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1. Introduction

It is well known that Macdonald’s spherical functions (on p-adic symmetric spaces)—also referred
to as generalized Hall-Littlewood polynomials associated with root systems—are intimately connected
with the theory of affine Hecke algebras [M1,M2,NR]. In a nutshell, the Macdonald spherical func-
tions form a canonical basis of the spherical subalgebra of the affine Hecke algebra obtained from a
monomial basis via the so-called Satake isomorphism. For an overview of these and many other facts
concerning Macdonald’s spherical functions and their relations with affine Hecke algebras we refer
the reader to the comprehensive survey [NR].
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The interplay between affine Hecke algebras and Macdonald spherical functions has proven very
fruitful. For instance, affine Hecke algebras turn out to be instrumental in obtaining explicit combina-
torial formulas for the monomial expansion and for the structure constants (or Littlewood-Richardson
type coefficients) of the Macdonald spherical functions [P,R,S]. Reversely, properties of Macdonald’s
spherical functions—in particular Macdonald’s orthogonality relations and the (generalized) Kostka-
Foulkes coefficients describing the transition between Macdonald’s spherical functions and the basis
of Weyl characters—are fundamental, respectively, in the harmonic analysis of the affine Hecke alge-
bra [O] and for the explicit computation of the Kazhdan-Lusztig basis for the spherical Hecke algebra
[NR,K].

The present paper studies the properties of a concrete difference-reflection representation of the
affine Hecke algebra and its relations to the theory of Macdonald’s spherical functions. Specifically,
we introduce an explicit unitary representation of the (extended) affine Hecke algebra in terms of
discrete difference-reflection operators acting in a Hilbert space of complex functions on the weight
lattice and show that the action of its center under this representation is diagonal on the basis of Mac-
donald spherical functions. The main technical difficulty in the diagonalization proof is the verification
of intertwining relations between our difference-reflection representation and a second auxiliary rep-
resentation (in terms of discrete integral-reflection operators) that is dual to the standard induced
polynomial representation of the affine Hecke algebra. As an application, we compute an explicit Pieri
formula for the Macdonald spherical functions generalizing the Pieri formula for the Hall-Littlewood
polynomials due to Morris (from root systems of type A to arbitrary type) [Mo].

Our results provide a link interpolating between the Hecke-algebraic techniques developed in the
spectral theory of quantum integrable particle systems [HO,EOS] and those employed in Macdon-
ald’s theory of symmetric orthogonal polynomials [M4,C]. Indeed, it is known that the Macdonald
spherical functions tend in an appropriate continuum limit to the eigenfunctions of the Laplacian
perturbed by a delta potential supported on (the hyperplanes of) the corresponding root system
[HO,D]. In this limiting situation the role of the affine Hecke algebra is played by the Drinfeld-
Lusztig graded (or degenerate) affine Hecke algebra [HO,EOS]. Specifically, our difference-reflection
representation gets replaced by a representation of the graded affine Hecke algebra built of Dunkl-
type differential-reflection operators, the discrete integral-reflection (or polynomial) representation
gets replaced by a representation of the graded affine Hecke algebra in terms of Gutkin-Sutherland
continuous integral-reflection operators, and the intertwining operator relating both representations
is given by the Gutkin-Sutherland propagation operator [GS,G,HO,EOS]. From this perspective, the
present paper lifts this construction to the level of the affine Hecke algebra corresponding to the
Macdonald spherical functions. On the other hand, it is well known that the Macdonald spherical
functions are limiting cases of the celebrated Macdonald polynomials (corresponding to ¢ — 0) [M3].
The Macdonald polynomials in turn diagonalize a commuting algebra of Macdonald difference oper-
ators that can be constructed by means of Cherednik’s extension of the polynomial representation
of the affine Hecke algebra to the level of the double affine Hecke algebra [M4,C]. From this per-
spective, the difference-reflection representation of the affine Hecke algebra studied here provides the
corresponding concrete construction of the commuting algebra of discrete difference operators that is
diagonalized by the Macdonald spherical functions (and isomorphic to the Weyl-group invariant part
of the group algebra over the weight lattice).

The paper is organized as follows. In Section 2 notational preliminaries concerning affine Weyl
groups and affine Hecke algebras are recalled. In Section 3 our main representation of the affine
Hecke algebra in terms of difference-reflection operators is introduced. The auxiliary representation
of the affine Hecke algebra by integral-reflection operators and its relation to the standard polyno-
mial representation are described in Section 4. Section 5 introduces an intertwining operator between
the difference-reflection representation and the auxiliary integral-reflection representation, which is
then used to show that the action of the center under the difference-reflection representation is di-
agonal on the Macdonald spherical functions. In Section 6 the appropriate Hilbert space structure is
provided for which the difference-reflection representation is unitary. From this viewpoint the Mac-
donald spherical function constitutes the kernel of the Fourier transform—between the Weyl-group
invariant sector of this Hilbert space and a closure of the Weyl-group invariant part of the group
algebra of the weight lattice—diagonalizing the action of the center under our difference-reflection
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representation. Finally, in Section 7 we use the difference-reflection representation to compute the
explicit Pieri formula for the Macdonald spherical functions. Some technical details pertaining to the
proof of the braid relations in Section 3 and the intertwining relations in Section 5 are relegated to
Appendices A and B, respectively. Moreover, in Appendix C a few illuminating explicit formulas are
collected describing our principal objects of study in the important special case of a root system of
type An_1 (i.e., with the Weyl group being equal to the permutation group Sy).

2. Preliminaries

This section sets up the notation for affine Weyl groups and their Hecke algebras and recalls briefly
some basic properties. A more thorough discussion with proofs can be found e.g. in the standard
sources [B,M4].

2.1. Affine Weyl group

Let R be a crystallographic root system spanning a real (finite-dimensional) Euclidean vector
space V with inner product (-,-). Throughout it will be assumed that R is both irreducible and re-
duced (unless explicitly stated otherwise). Following standard conventions, the dual root system is
denoted by RY :={a" | @ € R} with ¥ :=2a/(a, o), the weight lattice by P:={Ac V | (A, aV) € Z,
Va e R}, and for a (fixed) choice of positive roots R™ we write PT:={Ae P | (A, aV) >0, Yo € RT}
for the corresponding cone of dominant weights and C :={x e V | (x,a") > 0, Ya € R*} and
A={xeV|0< (x,av) <1, Ya € R} for the dominant Weyl chamber and Weyl alcove, respec-
tively.

For « e Rt and k€ Z let sy : V — V be the orthogonal reflection across the hyperplane V j :=
{xeV|(x,av)=k} and for L € P let t; : V — V be the translation of the form t,(x) :=x+ XA (x e V).
The (finite) Weyl group generated by the reflections s4.0, @ € RT, is denoted by W and we write W
for the (extended) affine Weyl group generated by the elements of Wy and the translations t;, A € P.
The length of a group element w € W is defined as the cardinality £(w) :=|S(w)]| of the set S(w) :=
{Vak | Vo i separates A and wA}. (We say that a hyperplane V, ; separates two (subsets of) points
in V if these are contained in distinct connected components of V \ V x.) A useful explicit formula
to compute the lengths of (affine) Weyl group elements is given by

L) =Y |(ra¥)+ x(va)| (veWo, AeP), (2.1)

aeRt

where x : R — {0, 1} represents the characteristic function of R~ := R\ R™ (so, in particular, for v €
Wy and A, i € PT one has that £(vt)) = £(v) +£(t,) and that £(ty,) = £(ty), E(tag) =€) + (W)

Let a1, ..., 0, (n:=rank(R)) be the basis of simple roots for RT and let ag be the positive root
such that o is the highest root of RY (with respect to (RT)Y). We set sg :=sq,,1 and s; := S¢,0
for j=1,...,n. The finite Weyl group Wy is generated by the reflections across the boundary hyper-
planes of C: sq,..., Sy, and the affine Weyl group W is generated by the (finite, Abelian) subgroup of
elements of length zero §2 :={u € W |uA = A} and the reflections across the boundary hyperplanes
of A: sg, ..., Sh.

It is instructive to detail the algebraic structure of these presentations of Wy and W somewhat
more explicitly. Let V; denote the hyperplane fixed by s; (j =0,...,n). The finite Weyl group Wq
amounts to the group generated by s1, ..., s, subject to the relations

(sjs)"™k =1, (2.2)

with 7 /mj, being the angle between V; and V if j # k (so, in particular, my; =mj) and mj, =1
when j = k. To characterize 2 it is convenient to associate with A € P the affine Weyl group element
uy = tw;l. where v, refers to the shortest element of Wy mapping A to the closure of the an-
tidominant Weyl chamber —C (which implies that u; is the shortest element of the coset t; Wy and
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£(t;) = £(u;) + £(v,)). Upon setting up :=1 and u;j := Uw; for j=1,...,n, where w1,...,w, denote
the basis of the fundamental weights, one has explicitly

2={uj|j=0o0r(wj ay)=1}. (23)

It is clear from the definition that the elements of £2 permute the hyperplanes Vo, ..., V,. Further-
more, for u € £ with uV; =V, one has that

uuj=uju=u; (u;je2) and usj=su (j=0,...,n). (2.4)

The affine Weyl group W can now be characterized as the group generated by so,...,S; and the
elements u € §2 (2.3) subject to the relations (2.2), (2.4) (with the additional caveat that in the patho-
logical case n=1 the order mygp = mp; = 00).

