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On the equivalence of fractional-order Sobolev semi-norms *

Norbert Heuer T

Abstract

We present various results on the equivalence and scaling properties of fractional-order
Sobolev norms and semi-norms of orders between zero and one. Main results are mutual
estimates of the three semi-norms of Sobolev-Slobodeckij, interpolation and quotient space
types. In particular, we show that the former two are uniformly equivalent under scaling.
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1 Introduction

Sobolev norms and semi-norms play a central role in the numerical analysis of discretization
methods for partial differential equations. For instance, standard finite element error analysis
is essentially a combination of the Bramble-Hilbert lemma and transformation properties of
Sobolev (semi-) norms. These properties are also central to the area of preconditioners for (and
based on) variational methods. More precisely, arguments based on finite dimensions of local
spaces are inherently connected with scaling arguments to keep dimensions bounded. Norms are
usually not scalable, i.e. the corresponding equivalence numbers behave differently with respect
to a scaling parameter when the domain under consideration is isotropically scaled. This can
be usually fixed only when essential boundary conditions are present. An example is using
the H'-semi-norm as norm in H&. More generally, semi-norms have better scaling properties:
usually they can be defined so that equivalence numbers are identical under isotropic scaling of
the domain.

Whereas properties of Sobolev (semi-) norms under smooth transformations or simple scal-
ings are straightforward as long as their orders are integer, things are getting more complicated
for fractional-order Sobolev norms. Such norms appear in a natural way when considering
boundary integral equations of the first kind. For an overview see, e.g., [I0, 8]. There are
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different ways to define fractional-order Sobolev norms and they all have advantages and disad-
vantages (standard references are [0l [I]). Different norm variants are known to be equivalent.
But dependence of the equivalence constants on the order and the domain are more involved.

In this paper we analyze the equivalence of different variants of fractional-order semi-norms
of positive orders bounded by one. The use of semi-norms is essential to guarantee scaling
properties and we don’t know of any publication that analyzes their equivalence. Instead of con-
sidering general smooth transformations that do not distort domains, we focus on pure isotropic
scalings of domains. (More general transformations can be generated by composition with trans-
lations and area preserving smooth mappings.) In this way we keep appearing expressions of
equivalence numbers as transparent as possible.

The rest of the paper is organized as follows. In Section 2] we collect all definitions and
technical results. In Section 2] we recall two definitions of norms and define three different
semi-norms: one of the Sobolev-Slobodeckij type, one by interpolation, and one of a quotient
space type. Section is devoted to basic equivalence estimates. In particular, we present
Poincaré-Friedrichs’ inequalities for the Sobolev-Slobodeckij and the interpolation semi-norm
(Propositions and 2.6). Their proofs are standard and presented here for completeness.
Scaling properties of norms (also given for completeness) and semi-norms are analyzed in Sec-
tion 2331 Eventually, in Section B] we combine the intermediate results to show the uniform
(under scaling) equivalence of the Sobolev-Slobodeckij and the interpolation semi-norms (The-
orem [B.J]). Furthermore, we show that the Sobolev-Slobodeckij and quotient space semi-norms
are uniformly equivalent (under scaling) as long as the scaling parameter is bounded from above
(Theorem with scaling bound 1 for simplicity). Theorem shows that the interpolation
and quotient space semi-norms can be uniformly bounded mutually in one direction depending
on whether the scaling parameter is bounded from above or from below.

2 Sobolev norms

In this section we recall definitions of several Sobolev (semi-) norms and collect technical results
that are needed to prove our main results in Section Bl or which are interesting in its own.
Throughout the paper, O C IR" denotes a generic bounded connected Lipschitz domain.
Some results require fewer conditions but we always implicitly assume that O is non-empty. We
consider the usual L?(0)- and H'(O)-norms with notations || -|jo.0 and |- ||1,0, respectively and
the H!(O)-semi-norm | - |1 ». Here and in the following, in all types of norms, the underlying
domain of definition O will be occasionally dropped from the notation when not being ambiguous.

