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Abstract. We deal with the problem of the validity of Liv§ic’s theorem for cocycles
of diffeomorphisms over a hyperbolic dynamics, that satisfy the necessary periodic orbit
obstruction condition. We give a result in the positive direction for cocycles of germs of
analytic diffeomorphisms at the origin.

1 Introduction

Given a map (dynamical system) T': X — X over a compact metric space X and a
(topological) group G, we consider a continuous G-valued cocycle A: N x X — G, that is,
a continuous map taking values in G and satisfying the cocycle relation

An+m,x) = A(n,T™x)A(m, x)

for every m,n in N and every x € X. This cocycle is completely determined by the
continuous function A(-) := A(1,-) : X — G, and the cocycle relation yields

A(n,z) = A(T" 12)A(T"22) - - A(x)

for every n > 1. A natural problem is to determine sufficient conditions in order to that
a given cocycle is conjugated to a cocycle taking values in a “small” subgroup of G. For
the case of the trivial subgroup {eg}, the existence of the desired conjugacy is equivalent
to the existence of a continuous function B: X — G such that

A(x) = B(Tz)B(z)™ forall z € X. (1)

Whenever this cohomological equation associated to the cocycle A has a solution B, we say
that A is a coboundary. The simplest obstruction for the existence of B is the P(eriodic)
O(orbit) O(bstruction): if p € X and n € N satisfy T"p = p, then

n—1 n—1
An,p) = [J AT*0) = [ BT 2)B(T'0) ™ = BT"p)B) ™" = e
=0 1=0

The Livsic problem consists in determining whether the POO(A) condition is not only
necessary but also sufficient for A being a coboundary. This terminology originates in the
seminal work of Livsic [4], who proved that this is the case whenever G is Abelian, A is
Holder-continuous and 7' is a topologically transitive hyperbolic diffeomorphism. Since
then, many extensions of this classical result have been proposed. Perhaps the most rel-
evant is Kalinin’s recent version for G = GL(d,C). In this Note, we address the Livsic
problem for Holder-continuous cocycles taking values in the group of germs of analytic dif-
feomorphisms. In the context of general diffeomorphisms, a positive answer to the Livsic



problem is unclear, despite several results pointing in this direction whenever a certain
localization property is satisfied. (See, for example, [2].)

To state our result, we denote by Germgy the group of germs of local bi-holomorphisms
of the complex space C¢ fixing the origin. This may be identified to the group of holo-
morphic maps F(Z) = A1Z + AsZ% + ... having positive convergence radious, with
A1 € GL(d,C) (see §1.2 for the details).

Main Theorem. Let T : X — X be a topologically transitive homeomorphism of a
compact metric space X satisfying the closing property (see §1.1 for the details). Let
F: X — Germg be a Hélder-continuous function/cocycle (see §1.2 for a discussion on
continuity issues). If F' satisfies the POO condition, then there exists a Hélder-continuous
function H : X — Germg such that for all x € X,

F(z) = H(Tz)o H(x)™'. (2)

This theorem should be compared with [5], where the second-named author shows a
KAM-type result for Germg-valued cocycles over a minimal torus translation.
1.1 A remind on LivSic’s theorem for complex valued cocycles

Let X be a compact metric space with normalized diameter (i.e., diam(X) = 1). We say
that a function f: X — C is (C, a)—Hélder-continuous for C' > 0 and a € (0, 1] if for
every pair of points z,y in X,

[f(x) = f(y)] < C distx(x,y)". (3)

In the sequel, we will denote by [f]n the smallest constant C' for which f is (C, «)—Holder-
continuous. The next two results are straightforward.