2.2. Affine Hecke algebra

Let g: W — R\ {0} be a length multiplicative function, viz. (i) quww = qwquw’ if L(Www’) = £(w) +
¢(w’) and (ii) qw = 1 if £(w) = 0. This implies that gs; depends only on the conjugacy class of s;
(j=0,...,n), whence the value of q,, is determined by the number of reflections (in the short
roots and in the long roots, respectively) appearing in a reduced expression w = usj, ---s;j, (with
u € 2 and £ = £(w)). Following customary habits, the multiplicity function associated with the length
multiplicative function will also be denoted by q. This is the function q: R* x Z — R\ {0} such that
dak =qs; if Vo =V; (0<j<n)and qo i =gak if Vo = WVq i for some w € W. This implies
that g4 k =qo,0 depends only on the length of «. Reversely, the length multiplicative function can be
reconstructed from the multiplicity function via the formula

qw = 1_[ Qo k- (2.5)

aeRt keZ
Vak eS(w)

We will write H for the (extended) affine Hecke algebra associated with W and q. This algebra can
be characterized as the complex associative algebra with basis T, w € W, satisfying the quadratic
relations

(Tj—ap)(Tj+4q;')=0, j=0,....n, (2.6a)
where Tj:=Ts; and q; :=(s;, and the braid relations
Tyw =TwTw if6(ww') =£e(w)+£(w'). (2.6b)
The assignment T, — T, with
=T, (2.7)
extends to an antilinear anti-involution of # thus turning the affine Hecke algebra into an involutive
or *-algebra. The subalgebra of H spanned by the basis T,,, w € Wy, is referred to as the finite Hecke
algebra Hy (associated with Wy and q).
The affine Hecke algebra A admits a simple presentation as the algebra generated by Ty, ..., Ty
and Ty, u € £2, (2.3) subject to the quadratic relations (2.6a) (cf. Eq. (2.2) with j = k), the braid

relations

TkaTj~--:TijTk---, j#k (2.8)
— ——

mj factors m ., factors
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(cf. Eq. (2.2) with j #k), and the relations
TuTu; =Tuy; =Ty, (UjeS2) and T,Tj=TT, (j=0,...,n), (2.9)

with Vi =uV; (cf. Eq. (2.4)). The finite Hecke algebra o in turn amounts to the (sub)algebra gener-
ated by Ty, ..., T, subject to the quadratic relations (2.6a) and the braid relations (2.8).
For A € P, the element

Y* =T, T,' withp,ve Pt suchthatA=p —v (2.10)

is well defined in the sense that it does not depend on the particular choice of the decomposition
of A as a difference of dominant weights 1 and v. Furthermore, the elements Y*, A € P, form a basis
of a subalgebra of H isomorphic to the group algebra of the weight lattice C[P]:

YAYA=Y**H G ueP) and Y=1, (211a)
satisfying in addition the relations

Y)\ _ ysj)»

T YT = (4 -0 ) Ty =ay

(=1,....n). (2.11b)

The elements T,,Y*, w € Wq, A € P, constitute a basis of #, which gives rise to a second (very
useful) presentation of the affine Hecke algebra (due to Bernstein, Lusztig, and Zelevinsky) as the
algebra generated by T1,..., Tn and Y*, A € P, subject to the relations (2.6a), (2.8), (2.11a) and

A A ;
T;Y*=Y"T; lf()\, O[]V> =0,

T;iY*=Y*Tj+ (qj —q7

; DY if(haf) =1 (212)

(cf. Eq. (2.11b) with A € Vg, 0 U Vg, 1). In other words, the affine Hecke algebra # is a merger of the
finite Hecke algebra #( and the group algebra C[P] with the cross relations (2.12).
It can be seen with the aid of the latter presentation that the center Z of # is spanned by

m(Y):= Y YE reP?t (213)
neWor

(and thus isomorphic to the Wo-invariant part C[P]W° of the group algebra of the weight lattice).
Moreover, since

(Y} =Ty, Y o T (214)
(where w, denotes the longest element of Wy), one has that

m(Y)* =mu«(Y), with A* := —wpA. (2.15)
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3. Difference-reflection operators
In this section we introduce our main representation of the affine Hecke algebra in terms of
difference-reflection operators.
The action of the affine Weyl group on P C V induces a representation of W on the space C(P) :=
{f1f:P—>C}
W) :=f(w™'A) (weW, reP). (31)
We consider the following difference-reflection operators on C(P)
Tj:=qj+ xjsj—1), j=0,...,n, (3.2a)
where ¢g; and x; act by multiplication with
qj ifVjseparates A and A,

xj=11 ifreVy (3.2b)
qJT1 otherwise.

Theorem 3.1 (Difference-Reflection Representation T(”H) ). The assignment Tj — T] (j=0,...,n) and
Ty — u (u € £2) extends (uniquely) to a representation h — T(h) (h € H) of the affine Hecke algebra on C(P).

Inferring this theorem amounts to verifying the relations

T —ap(Tj+q;') =0 ©<j<m, (3.32)

TN Tj =T TThe (0<j#k<n), (33b)
mj factors m i factors

uTj=Teu ifuVj=Vi e, 0<j<n). (3.3c)

The quadratic relations in Eq. (3.3a) follow from a short computation:

T2=q5+(2qjx;—1—x?)(s;— 1)
=5+ (0 —a; a6 =D = (a5 —a; )T+ 1.

where we used (in the second identity) that for A ¢ V;

_ ;-1 ifxj=aj

2quf—1—Xf=(qj—qfl)Xf={f—qﬁ if xj=a;".

together with the observation that for any f € C(P) the difference (s;f)(x) — f(1) vanishes when
A € V. The commutation relations in Eq. (3.3c) are in turn immediate from the definition of T] and
the corresponding affine Weyl group relations in Eq. (2.4). The proof of the braid relations in Eq. (3.3b)
is a bit more intricate and hinges on two lemmas that require some additional notation. For x € V
let Wox C Wo denote the stabilizer subgroup {w € Wy | wx = x}. We will consider the following
equivalence relation on V: x ~ y iff Wo x = Wy, and both points lie on the closure of the same Weyl
chamber wC (for some w € Wy). The finite number of equivalence classes of V with respect to the
relation ~ are called facets and constitute the so-called Coxeter complex C of Wy.
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Lemma 3.2. Let D be an operator in (C(T], ey fn) and let A, . € P with A ~ . Then
(Df)x)=0 VfeC(P) = [DfH(u) =0 YfeC(P). (3.4)

Proof. Given f € C(P) and A, u € P with A ~ u, pick an f € C(P) such that f(wk) = f(wp) for all
w € Wo. (Such a function f exists, since wi =w'A = w~w' e Wo,n = Wo u = wu = w'p.) From
the definition of the difference-reflection operators ’T\l, . ,/fn it is then immediate that (Bf)(u) =
(5f)(k) (because wu and wi (w € Wo) cannot be separated by the hyperplanes Vj, 1< j<n, as
both weights lie on the same facet). Hence, the hypothesis on the LHS of formula (3.4) implies that
for any f € C(P): (Df)(w)=({Df)(A)=0. O

Lemma 3.3. For any affine Weyl group W, the braid relations in Eq. (3.3b) follow from the braid relations
corresponding to the finite Weyl groups Wy associated with the (not necessarily irreducible) root systems of
rank two.

Proof. Without restriction we may assume that n > 2 (as for n =1 there is no braid relation to check
since then mo; =myp = o0). For any pair 1< j # k <n, the reflections sj, s; generate a finite Weyl
group corresponding to the rank-two root subsystem R with basis «;, ax. The Weyl group in ques-
tion acts trivially on the orthogonal complement Vij of Vi :=Spang(«j, o) in V. It follows that the

action of ?j and ?k on C(P) extends to a decomposition of the form fj(Rjk) ® 1 and "fk(Rjk) ®1 on
F(ij)®F(lek) D C(P), where P j denotes the image of the orthogonal projection of P onto V j (and
F(Pj), F(lek) are the spaces of complex functions on P and Vij, respectively). Here /T\j(Rjk) and
Tk(Rjk) refer to the corresponding operators on F(Pjx) associated with the simple reflections of R .
(Notice in this connection that P j, amounts to the weight lattice P(Rj,) associated with R, and that
the image Aj of the alcove A under the orthogonal projection onto V j is contained in the Weyl al-
cove A(Rj,) associated with the basis aj, of Rjk ) The upshot is that the braid relations for T] and
Tk follow from the braid relations for T](R]k) and Tk(R]k). If one of the two indices (j say) takes the
value 0, then the above arguments apply verbatim upon picking for Ry the translated rank-two root
system with basis —op, oy relative to the origin at Vo, N Vo NV (Where Vo, = Spang (ao, k) ). (Now
the projection Pg, of P onto Vg, amounts rather to the weight lattice of the untranslated rank-two
root subsystem with basis —ag, o, but this is no obstacle in view of Remark 3.4 below.) O

By Lemma 3.3, it is sufficient to verify the braid relations fl Tzﬂ cee= Tzﬂ TZ -+ (with mq; factors
on both sides) associated with the simple reflections s; and s, for the root systems A; x A1, A3, Ba,
and G, (for which my; =2, 3, 4, and 6, respectively). Moreover by Lemma 3.2—upon acting with both
sides on an arbitrary lattice function in C(P)—it is only needed to verify these braid relations on a
finite Wy-invariant set of weights representing the facets of the Coxeter complex C. This reduces the
verification of Eq. (3.3b) to a routine case-by-case computation that is somewhat tedious by hand for
the three root systems other than A; x A; (and particularly so for the root systems B; and G;) but
completely straightforward to perform in all four cases with the aid of symbolic computer algebra. To
illustrate the idea of the computation in question we have outlined the details for the root system A,
in Appendix A.

