NONRADIAL SOLUTIONS TO CRITICAL ELLIPTIC EQUATIONS OF
CAFFARELLI-KOHN-NIRENBERG TYPE

MONICA MUSSO AND JUNCHENG WEI

ABSTRACT. We build an unbounded sequence of nonradial solutions for
2 2
V(x| 72 Vu) + \xrrﬁ/ﬂu% =0,u>0 in RV\{0},

where N > 5 and a < 0. This answers an question of L. Veron.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

The celebrated Cafferalli-Kohn-Nirenberg (CKN) inequalities ([2]) assert that there exists a constant
S = S(a,b) such that for all u € C5(R") it holds

b 2 2 2
(1.1) S(/ x| 4| dx) g/ x| 24| Va2
RN RN
for N>3,—0o<a< NT’Z,O <b—a<l,g= #12\/(177@‘ Associated with (1.1) is the Euler-Larangian
equation
(1.2) —V(|x|7%Vu) = |x| Pu? ! in RV

which is called CKN-type equation throughout the paper.

There has been intensive research lately on the attainment and symmetries of extremal solutions of
CKN inequalities. An interesting aspect of CKN inequalities is that it connects the classical Sobolev
inequality (@ = b = 0) with the Hardy inequality (b = 1,a = 0). In fact, when a = b = 0, inequality (1.1)
is Sobolev inequality, and the constant S(0,0) := S is attained. (1.2) becomes the well-known Yamabe
problem

(1.3) Au+uf3 =0 in RV

whose solutions are classified (Cafferalli-Gidas-Spruck [3]): all positive solutions are radially symmetric
around some point and given by
: LT
n—=2 X —
1.4 Ueg=¢ 2U(—=2 ith EcRY, Uy)=ay | ——
(1.4) iy (=) with ¢ ») N<1+|y|2>

where ogy > 0 is a generic constant.
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In the parameter region

N-2
(1.5) 0<a< ,a<b<a+1,

Chou and Chu [5] proved that all solutions to (1.2) are radially symmetric, using the method of moving
planes, and that these solutions also give rise to extremal solutions of CKN inequalities. On the other
hand, in the parameter region

(1.6) —o<a<0,a<b<a+1,

some striking new phenomena are discovered by Catrina and Wang [4]: they showed that for b=a+1 or
b = a, the best constant in (1.1) is S and is never achieved. Symmetry breaking extremal solutions are also
found. This has initiated intensive studies on (1.1)-(1.2). We refer to Dolbeault-Esteban [9], Dolbeault-

Esteban-Loss-Tarantello [10], del Pino-Dolbeault-Fillippas-Tertikas [6], Felli-Schneider [11], Lin-Wang
[16] and the references therein.

In this paper, we are concerned with the case of b =a and g = Nz, namely the following nonlinear
equation
(1.7) V(| 2Vu) + [x] 29 u[72u =0, in RY\{0}.

According to Catrina-Wang [4], the extremal solution to (1.1) does not exist. Since a < 0, the method
of moving plane can not be applied. An interesting question is: if a < 0, are there any positive (radial or
nonradial) solutions to (1.7)? When a > 0, all positive solutions are radially symmetric and unique (up to
scaling). Another interesting question is: if a > 0, are there sign-changing solutions to (1.7)?

For both questions, our answers are affirmative.

Theorem 1.1. Assume that N > 5.
Parta. Assume that a <0 ora > N —2. Then for any sufficiently large k there is a finite energy solution
to Problem (1.7) of the form

k
(1.8) i (x) = || [Zl W T U (' (x=&p) +R(x)
=

where
_N=2
M = cnk™N=4

[N]

and ||R||27N2 — 0 as k — +oo. Moreover,
N—

Jo e 72 Vo ?

(1.9) — =kS+0(1).

N.
2 2 N
(v o] P20 P2)
Here O(1) remains bounded as k — oo. As a consequence, problem (1.2) has infinitely many nonradial
positive solutions.

Partb. Assumethat0<a<N—2anda# N . Then for any sufficiently large k there is a finite energy
solution to Problem (1.7) of the form

k
(1.10) xl”[Z D 7 U (a7 (- &) +R()
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where
N2
Wy = cyk™ N4
and ||R|| 2v — 0 as k — +oo. Moreover,
N-2

v 3|21V
N—2
(o el 25 )

Here O(1) remains bounded as k — oo.

(1.11) —kS+0(1).

Problem (1.7) can also be regarded as a Hardy-type equation with critical Sobolev exponent. Define

(1.12) v(x) = || u(x), where B:=—2a.

A direct computation shows that u is a solution to (1.7) if and only if v solves
(1.13) Av— |v|2 F[F2v=0 in RY\{0}.
We will use the notation

(1.14) Y= ﬁ([3 +N—-2)=ala—(N-2))

The condition a ¢ {0, Y 2 ,N —2} implies that y > — ( 2)2 and y # 0.
In view of problem ( 1 13) Theorem 1.1 is equlvalent to

Theorem 1.2. Assume that N > 5.
Part a. Assume that ¥ > 0. Then for any sufficiently large k there is a finite energy solution to Problem
(1.13) of the form

k N-2
(1.15) u(x) = [ZM;ZU(ugl(xéj)HR(x)
j=1

where
_N=2
My = CNk N-4

and ||R||% — 0 as k — ~+oo. Moreover,

Jan (\Vuu? + )
(1.16) L —kS+0(1).

2N
(Sl ¥2) ™

Here O(1) remains bounded as k — oo.

Partb. Assume that — (NT*Z)Z < ¥ < 0. Then for any sufficiently large k there is a finite energy solution
to Problem (1.13) of the form

k
(1.17) [Z AT (uk‘l(x—éj))JrR(X)

Jj=1
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where
_N=2
M = ek N4

[N

and ||R||27N2 — 0 as k — +oo. Moreover,
N—

S (Vi + L)
N-2

2N N
(N

Here O(1) remains bounded as k — oo.

(1.18) =kS+0(1).

