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COMPLETENESS OF THE BETHE ANSATZ FOR AN OPEN
¢-BOSON SYSTEM WITH INTEGRABLE BOUNDARY
INTERACTIONS

J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

ABSTRACT. We employ a discrete integral-reflection representation of the dou-
ble affine Hecke algebra of type CVC at the critical level ¢ = 1, to endow
the open finite g-boson system with integrable boundary interactions at the
lattice ends. It is shown that the Bethe Ansatz entails a complete basis of
eigenfunctions for the commuting quantum integrals in terms of Macdonald’s
three-parameter hyperoctahedral Hall-Littlewood polynomials.

1. INTRODUCTION

The g-boson system [BB|, [BIK] is an elementary quantum field model built of
g-deformed oscillators (cf. e.g. [KS]) placed on a finite periodic lattice Z,, =
Z/mZ. Tt belongs to a privileged class of one-dimensional particle-conserving quan-
tum field theories for which the n-particle Hamiltonian boils down to a (possibly dis-
crete) quantum integrable Schrodinger operator, cf. e.g. [K| [Thl [DGL [KBI, [CTl, [La]
(and references therein) for some more examples of such integrable quantum field
models. Indeed, in [Ko] it was observed that the ¢-boson Hamiltonian acts in the
n-particle sector of the Fock space as a discrete difference operator that arose in
[D2] as an integrable lattice discretization of the Schrodinger operator for the Lieb-
Liniger delta Bose gas on the circle [LLL [Mt] [Do, [KBI]. In both situations, the
n-particle Bethe Ansatz eigenfunctions had been identified independently as Hall-
Littlewood polynomials D2, [Ko]. Besides the model on the periodic lattice Z,,
analogous versions of the g-boson system were considered on the infinite lattice Z
[DE2] (cf. also [R]), on the semi-infinite lattice N [DE3] [WZ], [DP], and on the open
(i.e. aperiodic) finite lattice [LW] [DE5]

N :={0,1,2,...,m}  (m>0). (1.1)

Meanwhile, it has become clear that the g-boson system admits a rich variety of
generalizations that surfaced naturally e.g. in the context of integrable stochastic
particle processes [SW| [OP| [Pol [BCPS2, [Ta] and in the framework of
discrete harmonic analysis on Weyl chambers and Weyl alcoves [DIl, [DET].

The purpose of the present work is to diagonalize an open ¢-boson system on N,,
(TI) endowed with integrable two-parameter boundary interactions at each of the
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two endpoints 0 and m. Our model is governed by a (unital associative) ¢-boson
field algebra that is deformed at the boundary sites. Specifically, the underlying
g-boson field algebra is determined by generators 3;, i and ¢™, ¢~ ™ (Il € Ny,)
that are ultralocal (i.e. commuting for distinct sites) while satisfying the relations

Big™ = g™ B, VB = aBrd™, Mg =1,
BB = (1 —c_6¢4")(1 = c4:0m—1gV™) [Ny + 1]y, (1.2a)
BiBr — aBi B = (1 — c—6:*™)(1 = 4 0mi®™™),
where ¢ € (=1,1)\ {0} and c_,cy € (—1,1),

1 —g*g™
l1—q
and §; refers to the Kronecker delta (i.e. 6; = 1if I =0 and §; = 0 otherwise). The
parameters c_ and cy, which deform the g-boson field algebra at the sites [ = 0 and

l = m, are complemented by two more coupling parameters g_, g+ € R regulating
the interactions at these endpoints via the Hamiltonian

H:=g_ [NO]q + 9+[Nm]q + Z 61*4-161 + B?BH—I- (1'3)
0<l<m

For ¢ = ¢y = 0 the integrability of H ([3]) was shown in [LW] [DE5] by means of
Sklyanin’s quantum inverse scattering formalism for open systems with reflecting
boundaries [Sk]. Moreover, for the semi-infinite g-boson system on the nonnegative
integer lattice (i.e. m = 400), the integrability of the Hamiltonian in question was
inferred for general (one-sided) boundary parameters g_ and c_ [DE3| [WZ]. In
each of these cases, the Bethe Ansatz eigenfunctions derived in [DE3| [WZl [DES)]
turn out to be given by hyperoctahedral Hall-Littlewood polynomials as introduced
by Macdonald [M1] M3 [NR], [Pa].

Below the results for the finite open ¢-boson system will be generalized to the
situation of boundary interactions governed by the full four-parameter family of
¢—,Ct+,g—,g+. Rather than to employ quantum inverse scattering as in [LW], [DES],
we recur instead to a representation of Cherednik’s double affine Hecke algebra
[T, M4] of type CVC NI [Sa] at the critical level ¢ = 1. The representation in
question is given explicitly in terms of discrete integral-reflection operators. It
differs fundamentally from a previous q — 1 degenerate double affine Hecke al-
gebra representation [Gr] in that here no prior rescaling of the parameters and
coordinate functions in terms of q is performed. The particular Hecke-algebraic
approach suiting our needs has its origin in the spectral analysis of Gaudin’s gener-
alized Lieb-Liniger delta Bose gas models associated with the (affine) Weyl groups
[G1], [G2] [Gul [HOL [EOS1], [EOS2] by means of integral-reflection operators that were
first introduced by Gutkin and Sutherland [GS]. The center of the double affine
Hecke algebra provides us with the quantum integrals for H (L3]), which are sub-
sequently diagonalized in terms of Macdonald’s three-parameter hyperoctahedral
Hall-Littlewood polynomials via a Bethe Ansatz. From the perspective of double
affine Hecke algebras, this entails an extension of the construction in [DE1] enabling
to incorporate the important five-parameter master family of type CVC. In this
picture, our parameters g, c— and g_ are associated with Hecke algebra generators
corresponding to the walls of the Weyl chamber and parametrize the hyperoctahe-
dral Hall-Littlewood polynomials, while the parameters ¢y and g4 are associated

¢ = (gM)F, [N, + k]g = (1 €N,k €7Z), (1.2b)
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with the Hecke algebra generator corresponding to the affine wall of the Weyl alcove
and enter the wave function only through the positions of the Bethe roots.

The presentation is structured along the following lines. In Section 2l the Hamil-
tonian H (3] is implemented as a self-adjoint operator in the ¢-boson Fock space
and its explicit action in the n-particle subspace is determined. Section [3formulates
our main result: the diagonalization of the corresponding n-particle Hamiltonian by
means of a complete basis of Bethe Ansatz eigenfunctions given by hyperoctahedral
Hall-Littlewood polynomials evaluated at the Bethe roots. The bulk of the paper is
devoted to the proof of this result within the framework of the double affine Hecke
algebra of type CVC at the critical level q = 1. First, the defining properties of
this double affine Hecke algebra are detailed in Section [l Then, in Section B a
concrete representation in terms of discrete integral-reflection operators is derived
by duality from the polynomial representation. In Section [0] the discrete integral-
reflection operators are used to construct a Gutkin-Sutherland type propagation
operator |GS|] that intertwines between the free boson wave functions and our in-
teracting ¢-boson wave functions, respectively. By computing the image of the free
Laplacian on Z™ with respect to the action of this propagation operator, we arrive
in Section [7 at a quantum integrable deformation of the free Laplacian associated
with the double affine Hecke algebra. The n-particle Hamiltonian for g-bosons
with open-end boundary interactions is retrieved from this deformed Laplacian in
Section [§] upon symmetrization with respect to the action of the underlying affine
hyperoctahedral group. The propagation operator is then employed once more in
Section[@to show that the Bethe Ansatz eigenfunctions of our g-boson Hamiltonian
are given by Macdonald’s hyperoctahedral Hall-Littlewood polynomials. Finally,
the higher commuting quantum integrals stemming from (the center of) the double
affine Hecke algebra at critical level permit to separate the eigenvalue spectrum.
This rules out linear dependencies between the eigenfunctions and reduces the proof
of the completeness of the Bethe Ansatz to a straightforward count of the Bethe
roots, which are obtained as the minima of a family of strictly convex Morse func-
tions using the classic toolset developed by Yang and Yang [YY] [G2] [KBI].

Backup material for some technical subtleties involving our approach is supplied
in three appendices at the end. Specifically, in Appendix [Al we briefly confirm that
the Poincaré-Birkhoff-Witt property and the basic representation of the double
affine Hecke algebra of type CVC [N} [Sal [M3] persist at the critical level q = 1, cf.
also Ref. [O] for a corresponding verification in the case of the type A double affine
Hecke algebra and Ref. [Ge] for the verification covering most other types apart
from CVC'. (More precisely, the latter work deals with those types for which the
index of the root lattice inside the weight lattice is not equal to 1.) In Appendix
[Bl we verify certain intertwining relations satisfied by the fundamental propagation
operator from Section [G} these relations lie at the basis of the computation that
yields the explicit formula for the deformed Laplacian in Section [[l Finally, in
Appendix [C] we recall Macdonald’s product formula for the generalized Poincaré
series with distinct parameters from [M2], in the special case of a stabilizer subgroup
of the affine hyperoctahedral group. This product formula is used in Section [8 to
retrieve the open-end g-boson Hamiltonian from the double affine Hecke algebra.

Note. Our notation distinguishes between the parameter ¢ stemming from the g-
boson algebra and the parameter q associated with the double affine Hecke algebra.
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Throughout the presentation the value of the latter parameter is assumed to be
fixed at the critical level ¢ =1 (unless explicitly indicated otherwise).