Remark 3.4. The action of the affine Weyl group in Eq. (3.1) and the operators fj (3.2a), (3.2b) make
in fact sense on the space F(A) of complex functions on the Coxeter complex A of the affine Weyl
group (which may also be seen as the space of functions on V that are piecewise constant on the
affine facets). (Here the affine facets are the equivalence classes of V with points being equivalent if
they belong to the closure of the same Weyl alcove wA (w € W) and have the same stabilizer inside
the affine Weyl group.) The space C(P) can be naturally embedded into F(A) as the space of func-
tions with support in the affine facets containing a weight (since points differing by a nonzero weight
necessarily belong to distinct affine facets). With this extension of the domain, the Hecke-algebra re-
lations in Egs. (3.3a)-(3.3c) remain valid. Indeed, Lemma 3.2 and its proof generalize verbatim from P
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to A. In other words, the representation in Theorem 3.1 extends naturally to a representation of the
affine Hecke algebra on the space F(A).

4. Integral-reflection operators

In this section we describe the auxiliary representation of the affine Hecke algebra in terms of
integral-reflection operators. The representation in question is dual to a standard polynomial repre-
sentation of the affine Hecke algebra on the group algebra of the weight lattice.

We consider the following integral-reflection operators on C(P) associated with the simple reflec-
tions s1, ..., Sp:

lj=aqjsj+(aj—a;")Jj, ji=1.....n, (4.1a)

where J;:C(P) — C(P) denotes a discrete integral operator which—grosso modo—integrates the lat-
tice function f(A) over the «j-string from A to s;A:

—fh—aj) = f(r=2aj) —---— f(sjA) if(A,a]Y)>0,
(JiH) =10 if (1)) =0, (4.1b)
\'2

FO+fr+ap)+---+ fsjr—aj) if(A,aj)<0.

Proposition 4.1 (Integral-Reflection Representation I(#H)). The assignment T; — I; (j =1,...,n) and
Y* —t; (A € P)extends (uniquely) to a representation h — I(h) (h € H.) of the affine Hecke algebra on C(P).

In the remainder of this section the proposition is proved by exploiting that I(#) may be seen
as the dual of a standard representation of the affine Hecke algebra in terms of Demazure-Lusztig
operators.

Let us denote by e*, A € P, the standard basis of the group algebra C[P] (so e*e# = e*t# and
e% =1) and consider the following nondegenerate sesquilinear pairing (-,-) : C(P) x C[P]— C

(f.p):=@HO0) (feC(P), peC[P]), (4.2)

where p refers to the complex conjugate ), cre* of p= > cxe* (¢, € C), and the action of C[P]
on f is determined by e f :=t; f (so, in particular, (f,e*) = (t, f)(0) = f(—1)). We will use the no-
tational convention (p, f) := (f, p). The action of W on P lifts to an action of the affine Weyl group
on C[P] via we* :=e"* (w € W, A € P). Notice that with these conventions (vt f, p) = (f,t,v_1p)
(veWqp, LeP, feC(P), peC[P]), ie. the action of Wy is ‘unitary’ and the action of P is ‘symmet-
ric’ with respect to the above pairing.

It is well known (cf. e.g. Ref. [M4]) that the trivial one-dimensional representation T; — q; (j =
1,...,n) of Hp on C immediately induces a representation of the finite Hecke algebra on the group
algebra through the relations in Eq. (2.11b). Indeed, the latter representation h — T (h) of Ho on C[P]
is generated by the Demazure-Lusztig operators:

Ti=qjsi+(qj—a;")(1—e%) A =sp, j=1....n (43)

Proposition 4.1 is now a direct consequence of the two subsequent lemmas and the Bernstein-
Lusztig-Zelevinsky presentation of the affine Hecke algebra with the relations in Eq. (2.12).

Lemma 4.2. The assignment Tj — I (j =1, ..., n) extends (uniquely) to a representation h — I(h) (h € Ho)
of the finite Hecke algebra on C(P), i.e.
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Ij—gp(lj+a;")=0 A<j<n, (44a)
il =Lljl--- A< j#k<n). (4.4b)
N e’ N e’

mjy factors  mj factors

Proof. By acting with the Demazure-Lusztig operator T]- (4.3) on the basis element e* it is seen that

< A A e — et e
Si N
Tje* =qje" +(q;—q; ") 1T—e %
eh et o e if (3, a)) > 0,
=qjesf’\ " (CIj _ q]l) «lo if ()u,Oljv) =0,
—eMaj A2 . _eSit if (A, aY) <O,

J

whence (ij,e*) = (f,]v"je)\) (f € C(P), » € P). The quadratic relations and braid relations for
Ii,..., 1, thus follow from those for Tq,...,T, (and (I(h)f,p) = (f. T(h*)p), h € Ho, f € C(P),
peC[P]). O

Lemma 4.3. The operators Ij (j=1,...,n)and t, (A € P)on C(P) satisfy the cross relations

ity =tulj if(r, &) =0,

Ijt)\:tijlj—i—(qj—q;])t,\ if(h,af)=1. (4.5)

Proof. Since s;t; = ts;2.8], it is sufficient to infer that jjty =t;J; if <A,aJY) =0 and that J;t; =

tsipJ i+t if (A, a].v) = 1. Both identities are seen to hold manifestly upon acting on an arbitrary func-
tion in C(P) and comparing the terms on both sides (taking into account that sjA =1 — (4, otf}otj). O

Remark 4.4. By Egs. (2.11a), (2.11b), the Demazure-Lusztig operators Tj (j=1,...,n) together with
the multiplicative action of the basis elements e* (A € P) in fact determine a representation h — T(h)
(h € H) of the affine Hecke algebra on C[P] (extending the assignment T; — Tj (j=1,...,n),
Y* — e* (A € P)). Furthermore, the mapping TyY* — Y*T, -1 (w € Wq, A € P) extends to an an-
tilinear anti-involution » of H (agreeing with the previous x-anti-involution on the subalgebra Hy).
With respect to the new x-anti-involution and the pairing in Eq. (4.2) the integral-reflection rep-
resentation in Proposition 4.1 is dual to the polynomial representation T(H) in the sense that
U f,p)=(f,T(h*)p) (heH, feC(P), peC[P]).

Remark 4.5. The integral-reflection operators I; (4.1a), (4.1b) constitute a discrete counterpart of
integral-reflection operators introduced by Gutkin and Sutherland in the context of their study of
the spectral problem for the Laplacian perturbed by a delta potential supported on the reflection hy-
perplanes of the root system R [GS,G]. Proposition 4.1 is the corresponding analog of the observation
in Ref. [HO] that these Gutkin-Sutherland integral-reflection operators determine a representation of
the Drinfeld-Lusztig graded affine Hecke algebra.

5. Diagonalization of 'f(Z)

In this section we diagonalize the action of the center of H under our difference-reflection repre-
sentation by means of Macdonald’s spherical functions. Our main tool is an intertwining operator
relating the difference-reflection representation to the auxiliary integral-reflection (or polynomial)
representation.
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We will employ the shorthand notation TW = T(TW) and Iy :=I1(Ty) (we W).
5.1. Intertwining operator
Let J : C(P) — C(P) be the operator defined by
(TG :=qa,(I; f,1) (FeC(P), reP), (5.1)
where il 1= Wolly,a Wo = tkw;1 with
Wy 1= WoVw,aWo =V_3

(i.e. w;, is the shortest element of Wy mapping A into the dominant cone PT) and (.,-) refers to the
pairing in Eq. (4.2). Notice that

(TN =6, qw, (111 f) () withdy = wi. (5.2)

So in particular, on the dominant cone [ acts simply as a multiplication operator: (J f)(X) =q¢, f(})
for A € PT.

Theorem 5.1 (Intertwining Property). The operator J : C(P) — C(P) (5.1) enjoys the following intertwining
property, connecting the difference-reflection representation T (H) with the integral-reflection representa-
tion I(H)

Twd =Tlw (53)
(forallw e W).

For w € Wy, the intertwining property in Eq. (5.3) is an immediate consequence of the next
lemma, whose proof boils down to some straightforward computations based on the well-known
elementary Hecke algebra relations (cf. e.g. [M4, (4.1.2)])

Tﬂw=nm+xwfbﬂ@rqfﬂ@, (5.4a)
—17-1 -1 -1 —1\7-1
Ty'T; =T§W-—x(w cg)@j—qj)rw, (5.4b)
j=1,...,n(where x is in accordance with Eq. (2.1) and the second relation follows from the first one

by applying the anti-involution T, — T;ﬂ, q — q~ 1) together with the observation that for w, w’ €
Wyo and A dominant

Qw (L' )W) =qu (1) f)3) ifw™'w e Wo (5.5)
(which is readily seen by induction on £(w~1w")).
Lemma 5.2. The representations T(Ho) and 1(Ho) satisfy the finite intertwining relations

T,7=J1; (j=1,....n). (5.6)
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Proof. Let f € C(P). Elementary manipulations reveal that

@, (TN 67, (1,1 )6

qu Sign(w)‘aj)(quSj (15_1‘/;1 f)(k+) —qw, (Iv_v}1 f)()ur))

J

+

= aw, (17,1 1)) = xwaap(a; = a7 ) (11 ) (3)

2 g, (1,111 )00 = 0, (1 ) o,

whence /ffljz .71;1. O

The extension of the intertwining property in Eq. (5.3) from Wy to W hinges on a second lemma,
whose proof in contrast is technically somewhat more involved and therefore being relegated to Ap-
pendix B.

Lemma 5.3. The representation T(H) and I(H) satisfy the affine intertwining relations

ToT =Tlo (lp:=Is), (5.7a)
ug7 =7l ueR). (5.7b)

Remark 5.4. By the duality in Remark 4.4, the action of the intertwining operator can be rewritten in
terms of the polynomial representation T (#) as

v —1
THM =aqa,(f.(T;,) 1) (f€C(P), reP), (5.8)
where we have used the shorthand notation T, := T(T7,).

