with integral
kernel
(271') 1/2V($ y)1/2¢ (13 —lT k+ ) k+l7—+k (Mz,jk2 +>\)71/27

with (I,a) € Z x S;, k € (—4,9), (z,y) € R% Then

IT2(N) = T5(V)|; =
(2m)~! Z / (x,y / |9 (x lT;k+k;j)(5f—Ej(k—i-k;“’j)—i-)\)’l/z
(l,)€ZXS;

—pj(x — 1T kL) (ud K + X) 1/2} dk dz dy <

) o _7

{/ (& — Ej(k+ k) +X) 72 = (k> + X) 1/2} dk+

a€S;

/ < /\wj vk + kL) — gkl )| da:) 2(ud K24+ X)" 1dk} (4.7)

where the quantity
P —ma —m2
Ch = Cy max lgez (14 |z +1T)) /R(l + |yl) "2 dy (4.8)

with Cy being introduced in (3.4), is finite by m; > 1 and my > 1. Since

(EF = Ej(k+ kL) + N2 = (ud K+ X) 72 =

J
Ei(k+k};) = & + pg ;K
\/<6j+_Ej(k+ko+z,j)+>‘)<ua]k2+)\ <\/5+ Ei(k+k!)) +A+\/u;jk2+>\)

and

Ej(k+kl,) =&+ pl ik =0k, k—0,
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we find that the first term in the braces at the r.h.s of (4.7) is uniformly bounded with
respect to A > 0. Similarly,

2
R (pl 2+ N7 <1/pb,, A>0, keR (4.9)

Further, elementary calculations yield
2/ i (@ k + kL) — (i kL) | dx</ |7 (ks + k) IPds. (4.10)
R

Since the orthogonal projection 7;(k) depends analytically on &, we find that the com-
bination of (4.9) and (4.10) implies the uniform boundedness with respect to A > 0 of
the second term in the braces at the r.h.s. of (4.7). Therefore (4.7) yields

ITs() = Ts)lle = O(1), A Lo, (411)
Combining (3.2), (3.3) with p =2, and (4.11), we get
(501 +€), Ty(N) + O(1) < s To(N) < ma(s(1— £ Ts(0) +0(1), L0, (4.12)

with s > 0 and ¢ € (0,1). Finally, define Ty(\) : I*(Z x S;) ® L*(R) — L*(R?), A > 0,
as the operator with integral kernel

(27) 2V (,9) 20 — 1T k) EF TR (2 4 0) T (R),

Y a,]

where ([,a) € Z x S;), k € R, (z,y) € R?, and x(_s0) is the characteristic function of
the interval (—9,9). Evidently,

n.(8;T3(N)) = nu(s; Ty(N)), s>0, A>0. (4.13)

At the same time we have

IT4(N) = Gi(Mf; =
Z / (z, y)j(x —IT; k) dxdy/ (ud K>+ N) 1dlg< Z —,

(la €ZLXS; aGS Ha,j

the constant C being introduced in (4.8). Arguing as in the derivation of (4.12), we get
na(s(1+ £ G1(N) + O(1) < (s Ta(V) < mals(1— £ G(N) + O(1), AL 0, (4.14)

with s > 0 and ¢ € (0,1). Putting together (4.1), (4.2), (4.5), (4.6), (4.12), (4.13), and
(4.14), we obtain (3.6).
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4.2 Proof of Theorem 3.3

We have
n.(5;G1(N\) = ny (5%, G1(NGI(N)), s>0, A>0. (4.15)
The operator M;()\) := G1(A\)G1(\)* : L*(R?) — L*(R?) admits the integral kernel

ei(z7+kj,j)(y—y’)wj<x Tkt )wj(x’ —IT: k" ),

! a?.] ’ a7‘7

6—\/>\/u§,j\y—y’|
V)V y) >

(la)EZXS; 2\/ M:,j/\

with (z,y), (2/,y') € R Define My()\) : L*(R?*) — L?(R?) as the operator with integral
kernel

V@V y) !

e O (T Ky ! = UTS ),
(1L,a)€ZxS; 24/ Mg jA

with (z,y), (z',y') € R% Taking into account (3.4) and the elementary inequalities
0<1—et<t t>0,we get