Let us comment on previous works on (1.13). According to [15], L. Veron raised the following ques-
tion: For y € R and y # 0, let u € C*(R"\{0}) be a solution to Problem (1.13). Is it true that u must be
radially symmetric about the origin? L. Veron also pointed out that there may be solutions of a certain
form as suggested in Section 4 of Bidaut-Veron and Veron [1]. The form of solutions suggested in [1]

2
is invariant under Dihedral symmetry Dy. In [14], Jin-Li-Xu proved the following: (i) for y < —%,

(1.13) has no smooth solutions; (ii) for —M < ¥ <0, all solutions to (1.13) are radially symmetric;

(iii) for y > —M, problem (1.13) has infinitely many radial solutions; (iv) for y > NT_z, (1.13) has

non-radial solutions. Moreover, the number of non-radial solutions goes to o as Yy — +oo. The nonradial
solutions in [14] are constructed by bifurcations. As commented in [14], these solutions are not the types
of solutions suggested in [1], and if is an interesting question to study the existence of solutions of the
suggested form. The existence of nonradial solutions is also open when 0 < y < NT*Z. Theorem 1.2 gives
an affirmative answer to Veron’s question and also fills the existence gap 0 < y < ¥ left in [14].

Problem (1.13) also arises in nonrelativistic molecular physics. The inverse square potentials describe
the interaction between electric charges and dipole moments of molecules; see [17]. For mathematical
analysis of such problems, we refer to Felli-Terracini [12], Azorero-Peral [13], Smets [19], Terracini [20]
and the references therein.

The proof of Theorem 1.2 is by reduction method: we look for solutions of (1.13) which are invariant
under %”—rotation, for some integer k > 2. Therefore we put k bubbles at k vortices lying on the unit
circle. The key idea is to use k as parameter. The reduction works if we employ the four fundamental
invariances of (1.13): problem (1.13) is invariant under the Kelvin transform, scaling, reflections, and
rotations. The restriction that N > 5 is only technical.

The idea of using the number of bubbles as parameter was first used by Wei-Yan ([21]) in constructing
infinitely many positive solutions to the prescribing scalar curvature problem. del Pino-Musso-Pacard-
Pistoia ([7, 8]) also used this idea in constructing infinitely many sign-changing solutions to (1.3). See
also Musso-Pacard-Wei [18], Wei-Yan [22] for the use of this idea in a different context.

2. CONSTRUCTION OF A FIRST APPROXIMATION AND ESTIMATE OF THE ERROR
This section is devoted to the construction of a first approximate solution to Problem (1.13).

Fix k to be an integer and denote by R; € O(2) x {Iy_»} the rotation of 27” in the (x1,x)-plane. Set
e1:=(1,0,...,0) € RV, let € be a positive parameter and consider the regular polygon in R? x {0} ¢ RV
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whose vertices are given by the orbit of the point

2.1) & :=V1—g2e; eRY,

under the action of the group generated by Ry, namely

i—1 .
&=R &, j=1...k

Define
3 1\
n—2 X—Gj
22 Vielx)=¢e 2 U(—2 h Uy)=oay| —7>
22 o) () where U0)=on ()
Observe that equation (1.13) in invariant under Kelvin transformation,
) = P ),

so it is natural to look for solutions v to (1.13) in the space 912 (RN ) that are invariant under Kelvin
transform.

Thanks to the choice of the point &; given by formula (2.1), we observe that each function Vg is indeed
invariant under Kelvin transform. Define

k k
(2.3) Vilel(x) = 2'1 Vig(x), and V_[g](x)= Zl(—l)jng (x).
= =

These new functions V. and V_ are also invariant under Kelvin transformation.

For simplicity of notation we will write V[€](x) = V4 (x).

In our construction, the parameter € is not independent on k. In fact its dependence on k is at main
order explicit, and changes from dimension to dimension. To be more precise, we assume that

__u
2.4) e= T

where U is a positive parameter, uniformly bounded away from zero and from infinity as k — oo. In fact
we assume that there exists a positive, small number &, independent of k, such that

(2.5) S<u<d& ! forall k large.

To simplify the notation we will denote with V' the function V, or the function V_, depending if we are
considering the case of positive or sign changing solutions.
The function E defined as
2.6) E(x) :AV+|V|P*IV—#V
X
is the error of approximation. It is clear that a basic issue for our construction is to measure the size of this
error function E, both in a region near the concentration points &; and also far away. For reasons that will

become clear later, it is convenient to do this measurement using the L~¥+2 -norm.
We write E = E| — E,, where

(2.7) Ei(x) =AV +|V|P7'V,  and Ez(x):WV.
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Denote g = N +2 Let 1 > 0 be a small number and decompose the entire space RY as follows
k
U 5}1 UR
Jj=1

Interior estimate. We first estimate the L7 norm of the error in each ball B(&;, 7).
Let us fix j, say j = 1, and observe that, if we denote by

~ N+2
E(y)=¢ 2 E(ey+¢&1), Iylfkg

we have

HEHLq (k=&il<) — ”E”Lq (<)

Let E;(y) = SNT”E,-(Ey—i—&) fori=1,2.In |y| < L, we have, for some 0 <5 < 1,

p—1
Ex(y)=p (U(y) +s(Y U(y—e (& - é)))) x
7

)y U(y_el(éj_‘gl)))] —YUPh—-e'(&-&)
= 7

where U is the basic cell in our construction, defined in (2.2). Notice that € 1§ — &;| ~ (¢k)~!|j —i| so

that
N—ZkN—Z

U(yfe(éjfél)) < CW for |y| < —

With this in mind, we can estimate in the region |y| < &,

N (ek)N—
(2.8) [E1(y)] < CW

and hence
(ek)N=2a if N=5,
/ B9 <C (e Daflogh| i N=6,
<& (ek)(N—Z)q+4q—N if N>7.
Thus we conclude that
kK° if N=5,
. 1 .
kK'v i N>

On the other hand, in the region |y| < 2L, we have that

ek’

Ex(y)| < CEU(y),
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SO
1 N e2(ke)N-24-N if N=35,
2 2 [ *® 2 ; _
le UHL‘I(MS%) <Ce /0 (11024 <C e“|loge| if N=6,

g4 if N>T1.
Thus we conclude
kS if N=S5,
(2.10) |Ballyaga 1)) <C{ k*lloghls  if N =6,
KNS if N>
Collecting (2.9) and (2.10), we conclude that
kS if N=5,
@.11) 1Bl ase,my <C{ K *loghls it N=6,
KIS i N>

Exterior region. 'We now turn to the exterior region

k
R=BV\ | B )
j=1

N=2
In this region, we have that Vje(x) < C % and thus
N+2 NTZ
2.12 E(x)|<C d |Ex(x)|<C
12 ISR [ ]S s
We start with the computation of the L?-norm of E; in R. We have

(N+2

1
1 1
7 e )a K (N+2 1 q
El1) <Ck / P — <Ck£2)[/ —— 5. TO(1)] -
</R| '|> - (RN\B 1) |x— &;|(N+2)a B D\B(E; ) [x— & (V2 W

Since |
— <V,
/3(51“1) /’k ‘x é |N+2
we conclude that

(2.13) |E1]|zary < Ck™ N4 forany N >5.