Remark 5.5. The intertwining operator 7 (5.1) is a discrete counterpart of the Gutkin-Sutherland
propagation operator, which relates the spectral problem for the Laplacian with a delta potential in
Remark 4.5 to that of the free Laplacian [GS,G]. From this perspective, Theorem 5.1 yields the corre-
sponding generalization of the fact that the propagation operator in question intertwines the integral-
reflection representation and the Dunkl-type differential-reflection representation of the Drinfeld-
Lusztig graded affine Hecke algebra of Refs. [HO] and [EOS], respectively. In fact, our difference-
reflection representation T(#), which was obtained by pushing the integral-reflection representa-
tion I(#) through the intertwining operator 7, provides us with the Dunkl-type difference-reflection
operators for a discretization of the Laplacian with a delta potential on root hyperplanes that was
introduced and studied in Ref. [D] (cf. also Remark 7.6 below).

5.2. Bijectivity of the intertwining operator

We will now show that the intertwining operator 7 : C(P) — C(P) is bijective. The existence of
this bijection intertwining the difference-reflection representation T(#) and the integral-reflection
representation I(#) reveals that these two representations of the affine Hecke algebra in C(P) are in
fact equivalent. Moreover, it provides an alternative (indirect) proof of Theorem 3.1 as a consequence
of Proposition 4.1. Indeed, Lemmas 5.2 and 5.3—together with the bijectivity of 7 —disclose that the
affine Hecke-algebra relations in Egs. (3.3a)-(3.3c) may be seen as a consequence of the corresponding
relations for Ig, ..., I, and I, u € 2 (which follow in turn from Proposition 4.1).
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To prove now the bijectivity in question some further notation is needed. Let < represent the
dominance order on the cone of dominant weights PT and let < denote the Bruhat order on the finite
Weyl group Wy [B,M4]. Specifically,

Vi, mwePt: pu<ar iff A—peQt

with Q% := SpanZ>U(R+), and Vv,v' € Wo: v/ < v iff v/ =s;---5;, for a certain subsequence
(i1,...,ip) of (j1,...,j¢) with v =s; ---sj, a reduced expression (i.e. £ = £(v)). The dominance
order can be conveniently extended from P* to P with the aid of the Bruhat order (cf. Ref. [M4,
Sec. 2.1])

Mg < Ag (1),
Vi, ueP: p=<a iff or
MUy =Ayand w, <w, (ii).

Theorem 5.6 (Automorphism). The operator 7 (5.1) constitutes a linear automorphism of the space C(P).

Corollary 5.7 (Equivalence). The difference-reflection representation T(H) and the integral-reflection repre-
sentation I(#H) of the affine Hecke algebra in C(P) are equivalent:

T(hy=JIWT ' VheH.

Proof. It is clear that the intertwining property in Theorem 5.1 and the invertibility of .7 ensure that
T(H) and I(H) are equivalent representations of the affine Hecke algebra in C(P), i.e. the corollary
is in effect a direct consequence of the theorem. The proof of the theorem—which amounts to show-
ing that the linear operator J : C(P) — C(P) is bijective—is in turn immediate from the following
triangularity property:

(LA =a, f+ 3 «fw) (feCP),ieP). 59)

HEP, L=<

Here and below the star symbols x refer to the expansion coefficients of lower terms (with respect
to the partial order <) whose precise values are not relevant for the argument of the proof. Indeed,
it is clear from the triangularity in Eq. (5.9) that for any g € C(P) the linear equation (J f)(1) = g(X)
(A € P) can be uniquely solved inductively in A with respect to the partial order <.

The triangularity in Eq. (5.9) hinges on well-known saturation properties of the convex hull of the
orbit of a weight with respect to the action of the finite Weyl group [B,M4]. For our purposes it is
enough to recall that for any A € P the weights in the convex hull of WA are given by the saturated
set P(A) :={ € P | 4+ < A4}. For A, € P one has that: (i) if © < A then pu e P(}), and (ii) if
W € P(A) then [, squ] C P(2) for any o € R, where sy := 54,0 and [u, Sq ] refers to the o-string
from w to sq i, ie. [, Sqp]:={u —ka |k=0,..., (u, a")}.

After these preliminaries we are now in a position to prove the triangularity in question by in-
duction on £(w,) starting from the straightforward case that ¢(w;) < 1. (The case £(w;) =0 is in
fact trivial since then A € P and (IV_V],1 ) 4+) = f(A).) It is manifest from the explicit formula for

A

the action of I (cf. Eqs. (4.1a), (4.1b)) and the above properties of the saturated set P(X) that for
j=1,...,n:

a5 f 50+ X pep, psp *F () ifsja= 4,

. (5.10)
ZMEP, USjA *f (1) ifsjh <A,

(7' Hw = {
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which implies Eq. (5.9) for A € P such that ¢(w;) = 1. Upon picking A € P such that the triangularity
in Eq. (5.9) holds for all & € P with £(w,,) < £(wy), it is readily seen that for any j € {1,...,n} such
that A < sjA (or equivalently Uwsjp) = L(wy) + 1) one has that

(1,5 D) 2 (L5 6.

5j

Ll N+ Y 17 o).

VEP, V<A

.

=y, fE0+ Y0+ fw (5.11)
WEP, u=<s;jh

(thus completing the induction). Here step (i) of the derivation exploits that Ws;n = wysj (with
£(w;sj) =4£(wy) + 1) and step (ii) relies on invoking of the induction hypothesis that the triangu-
larity holds for w,. Step (iii) follows in turn upon applying Eq. (5.10) to all terms on the second
line of Eq. (5.11). Indeed, if v < A < s;A then s;v < s;A (which is immediate from the definitions if
V4 < A4 and which follows from the elementary estimates Wsjp < WySj < W;Sj = Wsjy if vy =A4
and wy, <w,). O

5.3. Macdonald spherical functions

Let £ € V. By efé € C(P) we denote the plane wave ei (1) := ell*) = (eif e=%) = (e*, eif), A € P.
By definition, the Macdonald spherical function ®¢, £ € V, is the function in C(P) of the form

@ :=J¢: with ¢ :=I(19)e’®, (5.12a)
where
To:= Y quTw. (5.12b)
weWy

The Macdonald spherical function is Wy-invariant in the sense that

@ e C(P)Yo:={f eC(P)|wf=f, we Wo}
={feCP)|Twf=awf, weWo}.

Indeed, since Tj1g =q;1o for 1 < j <n in view of Eq. (5.4a), it is clear that /T\jdﬁg =/T\]-j¢§ =Jlj¢: =

Jqjp: =qjPs, j=1,...,n.
The symmetric monomials m; := 3 .y e A € P+, form a basis of C[P]%o. For p =

> sept My € C[P1W0 (c) € C), we define p/(Y\) = f(p(Y)) where p(Y):=), p+ cam,.(Y). The cen-

ter of the affine Hecke algebra is then given by Z ={p(Y) |p € (C[P]Wﬁ} and moreover T(Z) = {p/(?) |
p € C[P]Wo}. Clearly the space C(P)"o is stable under the action of T(Z).

Theorem 5.8 (Diagonalization). The commuting subalgebra 'f(Z) C 'f(H) is diagonalized by the Macdonald
spherical function:

p(Y)®e = Ep(&)s  with Ey(§) = (p, e ), (5.13)

for& € V and p e C[P]Wo,
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The proof of this theorem hinges on the intertwining operator and an explicit formula for ¢; =
I(1p)e® following from the work of Macdonald [M1,M2].

Proposition 5.9. The function ¢ (5.12a), (5.12b) is given explicitly by

d:(V) = (e, P;), reP, (5.14a)
where
1— qZ ewa
- —wA o
weW, aeRT

and gy := qa.0-

Proof. Let us recall from Remark 4.4 that (I(h)f, p) = (f, T(h*)p) for h € Ho, f € C(P), p € C[P],
where T(H) refers to the standard polynomial representation of the finite Hecke algebra generated
by the Demazure-Lusztig operators in Eq. (4.3). The lemma is now an immediate consequence of
Macdonald’s celebrated formula 19Y *1g = P,(Y)1g (A € P) [M1, Thm. 1] and (with more details)
[M2, (4.1.2)] (see also e.g. [NR, Thm. 2.9(a)] and [P, Thm. 6.9]). Indeed, Macdonald’s formula implies

that T(1p)e™ = P;, whence ¢ (1) = (¢, e ) = (I(19)e’¥, e ™) = (e, T(1p)e ™) = (€6, P;). O

Proposition 5.9 reveals that ¢¢ decomposes as a linear combination of plane waves eV we Wy
. . 1—qZeitwé.)
(with coefficients [,ep+ T —wrar

elementary computation:

). With this information the proof of Theorem 5.8 reduces to an

pPYV)®s = p(V)Tde = TI(D(Y))pe = Tps = T (p, e ) = (p, e 7€) s,

where we have used that pe!"s = (p, e~)ei%é for w € Wy, since p € C[P]W0 and e*els =t;el =
emih8lelt = (et, eH6)el,

Remark 5.10. It is immediate from Proposition 5.9 and the Wy-invariance of the Macdonald spherical
function &g that

i(WEAs) 1—ghe'We)
‘pé()\):% Z e R 1_[ m, ALeP. (515)

weWy aeRt
6. Unitarity

In this section we describe a Hilbert space structure for which our difference-reflection represen-
tation becomes unitary.