2. n-PARTICLE HAMILTONIAN

Let us define the Fock space

Fi= @ P (A Am) (2.1a)
n>0
consisiting of all series F' = ano fn with f,, € I*(Ap s, Apm) such that
(F7 F)m = Z(fnu fn)n,m < 00. (21b)
n>0

Here 1?(Ay m,An m) stands for the (n-particle) Hilbert space of functions f :
Apm = Con

An,m = {/\: ()\1;-'-7)\71) ez" | m > A1 ZAQ > 2 An 20}7 (22)
equipped with the following inner product
(f,@nm = D> TGN Anm(N) (2.3a)
AEAL m

associated with the weight function
1
Apm(A) = ,
(c=3 Dmon) (€45 D) [Ten,, [mi(M)]g!

and subject to the additional convention that Ag, := {0} and Ag ., (0) := 1 (so
12(Ao.m, Ao.m) = C). The orthogonality measure A,, ,,(A\) 23h) factorizes in terms
of g-factorials

(2.3b)

(k]! = [Klg[k — 1]g- - [2]g[llg with [k]g ==

of the (particle) multiplicities
m(A) = {1l <j<n|X =0 (€Nn),

and is moreover perturbed at the end-points by g¢-shifted factorials of the form

(cx;@)k =1 —cx)(l—cxq)-- (1 —cxqg™ )

where it is assumed that empty products are equal to 1 (so [0]4! = (c+;¢)o = 1).

We introduce the following actions of the g-boson field generators 3;, 8, and
N (1 €Ny) on f € P(Apm, Apm) C Fon:

(Bf)N) = F(BA) (2.4a)
for A€ Ap_1mifn>0and B f :==0if n =0,
B = (2.4b)
[m;(\)](1 = 8¢ NN (1 = ¢4 8p1g™ D) F(BA)  if my(N) >0
0 otherwise

for A € Apy1,m, and
@) = g™ N F() (2.4c)
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for A € Ay ;. Here 5/ A € Apq1,m and SiA € A1, denote the partitions obtained
from A € A, by inserting or deleting a part of size I, respectively (where in the
latter case it is assumed that m;(A) > 0).

It is readily verified that the operators in Eqs. ([24a)—(Z4d) satisfy the ultralocal
g-boson algebra relations in Eqs. (L2al), (L2H). Hence, we end up with a represen-
tation of the g-boson algebra on the dense domain D,, C F,, (2Ia), (2I0) of ter-
minating series F' =% _ f, with f,, € 12(Apm, Apm)- In this representation, the
parts of A = (A1,...,\n) € Ay, are interpreted as the positions of n particles—
g-bosons—on N,,. The operators £ : I*(Apm, Anm) — P(MAp—1.m, Anm) and
B - P(Apms Anm) — P(Ang1,m, An,m) annihilate and create a g-boson at the
site I € N,,, respectively, while ¢"¥* counts the number of g-bosons at this site
as a power of g. The representation in question is unitary (i.e. it preserves the
underlying *-structure):

(Blfa g)n,m = (fu B[*g)n—i-l,m (f € 12(An+1,m7 An-}-l,m)u g € 12(An,mu An,m))u
(qilev Dnm = (f, qing)n,m (f,g€ 12(An,ma Apm)),

whereas it is also immediate from the definitions that the g-boson annihilation- and
creation operators, as well as the g-deformed number operator, at the site [ € N,,
are bounded on F,,:

(L +Je—[60) (1 + |4 [Om—1)

(ﬁlfuﬁlf)n—l,m S 1—q (faf)n,mu
(BF £, B7 Pt rom < (1+'k'&19;2W0+h&””<f,fxum,

(qufa quf)nﬁm S (fv f)n,ma

for any f € I*(Aym,An.m). The upshot is the Hamiltonian H (3] constitutes a
bounded self-adjoint on F,,, that preserves the n-particle subspace l2(An7m, Apm).
From the actions of the g-boson generators in Eqs. (Z4al)—(24d), one readily de-
duces the following explicit action of H in I?(Ay m, An.m) (cf. [DE3, Prp. 3.1] and
[DES, Prp. 6.3).

Proposition 2.1 (n-Particle Hamiltonian). For any f € 1?(Ap.m,An.m) and X €
Ay m, one has that

(H 1)) =(g- [0l + g+ [ (N)]g ) SO (25)
+ Y (T=cba, g™ Y my, (Mg f(A +ey)
1<j<n
)\+e]‘ GAn’m
+ Z (1 - c+5m_)\j qmm()\)_l)[mkj ()‘)]qf()‘ - 6]‘),
1<j<n
A—e; €A m
where e, ..., e, denote the unit vectors of the standard basis in Z™.

Remark 2.2. The actions of g-boson generators 3, 8; and ¢™' in Eqs. (24a)-(24d)
and (thus) that of the n-particle Hamiltonian in Proposition 2.1 are polynomial in
q. For ¢ — 0 the n-particle Hamiltonian degenerates to a self-adjoint Laplacian of



6 J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

the form

(HF)O) = (905, +940m - ) f N+
Yo A= i) f+e)+ D (I=cibnn,) f(A—¢))

1<j<n 1<j<n
Ae;€EAn m A—e; €EAn,m

in 12(Ap.m, Anm) with Ay n(A) = (1 — ¢_)™a(1 — ¢ )79, This discrete
Laplacian models n strongly correlated bosons on the finite open lattice N, (L))
with boundary interactions at the end-points controlled by the parameters g+ and
c+. A corresponding system of strongly correlated bosons on the finite periodic
lattice Z,,—commonly referred to as the Phase Model—was studied in detail in
Refs. [BIK| Bl [KoS].

3. MAIN RESULT: DIAGONALIZATION

Since the dimension

m+n)!

dim (I*(Anms Anym)) = ( (3.1)

m!n!
of the n-particle subspace is finite, the existence of an orthogonal eigenbasis di-
agonalizing the n-particle Hamiltonian in Proposition 2] is immediate from the
self-adjointness. Here we provide an explicit eigenbasis for the operator in question

in terms of Macdonald’s hyperoctahedral Hall-Littlewood polynomials (associated
with the root system BC,,) [M3, §10]:

P\(&qra,a) == (3.2a)
Z Cle1€oys - €néo,;q,a,0) exp(i€rlo, A1 + - - +i€néo, An)
o€S,
ee{1,—-1}"
with & = (&1,...,&,) and A € A, . The summation is meant over all permu-
tations 0 = ( 011 022 " U’fl) of the symmetric group S, and all sign configurations
e=(€e1,...,€n) € {1,—1}", and the expansion coefficients are given explicitly by
o (1 —ae™%)(1 — ae~ %)
C(éla- --7§naq7aaa) E H 1 — e—2i¢; (32b)
1<j<n

1— qe—i(ﬁj—fk) 1— qe—i(fj-i-fk)

< 1 ( 1 e > < 1— e iG+en) >

1<j<k<n

For p € Ay 22) and

Qanraa*v&Jrv&* € (_151)7 (33)
let v, : Ay m — C denote the hyperoctahedral Hall-Littlewood function of the form

Yu(N) = Pa(§ssa—,a-) (A€ Apm), (3.4)
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where £, € R" represents the unique global minimum of the semibounded strictly
convex Morse function V,, : R" — R given by

§i+Ek & —Ek
V(€)= Z (/0 vq(u)du—k/o vq(u)du> + (3.5a)

1<j<k<n
) &
S (€ 2w+ )6 + [ (vu )+ v (1) + v (@) v () )
1<j<n 0
with pj:=n+1—-35 (j=1,...,n) and

o ¢ (1-da? du iy 1 — aet
va(§) .—/0 T 2acos(u) £ a2 zlog(m) (-l<a<1). (3.5b)

Theorem 3.1 (Diagonalization). For parameter values belonging to the domain in
Eq. B3), the hyperoctahedral Hall-Littlewood functions v, p € Ay m are n-particle
eigenfunctions of the g-boson Hamiltonian H ([L3)):

Hiy = E(€,)b, with B(€):=2 Y  cos(&)), (3.62)
1<j<n
provided
c+ =atayr and g+ = a4+ G- (3.6b)

Moreover, for nonvanishing parameter values q,ay,a_,ay,a— belonging to the
domain in question these eigenfunctions are complete in the sense that they consti-
tute a basis for I>(Ap.m, Dnm)-

This theorem will arise below as a consequence of a much stronger statement in
which all commuting quantum integrals for our open-end g-boson model are diago-
nalized simultaneously. By invoking the explicit action of H (L3 in the n-particle
subspace given by Proposition 2.1l we can reformulate the eigenvalue equation in
Theorem [31] as an affine Pieri rule for the hyperoctahedral Hall-Littlewood poly-
nomials.

Corollary 3.2 (Affine Pieri Rule). For parameters belonging to the domain in
Eq. B3), Macdonald’s hyperoctahedral Hall-Littlewood polynomials P\(&;q;a—,a-)
with X € Ay, 1, satisfy the following affine Pieri formula

Pr(&gia—,a-) Y (€4 e = (3.7)

1<j<n

((a-+a-)imoN)]y + (as +a)mm(N] ) Pr(& gsa-,a-)

+ > (T—asa_by,q™ N Yy, (Mg Pre, (G gia,a-)
1<j<n
Ae; €A m
+ Z (1= ayay dmn, g™ Ny, (V)] Pre, (€ g5 a—,a-)

1<j<n
)\—ej EAn,m

a’t 5 = 5#7 /'l’ E An,m-
For a_ = a4 = 0, Corollary B2l reproduces an affine Pieri rule found in [DES,

Sec. 11.4]. The conventional (nonaffine) Pieri rule for Macdonald’s hyperoctahedral
Hall-Littlewood polynomials [DE3, App. A], which is valid without quantization
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restrictions on the values of the polynomial spectral variable & € R™, is of the form
in Eq. B7) with m — +o00 (so the dependence on a4, a drops out).

