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Abstract: We endow Ruijsenaars’ open difference Toda chain with a one-sided bound-
ary interaction of Askey—Wilson type and diagonalize the quantum Hamiltonian by
means of deformed hyperoctahedral g-Whittaker functions that arise as a t = 0 de-
generation of the Macdonald—Koornwinder multivariate Askey—Wilson polynomials.
This immediately entails the quantum integrability, the bispectral dual system, and the
n-particle scattering operator for the chain in question.

1. Introduction

It is well-known that the open and closed Toda chains may be viewed as limits of the hy-
perbolic and elliptic Calogero—-Moser—Sutherland particle systems, respectively [St,R1,
I,R2]. More general integrable open Toda chains with boundary interactions involving
potentials of Morse type [Ko,GW,Sk1] and of Poschl-Teller type [I,KJC] are recov-
ered similarly as degenerations of the Olshanetsky—Perelomov—-Inozemtsev generalized
Calogero—Moser—Sutherland systems with hyperoctahedral symmetry [I,0,Sh, GLO2].
Moreover, such limiting relations turn out to persist at the level of the Ruijsenaars-
Schneider particle systems and Ruijsenaars’ difference (a.k.a. relativistic) Toda chains
[R1,R2,R3,E,GLO1,HR,BC], as well as their hyperoctahedral counterparts [D2,C].
Specifically, in the hyperoctahedral case one recovers in this manner generalizations of
Ruijsenaars’ open relativistic Toda chain with boundary interactions that were studied
at the level of classical mechanics in Refs. [Sul,D1,Su2] and at the level of quantum
mechanics in Refs. [KT,D2,E,S,C].

In the present work we consider the Hamiltonian of such an open difference Toda
chain endowed with a one-sided four-parameter boundary interaction of Askey—Wilson
type. Upon diagonalizing the quantum Hamiltonian in question by means of deformed
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hyperoctahedral ¢g-Whittaker functions that arise as at = 0 degeneration of the Macdon-
ald—Koornwinder polynomials [K,M], the quantum integrability, the bispectral dual
system, and the n-particle scattering operator are deduced. For special values of the
Askey—Wilson parameters, our chain amounts to a difference counterpart of the D, -
type and the A,_i-type quantum Toda chains with one-sided boundary potentials of
Poschl-Teller and Morse type, respectively.

The presentation is structured as follows. After introducing our difference Toda chain
in Sect. 2 and defining the deformed hyperoctahedral g-Whittaker functions in Sect. 3,
the diagonalization of the Hamiltonian is carried out in Sect. 4 by identifying the cor-
responding eigenvalue equation with the + — 0 degeneration of a well-known Pieri
formula for the Macdonald-Koornwinder polynomials [D3,M]. The quantum integrals
and the bispectral dual system are then discussed in Sects. 5 and 6, respectively. In
Sect. 7 analogous results for a difference counterpart of the quantum Toda chain with
one-sided boundary potentials of Morse type are obtained by letting one of the boundary
parameters tend to zero (which corresponds to a transition from Askey—Wilson poly-
nomials to continuous dual g-Hahn polynomials [KLS]). We close in Sect. 8§ with an
explicit description of the n-particle scattering operator that relies on a stationary-phase
analysis that was performed in Refs. [R4,D4]. Some useful properties of the Macdonald—
Koornwinder multivariate Askey—Wilson polynomials have been collected in a separate
appendix at the end.

2. Difference Toda Chain with One-Sided Boundary Interaction of Askey—Wilson
Type

Formally, the Hamiltonian of our difference Toda chain is given by the difference oper-
ator [D2]:

n—1
H:=T+Y (1-q" """
j=2
n—2
+ D (=g I T (= g (1 — g T
j=1

+ws () (1= g1 7Ty +w () (1= g )T + U1, %), (2.12)

where
[o<r<3(1 = 1rg™) o< <31 = 17"
W) = o Ay W-() = e (21)
(I =g (A —g=*") (I =g)A =g~
Ce(l _ 6qx+l/2)
U,y = , 2.1
(o) ee{lz_” (I —eq 1721 —eq-17) 1o
with |
Co = — (1 —eq 1), (2.1d)
2V q notitt3 0953
and T; (j =1, ..., n) acts on functions f : R" — C by a unit translation of the jth