Here it is always assumed that q : W — (0, 1). We will employ the shorthand notation X(g?) :=
> wex % for X € Wo. So in particular, Wo(q?) and Wox(q?) (x € V) represent the (generalized)
Poincaré series of Wo and Wy x associated with qz, respectively. Let 12(P, 8) be the Hilbert space of
functions {f € C(P) | (f, f)s < oo}, where

(f.8)s:=>_ fO)gN8 (f.gel’(P,9)), (6.1a)

reP
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with
=Ny lagl=Ngt T a4k No=Wo(g?) (6.1b)
aeRt keZ
Vo k€S(4)

and S(A) :=S(ux) ={Vgk | Vok separates A and A} (cf. [M4, (2.4.8)]).

Theorem 6.1 (Unitarity of T(H) ). The difference-reflection representation h — 'f(h) (h € H)on C(P) restricts
to a unitary representation of the affine Hecke algebra into the space of bounded operators on I?(P, 8), i.e.

(T f.g),=(f.T(h*)g), (heH. f.gel(P,5). (6.2)

Proof. Let f, g e ?(P,$). It suffices to show that the actions of ?j (0<j<n)and u (u € £2) deter-
mine bounded operators on I2(P, §) satisfying (i) (fjf, g)s = <f,Tjg)5 and (ii) (uf, g)s = (f,u"1g)s.
Property (ii) follows by performing the change of coordinates A — u) to the (discrete) integral
(uf, g)s. Indeed, invoking of the symmetry 8,5, = 6, (as S(uir) = S(A)) then produces the inte-
gral (f,u~'g)s. Property (i) follows in turn by performing the change of coordinates A — SjA
to the integral (x;s;f,g)s, which entails the integral (f, x;sjg)s. Here one uses the symmetries
SiXj= Xj’lsj and &5 = ij()»)ax (as S(sjA) =S\ {V;} if Vj e SQ), SsjA) =S if L eV}, and
S(sjA) = S(1) U {V;} otherwise). The computations in question also reveal that the actions of u and
sj (and thus that of Tj) are indeed bounded in I>(P,8) (as (uf,uf)s = (f, f)s and (sif.sjf)s =

(xjsjf, Xj_1sjf>5 = <f,XijXj_lij>5 =(f, ijf>5, and yx; is a bounded function on P). O

Since PT is a fundamental domain for the action of Wg on P, the symmetric subspace
2(P,8)Wo := 2(P,8) N C(P)"0 can be identified with the Hilbert space I>(P*, A) of functions
{(f:PT = C|(f, f)a < o0}, where

(8= fRemr, (f.gelP(PT,4)), (6.3a)
rePt
with
(a2 -2
Aj = Z 8 =q;> Wol@) _ 4y (reP?) (6.3b)

|93 2y T 2
LEWoh Wo(@4) Woi(g%)
and Wé :={wy | £ € WoA}. The first equality in Eq. (6.3b) follows from the relations gy, =qtﬂq;l} =
qtlwq;; and qv, = qw,,, (4 € P); the second equality is readily inferred upon observing that the
mapping (w, w') - ww’ determines a bijection of Wy ; x W(’} onto Wy satisfying £(ww’) = £(w) +
£(w'), whence gy =qwqyw and thus Wo(g?) = Wo 1 (q®) W ().

The following adjointess relations for the basis elements m, (Y) are an immediate consequence of
the unitarity in Theorem 6.1 (recall in this connection also the last paragraph of Section 2).

Corollary 6.2 (Adjointness Relations in T(Z) ). The basis operators nf(?) A € P, spanning f(Z) satisfy the
adjointness relations

M) f.g), =(f.m(V)g), (heP*, f.gelP(P,A)). (6.4)

In particular, it is evident from Corollary 6.2 that the symmetrized operators (m + m))
and i(m, (Y) — my=(Y)) are self-adjoint in I2(Pt, A).
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Remark 6.3. Let

eq) =[] ad*". reP.

aeRt

It is instructive to recall to mind that q;, and W, 2(q%) can be conveniently written explicitly in terms
of the multiplicity function via the evaluation formula q;, =eq(A4) (by Eq. (6.1b) with the symmetries
Q6 = Qtwoy) = Qutwopyyr Qok = g ) and Macdonald’s classic product formula

1—qle,(@)
2 q
Woi(@®) = [] 71_‘; @ (6.5)
aeRt q
(raV)=0

respectively. In particular, evaluation of the RHS of A (6.3b) produces

1—eq(@)
Ar=eq(=20) [] 127" (reP™). (6.6)
acRt - qaeq(a)
(n,a¥)=0

Remark 6.4. Let Vol(A) := [ 4 dé, where d& denotes the Lebesgue measure on V, and let

Ag) =Ny T]

aeRt

2

1 —ell@®® .
. No:=@Qm)"|Wq|Vol(A). (6.7)

1—qei@8)

For f £ in the Hilbert space L2(27 A, A(§) d§), their inner product is written as

(f.8) 5= / f&EE)AE)de. (6.8)

2w A

It is well known from Macdonald’s theory [M1,M2] (cf. also [M3, §10]) that the measure A (6.6) turns
the Fourier-Macdonald pairing

f=FH=(f.o0)x FEPAE) dg, (6.9a)

2w A
with the kernel function (cf. Remark 5.10)
1— q2e—i(w§,a)

(1) = eq(1)(. P) =) ) €N [ — =

weWg aeRt

(6.9b)

(¢ €27 A, » e PT), into a Hilbert space isomorphism Fj : L2(2m A, A(¢)dg) — I>(P*, A) with the
inversion formula given by

F=F'H=(f,®)a= ) fFO)P.MA, (6.9¢)

APt

(where the dot - refers to the suppressed argument). From this perspective, Theorem 5.8 (with
& € 2w A) provides the spectral decomposition Fg o Ej o ]-'q*1 of the bounded normal discrete differ-

ence operator p/(Y\) in the Hilbert space I2(P+, A) = 2(P, §)Wo (where E, refers to the multiplication
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operator (Epf)(é) =Ep (E)f(é) on [22m A, A(§) d§)). For w a (quasi-)minuscule weight, the explicit
action of the corresponding difference operator m ) in [2(P*, A) is provided by Corollary 7.2 below.

7. The explicit action of m ) and associated Pieri formulas

Throughout this section it will be assumed that w € P* is (quasi-)minuscule (cf. Appendix B be-
low). By computing the action of m/w(\Y) on C(P) in closed form, Theorem 5.8 gives rise to an explicit
Pieri formula for the Macdonald spherical functions. To describe the action in question let us intro-
duce a similarity transformation € : C(P) — C(P) and a difference operator M, : C(P) — C(P) of the
form (e f)(A) :=qy, f(wor) (f € C(P), L € P) and

(Mo fY3) =Y (arvf=v)+bivf() (feCP),reP), (71a)
veWow
with
a}\,l) = qWWA<)L_v>qWWA<)L_v)W)Lq\7vl and b)L,U = E)L,V(l - qaz)eq(wlv)ﬁ (7'1b)

where eq(-) is as defined in Remark 6.3,

B(Wa(h— 1)) if (L — V)4 # A,

Epy = . 71c
hy {x(v) if G — V) = A (71¢)

O() = (g — 11, pY) = L(wy), and p¥ =5 3y cpe V.

Theorem 7.1. One has that mg,(Y) = € Mye .

Corollary 7.2. The restriction of the action of rm ) to C(P)Wo = C(P™) is given by

(MMM =Us (@) G+ Y. Vi(@)fG-v) (fec(Pt).neP?), (7.2a)

veWow
r—vePt
with
1—qgeq(@)
Vin(@?) =eq(—v) [ —2L= (7.2b)
1—eq(x)
aeRt
(La¥)=0
(v,a¥)y>0
and
R 0 for p4 minuscule,
Unnu(q®) = Y vewou €aW) = X vewou Vaw(@®)  for juy quasi-minuscule. (7.2¢)
rvePt

The diagonalization Theorem 5.8 combined with the symmetric reduction (Corollary 7.2) of the
explicit action of mg(Y) (Theorem 7.1), immediately produces the following Pieri formula expressing
the multiplicative action of m,, in C[P]"0 in terms of the Macdonald spherical basis p; := eq(A) P,
re Pt
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Corollary 7.3 (Pieri formula). One has that

MeP) = Uk,w(qz)pk + Z Vk,v(qz)p)»-&-v ()L € P+)- (7.3)
veWow
AdvepPt

The Pieri formula in Corollary 7.3 is a special case of Pieri formulas for the Macdonald spherical
functions obtained via degeneration descending from the level of the Macdonald polynomials [DE].
For root systems of type A and w minuscule the Pieri formula under consideration amounts to a
classic Pieri formula for the Hall-Littlewood polynomials due to Morris [Mo] (cf. Appendix C below).

Remark 7.4. The factor ¢, _, in the coefficients of M, (7.1a), (7.1c) takes values in {0, 1}. For @ minus-

cule the factor in question vanishes (so b, , =0) and the coefficient a, , simplifies to qﬁ,wm_m.

Remark 7.5. It is manifest from the relations in Corollary 6.2 that the adjoint of m ) (7.2a)-(7.2¢)
in the Hilbert space ¢2(Pt, A) is given by the action of m;(\Y) on ¢2(P*, A). More generally, it
follows from the unitarity in Theorem 6.1 that the adjoint of m/w(\Y) (7.1a), (7.1c) in the Hilbert space
£2(P, 8) is given by the action of mz*(\Y) on £2(P, §). Since w* is (quasi-)minuscule if (and only if) @
is (quasi-)minuscule, this means that these adjoints are given by the same formulas of Corollary 7.2
and Theorem 7.1, respectively, with @ being replaced by w*. In particular, for @ quasi-minuscule the
operators in question are self-adjoint (as in this situation w* = w).

Remark 7.6. Corollary 7.2 provides an explicit formula for the discretization of the Laplacian with
delta potential associated with R from Ref. [D] (cf. Remark 5.5).