Remark 3.3. It is expected that the hyperoctahedral Hall-Littlewood functions v,
p € Ay in fact constitute an orthogonal eigenbasis for H ([L3) in 12(Apm, Anom)
for all parameter values in the domain [B3]). When a_ = a4 = 0 (so g- = a_,

g+ = a4 and ¢ = ¢4 = 0), this orthogonality was recently confirmed in [DES| Sec.
11.4].

Remark 3.4. The normalization of the hyperoctahedral Hall-Littlewood polynomi-
als Py(&;¢;a,a) (B.2a), (B.2D) is such that the coefficient of the leading monomial
el tidntn s given by (ad; @)me(x) [Len, Mi(A)]g!- In particular, for A = 0" =
(0,...,0) € A, 1, we have that Pyn(&;q;a,a) = (aa; q)n [n]q! # 0.

Remark 3.5. Since V,, (&) B5a)), (3.5D) is smooth and V,(€) — +oo for & — oo,
the existence of a global minimum is guaranteed. The uniqueness of this minimum
follows by convexity. Indeed, the Hessian

k1= 0¢; 0g, Vi (§) (3.8)
_ {2m+vfl(§j) g (§) +va, (&) + v, (6) + X0, (vg(& + &) g6 — &) ifk=j
vg (&5 +&k) —vg(& — &k) ifk#j

is positive definite:

> wmHie= Y. (2m vl () + 05 (€)+ v, (&) + vh, ()]

1<j5,k<n 1<j<n

+ Z ( (& + &k)(x; + )2 +v;(§j —&)(x;j —xk)z)

1<j<k<n

>2m Z x?,

1<j<n

since v}, (§) = W > 0 for a € (—1,1). From the equation V¢V, (§) =0
for the corresponding critical point & u

2mé&; + va_ (&) +va_(§5) + vay (§5) +vay (&) (3.9)
+ Z ( & +&5) _Uq(gk_gj)) =27(p; + p15)
1<k<n
]
(j=1,...,n), one readily deduces that at £ =&, (1 € Ap )
m(ps + 1) _ € < m(pj + 1) (3.10a)
m—+ Kk_ m+ Ky

(for 1 < j < n), and also (by subtracting the kth equation from the jth equation)
m(pj — pr + 15 — 1) m(pj — pr + 15 — 1)

T <& —&p < MR, (3.10b)
(for 1 < j <k <n), where
(n—=1)(1-¢*)
py i DA ) 3.10¢
CEAr)E (3:10c)

1/ 1—-a 1—a* 1—a% 1-
9 7+ Tz T 3 T 5 N2 )
2\ £fa_? " (Axla?  AElaz)? " (AElas])
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Here one exploits that v,(§) is odd and that % <€) < % Moreover,
since v, (€ 4 2m) = v,(§) + 27, it also follows from Eq. [B.9) that £ < 7 at the
critical point. The upshot is that for any 1 € Ay, », the unique global minimum &,

of V(&) (B5a), (B.5D) is assumed inside the open fundamental alcove
A={(&,&,. ... &G)eR"[1>& > 86> > & >0} (3.11)

Remark 3.6. For p € Ay, and parameters in the domain (3.3]), the dependence
of the eigenfunction ¢, (B:4) on a4, a+ and g is real-analytic. Indeed, the critical
equation (B is real-analytic in this parameter domain and so is the critical point
&, (by the implicit function theorem, because the Jacobian of the critical equation
equals the positive definite Hessian ([B.8) of V,(§) and is thus invertible). Since
P\(&;q;a,a) (3:2a), (B.2D) constitutes a (trigonometric) polynomial in the spectral
variable £ with coefficients that depend polynomially on the parameters ¢, a and
a, this real-analyticity carries automatically over to the eigenfunction v,,.

Remark 3.7. At ¢ = 0 the eigenfunctions in Theorem B1] satisfy the eigenvalue
equation for the phase model with open-end boundary interactions governed by the
discrete Laplacian in Remark (with g+ = ax + G+, cx = axdy and ay,dy €
(=1,1)). When ay = G+ = 0 the boundary conditions of the Laplacian at the walls
Aj =0, =X and Ay = m (1 < j < k < n) become of Dirichlet type. The
eigenfunction 1, ([3.4) specializes in this situation to a symplectic Schur function
evaluated at £, = ;L(_f_’:i)l (where p := (p1,p2,---,pn) = (n,n—1,...,2,1)). The
analog of the latter phase model on the periodic lattice Z,, was diagonalized by
means of the algebraic Bethe Ansatz in terms of (standard) Schur functions [Bl
KoS|. In our case, the familiar determinantal structure of the Schur functions
turns out to persist at ¢ = 0 for general boundary parameters ay,ay € (—1,1):

det[pn—j+x, (€5 @, @)]1<jk<n

Pr(&;05a,0) = Mo o6 e — ot — o)’ (3.12a)
where
o (L—aem)(1 —ae™™) e (1—ac®)(1 —ae’)
pe(§;a,0) == T et + — e~ (3.12b)

Indeed, when pulling out the overall Vandermonde denominator as in Eq. (312a)
from the ¢ = 0 specialization of Py\(§;¢q;a,a) [B32a), (32h), one ends up with an
alternating sum that coincides manifestly with the expansion of the determinant
in the numerator. The corresponding ¢ = 0 parameter specialization of the affine
Pieri formula ([B71) for the polynomials in question becomes

Py(&0;a-,a-) Z (e +e7%i) = (3.13)

1<j<n
((a— + d—)5>\n + (a+ + d+)5m—)\1)P)\ (57 0; a—, d—)
+ ) (I—a-a—dy)" 7 Py, (0,0, d-)

1<j<n
Ae; €M m
+ Y (l=ayaydm )" *Prc,(§0;a,0-)

1<j<n
)\_ej EAn,m
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(at & = &,, p € Apym). It is not at all clear from Theorem B.] whether the
eigenfunctions 1, it € Ay, m actually remain complete in 12(Ay m, Apm) at ¢ =0,
beyond the much weaker and straightforward completeness for generic values of
the boundary parameters ay,as € (—1,1). (For generic boundary parameters the
completeness is a priori guaranteed—both at ¢ = 0 and for generic ¢ € (—1,1)—by
the analyticity in Remark in combination with the elementary fact that in the
Dirichlet situation of vanishing parameters q, a4, a4+ the corresponding symplectic
Schur functions form an orthogonal basis for I2(A,,.), cf. e.g. [DE4, Remark 3.7]

with R = R of type Cp,.)

4. DOUBLE AFFINE HECKE ALGEBRA OF TYPE CVC AT CRITICAL LEVEL

In this section we describe the affine hyperoctahedral group and its associated
double affine Hecke algebra [C| [N [Sal [M4] at critical level.

4.1. Affine hyperoctahedral group. The affine hyperoctahedral group W' is a
Coxeter group (of type C,,) presented by generators so, ..., s, subject to the rela-
tions [H]

s7=1 (j=0,...,n),
$j8j+1855j41 = Sj418;5;418; (j=0o0r j=n—1), (4.1)
85854185 = Sj4188541,  (J=1,...,n—2), '
$jSk = SKSj (l7 — k| > 1).

A reduced expression for w € W is a decomposition in terms of these generators of
the form
W =S85, S84, (jl,...,jEE{O,...,n}) (42)

such that ¢ (> 0) is minimal. The number generators ¢ comprising a reduced
expression is referred to as the length ¢(w) of the group element (so ¢(w) = 0 iff
w=1).

Given a nonvanishing scale parameter ¢ € R* := R\ {0}, we consider a faith-
ful action of W on R™ that is characterized by simple reflections mapping z =
(1,...,2n) € R™ onto

so(x1, .., xn) = (2¢ — 1,29, ...,Tp),
Sj(xl,...,.fn):(zl,"',ijl,Ij+1,Ij,$J‘+2,"',In) (]Zlavn_l)v
Sn(X1ye oy Zn) = (1, Tne1, —Tn), (4.3)

respectively. Below we will always assume that c is integral:
ceZ" =17\ {0}

(unless explicitly stated otherwise).

4.2. Double affine Hecke algebra. Let 7g,...,7, and 7y, ..., 7, be parameters
in C* := C\ {0} such that 7; = 7; = 7 for 0 < j < n. Throughout the paper it will
be assumed that none of the five parameters 1y, Tg, T, Tn, Tn €quals a Toot of unity.
We consider the following q — 1 degeneration of the double affine Hecke algebra of
type CYC,, [N} [Sal.
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Definition 4.1. The double affine Hecke algebra H of type C)YC,, at critical level

is the unital associative algebra over C with invertible generators Ty,...,T, and
commuting invertible generators Xi, ..., X,, subject to the quadratic relations
1 -1 .
;=T =7/ —7; (j=0,...,n), (4.4a)

the braid relations
TiTjTiTj1 = Tjn T T;  (j=0orj=n—1),
TT51T; = Tj1 15T 44 (j=1,...,n—2), (4.4b)
1Ty, = Ty T; (7 — kI > 1),
and the cross relations
ToX1 — X' Tyt =75t — 4o,
T, X, = X, T, =7, — 7,

. . (4.4c)
Tj X = X1 (Gj=1,...,n—1),
TiXp=XoT;  (j—Kl>1orj=n=k+1).
For A = (A1,..., ) € Z™ and for a reduced expression w = s, - - - s;, let

X = XM XM and T, =Ty --- T,

(which does not depend on the choice of the reduced expression by virtue of the
braid relations).

Proposition 4.2 (Poincaré-Birkhoff-Witt Property). The elements X T, (or al-
ternatively T, X ), with X € Z" and w € W, form a basis for H over C.

For most types other than CV C a corresponding Poincaré-Birkhoff-Witt property
was proven in [Ol Secs. 3 and 5] and [Gel Sec. 2.1.2]. For type CVC with q not
equal to a root of unity, a proof of the Poincaré-Birkhoff-Witt property can be
found in [Sal Sec. 3]. For completeness, we provide a proof of Proposition B2l in
Appendix [A] so as to include our setting of the double affine Hecke algebra of type
CVC at the critical level q = 1.