position variable

(TifHYxr, .o ooxp) = fx1, .o X1, X+ 1L X1, .00, X))
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Here g denotes a scale parameter and the parameters 7. (r = 0, ..., 3) play the role of
coupling parameters for the boundary interaction of Askey—Wilson type. Upon setting
th = —13 = g'/2, the additive potential term U (x,,—1, x,,) in H (2.1a)—(2.1d) vanishes.
The above Toda chain amounts in this case to a difference analog of the previously studied
D, -type quantum Toda chain with Poschl-Teller boundary potential [I,KJC,0,GLO2].
If we additionally set f) = —#1 = 1, then w4 (x) = w_(x) = 1 and we formally recover
a D,-type analog of Ruijsenaars’ difference Toda chain [KT,E,S,C] that was introduced
at the level of classical mechanics by Suris [Sul].

3. Deformed Hyperoctahedral ¢-Whittaker Functions

Let A denote the cone of integer partitions A = (A, ..., A,) with decreasingly ordered
parts A; > --- > A, > 0, and let W be the hyperoctahedral group formed by the semi-
direct product of the symmetric group S, and the n-fold product of the cyclic group
Zo = {1,—1}. Elements w = (0,€) € W act naturally on § = (§,...§,) € R”
via wé = (€185, ..., €,85,) (Witho € S, ande; € {1, -1} for j =1,...,n). A
standard basis for the algebra of W-invariant trigonometric polynomials on the torus
T =R"/(2wZ") is given by the hyperoctahedral monomial symmetric functions

my(E) = Y W e, 3.1)

newai

where the summation is meant over the orbit of A with respect to the action of W and
the bracket (-, -) refers to the usual inner product on R” (so (u, &) = wi&1+- - -+ unén).
This monomial basis inherits a natural partial order from the hyperoctahedral dominance
ordering of the partitions:

Vi heA: p<Aiff D opy< Dy for k=1,....n. (32
1<j=<k 1<j=<k

By definition, the basis of deformed hyperoctahedral ¢g-Whittaker functions p; (&),
A € A is given by the polynomials of the form

P =m@+ D cumu@) (el (3.3a)
HEN
with p<A
such that
(prmyu)a =0 ifp <4, (3.3b)

where the inner product
(f )= /A F®OAEE  (f.ge LA AE®)dE)  (34a)
is determined by the weight function

(€751 o0
[To<r<3 (fre'i) oo

A(S) — 1 1_[ ‘(ei(fﬁék)’ ei(éj—ék))oolz H (3.4b)

1<j<k<n 1<j<n
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supported on the hyperoctahedral Weyl alcove

A={¢.5,....0eR" [n>& >8&>--->§ >0} (3.5)

Here (x),, := Hf"zgl(l —xg") and (x1, ..., x)m = (X1)m - - - (x1)m refer to standard
notations for the g-Pochhammer symbols, and it is assumed that

ge0,1) and 7 € (=1, D\{0} (r=0,...,3). (3.6)

These deformed hyperoctahedral g-Whittaker functions p; (§),A € A amounttoar — 0
degeneration of the more general Macdonald-Koorwinder multivariate Askey—Wilson
polynomials introduced in Ref. [K] (cf. Appendix A below).

4. Diagonalization

It is known that the eigenfunctions of Ruijsenaars’ open difference Toda chain consist of
A, _1-type g-Whittaker functions given by a + — 0 limit of the Macdonald symmetric
functions [GLOL1]. In this section our aim is to show that an analogous result holds for
the chain with Askey-Wilson type boundary interactions from Sect. 2, upon employing
the deformed hyperoctahedral g-Whittaker functions from Sect. 3. To this end it is
convenient to reparametrize the boundary parameters of the Toda chain in terms of the
q-Whittaker deformation parameters (3.6) via

o= Jg Viohiss, 1 =i/t (r=1,2.3). @.1)

assuming (from now onwards) the additional positivity constraints
fo >0 and fofihriz > 0. “4.2)
Let po+ A :={po+ A | A € A} with
po := (log, (1), ..., log, (o)) € R”.