Lemma 1 If f vanishes at some point of X, then ||f| = sup,ex |f(z)| < [fla- O

Lemma 2 Let f,g : X — C be two a-Hdélder-continuous functions. Then the functions
f+g and fg are a— Hélder-continuous, and

1L [f+dla < [fla + [9la-
2. [fgla < [flallgll + gl fll- O

Let T: X — X be a homeomorphism and let x,y be points of X. We say that the
orbit segments z,Tx,...,T*z and y,Ty,...,T*y are exponentially 5-close with exponent
A >0 if for every j =0,...,k,

distx (T?x,T7y) < se A mindsh=i},

We say that T satisfies the closing property if there exist ¢, A, dyp > 0 such that for every
r € X and k € N so that distx(xz, T"x) < o, there exists a point p € X with T%p = p
so that letting 6 := ¢ distx (z, Tka;), the orbit segments z, T, ..., T*z and p, Tp, ..., T*p



are exponentially d-close with exponent A and there exists a point y € X such that for
every 7 =0,...,k,

distx (T7p, T7y) < 6™ and distx(T’y, T'z) < e N9,

Important examples of maps satisfying the closing property are hyperbolic diffeomorphisms
of compact manifolds.

In this work, we will use two versions of the Livsic result. The first of these (c.f.,
Theorem 3) corresponds to the original Livsic theorem for complex valued cocycles. This
theorem will be used as the main ingredient for an iterative scheme. In this procedure,
we will require to have good estimates for the solutions of cohomological equations (see
Corollary 4). For this reason, in the following paragraph we review the proof of the Livsic
theorem and we record certain key estimates. The second version (extension) of the Livsic
result we will use (c.f., Theorem 5) corresponds to a recent and remarkable theorem
by B. Kalinin, who proves the Livsic theorem for matrix-valued cocycles (satisfying no
localization property).

Theorem 3 (Livsic, see [4]) Let T: X — X be a topologically transitive homeomor-
phism of a compact metric space X satisfying the closing property. Let ¢: X — C be an
a—Hélder-continuous function for which the POO holds, that is, for every point p € X
and k > 1 such that T*p = p, one has Z?;é Y(TIp) = 0. Then there exists an a— Holder-
continuous function ¢ : X — C that is a solution to the cohomological equation

boT 6 =1,

Proof. Let xg € X be such that {T"xg},eny = X. We define ¢ by letting ¢(zp) := 0 and
P(T"x0) == D7~ w (T7z0). We next check that ¢ is a—Hélder-continuous on {T"x¢}nen.
Let n > m. There are two cases to consider:

e Assume that distx(T™xg,T"x9) < dp. Then there exists a point p € X satisfying
T™ ™p = p and such that for every j =0,...,n —m,

distx (T (T™x0), Tp) < ¢ distx (T g, T™xg)e” A minlin—m=i},

This yields



n—m-—1
|6(T"x0) — p(T"x0)| = (T )
§=0
n—m—1 ' ' n—m-—1 ‘
= (VT ) —(T9p)) + > »(Tp)
j=0 Jj=0
n—m-—1 ' '
< (T 20) — (T7p)|
j=0
n—m-—1
< []a distx (T™ "z, TIp)®
=0
n—m-—1

& Wj]a distX (Tnibo, Tmibo)a e—)\a min{j,n—m—j;}

™

7=0
2c* .
< 1_6[@\?: distx (T"xo, T xp)?.

e Assume that distx (T"xg, T™x9) > do. Since xg has dense orbit and X is compact,
there exists N € N, depending only on X, T, and do, such that {zg, Tzo,...,TNxo}
is a dg-dense set in X. For n —m < N, one easily shows that

(T o) — (T 20)| < NI[].

For n —m > N, there exist r,s in {0,1,..., N} such that distx(T*xo, T"z¢) < do
and distx (T xo, T™xg) < dp. Using the preceding case, this yields

6T 20) — ST a0)| < 16(T™20) (T 20)| + (T 20) — 6(T"20)] + 6(T"x0) ~ (T )|
4p]ac”
< M 5+ Nl
< (14[_1!)]:C;; + N(‘;EZZ}H> distx (T"xo, T™x0)*. 0O

A careful reading of the proof above yields useful estimates enclosed in the next

Corollary 4 The solution ¢ to the cohomological equation is a-Hélder continuous, and
there exists K depending only on T, X, and o such that [¢]o < K([V]a + ||¥I]). O