It follows in particular from the above proposition that the commutative subal-
gebra of H generated by X', ..., X+ is isomorphic to the algebra C[X] of Laurent
polynomials in X7,...,X,,. Because the integral lattice Z™ C R"™ is stable for the
action of the affine hyperoctahedral group W in Eq. (@3] (as ¢ is assumed to be
integral), we can lift the action to C[X] via w(X?) := X%* (w € W). This allows
to introduce the corresponding Demazure-Lusztig operators:

T; :==71js8; + b;(X)(1 — s5) (j=0,...,n), (4.5a)
where
—1 N A1
-7 +(fo—175 )Xa
bo(X) =
0( ) 1_X12 ’
1
T—T
bj(X)= ——F— (G=1,...,n—-1), (4.5b)
’ 1- XX
T — T b+ (Fn — 77D X1
bn(X) = —3
1-X,

Since X* — X*i* is divisible by the denominator of b;(X), these Demazure-Lusztig
operators Ty, ..., T, [@B5a)-(@Eh) are well-defined as linear operators acting on
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C[X] (upon interpreting b;(X)(X* — X%?*) in terms of the corresponding termi-
nating geometric series, cf. Eq. (&1) below).

Proposition 4.3 (Polynomial Representation). The assignment T; Tj (j =
0,....n), X; — X; (j =1,...,n) extends (uniquely) to a representation of H on
ClX].

In Appendix [A]l Proposition 3] is proven by tweaking a q — 1 degeneration of
the polynomial representation of the double affine Hecke algebra of type CVC' going
back to Noumi and Sahi [N} [Sa].

Remark 4.4. Tt follows from Proposition that H can be equivalently character-
ized as the unital associative algebra over C spanned by the elements X*T,, (or
alternatively T;, X*) subject to the relations

e S b S T
Tys; +(rj —7; )Tw if lwsj) =L(w) — 1,
XAXH = xMH (4.6b)

T: X — X5 = b (X)(X — X557, 4.6¢
J J J

for all w € W, j € {0,...,n}, and \,u € Z". Here s refers to the derivative
of the simple reflection s; (i.e. sy(z1,...,2n) = (=21, %2,...,7,) and s} = s; for
j=1,...,n). The subalgebra H C H generated by Ty, ..., T, and spanned by the
basis T,,, w € W amounts to Lusztig’s three-parameter (viz. 79, 7 and 7,) affine
Hecke algebra of type C,, [Lu.

5. LATTICE INTEGRAL-REFLECTION OPERATORS

In this section a representation of H in terms of lattice integral-reflection oper-
ators is derived. These operators are discrete analogs—in the spirit of [DEI]—of
corresponding integral-reflection operators originating from the Gutkin-Sutherland
approach towards the solution of the spectral problem for Gaudin’s generalized
Lieb-Liniger models associated with the (affine) Weyl groups [G1l [GS| [Gul, [HOL
EOSIL [EOS2]. Here we arrive at the pertinent lattice integral-reflection operators
of CVC type by duality from the polynomial representation in Proposition .3}

5.1. Integral-reflection representation of H. Let C(Z™) be the space of lattice
functions f : Z™ — C. The affine hyperoctahedral group acts on these functions
via

(wfN) == f(w™N) (weW, feCZ"), \eZ") (5.1)
(where—recall—c is assumed to be a nonzero integer). Upon rewriting the action
of the simple reflections in R™ as

sjx =x — a;(x)oy (j=0,...,n), (5.2a)
with
—€1 lf] = O,
Q5 = § €5 — €541 iszl,...,n—l, (52b)

én ifj=n
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(where ey, ..., e, denotes the standard basis of unit vectors in R™), and

2(c—mz) ifj=0,
aj(x) =S x; —xj4 ifj=1,....,n—1, (5.2¢)
2z, if j =mn,
we are in the position to define corresponding discrete integral-reflection operators
I; : C(Z™) — C(Z") of the form
I; == T1j5; + Jj (j=0,...,n). (5.3a)
Here J; : C(Z™) — C(Z™) denotes a discrete weighted integral operator that inte-
grates the lattice function f € C(Z™) over lattice points on the line segment between
Aand s;A =X —a;(N)a;:
GO (k) FON— ko) if a;(A) >0,
SN T k) A+ kay) i ay() <0,

where

{Tj — Tj_l if k is even, (5.3c)

7 —7; 1 if ks odd.
For any pu € Z", let us denote by ¢, : C(Z™) — C(Z") the translation operator of
the form

(tuf)N) = fA—p)  (feC(Z"), xeZ"). (5.4)
The following proposition asserts that the integral-reflection operators Iy, ..., I,
in combination with the unit-translation operators t.,,...,t., give rise to a repre-

sentation of the type CVC double affine Hecke algebra at critical level on C(Z").

Proposition 5.1 (Integral-Reflection Representation). The assignment T; — I,
(j=0,...,n), X; =t (j=1,...,n) estends (uniquely) to a representation of H
on C(Z™).

5.2. Proof of Proposition 6.3l Let us consider the following nondegenerate bi-
linear pairing (-,-) : C(Z") x C[X] — C:
(f,p(X)) == (p(X)F)(0) (f €C(Z"), p(X) € C[X]), (5.5)

where the action of p(X) = >, exX> (cx € C) on C(Z") is determined by the
following action of the basis elements: X f := txf (A € Z"). So, we have in
particular that (f, X*) = (tAf)(0) = f(=\).

To prove the proposition it suffices to verify that for any f € C(Z™) and \ € Z™:

(te, [, X)) = (f, X;X%) (j=1,...,n), (5.6a)
L), XN = (LT79XY  (G=0,...,n), (5.6b)

where the superscripts indicate that opposite values for ¢ have to be chosen in the
difference-reflection representation and the polynomial representation. (Notice in
this connection that the actions of s; and thus that of I; and Tj only depend on
c for j = 0.) By acting on an arbitrary basis element X* with both sides of the
quadratic relations, the braid relations and the cross relations for TO(_C), Ty, ..., T,

and Xi,...,X,, one readily verifies the corresponding relations for Iéc), L,.... I,
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and te,,...,t., upon pairing with f € C(Z") and using Eqs. (5.6a)), (5.6D). Here
it is exploited that the pairing (-,-) (55) is nondegenerate.
While Eq. (56al) is an immediate consequence of the above definitions, Eq.

(5.61) follows similarly from the explicit actions of I; (5.3a)-(5.3d) and T; (E5a)-
(£35D) upon invoking the geometric series expansion

@) (R) XAk if gy () > 0,
bj(X)(X* - XM =<0 if aj(\) =0, (5.7)
=3 (k) XAFRif gy ()) <0,
for 7=0,...,n.
6. LATTICE PROPAGATION OPERATOR

One of the principal tools to construct the Bethe-Ansatz eigenfunctions for the
open ¢-boson Hamiltonian H (3] is provided by a propagation operator stemming
from the integral-reflection representation of H. For the graded affine Hecke alge-
bra and its double affine counterpart at critical level such propagation operators
were employed in [GS| [Gul, [HO] and [EOSI, [EOS2], respectively, to construct the
Bethe-Ansatz wave functions for Gaudin’s generalized Lieb-Liniger delta Bose gas
models associated with the (affine) Weyl groups [G1l [G2]. The propagation oper-
ator relevant for our present purposes turns out to be the CVC-type analog of a
lattice propagation operator introduced in [DEI].

6.1. Propagation operator. From now on we set
lc=m with m>0.] (6.1)

A fundamental domain for the action of W in Z™ C R™ (cf. Eq. (@3)) is then given
by the fundamental alcove Ay, ., 22)). For A € Z™, let wy € W denote the (unique)
shortest group element such that

Ay = waA € Ay . (6.2)

Moreover, for w € W let I, : C(Z") — C(Z™) and 7,, € C* be the respective
images of T, € H C H with respect to the lattice integral-reflection representation
in Proposition [.1] and the trivial representation of H onto C determined by the
assignment T; — 75, j =0, ...,n (cf. Remark [.4).

The propagation operator J : C(Z"™) — C(Z™) is now defined by the following
linear action on f € C(Z"):

(THN) =70, Ty )lA4) (A eZ). (6.3)
Clearly this propagation operator acts trivially on lattice functions supported inside
the fundamental alcove: (Jf)(A) = f(A) for A € Ay, .

Proposition 6.1 (Bijectivity). The propagation operator J ([63) is bijective (i.e.
it constitutes a linear automorphism of C(Z™)).

6.2. Proof of Proposition To A € Z™ C R™ we attach the following convex
polytope:

[A] := Conv{v 'A\y | v < wy} C R, (6.4)
where Conv refers to the conver hull and the comparison of the group elements
is meant with respect to the Bruhat partial order on W, i.e. v < w iff a reduced
expression for v can be obtained from a reduced expression for w by deleting simple
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reflections [H]. These polytopes (which degenerate to a point if (wy) = 0 and to
a line segment if £(wy) = 1) give rise to the following inclusion partial order < on
"

Vu, ANeZ™: u=A<[u CIA. (6.5)

Lemma 6.2 (Triangularity). The propagation operator J (6.3)) is triangular with
respect to the inclusion partial order (@R, viz.

ViecCZ), ez :  (THN =D Tufw), (6.6)

HEZL™, p=A
. . . . _ _2
for certain expansion coefficients Jx , € C with Jxx = 7,7 (#0).