We write Zz(po + A, A) for the Hilbert space of lattice functions f : (o9 + A) — C
determined by the inner product

(f.8)a =D flpo+M)g(po+A:  (f.g € L2(po+n. A)), (4.3a)
AEA
where
Ao 1 —t2g®n (toty)5, 1
Ay = — (— i T (4.3b)
(qto)/\nfﬁkn 1 - 1y 0<r<3 (gtoty ))»,1 1<j<n (q))‘j_)‘jﬂ
and
Aoi=@oo ] (Bh) = @o [] totr. qtot; oo (4.3¢)
0<r<s<3 1<r<3

From the limiting behavior for + — 0 of the orthogonality relations satisfied by the
normalized Macdonald—Koornwinder polynomials (A.2a)—(A.2c), it is immediate that
the wave function

()22,

A) = =——7"7"—— A €A, A 4.4
Ve (po +A) H05,§3(totr)x,,m($) (AeA, Eeh) (4.4)
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satisfies the following orthogonality with respect to the spectral variable &:

AN if A = p,

] 4.5)
0 otherwise.

/Al/f(poﬂ)llf(pwu)ﬁ(é)dé = [

In other words, the corresponding Fourier transform F : £2(pg+ A, A) — L2(A, Ad§)
given by
(Ff)E) = (f,Ve)a = Zf(/?0+)»)‘ﬁs(,00+)»)Ax (4.6a)

rEA

(f € 0%( po+ A, A)) constitutes a Hilbert space isomorphism with an inversion formula
of the form

(F7' f)po+2) = (f, ¥ (po+ M)z = /A FEWe(po + 1) AE)de (4.6b)

( f e L%(A, Adé )). We will refer to F (4.6a), (4.6b) as the deformed hyperoctahedral
g-Whittaker transform.

The formal Hamiltonian H (2.1a)—(2.1d) restricts to a well-defined discrete difference
operator in the space of complex functions on the lattice pg + A. Indeed, when 7y ¢
{1, ¢'/?} it is manifest that for x = (x1, ..., x,) at these lattice points we stay away
from the poles in the coefficients of H stemming from the denominators of w4 (x,) and
U(x,-1, x,) and, moreover, that for any f : R” — C and any A € A the value of
(Hf)(po+2) depends only on evaluations of f at points of pg + A (due to the vanishing
of (1 — q’\j—kﬁl) at A; = Aj41 (1 < j < n) and the vanishing of w_(logq (o) + Ap) at
A =0):

(Hf)(po +2)
= D U fpo+r+ep)+ D vy (W f(po+h—e)+u@) f(po+1),

1<j=n I<j=n
MtejEA A—ejeh

4.7

where

Su_j
[To<,<3(1 — trt0g™") ) !

(1= 15g? ) (1 = 15q*+1)

U;()\.) — (1 _ q)uj—k_/+1)(1 _ tg,q)u,l,1+)\n)3n_j+3n_1_j

On—j
« H0§r53(1 - tr_ltoq}‘") !
(I = 15g?n —5g?=h |~

1 — etogin-1+1/2
u(h) = z ce( €loq )

iy (U= etogh =) (1 — ety Tq 1)’

vi0) = (1~ q*fﬂf)(

with ¢, taken from (2.1d). Here & := 1 if kK = 0 and §; := O otherwise, the vectors
e1,...,e, denote the standard unit basis of R”, and A9 := +00, A4 := —00 by
convention (so (1 — q}‘o_)‘l) = —q}‘n_k"“) = 1). The action of H on lattice functions
in Eq. (4.7) extends continuously from 79 ¢ {I, q'/?} to the full parameter domain
determined by Egs. (4.1), (4.2) and (3.6).
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Our main result implements the Hamiltonian under consideration as a self-adjoint
operator in the Hilbert space £2(po+ A, A) and provides its spectral decomposition with
the aid of the deformed hyperoctahedral ¢g-Whittaker transform.