Theorem 5 (Kalinin, see [3]) Let T be a topologically transitive homeomorphism of a
compact metric space X satisfying the closing property. Let A : X — GL(d,C) be an
a-Hdélder function for which the POO(A) condition holds. Then there exists an c-Hélder
function C : X — GL(d,C) such that for all x € X,

A(x) = B(Tz)B(x)™ "



1.2 The group Germy

For d > 1, we introduce the following notation:
e j:=(j1,...,Jaq) is a positive integer lattice point, with j; > 0 for every 1 <i < d.
o ljl:=g1+-+ja
o jXk if j; <k forevery 1 <i<d.

e j<k if j=<kand j;, < k;, for some i,.

o 7 =(z1,%,...,2q) is a point in C%,
o Zii= 010 Zld

Then we can define a formal power series on C? as F(Z) := (F1(Z), F2(Z), ..., Fy(Z)),
where each F;(Z) has the form
-y

J=0
for some coefficients t} € C. This formal power series becomes an analytic map if there
1
exists R > 0 such that limsup; |t§\ n < % for every 7. Indeed, in this case, each F; is
a convergent series on D(0, R)? (that is, for Z = (z1,...,2q) such that |zs] < R holds for
every s).
Let H(d, R) be the set of continuous functions F': D(0, R)4 — C% that are convergent

power series in D(0, R)¢ and satisfy F'(0) € GL(d,C). We endow this complex vector
space with the inner product

F,G\p = / FG;dZ | .
< )% Z( oD(0,R)d )

)

The L?norm of an element F € H(d, R) of the form F;(Z) = 250 4 73 is

1/2

|F|l2.r := (F, F) 1/2 Z Z ’tl R2\J|

io]jI>1

We let Ho(d, R) be the subset of H(d, R) formed by those F satisfying F'(0) = 0, and we
let the set of local holomorphic diffeomorphisms of C% be defined as

= |J Ho(d, R).

R>0

On this set, we introduce the following equivalence relation: We say that F,G in G4 are
equivalent if there exists a neighborhood of the origin on which F' and G coincide. With
this identification, the set G4 becomes a group, that we call the group of germs of analytic
diffeomorphisms of C* and we denote by Germy.



Although we will not worry about providing a precise topology for Germg, we will
certainly need to consider maps from X to Germy that are “continuous” in some precise
sense. Since X is compact, any reasonable definition should lead to functions that factor
throughout an space Ho(d, R) for some positive R. Accordingly, given C' > 0, a € (0, 1],
and R > 0, amap ¥: X — Hy(d, R) will be said to be (C, a, R) —Holder-continuous if
U(z) belongs to Ho(d, R) for every x € X, and for every pair of points z,y in X,

W(z) = ¥(y)ll2,r < C distx(z,y)*.

In terms of the coefficients of the power series, this condition reads as follows:
Lemma 6 IfV: X — Ho(d,R) is (C, a, R) —Hdlder and writes as

Ui(2)(2) = 3 ti(0) 2,

i[>0

. - . C
then each coefficient t} : X —>Cisa (W’

a) -Hélder-continuous function.
Proof. The Holder condition for ¥ yields
1/2

DYt y) 2RI < C distx(x,y)%,

i [jI>1

which implies that
2

C
R2lil

]tj(x) —t’( )? < distx(x,y)**. 0

In an opposite direction, given a list {tJz : X —-C,j»=0,1<i<d} of continuous
functions, we are interested in finding conditions ensuring that F' := (F1,..., F,), formally
defined by F;(z)(Z) := > tj.'(a;)Zj represents a convergent power series lying in Ho(d, R)
for some R > 0.

Lemma 7 Assume that each function tj-' s a (R%j‘,oz> -Hélder-continuous function for

some positive constants C, R. Assume also that each tJZ-' vanishes at some point of X.
Then for all 5 <1, the formal power series F; is convergent on D(0, R)?, and x +— F(z)=

1/2
(Fi(x),...,Fq(x)) is a (O(&) / , a> -Holder continuous map from X to Ho(d,dR).