Proof. The proof proceeds by induction with respect to the length of wy. For
l(wy) =0 (i.e. A € Ay, ), our polytope [A] degenerates to the single point A and
the stated triangularity becomes trivial: (Jf)(A) = f()\) (as noticed above just
after Eq. (G3)). For £(wy) > 0 let us pick j € {0,...,n} such that wxs; < wy, i.e.
wx = ws;x5; wWith £(wy) = L(ws;x) +1 (s0 ws;» < wy and s;A < A). One then has
that

(THO) =1 Ly ) = 757752 L LD ((350)1)
Ot S o @GHW Y ST Sf),

HEZ™, p=sjA HEZ™, p=A

where step (i) hinges on the induction hypothesis and in step (ii) it was used that—
while (Z; f)(p) involves evaluations of f at lattice points on the line segment joining
w and sju—both the polytopes [s;\] and s;[s;A] are contained in the polytope [A].
Finally, upon invoking the explicit action of the lattice integral-reflection operator
I; (53a)-(53d) and comparing the leading coefficients on both sides of the equality
of step (ii), it is readily seen that Jy » = 7';2J5j)\)sj)\, whence Jy x = Tujf (again by
induction). O

The triangularity in Lemma implies that for a given g € C(Z"™), the value of
f € C(Z™) at any point A € Z™ can be uniquely solved from the linear equation
(T£)(A) = g(\) by performing induction with respect to the inclusion order (G.HI).
Hence, the lattice propagation operator J : C(Z"™) — C(Z") is bijective.

7. DEFORMED LAPLACIAN IN C(Z™)

In this section the (invertible) propagation operator J (63) is employed to con-
struct an integrable Laplacian in C(Z") associated with H.

7.1. Integrability. The hyperoctahedral group Wy C W arises as the finite sub-
group of W generated by s1,...,s,. In the explicit representation of Eq. (£3)), this
subgroup acts on the coordinates of x € R™ as the group of signed permutations.
The action of w € W decomposes in turn as w = vt, = t,,v with v € Wy and
p € 2mZ" (cf. Eq. (61)), where t,x := x 4+ p. The derivative w’ € Wy ignores the
affine translation: w’ = (vt,)" := v (cf. Remark [£.7]).

It is evident from the cross relations in Eq. ([@Gd) that the Wy-invariant subal-
gebra C[X|"°o := {p € C[X] | wp = p, Vw € Wy} belongs to the center Z(H) :=
{z € H| zh = hz, Yh € H} of the double affine Hecke algebra at critical level:

cx)"o c z(H). (7.1)
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The elementary symmetric functions

B (X1, Xn) = Y. J[&x+XxH  (r=1,..n), (12
Jc{1,...,n} j€J
|J|=r

provide a system of algebraically independent generators for C[X]"°o. (Here |J|
refers to the number of elements of J C {1,...,n}.) By conjugating the images
of these elementary symmetric functions in the integral-reflection representation
of Proposition (1] with respect to the propagation operator J (63), we arrive

at commuting operators Lq,..., L, representing a quantum integrable system in
C(zm):
L..=JE®J " (r=1,...,n), (7.3a)
where
Er(t) := Er(te,,... te,) = > ty. (7.3b)

neEWy(e1+---+e,)

7.2. Laplacian associated with H. The simplest of the above quantum integrals
Ly = JE()J " with Er(t) = 35, i<, (te; +t—¢;) stems from the first elementary
symmetric function E1(X1,...,Xn) = 32 <5<, (X5 + X;l). The following propo-
sition reveals that the operator in question acts in C(Z") as a deformed Laplacian.

Proposition 7.1 (Deformed Laplacian). The explicit action of L := Ly (3al),
[@3a) on C(Z™) is of the form

CHN = Y (R JO+e)+72, (L FA—e) (7.42)

1<j<n
(s + i) V)
(fec@), \eZ"), with
20N (fo — 75 1) if A\j =m and v = e,
dry = 2D 1 (7, — 7Y if Aj =0 and v = —ey, (7.4b)
0 otherwise.

Proof. Given an arbitrary lattice function f : Z" — C, let g := J~1f € C(Z").
One has that for any A € Z™:

(LA = (TE BN “ED 111, B (H)g)(\y)

BB e B ()L 9) ) L7l S (T g)(wa (A + )

veWper

N (B SOV g O).

veWpey

Here we relied (i) on Eq. (Z.3D) and the elementary property that w\ + Wou =
w(A + Wou) for any A\, pu € Z" and w € W, and (ii) on the affine intertwining
relation in Eq. (B of Appendix [Bl O
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8. QUANTUM INTEGRABILITY OF THE OPEN ¢g-BOSON SYSTEM

By pushing the integral-reflection representation restricted to ‘H C H through
the propagation operator J (6.3)), we arrive at a difference-reflection representation
of the affine Hecke algebra of type C,, on C(Z") (cf. Remark @4)). This difference-
reflection representation is subsequently used to retrieve a system of n commuting
quantum integrals for the m-particle g-boson Hamiltonian in Proposition 2.]] as
the W-invariant reduction of the commuting quantum integrals for the deformed

Laplacian L (7.4al), (Z.4L).

8.1. Difference-reflection representation of #H. For j € {0,...,n}, let Tj :
C(Z™) — C(Z™) be the difference-reflection operator of the form

(TN =73 f ) + 7= (£(3,0) = F() (8.1)
(f eC(Z™), A € Z™), where sgn(z) := 1 if x > 0 and sgn(z) := -1 if z < 0.

Proposition 8.1 (Intertwining Relations). The (invertible) propagation operator
J ([63) intertwines between the integral-reflection operators and the difference-
reflection operators:

JL=1.9 (j=0,...,n). (82)

Proof. From the definitions it is seen that for any j € {0,...n}, f € C(Z") and
AEZ™:

LN Lro (L L) ()

(i) {n;l(lwxsjf)(m if a;(A) > 0
Tt (L, DO + (15 = 75 )T DALY s (3) <0
=737t Ly ) O04)
O (0L T ) = 7l (L HYM))
D@THN).

where we used (i) Eq. (€3)), (ii) Eq. (£6a) and the relation £(wys;) = {(wy) +
sgn(a; (X)), and (iil) Egs. (6.3), (81) and the observation that

TJisj (was]- f)()‘-l‘) = Tu_)sle (stjxf)(/\-i-)'

d

It is immediate from the intertwining relations in Eq. (§2) (and the invert-
ibility of J guaranteed by Proposition [61]) that the difference-reflection opera-
tors TO, e ,Tn inherit the quadratic relations and the braid relations for the affine
Hecke algebra generators from the corresponding relations satisfied by the integral-
reflection operators Iy, ..., I, (cf. Proposition B.1).

Corollary 8.2 (Difference-Reflection Representation). The assignment T; — Tj
(7=0,...,n) extends (uniquely) to a representation of H on C(Z™).



18 J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

8.2. W-Invariant reduction. The W-invariant subspace
czmW = {fec@)|sif=f j=0,...,n} (8.3a)
Fe &L rpec@my | Tif=1f, j=0,...,n}  (3.3b)

consists of the lattice functions f : C(Z™) — C that are permutation-invariant, even,
and periodic with period 2m in the coordinates A1, ..., A, of the variable A € Z".
This subspace turns out to be stable with respect to the action of L, (.3al), (Z.35).

Proposition 8.3 (W-Invariant Reduction). The commuting quantum integrals
Ly,...,L, (T34d), (Z3D) map the W -invariant subspace C(Z™)W into itself.

Proof. For any f € C(Z™")" and r € {1,...,n}, one has that

L " T b g7 8D gL )T
Eq-:(m jET(t)Iijlf Eq.:(EZD jET(t)jflTJf Eq' @ T_]L’I‘f
for j =0,...,n, whence L, f € C(Z")W. O

8.3. Quantum integrals for the ¢g-boson Hamiltonian. Let II : C(Z")"V —
C(Ay,m) be the linear isomorphism of the form

L)) = FA) (Fec@Z)V, X € Apm), (8.4a)
with the inverse map given by
M) = fA)  (f € C(Anm), A €ZT). (8.4b)
This explicit isomorphism between C(Z™)"W and C(A.,.m) allows us to interpret the
W-invariant reductions of the operators L1, ..., L, in Proposition 83 as commuting
operators Hy,. .., H, on C(A,, ), where
H.:=TL. 11" (r=1,...,n). (8.5)

For r = 1 the action of H, in C(A,, ) can be made explicit using Proposition [[1l

Proposition 8.4 (¢-Boson Hamiltonian). The explicit action of H := Hy (83]) on
feC(Anm) is given by

HHN) =uNFN+ Y V(A +ee)  (AEAnm),  (3.6a)
1<j<n,ee{l,—1}
>\+€€j eAan

where

'Uj(/\) — [m)\j ()\)]72(1 + 5>\j7_72l7_2(m0()\)—1))(1 4 5m7>\j7.§7.2(mm(>\)—1)) (86b)

() := 7 (Fn — 7 ) mo(N)] 2 + 10(F0 — Ty H) [ (V)] 2. (8.6¢)

The details of the computation leading to this explicit formula for the restriction
of the action of L (from Proposition [T)) to C(A,,m) are provided in Subsection
B4 (below). It involves a special instance of Macdonald’s product formula for the
generalized Poincaré series with distinct parameters [M2]—pertaining to a stabilizer
subgroup of W-—that is recalled in Appendix

If the inner product structure of the Hilbert space is ignored (50 12(Ap m, Apm) =
C(An,m)), then the actions of the Hamiltonians in Propositions 2.1l and B4 formally
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coincide upon identifying the g-boson parameters ¢, a4 and G4 with the parameters
stemming from the double affine Hecke algebra as follows:

2 . . 1 . . A1
q=7°, ay =ToTo, Gy =—ToTy , G- =TpTn, G— = —TpT, (8.7)

(and ¢y = axay, g+ = ax + a+). The subsequent overall conclusion concerning
the integrability of the g-boson Hamiltonian is now immediate.