Theorem 1 (Diagonalization). (i). For boundary parameters t. (4.1) determined by the
q-Whittaker deformation parameters t, (3.6), (4.2), the action of the difference Toda
Hamiltonian H (2.1a)—(2.1d) given by Eq. (4.7) constitutes a bounded self-adjoint oper-
ator in the Hilbert space €2 (po+ A, A) with purely absolutely continuous spectrum. (ii).
The operator in question is diagonalized by the deformed hyperoctahedral q-Whittaker
transform F (4.6a), (4.6b):

H=F'0EoF, (4.8a)
where E denotes the bounded real multiplication operator acting on f e L2(A, Ad& )
via

(Ef)&) = E@)f&) with EE):=2 > cos(&)). (4.8b)
l<j=n
Proof. The first part of the theorem is immediate from the second part. To prove the
second part it suffices to verify that the deformed hyperoctahedral ¢-Whittaker kernel
V¢ satisfies the eigenvalue equation Hvs = E(§)v¢, or more explicitly that:

E Vi) Ye(po +A+ej) + E v; (M (po+ 24 —ej)
I<j<n I<j<n
AtejeN A—ejeN

+u (Mg (o + 1) = E(E) e (0o + ).

This eigenvalue equation follows from the Pieri formula for the Macdonald—Koornwinder
polynomials (A.4) in the limit + — 0. Indeed, it is clear that in the Pieri formula
lim, o P5.(€) = (oo + ), limy 0 V7 () = vi(), im0 257V, (1) = v} (V)
and one also has that

lim ;(fj+fj_1)— Z Vi — Z Vi) | =u.

l<j=n I<j=n
AtejEN A—ejeN

This last limit formula is not evident but can be deduced from the following rational
identity in g™, ..., g™:

n 3 xj+xk 1 — thjka
Z ol w+(x,) H RIS g
Jj=1 I<k<n

k#j

n 1 — t—qu AT quj—xk

+Z i — Tiw—(x;) H RTINS G

1<k<n

k#j

1 — etg=12 1 — e~ 1g¥i+1/2

=C > J]a-ewqg'? 1—1_[1

eell,—1}0<r<3 j=1

—eqi 12 T —egiti2 ’
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where C; = —%tf(;l (1—=0)~'(1 =g~ ')~ upon replacing g/ by rjqkf (G=1,...,n)
and performing the limit + — 0. To infer the rational identity itself, one exploits the
hyperoctahedral symmetry in the variables x1, ... x, and checks that—as a function of
x;j (with the remaining variables fixed in a generic configuration)—the residues at the
(simple) poles on both sides coincide. Hence, the difference of both rational expressions
amounts to a W-invariant Laurent polynomial in ¢g*!, ..., ¢*. The Laurent polynomial
in question must actually vanish, as the rational expressions under consideration tend to
Oforx; = (n+1 — j)cinthe limit ¢ — +oo. O

5. Integrability

The quantum integrability of the difference Toda Hamiltonian H (2.1a)—(2.1d) is an
immediate consequence of the diagonalization in Theorem 1. In effect, a complete system
of commuting quantum integrals in the Hilbert space £>(pg + A, A) is given by the
bounded self-adjoint operators

Hl::FiloEA‘lOF, l=1,...,n, (51)

where El : L2(A, Ad.f ) —> L%(A, Ads ) denotes the real multiplication operator by
Ei(§) :=my, (§) withw; := e +--- + ¢ (so Hi = H). The operator H; (5.1) acts on
f € £%(po + A, A) as a difference operator of the form

(H.f)(po +2) = > CG)f(po+n+ecy), (5.2a)

Jc{l,...,n},0<|J <
e;e{l,—1},jel;Atec s €A

where e, := ZjeJ €jej, |J| denotes the cardinality of J C {1, ..., n}, and the coeffi-
cients l ,
chon = lim o) (5.2b)

arise as t+ — 0 limits of the expansion coefficients in the corresponding Pieri formula for
the normalized Macdonald—Koornwinder polynomials Py (§) (A.l1a), (A.1b) (cf. [D3,
Sec. 6]):
E/©)Py(§) = > CY) (P, (6). (5.20)
Jc{l,...,n},0<|J <l
e;e{l,—1},jel;Atec j €A

Notice in this connection that the Pieri expansion coefficients
; . .
C) /() = Asse,, /A E /(6P (6)Prre,, B)A()dE

are continuous at ¢ = 0, because the Macdonald—Koornwinder weight function &(5 )
and (thus) the polynomials Py (§), . € A are continuous at this parameter value (cf.
Appendix A).