Remark 7.7. The standard polynomial representation of the affine Hecke algebra in terms of
Demazure-Lusztig operators (dual to our integral-reflection representation I(#)) was extended by
Cherednik to a representation of the double affine Hecke algebra [C,M4]. The representation in ques-
tion contains Dunkl-type g-difference-reflection operators that were used for the construction of
Macdonald’s commuting g-difference operators diagonalized by the Macdonald polynomials [C,M4].
Since Macdonald’s polynomials are a g-deformation of the Macdonald spherical functions [M3], our
difference-reflection representation T(H) is expected to correspond to a suitable degeneration of
Cherednik’s representation of the double affine Hecke algebra (therewith linking the latter represen-
tation to the differential-reflection representation of the graded affine Hecke algebra in Ref. [EOS]).

7.1. Proof of Theorem 7.1

Since £(wow) = £(W,) — £(w) for any w € Wy, it follows that g, ,,-1 = q,,.,oq,,‘v1 and T;lw,l Tw, =
Tw, whence

GQuow-1 (I, 1 Two ) ) = Qwoty 1w )Y (f €C(P), 2 € P, w e Wo). (7.4)
Combined with Eq. (5.5), this yields the following stability property for w, w’ € Wq and A € P*

G (w HO =g A H) ifw(w) ™ € Wo,. (7.5)

Let us now abbreviate I(m,(Y)) = ZveWow ty as my,(t). In view of the intertwining relations (The-
orem 5.1) and the bijectivity of the intertwining operator 7 (Theorem 5.6), it is sufficient for proving
the theorem to show that

TMe(t) = €Mye ' T,
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or equivalently (since mg,(Y) € Z(H)), that
€ 1 T,y (t) = Mype 1 Ty, .
Relation (7.4) and stability properties in Eqs. (5.5), (7.5) imply that
(67" Two f)N) = Qu,oGy, w, H1)  (F €C(P), 1 eP), (7.6)

and thus (using again that m,(Y) € Z(H))

(€ Tlumu O F)0) =dw,dw, Y T, H(wi(—v)).

veWow

That this expression is equal to (Mwe‘1jlwof)()\) hinges on the identity

@ (€7 T Tw, £) 0= 1) = Quo G (U H(Wir (A = ) — 2.0 (1 = g5 ) eq(wiv) (T, £)(24))
(7.7)

(combined with Eq. (7.6)). To infer the identity in Eq. (7.7) the following lemmas are instrumental.

Lemma 7.8. For > € P* and v € Wow, we are in either one of the following two situations: (i) if (A — V)« # A
then w;_, € W, and

oy _ |1 forveR(w,_y), ot 1/p—
O —v) = {O for v é R(ws_o), where R(w) :=RTnw~'(R7),
or (i) if (A — v)4 = A then w;_,,v = —qj for some j € {1, ...,n}, moreover, s;jw,_, € Wo, (A —v) =0,

R(wy—y) =R(sjw;—y) U{v}and q; = qo.

Before embarking on the proof of this lemma, let us first highlight some crucial (though elemen-
tary) observations. For any A € P the set R(w;) is given by

Rwy)={aeR"|(x,a") <0}

(cf. [M4, Eq. (2.4.4)]) and for any simple root j € R(w;) we have that w;s; = ws;; with €(ws;;) =
2(wy) — 1. Given A € P*, v e Wow and pu = sj(A —v) with o; € R(w;_,), we are in one of the
following three cases:

(A) ()L,ajv) =0 and (v,a].v) =1.Then p =i —sjvex — Wow and 6(1 — v) = 0(u). (Notice that
sjeWo.)
(B) (k,ozjv) =0 and (v,ajv) =2.Then u =1 —sjy=%r+ajer— Wow and 0(A —v) =0(un) + 1.
(Notice that s; € Wo, and v =«;.)

(k,an) =1 and (v, Oljv) =2.Then u=A and (A —v) =6(u) = 0. (Notice that w,_, =s; and

U:Olj.)

©
It is moreover evident that in the cases (B) and (C), which occur only when w is quasi-minuscule,
one has that q; = qo (since o; € Wow with o = ayp).

Proof of Lemma 7.8. It is sufficient to restrict attention to the case that A —v ¢ P+ (as for A —v e P™
the lemma is trivial). For a reduced decomposition wjy_, =sj,---s;, with £=£(w;_,) > 1, we write

Vg =S, ---Sj;v fork=0,...,¢
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and
Bk :=Sj; " Sji iy fork=0,...,¢—1
(with the conventions that vo :=v and fo := «j, ). This means that
R(wy—v) ={Bo, ..., Be-1}

(cf. [M4, (2.2.9)]). It is immediate from the observations (A)-(C) above that the minimal sequence of
weights taking . — v to (A — v)4 by successive application of the simple reflections in our reduced
decomposition of w;,_, is either of the form (situation (i)):

s sj Sj sj
A—v=A—vg o a—v By S w = =)y, (7.8)
or of the form (situation (ii)):
S Sy Sie—1 Sje
A—V=A—Vg——>A—V]—> - —> A—Vp_1—>A=A—V)y, (7.9)

s
because case (C) can at most occur at the last step: A — vy BEUIN —> (A —v)4 (as this case takes us
back to PT). In situation (i) (i.e. case (C) does not occur at the last step) we have that

wy_peWpo and (A —v); #A4,
whereas in situation (ii) (i.e. case (C) does occur at the last step) we have that
SjgWa—y =Sj,_,---Sj; € Wo, dj,=qo and (A—v);y =A.
Moreover, in the latter situation v,_1 =«j,, i.e. w;_,v = —a;j, and
V= (sjgw)ﬁv)ilajg =Sj; -+ Sj_1%j, = Be—1 € R(W)—) \ R(Sj, Wy—y).

It remains to compute 6(A — v). Since 6((A — v)4+) =0, it is clear from the observations (A)-(C) that
(A — v) is equal to the number of times case (B) occurs in the above sequences, i.e. the number of
times that

(oo} )=2 fork=0,....¢ —1,

k1
with ¢/ = ¢ in situation (i) and ¢’ = ¢ — 1 in situation (ii). Since for k=0,...,¢ —1:
(Vk»av )=2 4 <Vaﬂ]:/)=2 & v=4p,

k1

it is clear that in situation (i) 6(» — v) is equal to 0 or 1 depending whether v ¢ R(w,_,) or v €
R(w;_y), respectively, and in situation (ii) (A — v) =0 (because now v =fy). O

Lemma 7.9. For .. € P+ and v € Wow, the following explicit formula holds

Gy U,y (= v)4) = FO.—v) =0 — ) (1 — g5 %)eq() f (V). (7.10)
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The proof exploits the elementary identities (for f € C(P), A€ P, j=1,...,n)

fsip)y=f—a)) if (o)) =1,

(1; A) =
LD FO-=2a)+A—g)f(h—a) if(r,a))=2

(711)

and qf(zj)(ij) = () if (A, @) =0 (cf. Eq. (7.5)).

Proof of Lemma 7.9. The proof of the lemma employs induction on ¢(w,_,) starting from the trivial
base A —v e PT. Let £(wy_,) > 1 and sj (1< j<n) be such that

EW;—yS) = E(Ws—y) — 1

(i.e. aj € R(wy_y)). From the observations following the statement of Lemma 7.8 it is clear that
Wi—vSj = Ws;(—v) with either sj(A — v) =1 —sjv (cases (A) and (B)) or sj(A —v) = A(e Pt)
(case (0)). In the latter case wy_, =s; and the statement of the lemma reduces to the first case
of Eq. (7.11) (with A replaced by A — v). Moreover, in the cases (A) and (B) invoking of the induction
hypothesis yields

Qwmy T,y (A= )1) = Qw5 Tw, s 1 (= 550)1)
=q;(I;jf)(A—s;jv)
—qj00. —sjv)(1 —qy?)eq(s;) (1 (%) (712)

(where we have used that (A —sjv)y = (A —v)4). In case (A), one has that
qiIiHA =sjv)y=fh—v)
(by the first case of Eq. (7.11) with A replaced by A —s;v) and

I HR) =q;f )

(as sj € Wo,;), which completes the induction step for this situation upon observing that 6 (A —s;v) =
—2(v,ay) .
(. — V), eq(sjv) = eq(v)qj A eq(v)q]fz. In case (B) we have that 6(A —sjv) =0 (since 0 <

O(r —sjv) <O —v) <1 (cf. Lemma 7.8)) and

qjiH—sjv) = fo.—v) —gd(1—q5%) fF)

(by the second case of Eq. (7.11) with A replaced by A —s;v and the fact that q; = qo), which com-

pletes the induction step for this situation upon observing that (A —v) =1 and eq(v) = eq(aj) =
Otj,otjv>

2
q? =q3 (as eq(arj) = eq(—aj)q; = eq(_aj)q?)' =

We are now in a position to verify Eq. (7.7) by making the action of the operator on the LHS
explicit:

(€ Tl /)0 =) L gl U,y H(0-—1)4)

Eq. (7.5) _
=" Qwoin, oy, T oy (= V)4).
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For (A —v)4+ # A4, Lemma 7.8 (with A and v replaced by A and w,v) ensures that wy, .y €
Wo,».,, whence

LWy, g—yWr) =L(Wy, G—v)) + €(Wy)
and we may rewrite the expression in question as
" (I Tw, (= v)+)
quqWWX(A,U)W)L Ww; (A—v) " Wi +
Lem. 7.9 _1

& Gwo i (T, (Wi 0= ) = (Wi 00— ) (1 = 45 2)eq(Wsv) (T, (1)),

which proves Eq. (7.7) when (A — v)4 # A4. Similarly, for (A — v); = A+ we rewrite the expression
under consideration as

QoG vy T, oy wi )
Eq. g.4a) quv_v]wA(H)wA ((Ijlsjww.ﬂ(H)w,\f)()%)
— X (W, o W) T @) (05— a7 ) w6 yws HHR4))
=, Gwo s ((Tw, (WO = 1)) = X1 = 4575, T, ).