2.1 Fractional-order norms and semi-norms

There are several ways to define Sobolev norms. We use the ones defined by a double integral
(Sobolev-Slobodeckij) and by interpolation. For the latter we use the so-called real K-method,
cf. [2]. For 0 < s < 1, the interpolation norm in the fractional-order Sobolev space H*(O) is



defined by

V=v0+v1
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We also define the interpolation space
H*(0) = [L*(0), Hy(0)]

with corresponding notation for the norm. The notation H* is used by Grisvard and is common
in the boundary element literature, whereas the notation Hy, = H? is used by Lions and Magenes
and is common in the finite element literature.

The Sobolev-Slobodeckij variant of these norms is defined (for 0 < s < 1) by

2 1/2
v(z) —v(y
ol = lolleo = (IolEeoy + [ [ B2 doay) (21)
1/2
vlr .. .
o) = olleo i= (10l + I g i) (preliminary version).

The corresponding semi-norms are

=vp+v1
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Additionally, it is useful to define the semi-norm of quotient space type
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2.2 Equivalence of semi-norms on a fixed domain

The aim of this section is to study equivalences of the semi-norms previously defined, on a fixed
domain. Together with scaling properties (provided in Section 23]) these estimates are needed
to prove our main results in Section [Bl Our proofs are based on a standard norm equivalence
and specific Poincaré-Friedrichs’ inequalities, which are also recalled here.

It is well known that different definitions of Sobolev norms are equivalent. However, equiva-
lence constants depend usually on the order and the domain under consideration. In particular,
for a bounded Lipschitz domain O, the norms || - [|s 0 and [ - [[z2(0),51(0),s are equivalent for
0 <s<1,cf [9)6) [10]. Such equivalences are shown by corresponding equivalences on IR™ and
the use of appropriate extension operators, cf. [3]. In particular, the norms previously defined
are uniformly equivalent for s in a closed subset of (0,1), see [7]. Here, for the norms, we don’t
elaborate on the dependence of the equivalence constants on s and . We rather give them
specific names to be used in estimates to follow.



Proposition 2.1 (equivalence of norms). For a fized bounded Lipschitz domain O C IR" and
for given s € (0,1) there exist constants k(s,O), K(s,O) > 0 such that

k(s, O) |[vlr2(0),m11(0),s < [vlls,o < K(s,0) |vllp2(0),m10),s Vv € H*(O).

For a proof see, e.g., [10].

It is well known that, on bounded domains, lower-order norms can be bounded by higher-
order semi-norms plus finite rank terms. Such estimates are referred to as Poincaré-Friedrichs’
inequalities. For integer-order norms there are direct proofs with explicit constants (depending
on orders and domains) [I2, Théoreme 1.3] and attention has received finding best constants and
deriving improved weighted estimates, see, e.g., [13| [I4] and [4], respectively. We don’t know
of any direct proof for fractional-order norms on bounded domains (for unbounded domains
however, see [I1]). Therefore, for completeness, we state the result and give a proof (which is
indirect and relies on the well-known compactness argument).

Proposition 2.2 (Poincaré-Friedrichs inequality, Sobolev-Slobodeckij semi-norm). Let O C R"
be a bounded connected domain, and s € (0,1). Then there exists a constant Cpr,ss > 0,
depending on O and s, such that

[vllo,0 < CPF,SS(O,S)(‘U‘&O + | /(91)]) Yo € H(O).

Proof. Assume that the inequality is not true. Then there is a sequence (v;) C H*(O) such that

loilloo =1, [ojlso + | /O o] 50 (j = oo).