In practice it turns out to be very tedious to compute the + — 0 limiting coefficients
CE(ZJ) (1) explicitly with the aid of the known explicit Pieri formulas for the Macdonald—
Koornwinder polynomials in [D3, Sec. 6] beyond / = 1. For a particular second quantum
integral belonging to the commutative algebra generated by Hj, ..., H,, however, the
required computation results to be surprisingly straightforward. More specifically: from
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the t — O limiting behavior of the » = n (top) Pieri formula for the Macdonald—
Koornwinder polynomials in Theorem 6.1 of [D3], one readily deduces that the action

on f € £2(py + A, A) of the operator Hp = Flo Q o F, where Q refers to the
self-adjoint multiplication operator in L2(A, Ad€) by
n
0&) := [ @cos&)) —io — iy 1,
j=1
is given explicitly by
(Hg f)(po+ 1)

= > Uk, k- OIvs g W) flpo+r+es, —es), (53)

JLUJ_UK UK _={l,...,n}
[ S|+ - |+ K+ [+ K~ |=n
Atey, —ej_€A

with
g = [ A=gh7%) T (1 —ghhm=ouirh)

JEJ+ jelJ_
j—1¢Jy j¥lgJ_

X(l _ tgq)»n_1+)\n)‘Sj_i(”_l)‘sjf(n)_‘sjfmji (”_l)éj_fmji (n)

x(1 — tgq)»n—ﬁ)»n*l)af, (n=18,_(n) w+()\n)31+(n)w_()\n)5j, (n)
and

ug, k() = (=i) KT TT (1= g2 [T a=gheth

keK, keK,
k—leK_ k+leK_

x(1 — tgq)vn—l"')hn*'l)alﬂ.(”_1)6K+(n)(l _ tgq)»n71+)\n)51<, (n—1)dg_(n)
xwy () K D () K-,
Here d, : {1, ...,n} — {0, 1} denotes the characteristic functionof J C {1, ..., n}and
Je={1,...,n}]\J.

Corollary 1. The difference Toda Hamiltonians H (4.7) and Hg (5.3) are bounded,
self-adjoint, commuting operators in €*(po + A, A) for which the deformed hyperoc-
tahedral q-Whittaker functions g (4.4) constitute a complete system of (generalized)

Jjoint eigenfunctions corresponding to the eigenvalues E (&) and Q(E ), respectively.

6. Bispectral Dual System

For + — 0 the Macdonald—Koornwinder g-difference equation (A.3) amounts to the
following eigenvalue equation satisfied by the deformed hyperoctahedral g-Whittaker
functions:

Apy =@ —Dpy  (LeAl), ©6.1)
with .
A= (0, - D+i,-6)T;) - 1), (6.20)

j=1
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and
H0<r<3(1 B tre Ej i (€ 1 i (& 1
05(6) = = e || (=G Ia - G8) 71 (6.2b)
a- 151)(1 q¢ ls] 1<k<n
k#j
where f"j,q acts on trigonometric (Laurent) polynomials p(e’é!, ..., ¢/5) by a g-shift
of the jth variable:
(T g D), ... ) = p(el®t, ... eim1, gelsi efSit . elfm),

The following proposition is now immediate.

Proposition 1 (Bispectral Dual Hamiltonian). The t = 0 Macdonald—Koornwinder q-
difference operator H (6.2a), (6.2b) constitutes a nonnegative unbounded self-adjoint

operator with purely discrete spectrum in L*(A, Ad& ) that is diagonalized by the (in-
verse) deformed hyperoctahedral q-Whittaker transform F (4.6a), (4.6b):

H=FoEoF !, (6.3a)
where E denotes the self-adjoint multiplication operator in £>(pg + A, A) of the form

(Ef)(po+2) :==(q@ " =D f(po+1) (A€ A) (6.3b)
(for f € £2(po + A, A) with (Ef, Ef)a < 00).

One learns from Theorem 1 and Proposition 1 that the eigenfunction transforms
diagonalizing the difference Toda Hamiltonian H (4.7) and the + = 0 Macdonald—
Koornwinder difference operator H (6.2a), (6.2b) are inverses of each other. This fact
encodes the bispectral duality of the operators under consideration in the sense of Duis-
termaat and Griinbaum [DG, G]: the kernel function ¥¢ (po+2) of the deformed hyperoc-
tahedral g-Whittaker transform F (4.6a), (4.6b) simultaneously solves the corresponding
eigenvalue equations for H and H in the discrete variable po+A and the spectral variable
&, respectively.