In the last step it was used that for j chosen as in Lemma 7.8 (with A and v replaced by A, and
w; V), one has that

(SiWw, W) " lj =V, $jWw, -y € Wo i, , 6(wyr(r —)) =0,
and q; = qo. It thus follows for the first term that

U5y, 6w YO = (T, T D0 = 0)4) =20, (w3 = 1)

and for the second term that

Eq. (7.5

Uswn,oonws DD L gy 05w, (),

where we have exploited that
L(SjWw, =) Wr) = £(Sj W, (h—v)) + £(W;) = E(Wy, i—p)) + €(Wy) — 1.

The case (A —v)4 = A4 of the identity in Eq. (7.7) now follows from the fact that qﬁvwﬂ oy = eq(wyv).
Indeed, for any w € Wy and € P one has that

(Wl pV)={w. pV)+ > (wln.aV) (7.13a)
aeR(w)
and
eq(w ') =eq) [] aa™ " (713b)

aeR(w)
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(cf. [M4, Eq. (1.5.3)]), and

[] 4 (7.14)

aeR(w)

(cf. Eq. (2.5)). Lemma 7.8 (with A and v replaced by A4 and w;,v) and properties (7.13a), (7.13b) with
U =0j=—Wy,—1nyWirV and w =s;wy, —y) entail that

eq(wyv) = g2 [T & (7.15)

QER(SjWw; (1—1))
and

O(w; (A—v))=0
@(Ww,\(x—u))( V) (wiv, pY)

1+ Yo (wavaY)=14L6ww,a0).  (716)

(XER(SjWW)L(A,U))

Since (wyv,a”) <1 for & € R(SjWw, (»—v)) in view of Lemma 7.8, it follows from Eq. (7.16) that in
fact (wpv, o) =1 for o € R(SjWw, (»—v)). We thus conclude from Eq. (7.15) that

2 2 Lem. 7.8 2 Eq. (7.149) 5
eq(WXV) = q() 1_[ th = l_[ th = qWWA(A—v) °

QER(SjWw; (1—v)) QER(Ww, (h—v))
7.2. Proof of Corollary 7.2

It is immediate from Theorem 7.1 that the action of nm reduces to an action on C(P)Wo =
C(P*) of the form in Eq. (7.2a) with

Vi@ =aua;', Y. &, ETq0 Y &,

VeWow HEW ;. (A—V)
A=V p=A—v
=eq(VW;" (4%) = eq(Wo.1(q%)/(Wox N Woi-0)() (717)

and

UA,—a)(qz) = Z q%v; v 1 - q Z gx,veq(V)

veWow veWow
(A=v)p=A
Lem. 7.8 _
= Yo G, +(1-dp?) Y 60— viegw). (718)
veWow veWow
(A—v)4=A Wi—pA=A

This proves Corollary 7.2 with V; _,(q?) and Uy _,(q%) given by Eqgs. (7.17) and (7.18), respec-
tively. The coefficient V; ,(g?) can be recasted in the form given by Eq. (7.2b) upon invoking
Macdonald’s product formula (6.5) and the coefficient U )\,w(qz) can be rewritten in the form given
by Eq. (7.2c) upon comparing the corresponding Pieri formula of the form in Corollary 7.3 with
[DE, Egs. (2.3a)-(2.3¢)].
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Appendix A. Braid relation for A,

In this appendix we verify the braid relation (3.3b) for the root system A; via a direct computation.
For the root systems By and G, the corresponding computation is analogous (though increasingly
tedious).

For R = A, the braid relation reads:

T1’/f2?1 :fzf1?2, (A.la)
with
Ti=q+xi151—1), Ta=q+ xa(s2—1). (A.1b)

Multiplication of the product
TiTa = +qx1(s1 = D +ax2(s2 — D+ x1(51 — Dxa(s2 —

from the right by T produces

TiTaTi = +2¢% 5151 = D) + ¢ x2(s2 — 1) + x1(51 — Dxa(s2 — Dxa(s1 — 1)
+qxi1(s1 —Dx1(s1 =D +qxi(s1 —Dxa(s2 = 1) +qx2(s2 = Dxa(s1 — 1.

Swapping the indices 1 and 2 yields a corresponding formula for the product ToT1To. By comparing
both formulas it is seen that the braid relation (A.1a) amounts to the following identity:

@ x1(s1 =D +gxi(s1 = Dxalst — D+ x1(s1 — Dxa(s2 — Dxa(s1 — 1)
= xa(s2 — 1) +qx2(52 — Dx2(s2 — 1) + x2(s52 — Dx1(s1 — Dxa(s2 — 1). (A2)

Upon acting with both sides of Eq. (A.2) on an arbitrary function f : P — C, it is sufficient to verify
the resulting equality evaluated at the points of a finite Wy-invariant set of weights representing the
facets of the Coxeter complex for Wy (in view of Lemma 3.2). A convenient choice for such a set of
facet representatives is displayed in Fig. 1 and the corresponding values confirming the equality of
both sides of the identity at these points are collected in Fig. 2, where

fo=flo1 +w2) + f(w1 —2w2) + f(—2w1 + w2)
— f(—w1 —w3) — f(—w1 +2w7) — fQRw1 — wy). (A3)

Appendix B. Affine intertwining relations

In this appendix we prove the affine intertwining relations in Lemma 5.3 (therewith completing
the proof of the intertwining property in Theorem 5.1).
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Fig. 1. The set W{0, w1, w2, w1 +w} consisting of 13 weights representing the facets of the Coxeter complex of Wy for R = Aj.

A LHS = RHS
07 :tw1,:|:a)2,:t(w1 7(1)2) 0

w1+ -4 fo
—w1 — afo

w1 — 2wy, —2w1 + wy —qfo

—w1 + 2w, 201 — @y a'fo

Fig. 2. Values of both sides of Eq. (A.2) upon acting on an arbitrary function f: P — C and evaluation at the points A of
Wo{0, w1, w2, w1 + wy}. (Here fy is given by Eq. (A.3).)

B.1. Preparations: some properties related to (quasi-)minuscule weights

The proof of the affine intertwining relations is based on properties of certain special elements
in W and #H associated with the minuscule and quasi-minuscule weights. Let us recall in this
connection that the minuscule weights w are characterized by the property that 0 < (w,aY) < 1
for all @ € R™, whereas the quasi-minuscule weight @ = g is characterized by the property that
0 < (w,aV) <2 for all « € RT with the upper bound 2 being reached only once (viz. for @ = a).

Lemma B.1. Let © € P.

(i) If w € P is minuscule, then ;L4 + wyw € PT.
(iia) If 4 + wyog ¢ PT, then w0 = —aj for some 1 < j < n and moreover (i, Oljv) =1.
(iib) If 4 + wyop € PT with wy a0 € R™, then (pq, wyog) < —2.
Proof. (i) For any 1 < j < n, one has that (uy + wyo, ajv) > (/,L+,Ol}/) — 1> —1. The statement
now amounts to the observation that lower bound —1 cannot be reached. Indeed, if (/,L+,Oljv) =0
then s; € W, whence £(sjwy,) = &(wy) + 1, ie. wlfaj € Rt, and thus (u4 + W,La),ajv) >
(wyo, Oljv) >0.

(iia) By definition the assumption implies that (14 + wuao,a].v> < 0 for some 1< j <n. Hence
(Wuao,ajv) = -2 with 0 < (qu,ocjv) <1lor (Wuao,ajv) = —1 with <u+,ajv> = 0. By repeating the
argument of part (i), it is seen that (., a].v) cannot be zero. It thus follows that (/L+,ajv) =1 and
that (w,ao, oz}’) =-2,ie wyop=—oj.

(iib) Immediate from the estimate (i, wyog) = (U4 + wyao, wyeg) —2< -2, O
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Lemma B.2. (See [M4].) Let w € Wy.

(i) If w € P is minuscule, then

]C()Tfl

Vow:*

-1 -1 -
T, Y“’va =yv
(ii) If s = Sqy,0, then
1

vavlTSign(w* @) _ Yw”ao T;m}

Proof. Both relations are a consequence of [M4, (3.3.2)]. More specifically, (i) and (ii) amount to [M4]
(3.3.3) and (3.3.6), respectively. O

B.2. Proofofug = JI

It is sufficient to verify the intertwining relation for u = u,, with @ € P* minuscule (cf. Eq. (2.3)).
Let f € C(P) and let u, w € P with @ minuscule. By definition, we have that

U T ) (Wolt) =de, G, (I, 11 /) (v4)  with v i=uglwopt.

Upon setting w := waov(jﬂ, it is readily seen that wv = 4 + wy* = v, in view of Lemma B.1
part (i). Hence, invoking of Eq. (5.5) infers that

(WoT F)(wort) =qr,qw (I3 F)(v4).
Similarly, we have that
(Tl ) Wopt) = (Tt} f)(wop)
= thoquwDu (Iv_vl—l twl;a} f) (,LL+)
Wo L
-1 -1
=4, qw,w, (Iwaw,jltwlvw )(/L+)
(where in the last step we have again applied Eq. (5.5)). The stated equality now follows because
_ ® _
qt,qw = qt#++wuw* qvwwgwﬁl = qtﬂ+qwgwﬁ1 =qt, qwy,w,

and

(15 H) 1) = (twpweo !