Therefore, (v;) is bounded in H*(O) and by Rellich’s theorem (see [10, Theorem 3.27]) there is a
convergent subsequence (again denoted by (v;)) in L?(0). (Here, we use the Sobolev-Slobodeckij
norm. But any equivalent norm would serve as well.) Since |v];,0 — 0 this sequence is Cauchy
and with limit v in H*(O). It holds |v|s,0 = 0 so that v is constant. Furthermore, since [,v =0
and O is connected we conclude that v = 0, a contradiction to |vj]jo,0 = 1. O

Lemma 2.3. Let O C IR" be a bounded connected domain. Then there holds

”U’g,o < \U@,o,inf = ”U’g,o + Ciélnfa v+ 0”(2),(9 <(1+ CI%F,SS)‘UE,O
for any v € H*(O) and s € (0,1). Here, Cprss = Cprss(O,s) is the number from Proposi-
tion [Z2

Proof. By definition of | - |5 o there holds for any ¢ € IR and any v € H*(O) (we now drop O
from the notation)
vls = v+ s

Therefore
|'U|s < inf ||U + CHs = |U|s,inf
ccelR

4



which is the first assertion. By the initial argument and the definition of the Sobolev-Slobodeckij
norm one also finds that

2 . 2 : 2 2
v[2. = Inf ||v +cl|2 = Inf ||v + cl|§ + |v]|%.
| |8,1nf CEIRH ||s CEIRH ||O | |s

This is the second assertion.
The last relation and the Poincaré-Friedrichs’ inequality (Proposition 2.2]) lead to

2
o e < Chrss inf (Jole + | [ 0+ 01) "+ ot = (1+ Cpso)lof
celR 10)

This finishes the proof. O

Lemma 2.4. Let O C IR" be a bounded Lipschitz domain. There holds

2
2 2 2 2 2 : 2
ko vlT20),m10),s < V508 < 3K 0|720) g1(0),s + sA—3) Clgnf.{HU + g0

for any v € H*(O) and s € (0,1). Here, k = k(s,0) and K = K(s,0) are the numbers from
Proposition 211

Proof. Let v € H*(O), and let ¢y, c; denote generic constants. For any ¢ > 0 there holds

Jinf (ol +2loaf) = inf (oo + colld 4+ 2en )
v=v0+v1

v=vp+Cco+vi+cC1

= inf(folld + ).

c1,v—Cc1=v0+v1

that is

-f( 2 42 2>:-f inf < 2 42 2)
b lvollg +#lofy) = inf - inf {leollo + 2o |y

< f L of o (lollo + ¢ leally

We conclude that

agps= [ 172 inf (ol + o) &
L2 H's 0 v=vp+v1 0 1)+
<int [Te nt (ol 2 ) = inf o+ el
11 1m (Y (% — = 11 [ Cc .
~ ceR Jy vte=vgtop A OO M) T em L2

By Proposition 2.1

2
s,inf>»

inf ||v + c|? < k72 inf v +¢|? =k 2|v
inf fJo 4 el < K72 it o+l = k2o

so that the first assertion follows.



By definition and using Proposition 2] there holds

2 . 2 2 2
V][5 inf = inf [v+cll; <K inf v+ cllze g

o dt
_ 2 —25 2 | 42 2 42, 12\ %
=g [t (ol + 2ol + Pl (2.2)

We bound the integrand separately for ¢ < 1 and ¢ > 1.
For t < 1 we use the representation v + ¢ = vg + v1 to bound

lvollg + t[loa 13 + t2Jvr |F < Hlvollg +2¢* (llv + cll§ + Ilvol[5) + ¢*]val
< 3lvoll§ + 2¢%[|v + ¢ll§ + t2fuali-

If t > 1 then we select vy := v + ¢ to conclude that

inf (I3 + 2 lorlI3 + i F) < o + .

v+c=vo+v1
Together this yields
[t (el + 2l + 2 k)T
0 v+c=vo+v1 0 0 1)t
1 00
. dt _ dt
< [Tem it (3eold+ 2o+l + P l) T+ [ e} T
0 v+c=v9+v1 t 1 t
1 1 00
dt
= [ t72% inf (3wl + t}uil?) = + ||v + ¢l P
- 0 1 0
0 v+c=vo+v1 t 0 1
1
2 2
< 3vli2 g s+ S5 v+ cl[g- (2.3)