M (A) = Ma(N)]3 <
2 + -2
Co Ene%f@ﬂa,j) X
2

Az(1+|x|)m1(1+|x/|)ml S |ila = 1T kS (@ — 1Tk )| | dwda!x

(l,a)EZXSj

@l ) o gy (4.10
R

Applying the Cauchy-Schwarz inequality, we obtain

42(1+|x|)—m1(1+|x’|)—m1 S |ila —IT ki — 1T k)| | deda’ <

(LQ)EZXS;
2
Af (rgrcleaﬂgi (1+ |+ ZT\)”“) < 00 (4.17)
ez
since my > 1. Similarly,
L by = o gy < o0 (4.18)

since my > 3. Now, (4.16) — (4.18) imply
[Mi(A) = Ma(A)[2 =O(1), ALO.
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Arguing again as in the derivation of (4.12), we get
ni(s(1+4¢); Ma(A) +O(1) < ny(s; Mi(A) < ny(s(1—e); Ma(A)) +O(1), A L 0, (4.19)
with ¢ € (0,1), s > 0. Finally,

My(\) = 2\/—9292; A >0,
and, hence,
ny(s* My(\)) = n, <s\/ 2vV/\; gg> , s>0, A>0. (4.20)

Now the combination of (3.6), (4.15), (4.19), and (4.20), yields (3.7).

4.3 Proof of Theorem 3.4

In order to prove Theorem 3.4 we need the following
Lemma 4.1. Let W € C'(R) be real-valued periodic function. Then for any bounded
interval T C R of positive length, and for any ko € R we have

5lnj? ' 21n/w] — & ko)dr = —b. (4.21)
Relation (4.21) follows easily from [9, Theorem 1.1], so that we omit the details.

Let © C R? be an open bounded non-empty set. Define T5(Q) : I*(Z x S;) — L*(2)
as the operator with integral kernel

() (e = 1T k)T (L) €Z X S;,  (x,y) € Q.

» Vo, g

Then (3.8) combined with the mini-max principle implies
Nk (s; C_T5(22)) < nu(s;G2) < nu(s;CLT5(024)), s> 0. (4.22)

Let us prove first the upper bound in (3.9). Since the set {2, is bounded, it is contained
in some rectangle R, := Z, x J, where Z, and J, are bounded intervals of positive
lengths. Evidently,

n.(5;T5(Q4)) < nu(s;T5(Ry)), s> 0. (4.23)

Let M3 € So(I*(Z x S;)) be the “diagonal” operator defined by
(M;u)l,a = Vﬁaul,a7 (la O() € 7 x Sj?
where w = {uia} 0enxs, € *(Z x ), and

vt = 1T (i I/QZ(mQJrl)l(lz—i—l)/I Vi(x—IT; k7)) de, (o) € ZxS;.

BES; meZ
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Applying the Cauchy-Schwarz inequality, we find that T5(R.)*T5(R.) < M, which
combined with the mini-max principle yields

ne(s\ 2VA T5(R4)) < ny(s°2V/4 M) =

#{La) eZx S|yl > 20}, 5>0, A>0. (4.24)

Applying Lemma 4.1, we easily find that

#{(Z,Q)GZij|l/ﬁa>3\/X} V2
lim = At s>0. (4.25)
A0 [ In A[H/2 VT
Combining now (3.7) with the upper bound in (4.22), (4.23), (4.24), and (4.25), we
obtain the upper bound in (3.9).

Finally, we prove the lower bound in (3.9). Let J_ be a closed vertical interval of
length ¢ € (0,00), contained in 2_. Due to the invariance of H, with respect to y-
translations, we may assume without any loss of generality that there exists a bounded
interval Z_ of a positive length, such that Z_ x (0,q) C Q_. Set

2 2T

Then we have R_ :=7_ x (0,25) C Q_, and therefore
N4 (8;T5(2-)) > n.(s;T5(R-)), s> 0. (4.26)
Let My € S (I1*(Z)) be the “diagonal” operator defined by
(Mya)y, = v, Uy, mEL,

where u := {upn,},,.,, and

Vp = ————= [ Uj(x —mLT;k{;)*dx, m e

Restricting the operator T5(R_) onto the subspace

{u = {“lva}(z,a)ersj EPZxS8)|wa=0 if IgLZ or a# 1} ,

applying the mini-max principle, and taking into account that

2w

L / 2
/ e Lm=m")y gy — —7T5m ms  m,m’ €7,
0 TL
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we easily find that
ns (s 2v/; T5(R)) > n, (522x/X; M;) — 4 {m AT 322¢X} (4.27)
with s > 0 and A > 0. Utilizing again Lemma 4.1, we get

#{m€Z|y;1>sx/X} V2
li =
A0 [In \[1/2 VOTL(g)’

s> 0. (4.28)

Putting together (3.7), the lower bound in (4.22), (4.26), (4.27), and (4.28), and opti-
mizing with respect to ¢, we obtain the lower bound in (3.9).
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