Explicit commuting quantum integrals for the dual Hamiltonian H (6.2a), (6.2b)
are obtained as a t+ — 0 degeneration of the commuting difference operators in [D3,
Thm. 5.1]:

H = E UseroinVerTer g, 1=1,...,n, (6.4)
JC{l,...n}, 0<|J|<l
e;e{l,—1},jeJ

with Tey g =1, T3

JeJ T j.q and

. [To<r<3(1 — f,efffff : ,

V.= 1 — of€ii+ey =11 — pile;&i—8)y—1

)
% H a- ei(€j§j+€k§k))—1(1 _ qei(ejéﬁék%‘k))—l’

j.ked
Jj<k
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_ 7 pi€j&j
Ukpi=DF > (H [To<y<3(1 — iref€i®i)

ek T il (11— eZiEij)(l _qe2i€jéj)

ejefl,—1},jel
% H a- ei(€j€j+$k))—1(1 _ ei(éij—Ek))—l
jel
keK\I
% H (a1- ei(€_j§_j+€k§k))—1(1 _ q—le—i(6j$j+€k§k))—1)
j.kel
Jj<k
(so Hy = H). The diagonalization in Proposition 1 now generalizes to the complete
system of commuting quantum integrals Hy, ..., H, as follows.

Theorem 2 (Bispectral Dual System). Let E; (1 <[ < n) denote the self-adjoint multi-
plication operator in 0*(py + A, A) given by

(Eitf)(po+2):=E, 1 f(po+2) (L €A) (6.5a)
(on the domain of f € £*(po + A, A) for which (E; f, E; f)a < 00), where
Ej =g MR g mM ) g g Tt (ghe g, (6.5b)

The q-difference operators H (6.4) constitute nonnegative unbounded self-adjoint op-
erators with purely discrete spectra in L*(A, AdE) that are simultaneously diagonalized
by the (inverse) deformed hyperoctahedral q-Whittaker transform F (4.6a), (4.6b):

H=FoEoF ', I=1...n (6.5¢)
Proof. It suffices to verify that
Hipy=Ewipn (heA, I=1,...,n).

This is achieved by multiplying the /th eigenvalue equation in Eq. (5.8) of [D3] by a scal-
ing factor ¢/"=D+(=1/2 and performing the limit 7 — 0. Indeed, since the Macdonald—
Koornwinder polynomial p, converges to the deformed hyperoctahedral g-Whittaker
function p,, we see from the explicit formulas for the operators in question that the
LHS of the cited eigenvalue equation converges in this limit manifestly to H py. (up to
an overall factor t(l)). Hence, the RHS must also have a finite limit for r — 0, which

confirms that p, is an eigenfunction of H (using again that p; =9 py). Forl > 1itis
not obvious from [D3, Eq. (5.5)] that the (limiting) eigenvalue is indeed given by Ej ;
(6.5b), but this can be deduced quite easily from the asymptotics of m; and Him, at
&= —cip,p:=mn—1,...,2,1)forc — +oo. Indeed, one readily computes that for
¢ — +00: my = e*P(1 +0(1)) and I:I1m;h = E;hleo"p)c(l + 0(1)) (using the explicit
formula for H; and the asymptotics

I=j=n

Mocy 30 =™ cosoe [1F ife =1
(l_eZieéj)(l_qui€§j) 1 ife=-1
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and

n o [0 ife=1
(1 — gele i) =1 x5 [1 e (si<k=w,

where a € {1, 0, —1}). But then also p, = e*?)¢(1+0(1)) and H; p; = E; je*P(1+
o(1)) for ¢ — 400 by the triangularity (3.3a) and the property that (i, p) < (A, p) if
@ < A. The upshot is that the eigenvalue of H; on the eigenpolynomial p; must be equal
to £ . O

The g-difference operators Hj (6.4) commute in the space of W-invariant trigono-
metric polynomials on T. It is clear from Theorem 2 that this commutativity extends in
the Hilbert space in the resolvent sense: for

ago(H):={E ;| AeA}C[0,+00) (=1,...,n)

A

the resolvents (ﬁl —zD7 L (I:I,L — z,D)~! of the unbounded operators ﬁl, ..., H,
mutually commute as bounded operators in L?(A, AdE).