Therefore, recalling ([2.2]), we obtain

2
02 < BE2|0lT2 g1 s +

s,in

inf ||v+ ||
inf Jo-+ el

K
s(1—5) ce
which is the second assertion. O

From the proof of the previous lemma one can conclude that the semi-norm | - | L2(0),H(0),s
is indeed the principal part of a norm in H*(Q). This will be useful to deduce a Poincaré-
Friedrichs inequality with this semi-norm. First let us specify what we mean by the semi-norm
being principal part of a norm.

Corollary 2.5. Let O C IR" be a connected bounded Lipschitz domain. There holds

K2
lollZ0 < m”vllao +3K2[0[72(0) 11(0) 5

for any v e H*(O) and s € (0,1). Here, K = K(s,Q) is the number from Proposition [2]].



Proof. This is a combination of the second bound from Proposition 2l and (23] with ¢ =0. O
We are now ready to prove a second Poincaré-Friedrichs inequality.

Proposition 2.6 (Poincaré-Friedrichs inequality, interpolation semi-norm). Let O C IR" be a
bounded connected Lipschitz domain, and s € (0,1). Then there exists a constant Cppy > 0,
depending on O and s, such that

vl < Cera(©,9)((vlzzoanops +| [ ol) o e H(O)

Proof. The proof is identical to the one of Proposition by noting the following two facts.
First, due to Corollary .3, [Jvjllo,0 = 1 and |v;[z2(0y, 51 (0),s — 0 imply that (v;) is bounded in
H*(0). Second, |v|r2(0),m1(0),s = 0 implies that v is constant. O

With the help of Proposition we can now turn the estimate by Lemma [24] into a semi-
norm equivalence.

Lemma 2.7. Let O C IR" be a connected bounded Lipschitz domain. There holds

CI%FI
K [ol72(0),m1(0),s < lsome < K (3 + m) [0[22(0),11(0),s

for any v € H*(O) and s € (0,1). Here, k = k(s,0), K = K(s,0) are the numbers from
Proposition 2], and Cpp1 = Cpr (s, O) is the number from Proposition [2.6.

Proof. The lower bound is the one from Lemma 2.4l The upper bound is a combination of the
one from the same lemma and the Poincaré-Friedrichs’ inequality from Proposition O

Meanwhile we have accumulated quite some parameters in the semi-norm estimates that
depend on the order s and the domain O under consideration. Our goal is to show equivalence
of semi-norms which is uniform for a family of scaled domains. We therefore study scaling
properties of semi-norms in the following section. In this way, parameters from this section
enter final results only via their values on a reference domain.

2.3 Scalability of norms and semi-norms

Obviously, both norms in H*(O) defined previously, ||-[|z2(0),#1(0),» and ||-||s,0, are not scalable.
This could be achieved by weighting the L?(O)-contributions according to the diameter of O,
for instance, cf. [5]. Of course, in this way one does not obtain uniformly equivalent norms (of
un-weighted and weighted variants) under transformation of the domain.

This is different for the norm in H*(O). It can be easily fixed (to be scalable) by using that
the semi-norm |- |1 0 is a norm in H(O), and re-defining

1/2
> dt
- . —2s : 2 2 2
vlliz20),m2 (09 = IVl 22 (0), 1 (0),s = (/0 t inf (O)<||Uo\|o,o +1 |Ul|1,o) 7)

v=v0+v1,V1 GH(%
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in the case of interpolation. In the case of the Sobolev-Slobodeckij norm one can ensure scala-
bility by re-defining

1/2
. — . 2 v(x)
o0y = el = (1) + I g o)

since the last term guarantees positivity. In the following we will make use of these re-defined
norms.
For a domain O € R"™ we denote by O}, the scaled domain

Oy :={Dpz; x € O} with Dy := diag(h,...,h) € R™".
Correspondingly, for a given real function v defined on O,
Oh — R
Vp -
xp = Dpx — v(x)
is the function transformed onto O, by scaling.