Proof. Since each t‘ vanishes at some point of X, Lemma 1 gives thH < for every i, j.

R\JI
This implies that each F; is a convergent power series on D(0, R)?. Moreover, for all z,y

in X,



1F(2) = F(y)l3

= ZZW ) — ti(y)|2(6R)!
< ZZCzdzstX x,y2a52|j|

= dC?distx(z,y QO‘Z Z 628

5= 1|J—S

(S +d— 1)' 2s
si(d—1)!

= dC?distx(x,y)** Z
s=1

— d020<165> distx(z,9)**. 0

The Faa di Bruno formula. We will need to consider compositions of power series
in several complex variables. The following is a simplified formulation of the multivariate
version by Constantine and Savits [1] of the well known Faa di Bruno formula:

Theorem 8 (see [1]) Let A(Z) = > ;51 a;Z3 and B;(Z) = 2 li>1 JZJ 1<i<d, be

formal power series in d variables. Then the power series

C(Z)=A(B\(Z),By(Z),...,Ba(Z)) = > _ &2
li>1

has coefficients

G, =Y bl + Y PG i){B}, (4)
lil=1 1<l §<ijx

1<z<d

where P(j.,j){B} is a polynomial in the variables {bz} that is homogeneous of degree

lj| and has positive integer coefficients.

The Faa di Bruno formula is actually much more precise and requires harder notation.
For instance, in the case d = 1, one has

P(jj){BY=" >  Bu- B,

LT =]

A generating function. Let us define .J:D(0,1)? — C? by the convergent power series
S
ljI>1

Since DJ(0) = idca, there exists an analytic map G defined in a neighborhood of the
origin in C?% such that G(0) = 0 and

JoG(Z)=Z for every Z in that neighborhood . (5)



In terms of power series, one can write

Gi(Z) =z + Z g}Z‘i,
l>1

where the coefficients verify | gJ’| < KNI=1 for some K > 0 and every lj| = 1. Moreover,
these coefficients satisfy a fundamental recurrence relation. Indeed, using J o G(Z) = Z
and the Faa di Bruno formula (4), one obtains

0=g, - > PG.)H{G} (6)

Recall that P(j.,j){G} depends only on the values of ng for j < j. and every s. Hence,
one can recursively compute gj in terms of the previously defined gj"’.

For any S > 0, we consider Jg : D(0,S™1)% — C¢ defined by Js(Z) := %J(SZ). When
solving the equation JgoGg(Z) = Z, one gets a map Gs = (Gg,1,...,Gs,q), where each
Gsi(Z) has the form Gg;(Z) =z + Z|j|>1 gg,j Z3 for certain coefficients gfg’j satisfying

gs5. =y SITP(Lj){Gs) (7)

1<jl, J<j«

Lemma 9 Fach coefficient gfg j 18 a positive real number. Moreover, there exists a constant
R =R(S) > 0 such that gfgd < RBEY for everyj. 0O

1.3 Proof of the Main Theorem
A first reduction. Let F(z)(Z) = Ai(x)Z+ <Z|j|>1 aj;(:c)Zj) i be the power series

expansion of the cocycle viewed as a (C,a, R) —Hélder-continuous function ¥ : X —
Ho(d,R). The map =z — Aj(z) € GL(d,C) is an a-Holder-continuous function. Since
POO(F) holds, we must have

== ’id@d

n—1
. )
[[A:@p) = ZF(@" 'p)o---0F(p)

0Z

for every p € X and n € N such that 7"p = p. In other words, the GL(d,C)-valued
cocycle Aj satisfies the POO. By Kalinin’s version of the Livsic theorem, there exists an
a-Holder-continuous function Hy : X — GL(d,C) such that Ay(z) = Hy(Tx)H;(z)~* for
all z € X. Consequently, the Germg-valued cocycle Hi(x)(Z) := Hi(x)Z conjugates F'
to a cocycle of the form

(2, Z) — | Tz, Z + Z a}(w)Zj

§[>1 1<i<d

Thus, we can assume that A;(x) = idga for all z € X.