We now compute the L7-norm in the region R of the part E;. We separate R into a region close to 0 and

the rest, we get
1

q
1Bl < (VBN 01+ B2 s

Observe that E5 has a singularity at 0, but

N2 1 N2
VB2 )sc@ezv<4 4N>scwsaw

j |X| N+2
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thanks to N > 2. Thus, arguing as in the previous estimate (2.13), the size of ||Ez[[14(g) is given by the
integral over a region close to dB(&;, ). Indeed, we have
K(3-2)4  if N =5,
N=2 1

|IE2||f SC(k8(>)"(/ )gc k3|loghl?  if N=6,
o Bebgiat b= &y R = T

Thus we conclude that

k32 if N=5,
(2.14) IE2||pary < C{ k3[logk| if N=6,

K2R i N>
Collecting together (2.13) and (2.14) we conclude that

k372 if N=5,
(2.15) IEl|zar) <C k_3\logk|$ if N=6,

KR if N>

So far, we have showed the validity of the following

Proposition 2.1. Let 6 and 1 be two positive small numbers. There exist kg and C such that, for all k > ko

and € = HLZ satisfying (2.5), the following estimates hold true
A
k> if N=5,
N+2
(2.16) E|| o <C{ k*logk| ™ if N=6,
EN 2, 51 |logk]|

KRR i N>
forany j=1,...,k and
K372 if N=S5,
_3 N2 .
<Cq k°|logkl™ if N=6,
6

(2.17) E] <
kv if N>

N
LN2 RN\US_, B(E;, )
where E is the error of approximation defined in (2.6).

3. A GLUING PROCEDURE AND SCHEME OF THE PROOF

We start observing the following facts: the function V. defined in (2.3) not only is invariant under
Kelvin transformation, it is also invariant under the group of rotations Ry € O(2) x {Iy_»}. Furthermore
it is even in the last (N — 2) coordinates, namely

3.1) Vi (x1,%2, =Xy ..., xN) = Vi (x1,%2,%;,...,xy) forall i=3,...,N.

It is thus natural to work in a space of functions that respect all the above symmetries. Let

(3.2) H={uec 2R : ulx) = xVu(2), u(Rex) = u(x), u satisfies (3.1)}.

x|

In particular the functions V. defined in (2.3) belong to H.
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When y > 0, we will look for solutions to (1.13) belonging to the space H of the form

(3.3) () = Vi (x) + 62 (x)
where ¢ € H is a lower order term.
On the other hand, when —(NT’Z)2 < 7 <0, our solution will look like

(3:4) () = V_(x) + 6 (x)
where again ¢_ € H is a lower order term. As before, to simplify the notation we will denote with ¢

the function ¢, or the function ¢_, depending if we are considering the case of positive or sign changing
solutions.

Let p = %—f% In terms of ¢, problem (1.13) takes the form
(3.5) A¢—#¢+pw’*1¢+E+N(¢)=o, in RV, ¢cH.
In (3.5), the function E was introduced before in (2.6), and
(3.6) N(9)=[U+¢IP~ (U+¢)—UI~'U-plUI"9].
We will solve Problema (3.5) using a gluing argument.
Forany j=1,...,k, let {; be a cut-off function defined as follows. Let {(s) be a smooth function such

that {(s) = 1 for s < 1 and {(s) = 0 for s > 2. Then we set
Skt = D) i [yl > 1,

37 L) = 1 .
C(kn~" [y —=¢jl) if [yl <1,

for a certain 11 > 0 small and independent of k. Observe that
(3.8) §i(v) = &0/IyP)-
A function ¢ of the form

k

0 =Y oj+v
Jj=1

is a solution of Problem (3.5) if we can solve the following coupled system of elliptic equations in ¢ =

(¢1,-.., ) and y:

(B9 AY+plVIPTIE0i+GlpIVIPT - ﬁ¢j+E+N(¢j+Zi¢j¢i+W] =0, j=1,...k

(3.10)

av= vt (V1 = 5 R - 6oy (- BL8) (VP v+ E+N(EEoi0y+9) = .
J

To solve System (3.9)-(3.10) we will solve first problem (3.10) for given ¢;’s of a special form that we
describe next. Define

(3.11) .f%:{ueL%:u(x):|x\2*Nu(ﬁ),u(ka):u(x), u  satisfies (3.1)}
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The function ¢; will inherit the size of the measure of the error of approximation E defined in (2.6) in the
interior region B(&;, %), for some 17 > 0, small and independent of k. Thus, given the result in Proposition
2.1, we assume that ¢; € Hﬂf% forany j=1,...,k, with

_N=2

£ 2
(3.12) I () 9ill- < o,
e +x—§;? ’
for some fixed constant ¢, independent of k and small. For further reference, we will use the notation
_N=2
3.13) I — "9l
3. r=emern .

A trivial observation is that
101l 2 I < ClI@ 1,
for some explicit constant C.

The following result holds.

Lemma 3.1. Let & > 0. There exists ky and C such that for all k > ko and all € = HLZ withd <p < 87!
R
for all k large, the following holds: Let ¢; € Hﬂf%, Jj=1,... k satisfy conditions (3.12). Then there

exists a unique solution y =¥ (¢;) € Hﬂf% to equation (3.10), such that
K35 if N=S5,
G4l o <Clak)+01]2] where g(k) =1 k~|logk|"¥ if N =6,
K¥E if N>T.
The operator ¥ satisfies the Lipschitz condition
(o) = (0D 2 < Cllof — 97|l
Furthermore the function Wy(@)) depends continuously on the parameter L, in the sense that the function
2N

U — Yy € LN-12 is continuous in the natural topologies.
Moreover, if we define y := § )y (see (3.7) for the definition of §y), then we get the finer estimate

2
(3.15) lill 2, <€ [k l01]l1+ l0ul,

We postpone the proof of the above Lemma to Section 5: Appendix 1, Proof of Lemma 3.1.