(i) -1 1
vowpwit D)) = (L toly ) (1),
where in steps (i) and (ii) we relied on the relation

-1 -1 -1
VoWoW,, tuytw,wr = Uy WoW,

(with ugy € £2) and Lemma B.2 part (i) with w = wowlf, respectively.
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B.3. Proof of ToT = Jlo

Let f € C(P) and let i € P. By definition (and application of Eq. (5.5)) it is immediate that

(ToJ f)(wop) = qoqtquuwu( Wi )

+ Xo(wou)(qr,qwu(lv‘vgl H)ve) —ae,qw,w, (1

Wo

‘1@ f)wy) (B
and

(T1of)(Wort) =t Qwwo (I} 110 f) (1e4)

(= qt#qwﬂwﬂ(l;v:wﬂ taolglf)(/br)), with v :=sgwou = swo(u + ap) and s := sq,,0, respectively. We
"

will distinguish three disjoint situations.

Case (A): 4+ + wyog ¢ PT. By Lemma B.1 part (iia) we have in this case that w00 = —oj with
U+, p ¥}y =1 for some 1< j<n.But then go =q; and wop € Vo, i.e. So(Wolt) = Wolt, Xo(Wolt) =1,
V4 = 4. The stated equality thus reduces to

(s T0) () =ao(1] i F) (1)

(because the terms within the bracket on the second line of Eq (B.1) now cancel each other
by Eq. (5.5)). In view of Lemma B.2 part (ii) (with w = wow ) this amounts to the equation

(tajls’vlowﬁl f)(u+)=qo(1v’vzwﬁlf)(u+)- Since swowy,! = wowj, sj,fi(wo 71sj) = L£(wew;1)+1, and
qo = (j, the latter equation can be rewritten as

(t"‘J )(M+) =qjg(uy) withg: _1 1 ,1f

This last equality is immediate (for any g € C(P)) from the quadratic relation I;l =1;—(@qj— qj’l)
together with the definition of I; (taking into account that s;u, =t; ,u+)

From now on we will assume that gy + wyog € PT (ie. we are not in case (A)). Then—upon
setting W := w, w,s—it is clear that wv = 4 + w00 = v4. Hence, application of Eq. (5.5) allows us
to rewrite qu(l;ll Hvy) as

v

a0 (155 F) 04) = 43 (tw, woco ) _lf)(m)

Combining this with the relation

sign(w o)

Qwdr, = qw,wodt, 9o (B.2)

(proven below) and division by common factors turns Eq. (B.1) into

qf_/llq;V}LwD (’/I:Ojf)(woﬂ)

= QO(I 1 wi f)(M+) + XO(Wo[L)( mgn(w,mo)(

twﬂwgao w_l f)(/"L+) - ( ;1 f)(/"LJr))’ (B.3)

SWo Wow

which must now be shown to coincide with (I;v; Wl Tof)(u).
oWpn
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Case (B): w0 € R~ (and piy + wyop € PT). By Lemma B.1 part (iib) we have in this case that
(U+, WMO(O) < —2, whence xo(wou) = qo. The stated equality therefore reduces to

(tWMWuao —1 f) (:u'Jr) - ( V_V1Wl:1 IOf)(M’+)»

which follows from Lemma B.2 part (ii) (with w = wowﬁl).

Case (C): wyop € RT (and py + wyap € P1). Now xo(wou) = qal, whence the stated equality
becomes

—1\ (-1 -1 _ (-1
(@0 —aq ) (I, 1 D)t + (twwoao D i f) (i) = (10 o) ().
Applying the quadratic relation Iy = 151 +(qo — qal) rewrites this as
(twﬂwgao 71f)(:u+)_( - wi Ialf)(/f‘+)a

which again follows by Lemma B.2 part (ii) (with w = w, Wﬁl)‘
It remains to verify the above relation in Eq. (B.2) for the length multiplicative function. Indeed,
straightforward manipulations reveal that

@
qwqt, = qswowﬁlchu_'_-%—wuao - qsowuwljlt;ur

(11) sign(w ,op) sign(w,op)
= QG G0 = wawelt Gy
where in steps (i) and (ii) we relied on the elementary relations
soWoW), by, = sWoWy i fwa
and
E(sowowu tu,)= K(wow t,”) + sign(w,a0),
respectively.
Appendix C. Explicit formulas for R = Ay_1
In this appendix we exhibit explicit formulas describing the differential-reflection representation
and the integral-reflection representation for the root system An_1, as well as the corresponding
discrete difference operators diagonalized by the Hall-Littlewood polynomials. To facilitate their direct
use in the theory of symmetric functions it will be convenient to employ a central extension of the
An_1-type extended affine Weyl group and its Hecke algebra (associated with GLy rather than SLy).
C.1. Affine permutation group
For R = An_1 the finite Weyl group amounts to the permutation group Sy and the corresponding
extended affine Weyl group is given by the affine permutation group W = Sy x ZN, which acts on RN

by permuting the elements of the standard basis eq, ..., ey and translating over vectors in the integral
lattice, i.e. for w e Sy, A= (A1,...,An) € ZN and x = (x1, ..., xn) € RN:
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wX = (XW71(1)’ ...,XW—](N)), (C.]a)

X=X+ A1,..., XN+ AN). (C.1b)
The group W is generated by the finite transpositions
Six=(X1,...,Xj—1,Xj+1,Xj, Xj42, ..., Xn) (1< j<N) (C.2a)
and the affine generator
ux=xN+1,x1,...,XN-1) (C.2b)

(so uN = te,+.+e, lies in the center of W ). The translations over the vectors of the standard basis can
be expressed in terms of these generators as:

te; =Sj—1---S251USN—1SN—2"--Sj (1< j<N). (C3)
C.2. Affine Hecke algebra

The extended affine Hecke algebra # associated with W is the complex associative algebra gener-

ated by the invertible elements T1,..., Ty_1 and T, subject to the relations:
(Ti—g)(Tj+q')=0 (A<j<N), (C.4a)
Tka:Tij (1 ]<k—] <N—1) (C.4b)
TjTj+]Tj+1 :Tj+1TjTj+1 (1 ]<N—1) (C.4C)
TyT;j=TjTy (A<j<N-1), (C4d)
TNT; =T;TN 1<j<N). (C4e)

The Bernstein-Lusztig-Zelevinsky basis for #{ is in this situation of the form T, Y* (w € Sy,
» € ZN), where Ty, = Tsj1 -~-T5j( for w =sj, ---sj, a reduced expression (£ = £(w)) and Y* =

Yi . YAY with (cf. Eq. (C.3))

N |
Yj=T

Ty Ty TuTN-aTn—2 -+ T Tj (1<j<N) (C5)
pairwise commutative.

C.3. Difference-reflection representation

For 1<j <N, let T;: C(ZN) — C(ZN) be defined as

_ @—a HfM)+q ' fsin) ifr; >,
T;HM) =1 af () i =Aj41, (C.6)
qf(sj)\) if)»j <Ajy1

(f e c(ZNy, » € ZN). The difference-reflection representation h T(h) (h € H) of the extended affine
Hecke algebra on C(ZVN) is determined by the assignment Ti— T, (1<j<N)and Ty~ u.
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CA4. Integral-reflection representation

For 1< j<N,let I;: C(ZN) — C(ZN) be defined as

IiH)=afsip) +(q—q7h)

)\ —A .
— ] i+ fq, j—l,)»j+1+l,...,)»N) lfkj>)\.j+1,
x 10 ifrj=Aj41, (C.7)
)LJH —hiT ]f()q,...,)»j-i-l,)nj_;,_]—l,...,AN) ifAj<Xjp

(f e c(ZN), » € ZN). The integral-reflection representation h — I(h) (h € H) of the extended affine
Hecke algebra on C(ZN) is determined by the assignment Tj+ I; (1< j <N)and Y* > t; (1 €ZN).

C.5. Central difference operators

The elementary symmetric polynomials

mY)= Y J[Yi r=1.....N) (C.8)
Jci1,..,N} jeJ
1Jl=r
lie in the center of . The explicit action in C(ZN) of the corresponding operators m/1(7) e mTf(?)

under the difference-reflection representation is of the form:
mr(Y) =eMye~! (r=1,...,N), (C.9a)

with € : C(ZN) — C(ZN) and M, : C(ZN) — C(ZN) given by

€N)0s s i) = q%PH) F O, ANZ1, -0 A1), (C.9b)
M= Y g fo—e)) (C.90)

(f eC(@M), »eZN). Here p:=3(N—1,N—3,...,3—N,1—N), A is obtained from A by reorder-
ing the components of A in (weakly) decreasing order, w, denotes the shortest permutation in Sy
taking A to A4, and ej ==} ;.

The restriction of the action of m,(Y) to C(ZN)SN ~ C(Z ) with
Z’; ={reZN x> =)
is given by

(mr (V) f) () = 3 Vige(@)fG—ep) (Fec(zl), rezl), (C10a)

Jc{1,2,..,N}, | J|=r
Afe]eZ';



210 J.E van Diejen, E. Emsiz / Journal of Algebra 354 (2012) 180-210

where J¢:={1,...,N}\J and

1— q2U—k+D)

Vis@) =g ]
1<k<IKN
ke],le]¢

A=A

The diagonal action of m on the Hall-Littlewood basis entails the following Pieri formula:

myp;. = > Vi) (@®)prse, r=1.....N) (c11)
Jc{1,2,..,N}, | J|=r
A-&-ejezg

for the Hall-Littlewood polynomials

2
Xwk —q°X

s qz(p,mzxwx 1—[ ;vk _qx wi (AGZI;), (C12)
weSN 1<k<I<N wk wi

where x* := xé“ ~-~xﬁ” (14 € ZN). This Pieri formula amounts to a classic Pieri formula for the Hall-

Littlewood polynomials due to Morris [Mo].
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