Theorem 8.5 (Quantum Integrals). For parameters of the form in Eq. &1,
the operators Hy,...,H, BX) provide n commuting quantum integrals for the n-
particle open q-boson Hamiltonian H (= Hy).

At this point it is not yet necessary to impose any additional reality conditions on
the parameters: our Hecke-algebraic construction holds for any g, 7o, 7, Tn, 7n € C*
not equal to a root of unity.

8.4. Proof of Proposition 8.4l From the explicit action of L in Proposition [7.1],
it is readily seen that the action of H =TI LII"! on f € C(Aym) is of the form

(HAHN) =uNFN)+ Y wWfA+v) (A€ Aum),

veWpey
AvEAL m
with
uNE Y du= 3 da Y da,
veEWyey 1<j<n 1<j<n
)\j:0 )\j:m
= To(fn — 77Y) Z r2n= 3)+7'0 0—7‘0 Z 720-1)
j=n—mo(X\)+1
= Tn(Fn — T Dmo(N)]r2 + 70(Fo — 75 ) [mm (V)] -2
and
(i) 9 Wi (72,72, 78)
vy () = Z TiHn = Z TS = T, (8.8)
nEWoer LEWS (A1) " (WA N W)Hrv)(T » Tos TO)
(An) 4 =2+v

where W C W refers to the stabilizer subgroup {w € W | wA = A} and

Wi(r?,72,78) == Z 2

weWw
WA=

MWt - S
weW
wA=\ and
w(Av)=A4v
Here we used that for any A € Ay, (1) (A£ej) 1 # Aand (ii) waze, € Wi. Invoking
of Macdonald s explicit product formula (C4) for the generalized Poincaré series
Wi(r2,72,78) (= W(" ™) (72 72 12)) of the stabilizer subgroup Wy (= Win’m))
with )\ € Anym, entaﬂs that
Ve, (A) = [ma; (N)] 72 (1 + 5>\j7'372(m0(>‘)_1)) =v;(N)

if A\ +e; € Apm and

vme () = [ma, V]2 (14 G, 207D = 0 (3)
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if \—e; € Aym. More specifically, these compact expressions for v, (\) with
v = e; and v = —e; have their origin in the following observation: if both A, A 4
v € Ay (for such a v € Wyey), then the decomposition of Wy N Wiy, as a
direct product of finite hyperoctahedral groups and permutation groups differs from
the corresponding decomposition of Wy (= W/E"’m)) in Eq. (C3) by at most a
single factor. In view of Eq. (C4)), the expression in Eq. (B8] thus simplifies as
the quotient of the Poincaré series corresponding to these distinct factors in the
numerator and the denominator (as the Poincaré series stemming from all other
factors in the decomposition appear common in the numerator and the denominator
and therefore cancel):

S (%) S (2
Aj N . ) my . (X) .
\) — Smy . (n-1(72) if A; >0, A) = Smk,?k)fl(Tz) if Ay <m,
ve; (A) = Cno(\) 2 2 Ve, (A) = (m ()2 2
B ) =0 Mo ) iy =m
, .

wimo T (2,72 WA= (2 2

Upon evaluating the surviving Poincaré series with the aid of Eqs . (C2al), (C21),
this gives rise to the compact expressions for v+, () displayed above.

9. COMPLETENESS OF THE BETHE ANSATZ ASSOCIATED WITH H

In this section the commuting quantum integrals Hy, ..., H, (&3) for the n-
particle open g-boson system are simultaneously diagonalized in C(A,, ,,,) by means
of a basis of Bethe Ansatz eigenfunctions that consists of hyperoctahedral Hall-
Littlewood polynomials. Throughout this section it will be assumed that the g-boson
parameters q, at, a+ and the double affine Hecke algebra parameters T, T, 7+ are
related through Eq. (8) and that none of these parameters lies on the unit circle.

9.1. Affine hyperoctahedral Hall-Littlewood functions. For a wave vector
€= (&,...,&) € R", let ¢ € C(Z") denote the associated plane wave function of
the form

eiﬁ()\) — ei)\1§1+'~~+i>\n£n (/\ c Zn)
The affine hyperoctahedral Hall-Littlewood function ®¢ € C(Z™) with spectral pa-
rameter € is now defined as

Og :=JPe where ¢ := ( Z Twlw)eis. (9.1)
weWy
Notice that ¢¢ arises from the integral-reflection action of the element 1y :=
ZwEWO Twlyw on the plane wave e€. This element is identified as the normal-
ized idempotent corresponding to the trivial representation of the Hecke algebra of
the hyperoctahedral group Wy:
Tj]-O:Tj]-O (]:1,,71) (92)
By summing all contributions stemming from the idempotent, one arrives at an
explicit formula for ¢¢.

Proposition 9.1 (Plane Waves Decomposition). For

E € R:}eg = {€ eR" | gjagj igk g ﬂ-Za fOT 1 S] 7£ k< n}a (93)
the function ¢¢ (O1l) decomposes into the following linear combination plane waves:
ge= Y C(wg)e™s, (9.4a)

weWy
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where

1— qe—i(fj—fk) 1— qe—i(ﬁj-‘rﬁk)
ce:= ]I 1 _ i) 1 _ e—i(6;+&0)

1<j<k<n

X H (1 - a*eiigj)(l — d,e*ifj). (9.4b)

1—e2%

1<j<n

This explicit plane waves expansion for ¢¢ ([O.I]) amounts to a well-known formula
in the affine Hecke algebra H going back to Macdonald, see e.g. [MI] Sec. 4], [NR]
Thm. 2.9] and [Pal, Thm. 6.9]. To keep our presentation self-contained, a short
elementary verification based on the integral-reflection representation is provided
below in Subsection

9.2. W-invariance. The affine hyperoctahedral Hall-Littlewood function is au-
tomatically invariant with respect to the finite group action of W, because for
i=1...,n

~ S Eq. Eq.
Ti0e = Ty 70 "2 710 " F2 716 = 7,0, 9.5)

so 5;®¢ = ®¢. In order for it to be also periodic with respect to the action of
the translations provided by the affine part of W, the spectral parameter & must
additionally satisfy an algebraic system of Bethe-type equations.

Proposition 9.2 (Bethe Equations). For § € R, (@3) the affine hyperoctahe-
dral Hall-Littlewood function ®¢ (@) belongs to the W -invariant subspace C(Z")W
®3al), (B3N), provided the spectral parameter & satisfies the following algebraic
system of Bethe type equations

p2ime; _ (L= ape’)(1—ape) (1—a_e)(1—a_e“)
(€% —ay)(e® —ay) (e —a-)(e —a-)

y H (1 — ge (&i— fk))(l_qei(fj‘f"fk)) for
(168 —¢)(e&F8) —g)

(9.6)

j=1...,n
1<k<n
k#j

To prove this proposition it suffices to check that the Bethe equations are equiv-
alent to the condition that To®¢ = 79®¢ (cf. Eqs. (83L) and (@5)). The details of
this verification are relegated to Subsection at the end.

As a direct consequence of the trivial action of the propagation operator [J
([63) on functions supported on the fundamental domain A, ,, 22)—together with
the plane waves decomposition of ¢¢ in Proposition and the conditioned W-
invariance of ®¢ in Proposition [0.21—-one deduces that the affine hyperoctahedral
Hall-Littlewood function (@) can be written explicitly in terms of hyperoctahedral
Hall-Littlewood polynomials ([3.2a]), (8.2b) when the spectral parameter satisfies the
Bethe equations in Eq. (@.6]).

Corollary 9.3 (Bethe Wave Function). For & € R, (Q.3)) satisfying the Bethe
equations ([Q.6l), one has that

(I)f(A) = P)\+ (67 q,a—, ﬁ’*) ()\ € Zn)a (97)
where Py\(&;q,a,a) is given by Eqs. ([3.2a), (3.2h).
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9.3. Diagonalization. In this subsection we will restrict our parameters further
to the domain

q,a+,a+ € (—1,1)\ {0}, (9.8a)
or equivalently (cf. Eq. (871))
0< || <|fol <1, O0<|m|<|f| <1 and 0<|7| <1, (9.8b)

where 7 and the pairs 79, 79 and 7,, 7, are each either real or purely imaginary.

Let us recall that Ew i € A, denotes the unique global minimum of the
semibounded strictly convex Morse function V,,(¢) B.5a), (3.5D). We will first
check that this minimum provides a solution to the Bethe equations in Proposition
The crux is that the critical equation V¢V, (§) = 0 in Eq. (89) coincides with
the Bethe equations (@.6) up to exponentiation.

Proposition 9.4 (Bethe Roots). The minima §,,, p € Ay m provide (";T::!)! (dis-

tinct) solutions for the Bethe equations (@) belonging to the open fundamental
alcove A BI1)) (and thus in particular to R}, (@.3)).

Proof. If we multiply Eq. (3] by the imaginary unit and exponentiate both sides
(using Eq. (3.5D)), then it becomes clear that for any p € A,,, the critical point
€, provides a solution to the Bethe equations (0.6). As detailed at the end of
Remark B5] the critical points in question belong to the open fundamental alcove
A (C RJL,). Moreover, it is also manifest from Eq. (@.9) that §,, # &, if p # g O

reg
By combining Corollary 0.3 and Proposition[@.4] it follows that for any p € Ay,
the value of ¢, := [I®¢  at A € Ay, is given explicitly by Pr(€,;q,a—,a-) (3.2al),
(3.2B):
Yu(A) = ¢, (N) = Pa(§,5q,a-,a-) (M, A € Apm). (9.9)
We are now in the position to formulate the main result of this paper.