Let us consider now the operator ¥ = y(¢) defined in the previous Lemma, that gives a solution to
Problem (3.10) for ¢ = (¢1,...,¢) fixed. Our next interest is to solve Equations (3.9). We claim that, if
we solve Problem (3.9) for j = 1, then automatically Problem (3.9) is solved for any j = 1,...,k. This
is simply due to the invariance of Equation (3.9) under the rotation R; of the angle 27” in the first two
components in RY. In fact, one gets that if ¢ is a solution to Equation (3.9) for j = 1, then a posteriori
Oi(x) == ¢ (Riilx) is the solution to Equation (3.9), for j =2,... k.

We thus solve Equation (3.9) for j = 1.
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Let us rewrite Equation (3.9) as follows

(3.16) A+ p[VielP ™ 91+ h(x) =0,
where V| is defined in (2.2) and

(3.17) h(x) = p([VIP 16 = [VielP Y1+ G pVIPy —

Define
(3.18) LW = {ue LV 1 u(x) = \x|_2_Nu(ﬁ), u(Rex) =u(x), u satisfies (3.1)}
X

l(f’l +E+N(¢1 +Zip10i + W)

|2

We make the following observation: if we assume that ¢; is invariant under Kelvin transform, that it is
invariant under the rotation R and it is even with respect to the last (N — 2) variables, then thanks to the
properties of y(¢) we find that the function i(x) defined in (3.17) also satisfies

hix) = x| 7~ Nh(‘ ‘2) h(Rex) =h(x)  forall xeRM\{0}
and
Rh(X1,X0,X3, o Xiy ooy XN) = B(X1,X2,X3, ..., —Xiy -, XN ), for all i=3,...,N.
. 2N 2N
Even more, if we assume that ¢; € Z V-2 then h € L ~¥+2,

2N
For a general function f € .Z¥+2, we consider first the linear problem

(3.19) AG+pVE o= f+eVE Zie, i RV {0}, /v{;ﬂpzw:o
where

_ N2 1 . N-—-2
(3.20) Zig(x) =€ 7 Z(e(x—&1)), with Z(Y)ZTU()’)+VU(Y)'y

(see (2.2) for the definition of U) and
o fRN f le

1 .

fRN lee 2128
We have the following result.
Lemma 3.2. Let us assume that f € £ ¥*2. Then Problem (3.19) has a unique solution ¢ = T(h) €
2V2(RN) ﬂf% satisfying
<

(3.21) 19111 < CIFI 2,

for some positive constant C.

We use the above lemma to solve the corresponding projected version of (3.16)
(3.22) 81+ pViel” 910 = Vi Zie, [ VI Zie =

where here / is the explicit function defined in (3.17) and

o fRN h(x)Ze
== o
j]RN VII; Z%s
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We can prove the following result

Lemma 3.3. Let 6 > 0. There exists ky and C such that for all k > ko and all € = +“ — withd <p <57
JAR

Sor all k large, the following holds: there exists a unique solution ¢; = ¢ (1) € f% to equation (3.22),
such that

k> if N=5,
(3.23) 1]l <CQ k~*logk|™ if N=6, |
KRS if N>

2N
Furthermore the solution ¢; depends continuously on L, in the sense that the function @ — ¢y € LN-2 is
continuous in the natural topologies.

To make our exposition clearer, we also postpone the proofs of Lemma 3.2 and Lemma 3.3 to Section
6 Appendix 2.

Once (3.22) is solved, it is clear that V 4 ¢ becomes an exact solution to (1.13) if there exists a choice
for the parameter U so that
(3.24) c=clu]=0.

This is done in Section 4, where we also conclude the proof of our results.

4. PROOF OF THE RESULTS

This Section is devoted to the
Proof of Theorem 1.2. Let 8 > 0 be a small fixed number. Lemma 3.3 garantees the existence of a

large integer ko, such that for all € = +” — with § < u < 8!, for all integers k > k there exists ¢; € H
K TN=Z
and ¢ € R solution to the non linear Problem

Aby+pVE o+ h(x) = V2 Zie, i RV {0}, /v{’;‘¢zl€:o

where we recall the expression of & given by (3.17)
hx) = p(IVIP~' G = Vel )gn + G [pVIP w(91) — #451 TE+N(¢1+Ziz190i+ )],

E is given by (2.6), N(¢) is defined in (3.6), Vi, is defined in (2.2), Zi¢ is defined in (3.20) and  is the
function whose existence is guaranteed by Lemma 3.1. Furthermore, the function ¢; and the constant ¢
depends continuously on . For further reference, we write

(4.1) h(x) = CGE+Z(¢1)+ A (1)

where

4.2) L(01) = (V1" 11— Viel” g — cﬁ@
and

(4.3) A1) =G [pIVIP W(91) + N (91 +Zii i+ W) -
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It is thus a trivial observation to say that the function

v=V+¢
is a solution to our original problem (1.13) if we can chose u so that
(4.4) c=clu]=0.

At this point we need to distinguish the case of positive solutions v, = V. + @, from the case of sign
changing solutions v_ = V_ + ¢_. With obvious notation, define the continuous function g4 (1)

(4.5) g+(1) = / hiZyy.
RN
Observe that equation (4.4) is equivalent to find u so that
g+(n)=0

Define the positive constant F]T, to be given by

1 1
(4.6) y=lim-——Y ——
koo KN2 |65 — & N2

s (=i .
where §; = (e2 = ,0) € C x RN=2, Furthermore, we define the constant I’y to be given by
1 ; 1
(4.7) Iy=lim —— Y (-1)) ———— N>5.
=
A simple analysis shows that
Iy <0.
Then we claim that the expression of g+ () can be explicitly computed as follows
1] ) 1 ]
4.8) g+ (1) = —— | ~Yray + 1" Tiby + —— O (1)
= i kN=%)
and
1 N3 1
(4.9) g (1) = —— | —yuay + " "Tyby + —5—0(u)
K= | kN3]

In (4.8) and (4.9) ay and by are positive constants that depend on the dimension N. Furthermore O (1)
denotes a generic continuous function of the variable u, which is uniformly bounded as k — oo.
Observe now that if y > 0, then the function g (1) has a positive zero

1
yay \ V2 1
u= () o,
byTy N
This fact proves the existence of the positive solution of the form (1.15) predicted by Theorem 1.2, Part a.
On the other hand, if — (N—’z)2 < ¥ <0, then the function g (1) has a positive zero

2

Yan N-2 1

= [0) .
u=( bNFN) ro(—)
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This fact proves the existence of the sign changing solution of the form (1.17) predicted by Theorem 1.2,
Part b.