An iterative procedure. We look for amap H: X — Germ,g solving the cohomological
equation (2), having the form H(z)(Z) = Z + (Z\J\>1 e )ZJ> L<icd Notice that this
1

equation may be written as F(z)oH (x) = H(Tx). Applying the Faaai Bruno formula (4)
to the left-side expression, one concludes that each coefficient hJ? can be defined recursively
as the solution of a cohomological equation for a C-valued data:

(eci,) I (Tw)—hj (z) = 3iqj, j<. G@) PG i) {H}(2).
A necessary condition for the existence of the coefficient th is that the POO condition

holds for the function A A
R = Y aPG.j){H} (8)

1<ljl; §<j»

Lemma 10 FEach RZ , with i, |j«| = 1, is a well-defined a-Hélder-continuous function for
which the POO condmon holds. As a consequence, given any xg € X, the equation (ecj*)
has an a-Holder-continuous solution hJZ vanishing at xg.

Proof. Suppose that the conclusion of the lemma holds for every j such that |j| < k, and
let us consider the case where j = k. Using the explicit formula (8), Lemma 2 shows that
the function Rj* is a-Hélder-continuous. Consider the continuous Germg-valued function

Hep:x Z4 | ) hj(x)Z

lil<k 1<i<d

An easy computation shows that F(z) := Hox(Tx) o F(z) o Hop(x)~' has the form

F)(Z2)=2Z+ | ) Ri@)Z+ ) aj

lil=Fk i[>k 1<i<d

for some Holder-continuous functions a : X — C. Moreover, for any z € X and m € N,
one has

F(T™ 'a)o- o Fa)(Z)=Z+ | ) (Z Ri(T"xz) ) 75+ 0|2k

lil=k 1<i<d

Since F is conjugated to F', the POO(F) condition holds. By the previous equality, this
implies that for all p € X and n € N such that 7"p = p, one has EZ;S R}(T”a:) = 0.
Therefore, the POO(RJ?) condition holds, and we can apply the Livsic’s theorem to es-

tablish that there exists an a-Hoélder-continuous solution to (ecj-'*). Finally, by adding a
constant if necessary, we may assume that this solution vanishes at x¢g. 0

To prove that the (up to now) formal map H is a genuine local diffeomorphism (that

is, each formal power series Z — z; + 355 hJ( x)Z3 is convergent in a certain (uniform)

9



neighborhood of the origin), we will need to estimate the growth of the a-Holder constant
of the coefficients h; Indeed, if we show that this growth is at most exponential, then
Lemma 7 will apply, thus concluding the proof of the Main Theorem. To get the desired
control, we will use the majorant series method introduced by Siegel in his treatement [6]
of the linearization theorem for holomorphic germs with Diophantine rotation number (see
also [7] for the higher-dimensional case).

Lemma 11 There exists S > 0 such that
[hila < g5

for every j,t, where hg’j is defined as in (7). Consequently, th|| grows at most exponen-
tially.

Proof. Since F' takes values on some Ho(d, R) and is a a-Holder function, there exists
x > 0 such that ‘ .
laill < sl and (el < KM

Assume that [hj]a < g5 ; for every j < j.. Since h} vanishes at z( (except for |j| = 1, for

which hj: = 1), we also have thH < gfg’j for every j < j.. Moreover, since P(j.,j){H} is
1<s<d

an homogeneous polynomial in {hjg }J<J

with positive coefficients,

PG DA} < P DL} < P(js, 3){G s}

Except for |j| =1 (for which hJZ.' = 1), every h} vanishes at xg. Therefore, by Lemma 2,

(PG D{H}, < 2971 P(j., ){Gs}

The fundamental estimate of Corollary 4 then yields

hle < K| |Y_aiPGa){H}| +|D aiPG..j){H}

< K S 1aPGo ) H o+ Y aflal PG DL + 3 il PGe ) {H Y
J<ix J<ix J<x
< YK (0 +260) PGL3{Gs)
J<i«
< gg,j*v

where the last inequality holds by taking S > 2Kk.
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