Lemma 2.8 (scalability of norms). For a bounded Lipschitz domain O C R", s € (0,1) and
v € H*(O) there hold the scaling properties

L

thHiz(@h) HE(Op),s 2(0),Hj(0),s

lonllZ c0, = B #IV]2 s 0-

Proof. For the interpolation norm and O being a cube, this property (with an unspecified
equivalence constant) has been shown in [7]. It is simply the scaling properties of the L2
and H&-norms together with the exactness of the K-method of interpolation (employed here).
However, the scaling (with constant 1) is immediate from the definition with transformation
t = hr and using the scaling properties of the L? and H&—norms:

oo dt
thH%Z(O ),HL(Op),s = / t_zs inf (”?}0 h”O ,On +t ’Ul h‘l Oh)
h)hi2o\=h) 0 VR =V0,n+V1 1,01, EHE(Oh) t
= [er ot (WelEe + 2 o) T
0 1)=U0+1)17U1€H5(O) 0 1 t
L[ iy ) 9 dr
= [ () inf - (lwldo+rlnlo)=
0 v:v0+v1,v16H6(O

_ -2 2
= W0l 0y, 1y 0) s

This proves the first assertion. The scaling property of the second norm is obtained also by
transformation (z, = Dpx, y, = Dpy):

lon(xr) — v (yn)|? / vn(2n) ?
thH $,0n = /Oh /Oh ‘xh - yh\"+2s h En Op dlSt(xha aoh)s o

2n )‘2 n & ?
—h //hn%’x_ sz dedy £ b /@h(hsdist(x,(‘)(’))8> da

= h"2 ]2 4 0.




O

Lemma 2.9 (scalability of semi-norms). For a bounded domain O C R", s € (0,1) and v €
H#(O) there hold the scaling properties

2 —2s 12
onlz2 0,81 ©00).s = 1" VlL2(0),11(0).00
20, = ">l 0.
Proof. The proof is basically identical to the one of Lemma O

The third semi-norm, |- |5 0 inf, is obviously not scalable. Instead, there holds the following.

Lemma 2.10. For a bounded domain O C R", s € (0,1) and v € H*(O) there holds
|Uh|§,(9h,inf = hn_25|v|§,o + A" inf |lv + C||(2),o-
ccR

Proof. This result is immediate from the representation of the semi-norm given in Lemma 23]
and the scaling properties of the | - |;-semi-norm by Lemma 29 and of the L?-norm. O

3 Main results

We are now ready to state and prove our main results on certain equivalences of fractional-order
Sobolev semi-norms. We use the notation for scaling from Section 2.3]

The first theorem shows for fixed s € (0,1) the uniform equivalence of the semi-norms
| |L2(0,),H (04),s a0d | - |s,0, on a family of scaled domains Op,.

Theorem 3.1. Let Oy C R™ be a family of domains that is obtained by scaling with h > 0 of a
fized bounded connected Lipschitz domain O. Then there hold the following relations.

()
‘U‘&@h < Cl(s)’U’L2(Oh),H1(Oh),s Yo € HS(Oh), Vs € (0, 1), Yh > 0.
Here, C1(s) > 0 depends on s but is independent of h and v:

CPF,I(S, 0)2)
s(1—s)

with K (s, Q) from Proposition 21l and Cpr 1(s, O) from Proposition [2.0.
(ii)

C2 = Ci(s,0)? = K (s, 0)2<3 +

vlr2(00), 51 (04).s < C2(8)|vls0, Vv € H*(Oh), Vs € (0,1), Vh > 0.
Here, Cy(s) > 0 depends on s but is independent of h and v:

C2 = Co(s,0)2 = k(s 0)—2(1 + Cpp.ss(s, 0)2)

with k(s, Q) from Proposition [21] and Cpr ss(s, O) from Proposition [2.2



Proof. On a fixed domain O we obtain, by combining Lemmas and 2.7] the equivalence of
semi-norms:

Cpr (s, 0)?
2 2 2 PF,I\5, 2
‘U‘&O < ’U’s,o,inf < K(37 O) (3 + 8(1 — S) >’U’L2(O),H1(O),s

and
(0B 2011206 < k(5 O) 20l 01us < (5, 0) 2 (14 Corss(s,0)? ) o2

Both assertions of the theorem follow by the scaling properties of the semi-norms, see Lemma [2.91
O

The next two theorems study the other pairs of semi-norms for equivalence, (|-|s,0,, |- 87Oh7inf)
and (| - |£2(0,),H (0),51 | * |5,0p,inf)-

Theorem 3.2. Let O C R™ be a family of domains that is obtained by scaling with h > 0 of a
fized bounded connected Lipschitz domain O. Then there hold the following relations.

(i)
’U’s,oh < ’U’s,oh,inf YORS HS(Oh)7 Vs € (07 1)7 Vh > 0.
(i)
[v]5,0,.inf < C(9)|v]s.0, Vv e H*(Op), Vs € (0,1), Yh € (0,1].

Here, O(s)?> =1+ Cpr ss(s, 0)? is independent of h and v, with Cpr,ss being the number
from Proposition [2.2.

Proof. Assertion (i) is a repetition of the first estimate in Lemma 23] The second assertion
is a combination of the second estimate in Lemma with scaling properties provided by
Lemmas 2101 and

|on 2,0, i = P77 (h2s inf [l +clfg o + [vf3 o)
) ) CER ) )
n—2s 2 2 _ 2 2
<h (1 + Cprss(s, O) )”U 50 = <1 + Cprss(s, O) >’Uh’s,(9h’

Here we used the notation v, of a scaled function from Section 2.3 and the condition that
h<1. O

Theorem 3.3. Let O C R™ be a family of domains that is obtained by scaling with h > 0 of a
fized bounded connected Lipschitz domain O. Then there hold the following relations.

(i)
’U’LZ(Oh),Hl(Oh),s < Cl(s)\v\&@h,inf Yv € HS(Oh), Vs € (O, 1), Vh > 1.
Here, Cy(s) > 0 depends on s but is independent of h and v:

C1(s)? = k(s,0)72

with k(s,O) from Proposition [2]].

10



(i)
|'U|s,(9h,inf < 02(8)|U|L2(Oh),H1(Oh),s Vv € Hs(Oh)v Vs € (07 1)7 Vh € (07 1]

Here, Cy(s) > 0 depends on s but is independent of h and v:

CPF I(S, 0)2
2 _ 2 :
Cals)? = K(5,0)* (3 + TR )
with K (s, Q) from Proposition [21 and Cpr (s, O) from Proposition [2.6.

Proof. We use the notation for scaled functions vy, from Section 231 By scaling properties
provided by Lemma and the first estimate of Lemma [27] together with the restriction
h > 1, we obtain

9 —9s 12 2, n—2s|. |2
[nlz2 )11 (0n),s = P VI L2(0),H1(0),s < F(8, O) A" 0[S 0 it

= k(s.0)(Jonl2 o, +57>* i flon + el 0, ) < k(5.0) om0, -

This is the first assertion. To show the second one we use the scaling properties in Lemmas 2.10]
2.9 the condition h < 1, and Lemma BT

[0nl 0, nt = K" |00 + 1" Inf Jlv + clld.o < "2l 0t

B Cpr1(s, 0)?

n—2s 2 2\ 2

<h K(s,0) <3 + ﬂ) ”U’LZ(O),HI(O),S
CPFJ(S, 0)2

= K, O (34 =0 ) lizcon.m o
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