An adaptation of the arguments that we will use below to prove estimates (4.8) and (4.9) give the
expansion of the Energy (1.16) and (1.18). We omit the proof of this fact.

The rest of the Section will be devoted to prove (4.8). In exactly the same way one gets (4.9).

In the rest of the proof, with ®; () we denote a generic continuous function of the variable u that is
uniformly bounded as k — co.

Expansion (4.8) is consequence of three facts:

" 1
@10 [ GEze= o ([ 0IZ0M) ST [ 0701200+ 0w
with
@.11) [ v0z0dy>0 wd [ v ()Z0)dy >0,
(4.12) /RNf(dn)Zle = ﬁﬁ)k(u)
and

1

(4.13) Ly 00210 = o euw)

The rest of this section is devoted to give the proof of expansions (4.10)-(4.11)-(4.12)-(4.13).

Proof of (4.10) and (4.11). Given the definition of the cut off function {;, we write

4.14 / EZ :/ EZ :/ E2 +/ EZie = A+B.
(4.14) _RNQ le 3(51,27”)(:1 e= [ . le )\ a1 CIEZe
‘We start with A. Recall that
E:a@—@m,mw:w+w,@w:ﬁwm.
We have the validity of the following expansion
o 4 1

(4.15) / ExZiedx = ypuk >N (/ U(y)Z(y)dy> <1+®k(u))-

B(&LT) RN k

Indeed, we have by definition

k

(4.16) /3@1.2 )Ezzlng—s_u Z/B |2 Vie(x )z(x_f)
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The main term is the integral of ﬁvlgzl ¢ over the ball B(&, %)

E’NTJ/B leZ(x%gl):Sz/B e LU()’)Z@)

@, x? 0,4 ley+ &1 ?
1

=€2[/B(0,,k)U(y)Z(y)dy+/ ) (|6y+§1|2 —DUy)Z(y)dy]

0,5¢)

:k*zfﬁ/u d k2N4/ U(y)Z(y)d
wetsts [ ozmdy- et [ 007y

(4.17) k2 g? / oz, PPUDIZO) (1 o)y ()

where o(1) — 0 as k — o and ®;(u) is a continuous function in the variable u, uniformly bounded as
k — oo. Observe now that

E@(u) if N=S5,
82/ L DPUMZ(y)dy=C1 €[logk|®(u) if N=6,
BO.20) 20 () if N>6

and that .
/ U(y)Z(y)dy = (k)" O ().
RN\B(0, l

)
Thus we conclude that

4.18) e T T vz 5‘) pk~2 W /U y)dy) <1+11c®"<”)>

1
ghk “x‘z ‘

Now we estimate the other terms in (4.16). For instance consider j = 2. Performing the change of variables

B(0, L

' ek

=& _
=~ =y we have

‘s-sz/ v z(x’f‘)

2¢
B, |x|2

Uly+e (& —&))Z <>|

n —
L l‘Nl

_ ek
< Ce?(ke)" /0 (N

where we used the fact that, if |[y| < Z then [U(y+ &~ (& —&))| < C(ek)N 2
We thus conclude that

< Ck 2Nk,

N2 y Z(x 51)

B P a0
L

and hence

8’N52/ 5(&. ] WP (vas ) xg&):k-z-ﬁk*@k(u)-
lk

J#1
This last fact, together with (4.12) and (4.18), give the validity of (4.15).
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Let us now evaluate fB(él RS EZ,. Recall that

=&

€

In the ball B(&;, %), we perform the natural change of variables =y, that gives

Vix)=e 7

U+ Y Ul+e ' (& —éj))l :
7

Define 0(y) = X Uy + £ (& — &))). Thus,

'~ fros) (“’“7]”— P+ Y UP (e (& —é,-m) Z(y)dy

' ek J#1

= Ur-'0z(y)d +/ U—sU)P'—ur'0Z(y)d
p([fy 00 020 [, (050) 02(0)dy

s ek ' ek
4.19) +/ Y UP(y+e (& —ENZ0)dy | =h+h+1s
BO.g) jZ1
‘We start with the observation that
1
I =¢eN? — {p/ Up—lz} 1+ (ek)?0(1
| (; |51—§,-N2> o (1+(ek)?0(1))
= pIw( [ U1 2) ek 2+ (et u(n)
1 1
(4.20) = {ﬂN3PFN( /R U2+ — ®k(u)]-

= 7
K2t kv

Let us now evaluate . We use the inequality |(a +b)* —a*| < C|b|*, for any 0 < s < 1, to get first that,
for y € B(0, 2-), one has
U(y) < Ck(ek)N 2.
Thus we get
1 N-1

12 — SN_zk(Sk)N_z(/a

a4 2
A Wdt)@)k(#):k WAV AO(1).

In an analogous way one gets

L=k Nk VA0 ().
With this we conclude that

1 1
421 / E\Zy = N=3,r / Ur'z)+-0 .
(4.21) e 1) 1 Zik e [IJ pIn( - ) X k(1)

N2

Estimates (4.15) and (4.21) give the computation of the term A in (4.14).
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We will next check that B is smaller than A in (4.14). We write

CIEZ) :/ GIE\Zy —/ C1ExZy
/3@1,2;7)\3«51,’,2) N YR e SV ¢

Arguing as in the proof of estimate (4.15) (see in particular (4.17)), we have that

2n N—1
€ t
27 <C£2/k s < Ce*(ke)V 2
/3(51,2%1)\8(51,1,})& 2ote| = n (142)N-2 = (ke)
thus we get
4

422 / EZe = k252 2001,
R b 2 aie ) 2 (1)

On the other hand, arguing as in (4.19), (4.20) and (4.21) we have
2n (N-1

ke
SVAVA SC(&‘k)N_Z/ ——5 <
/B@l,zﬁ)\m:]ﬂ,b ‘ Lo(1+2)%°
thus we get
4
4.23) / CE1Z1e — k-2 V2620, ().
B(& L 2)\BEL D) ‘

From (4.22) and (4.23) we conclude that
(4.24) B=k V10 ().