Theorem 9.5 (Completeness of the Bethe Ansatz Eigenfunctions). For parameters
in the domain (@.8a)), (Q.8L), the hyperoctahedral Hall-Littlewood functions v, =
H®¢, , pp € Apm constitute a basis for C(Anm) that diagonalizes the commuting
g-boson quantum integrals Hy, ..., H, B3) simultaneously:

Hyp, = ET(E#)wM (w € Ay, r=1,...,n). (9.10)

Here E,(§) := E,(e%, ..., e%n) refers to the elementary symmetric function in Eq.
(T2) with X; replaced by €' (j=1,...,n).

Proof. Let us first emphasize that Eq. (@9) implies that for any p € A, ., the
function v, # 0 as an element of C(A, ) (cf. Remark B.4). Moreover, by acting
with H, 3] on ¢, = [I®¢ it is readily confirmed that we are dealing with an
eigenfunction:

Hyby = UL, b, LT E, (Doe, = NTEE,)0e, = ErlE, )b,

where we have used (i) Egs. (T.3a)), (@), (ii) Eq. (Z3L) and Proposition [T}, and
(iii) the fact that E,.(€,,) is a scalar and can therefore be pulled out from the left.
Since the elementary symmetric functions F1(€),. .., E,(&) separate the points of
A BII)), we see that for any p, i € Ay m:

p#a "2 26, — B.(¢,) # B (€;)
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(m+n)!

for some r € {1,...,n}. This nondegeneracy ensures that the “>-—"= eigenfunctions
Yy, b € Ay must be linearly independent, so they indeed provide a basis for
C(Apm)- O

By specializing to the simplest quantum integral for = 1, Theorem[0.5] gives rise
to Theorem[3Il From the explicit formula for the operator at issue in this particular
case (cf. Propositions 2] and [B4)), it is manifest that we may analytically continue
the corresponding eigenvalue equation in Eqs. ([3.6al), (3.61) to the slightly larger
parameter domain in Eq. B3] (cf. Remark B.0)).

9.4. Proof of Proposition It is seen from the explicit action in Eqgs. (53al)—
(53d) that for any £ € R, @.3) and j =1,...,m:

Tilje' =D;(s;€)e’ +c;(s;€)e™ s, 0.11)
by (—)e + oj(~€)eiE, |

where

b;(€) =77 —c;(€) = ¢ (=€) — 1,
17qe*i(§j*§j+1)
e~ (€ —&541)
Cj(S) = (ll—a,efisf‘)?i—d,efign)
(178*2'@71)

ifji=1,...,n—1,

if j =n.

Hence ¢¢ (O.I]) decomposes in this situation as a linear combination of plane waves
of the form
dbe= 3 Cu(&)e (9.12)
weWy
for certain unique coefficients Cy, (€) € C. Here we use that for € € R
waves e, w € W, are linearly independent in C(Z"), because the corresponding
wave vectors w€, w € Wy are distinct modulo 27Z" (as the stabilizer of € € Rlieg
for the action of W in Eq. [@3) with ¢ = 7 is trivial).
Let us first compute the coefficient Cy,(€) for w = wp, where wq refers to the
longest element of Wy (so wp€ = —€). To this end we define

n
reg

the plane

Tj 1= 8j8j41 " Sp—18nSn—1-"-Sj+15; for j=1,....n (9.13a)
(so mi(&r,.... &) = &1y &5-1, =&, €41, - .-, &n)), which permits to decompose
wp in terms of the following reduced expression:

Wy =TTy T (9.13b)
(of length n?). From Eq. (@I it is immediate that for any reduced expression

w=s;, 55 € Wy the action of 7,,I,, on e€ is of the form
Twl,e® = ( H i (85, -+ sjzsjlﬁ))em£ + lo., (9.13¢)

1<k<¢

where l.o. stands for a linear combinations of plane waves e’ with v < w in the
Bruhat partial order on Wy (cf. Subsection [6:2). With the aid of Eqgs. ([@I3a),

([@I3d), one computes that

i
Tr Lrj€ £ =

(1—a_e%)(1—a_e') H 1 — qel&i=8r) 1 — gei(&iter)

1 _ 2% 1 — &) 1 _ oil&+en)
j<k<n

e'ié + L.o.



24 J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

Hence, we deduce that the leading coefficient (with respect to the Bruhat order) in
the plane waves expansion (3.12) is given explicitly by Cy, (&) = C(wo€) = C(—€)
with C(-) as in Eq. (©.45).

To compute the remaining coefficients C, (&) for w # wp, we note that [;¢¢ =
Tjde for j =1,...,n (because of Eq. (@.2)). It thus follows—by Eq. (@.I1]) and the
linear independence of the plane waves—that for £ € Ry,

Cs;w(é)cj(wg) = Cup(§)cj(—wé) for allw e Wy, je{1,...,n}.
Moreover, it is readily seen that C(w€) also satisfies this same recurrence relation,
since we deduce from the explicit product formula in Eq (@.4h) that for £ € R},

C(s;j€)ci(&) =C(&)cj(—€) forallje{l,...,n}.
The upshot is that Cy(§) = C(w§) for all w € Wy and any § € Rf,, (by down-

ward induction with respect to the Bruhat order starting from the initial condition
Cuy (€) = C(wp€) while using that ¢; (&) # 0).

9.5. Proof of Proposition The affine Hall-Littlewood function belongs to
C(ZMW provided Ty®e = 70®¢ (cf. Eqs. (B3D) and (@3)), or equivalently Iode =
Tod¢ (cf. Proposition B]). Since for any £ € Ry, ([@.3), the action of Iy (B.3a)-
(5:3d) on e is determined by

T0lpe’® = bo(—f)ei£ + co(—é)soeig,
where spet€ = e2imé1gisoé and
bo(€) = 75 — co(€) = co(—€) — 1,

(1 —ape™)(1 —age™)
Co (5) = 1 — e2if1 )

we see from the plane waves decomposition in Eqs. (@4al), (@.4D) that in this
situation

Tolode = Z bo(—w€)C(w€)e'*

weWy

+ Z co(w€)C (shwg)e™2im(we give,
weWy
If we compare this expression with the corresponding plane waves decomposition of
78 ¢p¢—while recalling the linear independence of the plane waves ev€ w e W, for
& € R, (cf. Subsection @ 4)—then it follows that the W-invariance of the affine

reg
Hall-Littlewood polynomial is guaranteed for £ € R, provided

e _ Clsbwt) _colw) _ Clshut) co(wd)
C(w€) 75 —bo(—wé) C(w€) co(—wé€)
| Clspu) (1= aue @O (1 — a0y
C(w€) ("o —ay)(elwr —ay)
By substituting the explicit product formula for C(-) from Eq. ([@.4B) and canceling
the common factors in the numerator and denominator, we see that

Clt) __(—ac)(1—a-c®) rp (1-gel€9)(1—ger@se)

) (e —a)(e® —a) (eil&=&) — g)(eile+&) —¢)

(9.14)

1<j<n
which confirms that Eq. (@14) amounts to the Bethe equations stated in Eq. (9.6).
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APPENDIX A. THE BASIC REPRESENTATION AND POINCARE-BIRKHOFF-WITT
PROPERTY AT CRITICAL LEVEL

In this appendix Propositions and are proven. To this end we adapt
corresponding results of Noumi [N] and Sahi [Sa] to the critical level q=1, with
the aid of techniques from [OL Sec. 3], [EOS2, Sec. 4.3], [Gel, Ch. 2.1] and [M4]
Ch. 4.3].

Let A denote the quotient field of the algebra C[X, Y] of Laurent polynomials in
the independent indeterminates Xi,..., X, and Y7,...,Y,. Our action of Wy on
C[X] is lifted to A via the field homomorphism determined by the assignment

w(XAYH) = XWAYYH (for w € Wy and A\, p € Z7),

where (recall) X* = X' .- XM and Y# = Y/ ... Y. We write f* for the result
of the action of w € Wy on f € A.

Definition A.1. The skew-group algebra (or smash product) Ax Wy is the asso-
ciative unital complex algebra characterized by the following three properties:

(i) Ax Wy contains A and the group algebra C[Wy] as subalgebras,
(ii) the multiplication map defines an isomorphism of C-vector spaces

-/4 ®(C (C[WQ] — A * WQ,
(iii) and we have the cross relations
(fv)(gw) = fg*vw, (Vf,g € A and Vv, w € Wy).

We write Ax x Wy for the subalgebra of Ax W, determined by the smash product
of C[Wp] and the subfield Ay C A generated by C[X] C C[X,Y].

Since W = Wy x (2¢Z)" C Wy x Z™ (cf. Subsection [TI)), it is clear from
the definitions that we can identity the group algebra C[IW] as a subalgebra of
A Wy via an injective homomorphism determined by the assignment ty\v — Y?v
(A € Z", v € Wy). In particular: sg = tace, sy — Yis), cf. Remark L4 With
this identification, the Demazure-Lusztig operators T} (&5a)-(#@5h) will now be
interpreted as elements of A x Wj.

Let T/ be given by T} ([@5a)-(@.5D) with s; replaced by s7. (So T} = T} unless
j =0.) The following lemma provides a representation of H that can be regarded
as a q — 1 degeneration of the well-known polynomial representation of the CVC
double affine Hecke algebra due to Noumi [N] (at the level of the affine Hecke
algebra) and Sahi [Sa] (at the level of the double affine Hecke algebra), cf. also [St].

Lemma A.2 (Noumi-Sahi Representation at q=1). The assignment T; — TJ' (G =
0,....n), X;— X, (j=1,...,n) extends (uniquely) to an algebra homomorphism
H — AX * (C[Wo]

Proof. This follows from [Sa, Thm. 3.1] in the limit q — 1. O

We now modify the representation of Lemma [A2 by replacing T¢, with Tp (cf.
[EOS2, Thm. 4.11]).