Estimate (4.10) thus follows from (4.14), (4.15), (4.21) and (4.24).
Finally, since (see (2.2) and (3.20))
d
Zy:(U y) , where Uy(y)=on(—5—
0= (5z00) WO =an (s

we have that

[Loozo= (5 [ NU‘%>#_1’ wa [ or iz = (2

Thus we have the validity of (4.11) because
2_ 2 2 p_ 252 P
/RNU“_“ /RNU, and /RNU”_“ 2 /RNU.
Proof of (4.12). Referring to (4.2), we first observe that

RNP(V’HCI Vi Yz,

'k

p—lg _ yr-l
SC‘/BM%(V G-V i Zie

< Ce?(ke)N 2

u N2
)

foet)

<C/ 7 Vel <C / 1%4 V;
= o 1e ® (Z je) SO J g ) Ve | 2 Ve

i>1 1% i>1

,LL:

1
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(performing the change of variables €y = x — &;)

1 N-2
:C”(P]”l*/B(O QJ)UP (Z((1+|y—81(€j_él)|2) 2 ) <C(£k)N 2”(])1“]*

ek j>1

N-2

where we have used the fact that in the region we are considering we have ¥ ( 7 <

.
(1+ly—e~T(&-&)))? )
C(ek)N=2. Collecting the above estimates, we conclude that

' _ _ o4 2
(4.25) PV G =V 0 Zie =TT 0 ()

where @ (1) denotes a continuous function of yt, which is uniformly bounded as k — co. To conclude the
estimate (4.12), we observe that

’/ CllzClq)lZle
RY 7 |x]

Y Y
SCHQWQ%HN%HZMII% SC”CIWQQ)‘H%'

We next estimate || #C 101 2v_. A direct use of Holder inequality gives
N+2

Y
Il <c(f IS <o o gy,

|)C ( lrk

Thus we conclude

(4.26) <Ck3 W=

Cl | |2 C1¢1Z18

Estimate (4.12) follows directly from (4.25) and (4.26).

Proof of (4.13). Since (3.15) holds, we get

‘/ SiplVIP (91 Zie

<ClGpIVIP w00l 2 1Ziell v, < CIGPIVIP g S (onll 2,

4.27) <Ck > wa,

Referring to (4.3), we have that
2
IGN(o1)| < COVY Z|¢j|2+ lwl?)
Thus, we get

‘/]RN CIN(Q)I)ZLg <C

[ <2|¢j|2+|w|2>‘

J

<cviilly [||Cl¢1||221v + 2 16017 +1GvIPa
A
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Observe now that HVl(é’_l) ly <C.and {161 %y <C|l¢1]]3,, while for j # 1, one has
N2

N-2

. n & W)’ N2 R
10 gs, <clo ([, Grmegp))  <Cen Tl <06 Pl

Collecting the above estimates and using (3.15), we get

(4.28) /RN GIN(91)Z1e = k2 710 (),

where O (1) is a continuous function of y, uniformly bounded as k — oo.
Estimate (4.13) follows directly from (4.27) and (4.28).

This concludes the proof of the Theorem.

5. APPENDIX1: PROOF OF LEMMA 3.1

Proof of Lemma 3.1. The result stated in Lemma 3.1 will be a consequence of a corresponding linear result
and an application of the Contraction Mapping Principle. Thus let us first consider the linear problem

5.1) Av— L y=n in RV\{o},

[x[?

where / belongs to the space .2 V2 defined in (3.18). Hardy Inequality guarantees that if u € PV2RN),
then 7 € L*(RV) and

x|

N-2 2 u?
2 S L dx < Vul*.
o2 (*57) fotipees fo v

For any y > —(NT_Z)Z, we define the Hilbert space 7 given by 2!*(RY) equipped with the scalar product

uv
(u,v)y= /RN [VuVy + YW]

We denote with | - || the corresponding norm and with || - || the natural norm in 22(RY). Inequality (5.2)
gives that

Y 1
(1+F)2||”|\ < lully
N
where Cy = (NT’z)2 Observe that

AN
< v
63) i, g2y gy < 1801+ 21l
where S is the best Sobolev constant of the embedding 2'2(RV) — LV (RV).
Let us denote with Ty the embedding 7, : 2 — L (RY). Then the adjoint operator T : L¥#2 (RY) —
Py defined as

v=T,(h) <« y istheunique solution of Ay — #y/ =h in RV\ {0}
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is a continuous operator and
*
< .
I7; ()l < ClAl_px,

Observe furthermore that if 2(x) = |x| ™V _Zh(ﬁ) then the function (x) = |x|~V*2 W(ﬁ) also satisfies
Ay — ﬁ‘il = hin R\ {0}. By uniqueness we get that y(x) = |x|’N+2y/(ﬁ). In a very similar way,
one can show that if #(Ryx) = h(x), where R; denotes the rotation in the first two variables of the angle
27”, also v is invariant under that rotation. And finally, if / is even in the last (N — 2) variable, we also get

that y is. We thus conclude that, in case h € 92”13752 , then y = T;‘(h) € f% , thanks to (5.3).

Let us go back to problem (3.10): Problem (3.10) is equivalent to
5.4

v=-T, ((PIVI”_I— xyz)Z(l—Cj)%ﬂL(l—Z',‘-lej)(PlVl”_lller E+N(E_'§1¢j+llf))> = (y)

275

Observe furthermore that if y € & % then 4 (y) € & ¥,
We will see that the operator ./ is a contraction mapping in the set

2N
X={yeZv2 |yl aw <cglk)}

for some ¢ > 0, where g(k) is defined in (3.14).
Referring to (5.4), Holder inequality gives

b RNK“;Q)V"”W% < (A@NIU;C»VP-W“)M </RNIW|1€”2)

Arguing as in the argument to get (2.15), we see that

N-2

N+2

N+2

4 _4_
La-Tew 1) el [ | fem ) scewt cartth
O = Vegprkmgr) = =
We thus conclude that

(5.5) ||P(1*ZC;')VP_1‘I/HA% <o)yl 2,
J

with o(1) — 0 as k — oo,
' We next estimate the %—norm of the term pV?’~'y i(1—=2C;)¢;. A direct use of Holder inequality
gives

p—1 P AYY p—le1 _ p—1¢1 _
IpV7 T =)0y < CHIPVP (1= El g, < CHIO V7™ (1= Vil

Arguing as in the estimate (2.13), we get

__6
kIVP= (1 — C)Viell v < Ck™v=s
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from which we conclude that

(5.6) V2 L= 8o 2y, < Ch % ..
J
On the other hand, we write
(1 —;Q)N(;%W)I <cl1 —;Cj)l (;éj”Jrllfl”) ;
from which we easily get

[ER MALYH MIRRTII Pl ) MICES WAL +||<1—zc,->|w||%]
J J J ! i

Let us fix j = 1. Holder inequality gives
2N

/ [(1 —ZQ-)@I”] <Cllon) i

from which we conclude that

/ & <clen ol
Vie = < C(ek)™ || 1]l
VR !