Proposition A.3 (Basic Representation at q=1). The assignment Tj +— T; (j =
0,....n), X; = X; (j =1,...,n) uniquely extends to an algebra homomorphism
H— Ax Wo.



26 J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

Proof. To verify the statement, we have to check that the Demazure-Lusztig op-
erators Ty, ..., T, ([@B5a)-(@5h) satisfy the corresponding relations of the form in
Eqs. (EZ4a), (@4D) and @Ad). For all relations that do not involve Ty, the as-
serted equalities are immediate from Lemma[A2l So it suffices to consider only the
remaining relations that do involve Tp:

TO —Tofl =17 —T(;l,
T\ ToTy = Ty ToTi To,
ToT; =TTy, 1<j<n, (A1)
ToX, — Ty ' X7t =71 — 7o,
ToX; = X;Ty, 1<j<n.
Given a fixed k € {1,...,n}, let us pick a p € Z™ such that ag(p) = ar(p) = 0.
Then
Ty =Y "ToY" and T,=Y "TY"
By conjugating a relatiop in Eq. (AJ) with Y~#, the element Ty gets replaced
by T} and the element T} is left unchanged. The upshot is that the relations in

Eq. (AJ) follow from those with Tp replaced by T}, which hold in turn by Lemma
A2l [l

Let us denote the image of Ty, w € W in the basic representation by T,,. The
following proposition reveals that the basic representation in Proposition [A.J is
faithful.

Proposition A.4 (Poincaré-Birkhoff-Witt Property). The elements X*T,, (or al-
ternatively Ty, X*), with u € Z™ and w € W, are linearly independent in A x W
over C.

Proof. We mimic Macdonald’s proof in [M4, (4.3.11)] of a corresponding statement
for g # 1. Only the case of the elements X*T, will be considered here, as the proof
for the elements T, X* is similar. Since T; = b;(X) + ¢;(X)s; with

-7 X—) (1 + 77 T X~
Cj(X)ZTj—bj(X)ZT-_l( — M+ 7, )

J 1— X72aj
(7 =0,...,n), we have that for any reduced expression w = s;, ---s;, € W
Tw = Z Jow(X)v, (A.2)
v<w

where < refers to the Bruhat partial order on W (cf. Subsection [6.2), and the
coefficients f,.,(X) belong to Ax with

fuw(X) =¢j, (X) ¢, (X) #0.

The linear dependence of the elements X*T,, would imply the existence of a
nonempty finite subset V' C W such that

Z gw(X)Tw =0

weV
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for certain coefficients g,,(X) € C[X]\ {0}. Combined with Eq. (A:2) this implies
that
> guX) fow(X)v = 0. (A.3)

weVioeW
v<w

Since the elements Y*w with A\ € Z" and w € W, are (by definition) linearly
independent in the algebra A * W, when considered as a vector space over the field
Ax, it follows from Eq. (A3) that for any v € W that is dominated in the Bruhat
order by some element(s) of V:

hv(X) = Z gw(X)fvw(X) =0.

weV
w>v

Upon picking v to be a maximal element of V it is seen that in this situation
hy(X) = gu(X)fou(X) = 0, which contradicts the assumption that g,(X) # 0
(because f,,(X) # 0). O

Proposition is immediate from Propositions [A.3] and [A4l Proposition
follows from Proposition [A3] upon identifying the X and Y indeterminates: Y; =
Xj, j=1,...,n. With this identification the basic representation passes over into
the polynomial representation (which is no longer faithful).

APPENDIX B. AFFINE INTERTWINING RELATIONS

In this appendix it is shown that for any
fel@), NeZ" andve{te;|j=1,...,n}
one has that
Tos Ly @) (wa(A +v)) =72 FO+ V) +dr win (N, (B.1)

Wy (A+v)
where g := J 1 f and d, , is given by Eq. (.4D). This affine intertwining relation
lies at the basis of the proof for Proposition [Tl
To infer Eq. (BJ), let us first provide a reduced expression for the group element
Wxyy With A € Ay, and v € {xe; | j=1,...,n} such that A\+v € Ay, .

Lemma B.1 (Reduced Expressions for wx+e;). For any X € Ay @2) and j €
{1,...,n}, one has that

w>\+€j _ {Smm(k)—l ©+ 818081 Sj—1 Zf )‘j =1m, (B2a)
Smm(A)+---+m>\j+1()\)+l crr8j—285-1 Zf )\j = )\j—l <m,
and
Wi, = {Snmo()\)Jrl CSn—15nSn—1"""38j Zf )‘j =0, (sz)
! St (A +-4ma, (V) 7 Sj+15j if Aj = Ajr1 >0,

with all stated expressions being reduced.

Proof. Tt is immediate that the stated expressions map the corresponding vector
A+ v into Ap . Moreover, since wy, = ws,,s; with £(w,) = £(ws,;,) + 1 for any
we€Z"and j € {0,...,n} such that a;(u) < 0, it follows by induction on the length
of wy4, that the expressions in question are indeed reduced. (I

The above reduced expressions reveal in particular that for any A € A,, ,,, and
ve{te;|j=1,...,n} one has that wyy, € Wy, and therefore (A +v)y # A
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Lemma B.2 (Affine Intertwining Relations). For any f € C(Z"), A € Ay and
ve{tej|j=1,...,n}:

Twsi (Tws i, )X+ 0)4) = FA+v) —dau f(A).
Proof. The proof of the lemma is by induction on £(wy, ), starting from the trivial
situation that A+v € A,, . When ¢(wx4,) > 0, we employ the reduced expression
of Lemma B.1] to write wat, = watyys; with {(wrin) = wrts,) + 1. Invoking
of the induction hypothesis then yields that

Twxto (wa+uf)(()‘ + V)+) = Tijx+s;V(IwA+s;Vij)((/\ + S;‘V)Jr)
= (L) A+ s5v) = mida s (I f)(N)

(where it was used that s;(A+v) = )\-|-5;-1/ SO ()\—|—s;-1/)+ = (A+v)4). We are now
in either of the following two situations:

(i) 1<j<n—1anda;(A\+v)=—1,

(ii) j=0o0r j=nand a;(A+v) = —2.

Since for any f € C(Z™), p € Z"™ and j € {0,...,n} such that 0 < a;(u) < 2:
72 (1) if a;(p) =0
(L ) () = § flu— o) if aj(p) =1
) =2

Fp = 205) =757 =77 ) flu— o) if a;(p

(by Egs. (B.3a)-(5.3d)), it is seen that 7;(I; f)(A + s%v) = f(A+v) and (I; f)(\) =

7;f(A) in Case (i), while 7;(I; f)(A + sjv) = f(A+v) — 7;(75 — %j*l)f()\) in Case

(ii). The lemma now follows because in Case (i) de)\ﬁs;,, = dy,,, while in Case (ii)

(% — ;') = dx, and dy,s0 = 0. O

We are now in the position to verify Eq. (B)). Since (A +v)4 = war,(A+v) =
Wapy (A1) WA (A + 1), one has that

FO+v) =(T9A+v) =750 (Tus 9 (A +v)4)
il oG yn ) (A 0)1).

Moreover, because wx (A +v) = Ay +w)v it follows that w.,, x4,y € Wi, (in view
of the observation just after Lemma [B.I)), whence £(wq, (x41)wx) = (W, (A12)) +
¢(wy). We may thus rewrite the above equality in a form equivalent to Eq. (B):

FO+V) =] Tt By o T ) (A 0))
=702 o T (Tun ) (@r A+ ) = da g (s 9) (1))

=72 oy (Tl (Ln @)@+ ) = da g f V)

where we used Lemma with f, XA and v being replaced by I,,, g, Ay and wiv,
respectively.

APPENDIX C. HYPEROCTAHEDRAL POINCARE SERIES WITH DISTINCT
PARAMETERS

In this appendix Macdonald’s product formula for the generalized Poincaré series
with distinct parameters from [M2] is recalled for the special instance of a stabilizer
subgroup of the affine hyperoctahedral group. For this purpose the rank n of our
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(affine) hyperoctahedral group is made explicit here by attaching it as a superscript
(n).

The two-parameter generalized Poincaré series WO(") (72,72) of the (finite) hype-
roctahedral group WO(") C W is defined as [M2]:

Wén)(TQ,Tfl) = Z 2. (C.1)
wEWO(n)

Macdonald’s celebrated product formula states that

W (72,72) = S, (72) (=727, (C.22)

n

where S, (72) denotes the Poincaré series of the symmetric group S,, C WO(") gen-
erated by s1,...,8,—1 (which acts in the representation of Eq. (£3) by permuting
the coordinates of = (z1,...,2,)):

Sn(T2) = Z Ti = Z T%(w) = [n]Tz [n - 1]7.2 s [1]7.2 = [n]fz!. (C.?b)

wEeSy weSy

For any A € A, ,, the stabilizer subgroup W)(\"’m) = {w e WM | wX = A}
decomposes as a direct product of finite hyperoctahedral groups and symmetric
groups:

W 2 W) s Gy X % Sy X WY (C3)

More specifically, these factors arise as the subgroups of W)(\"’m) generated by the
following simple reflections

W) 2 (5 0 b () 41 - - <2 S
S () = (Smyp s (V)4 dmm (M) 415+ Smy (W) tmm(V)—1)  ((=1,...,m —1),
Wémm()‘)) >~ <50, ey Smm()\)_1>.
It thus follows that
W)(\"’m) (7%, 78,72) = Z 72 (C4)
wew ™™
= W (72, 72) Sy ) (72) -+ Sy o0 (PIWG N (72, 72)
= (7 o) (T T ) m oy [ V)]
0<i<m
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