11— 06
11 —Z;,Ci)lfih\”I\szy2 < Ck V|1
On the other hand, a direct use of Holder inequality gives
_ . p < p
(1 ;Cz)|llf| I, < CllWIay -
We thus conclude that

6 -GNl 2, <]
J J

kv-a

”‘Pl“pzN + HWHPZN
N-2 N-2
Next we shall estimate || ﬁ (Z];':] (1-¢)o j) I av . We start with the observation
Nt
Y (v Y Y
T Ay 1-¢)e; <ck| X (1- < -1
I (L0200 ) U, <RI 0800 g, < Rl 1 - il g
Arguing as in (2.14) we get that || ﬁ(l —&)Vie|| v < Ck~3~%7. Thus, we conclude that
e

k
(5.8) H# (Z(l —Cj)ij) I gy, < Ck*z*ﬁ”%ll%

j=1
(From estimates (5.5), (5.6), (5.7) and (5.8) we conclude that .# defined in (5.4) maps X into itself.

Next we will show that . is a contraction mapping. Observe that

|4 (y1) — 4 (y2)| <C

P|V|p71(1—ZCi)W1 —II/2|+(1—ZQ)|N(¢+1I/1)—N(¢+II/2)|

21
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Arguing as in (5.5), we easily get

(5.9) pIVIP= (1= X Gy = walll 2y, < Co(D)lyr = vall
i

with o(1) — 0 as k — oo. On the other hand,

(1=YIN@+y1) =N +y)| <CA=Y L) [([V+o+wil” =V + 9 +yal”) +p (VI 1 — vl )]

Thanks to the assumptions on ¢, we get that [V 4 ¢ + w1 [P — |V + ¢ + s |P < CIV|P~ iy — s
arguing again as in (5.5) we can conclude that

(5.10) 11 =Y 8N +y1) = N(@ + )l 2, < Co()lwr — o 2,

, and then

with o(1) — 0 as k — co. We thus get from (5.9) and (5.10) that ./ is a contraction in X.

Consider now the function y; := ;. Then y; solves

Avi— L wi=H in RY\{0}

|2
where
HW) = —p(1= LGV v = (VI = 15) 6 B0 =)o,
J J
(5.11) ~G (=Y ENE+N(9) = VyVE —AGy.
J

Since y; solves the above equation, the previous argument gives

. <
(5-12) il v, < ClIH]| 2,

2N
To get our estimate (3.15), we just need to evaluate the L¥+2 norm of the function A.
We start with the observation that, arguing as in (5.5), we get

_ =4 8
(5.13) P =Y NIV i oy, < ChTm w2 flyn | oy

- N+2
Let us now consider the term (p|V|P~! — ﬁ){,’l Y ;j(1—C;)¢;. Assume first that j # 1, then

VP8 (1= 8)9;] < Cllgjlle [IVIPT' G (1 = ) Ve
Thus we get, using Holder inequality,

IVIP=1 (1= )il ax < Cllonlh VP Sl yl1E1Viell ax

N-2
and, taking into account that |V?~1;|| y < C while || Ve H% < C‘i,g_k}l,v,z,

we get

(ek)N =2

WH%HH

VP61 = &gl <€
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and hence
_ =2
[1\41s lClZ(l—Cj)%HA%N < Ck 'R 6y
: Ex)
J#1
On the other hand, if j = 1, we get
VPG (1= 8)gn| < Cllnlla & (1= E)V,
and hence
_ -6
pIVIP= G (1= 8ol 2y, < K1 7F= 19|
Now, arguing as in (5.8), we get that
Y a a2
L — Vo < —2TN=Z N
[ FE G j;(l 9; | Il gy, < CE= 7419l
Collecting the above estimates we conclude that
-1 Y -2
(5.14) I(plVIP~" = Wm;(l =805l 2y, < CKTTF 9]
Next we evaluate ||{;(1 —X; (_,’])EHL\/2 A first observation is that [|{;(1 —X; CJ)EHLVZ <C|&i(1—
N+ N+
Y C)E HA% Arguing as in (2.8), one has that in the region where ;(1 —Y; ;) # 0, we have

ck N-2
D
(I+=P)
This gives immediately that
(5.15) [1¢i(1 —ZC/')EH% < eIV <ot
- +
i

Next consider the nonlinear term {; (1 —Y.; §;)N(¢). In the region where §; (1 —Y; {;) # 0, we have

IN(9)| <C <C[VLIoil. +1val”]

VIP=2 Y195+ [yl

J

Thus

5.16) (1= EEN @)y, <€ |I911R.+ v
3 2

Using the inequality ||ng% §C|\f||%||g|\ w_, We get

N-2
_HN=2
(5.17) 1aZuwll v < ClIAG Ly vl 2, < CK2 7 ||y o,

Using now the inequality ||fg||1\]271+vz <||fll2llglln, we get

VGVl v, < [GiVwlal[VEi -
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Now, a direct consequence of the definition of y; gives that |51 V|2 < Cllyi ||, < C'|ly|| e which
in particular implies that
_N-1
(5.18) VGVl 2y <Ck v [l ll
Collecting estimates (5.13), (5.14), (5.15), (5.16), (5.17), (5.18), inequality (5.12) gives

46 12
lwill av, <€ o)yl +K~4 75 4677 gy 1. + 1]

where 0(1) — 0 as k — oo. This gives the validity of estimate (3.15).
This concludes the proof of the result. (]

6. APPENDIX 2
We start with the proof of
Proof of Lemma 3.2. Let us define §(y) = 8¥¢(8y+ &) and A(y) = £¥h(£y+ &1) and consider the
equivalent problem for ¢ and % given by
(6.1) AP +pUP~1o =h+cUP ' (y)Z(y) in RV, / , Ur~'z¢ =0
JR
With no loss of generality we may assume that
©6.2) / hUP~'z =0.
RN

The evenness of the function 4 in the last (N — 2) variables implies that

U
/h—=07 forall j=3,....N.
RN 9yj

We want to show that also [pw IZ% =0, for j = 1,2. Consider the vector integral
J

= | 9y, i’()’) - - Y1
I:/ Blon :cN/ ———7ydy, where j= [
B M B (14 y2)? y2

Changing the variable y into ezTni)? and using the rotational symmetry of &, we get T =1 ,thus 7 =0
since k # 1.

Let us consider the subspace
- - L oU
X={¢ec 2" (RN :/ Z=0, / — =0, forall j=1,....,N
Ges®): [ ¢ 95 j }

which is well defined thanks to the Sobolev’s embedding 2'?(RVY) — LV (RM).
Since [pvnAZ =0, [pv 713—% =0, forall j=1,...,N, finding weak solution to (6.1) corresponds
to finding ¢ € X such that

/NV(5V‘I‘—p/NUp’l<ﬁ‘P+/NI~1‘P:0 forall WeX.
R JR R
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Now, for 7 € L¥+2 (RV), let us denote by ¢ = A(f) € H the unique solution of the problem
6.3) / v@vwr/ =0 forall yex,
RN RV

given by Riesz’s theorem. Then A defines a continuous linear map between L (RV) and X. Problem
(6.1) can be formulated as

(6.4) o —A(pUT'9) =A(h), $eX.
The map ¢ € X — UP~1§ ¢ L? (RN) is easily seen to be compact, thanks to local compactness of
Sobolev’s embeddings and the fact that UP~! = O(|y| ™).

Hence, Fredholm’s alternative applies to problem (6.1): for iz = 0, (6.1) reduces to (A+pUP~")($) =0
with ¢ € X. Elliptic regularity yields that ¢ is also bounded, and hence it is a linear combination of the
functions Z and gTU for j=1,...,k. Then, the definition of X implies that necessarily ¢ = 0. We conclude

J

that Problem (6.1) is uniquely solvable in X for any /. Besides,

19z + 181, g, o < CUlgy-

Arguing by uniqueness, as in the proof of Lemma 3.1, we find that ¢ satisfies the corresponding symme-

tries.
It remains to prove that ¢ satisfies estimate (3.21). In terms of @, this is equivalent to show that

(6.5) I+ YY)l < C\IilIINLN-
+2
Being ¢ a solution to (6.1), local elliptic estimates yield
B3y <C|h .
o1l (B)) = [ ||#Nz)

Now, let us consider Kelvin’s transform of ¢~),

O() =y V(v %)

Then we check that ¢ satisfies the equation

(6.6) Ap+pyU (9 =h in RY\{0},
where A(y) = |y| ™V ~2h(|y|~2y). We observe that
171 g, = Al v <ChAl 2
(B(0,2)) LNF2 ([y[>7) N+2
and

196 2qemy + 18] 2. = 196 2) + 18] 3
Then we get, from elliptic estimates applied to equation (6.6),
bl 5y < C|IA <C|\A| av. .
0l=(5,) < C||h||L%<BZ) < CAll 2,

But
191lz=81) = Y1V 720 | 2o gy
Combining the above estimates, relation (3.21) follows.
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The proof is complete. O
We have now the tools to prove Lemma 3.3.

Proof of Lemma 3.3. Let T be the linear operator defined by Lemma 3.2. Then we can set up Problem
(3.22) as the fixed point problem
6.7)

_ _ _ Y
¢1T<p<vp Ly VielP a4 Gl plVIP 1w<¢>>W¢1+E+N<¢1+z#1¢i+w>}) = 7).
Observe first that
kS it N=5,
(6.8) ||C1E||% < Cf(k), where f(k):= k"‘|10gk|N2;1§/2 if N=6,
+
KRS i N>,

as proved in Proposition 2.1. We show that the map .% (¢, ) is a Contraction Mapping in the ball
2N
(6.9) X={p 272 o] < af(k)},

for some constant ¢ large, but independent of k.
Let us consider first the term p&;|V|[P~!y(¢;). Holder inequality and estimate (3.15) give

_ _ 2
610) PGV (ol <CIGIVI Iy 6wl a <[ o+ 1911

where 0(1) — 0 as k — oo.
Consider now the term p(|V [P~} — [V1¢|P~")@;. First we observe that

p—1 1y g (2L 25 p—1 N
L v te=mer Dol # <clgn i [ it [ X vie | 19

R B(&,¢) j>1
Thus, we get

__2
(6.11) Ip(IVIP'E - |Vle|”71)<l>1||N271+v2 <]l [Vielly | ZVjsH% < |91 ]k 73,
i>1

We next estimate || #Cl @1 v . A direct use of Holder inequality gives
N+2

Y N N2 N2
. — < < .
(6.12 bl <cC] 005 <R o
Finally, we are left with ||§iN(¢1 + X4 ¢j+‘lf)H%- We have
+
N1+ ) 6+ w)| <C a7+ Y 19,1+l
71 j>1
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Arguing as in (6.10)-(6.11), we easily get thanks to (3.15)

-1
IGVIP e+ il 2 SC[II¢1II’;3_IV2+ZIQ¢;||” +||Clw||‘;%

2N
j>1 N-2

(6.13) < |[laullt, +o() g1l +l19ul17]

where o(1) — 0 as k — 0. Thus consequence of estimates (6.10)-(6.13) is that the map % defined in (6.7)
maps X into X. Next we will show that .# is a contraction mapping in X. This will conclude our proof.
Observe that

|7 (91) = F (@) < CLVIP 81— VaelP" 1o — 07|+ GulVIPHy(9") — w(9?)]

+ 108 — 02+ N9 + w(9") — N(9+ w(92)]

[x[?

Arguing as in (6.10) we get

IAVIP= 6 = Vel D101 — 671+ GIVIP lw(9") — w(9?)I] 2

< kT (9" 97y +W(9") ~ w97 ) < o(1)]9] 97|

where o(1) — 0 as k — oo. As in (6.12) we get
Y a1 42 1_ 42
| |x|2(¢1 _¢1)||1%’2 <o(1)[|¢; —¢; ||%7

where 0(1) — 0 as k — oo. Finally, denote by f(r) =” and ¢’ = ¢’ + y(¢"). Then we have

~

NGO (o) =N+ w0y = ([ V48416 =) = P )6 - )

N+2

1 ~ ~ ~ ~ ~ ~ ~
éll/o[f’<V+¢2+t<¢1f¢2>)ff’(V)]<¢1w%n%écufpffﬁll% sup [lf'(V42) = (V)lly,

7 lzll v <r
N—2

If we choose the number ¢ in the definition of the set X (6.9) small, but fixed independently of &, we can
obtain that
| A
IN(O"+w(9h) = N0+ y(9?)l| 2y, < 51161 — 67| 2,

N+2 N-2

Thus we conclude that .% is a contraction map in X.
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