Theorem 2 and Sect. 5 lift the bispectral duality of H (4.7) and H (6.2a),(6.2b) to
the complete systems of commuting quantum integrals. The bispectral dual integrable

system Hji, ..., H, associated with our difference Toda chain can actually be identified
as the strong-coupling limit (+ = g8, g — +00) of a trigonometric Ruijsenaars-type
difference Calogero-Moser system with hyperoctahedral symmetry [D2]. Analogous
bispectral dual systems were linked previously to the open quantum Toda chain and
Ruijsenaars’ open difference Toda chain. Specifically, the open quantum Toda chain and
the strong-coupling limit of Ruijsenaars’ rational difference Calogero-Moser system
turn out to be bispectral duals of each other [B,HR,Sk2,Kz], and the same holds true
for Ruijsenaars’ open difference Toda chain and the + = 0 trigonometric/hyperbolic
Ruijsenaars-Macdonald operators [GLO1,HR,BC]. Dualities of this type were actually
first established for the corresponding particle systems within the realms of classical
mechanics: the action-angle transforms linearizing the open Toda chain and the strong-
coupling limit of the rational Ruijsenaars-Schneider system are the inverses of each other
and the same holds true for the action-angle transforms for Ruijsenaars’ open relativistic
Toda chain and the strong-coupling limit of the hyperbolic Ruijsenaars-Schneider system
[R1,F].

7. Parameter Reductions

As already anticipated at the end of Sect. 2, for /y = —f3 = ¢'/? and fy = —7; — 1
(sotg = —t) > land rp = —13 — ql/z) the difference Toda Hamiltonian H (4.7)
and the deformed hyperoctahedral g-Whittaker functions p, (§), A € A degenerate to
a difference Toda Hamiltonian and g-Whittaker functions of type D, [Sul,KT.,E,S,
C]. Even though formally these limiting values of the parameters do not respect our
restriction that 7, € (—1, )\{0} (for r = 0,...,3), it is readily inferred from the
formulas that the results of Sects. 3—6 nevertheless remain valid at this specialization of
the parameters.
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In this section we are concerned with the behavior for 7y — 0. In this limit, the
difference Toda chain turns out to be governed by a Hamiltonian of the form

n n—1
H=Ti+> (1—¢9" 7T+ > (1— g% )T}
j=2 j=1

+ JI a-idg™H)a—-gm1,!

1<r<s<3

+({) + b+ 3)g™ + fibaig® " (@ T g — 1= g7, (D)

When 73 = 0, the Hamiltonian in question constitutes a Ruijsenaars-type difference
counterpart of the quantum Toda chain with one-sided boundary potentials of Morse
type [Sk1,1]. If in addition f» = —1, then the difference Toda chain under consideration
amounts to a quantization of a relativistic Toda chain with boundary potentials introduced
by Suris [Sul,KT]. For fil=fh =f3=0andforf; = —f, = q1/2 with 13 = —1,
we recover in turn hyperoctahedral difference Toda chains of type B, and C,, that are
diagonalized by g-Whittaker functions of type C,, and B,,, respectively [E,S,C]. Again,
even though formally none of these specializations respect our restriction that 7, €
(=1, D\{0} (for r = 1, 2, 3), it is clear that the formulas below in fact do remain valid.

7.1. Deformed hyperoctahedral q-Whittaker function. For o — 0, the deformed hyper-
octahedral ¢g-Whittaker functions p; (£) (3.3a), (3.3b) degenerate into a three-parameter
family of orthogonal polynomials p; (§), A € A associated with the weight function

1
@m)"

(e*5) oo
HlerS(freigj)oo

I ‘(ei($j+§k)’ei(gj—Sk))oo)z I

1<j<k<n 1<j<n

AE) =

The orthogonality relations for these polynomials read [cf. Eq. (4.5)]

| px©, @ Ay = {ﬁk_ 1 o (12)
where
A = Bo _
(D [Th<p<5<3trts), 1<j<n (Dr;=nju
with

Ao = (@)oo H (friv)oo-

1<r<s<3

For n = 1, the limit p; 020 p, amounts to a well-known reduction from the Askey-
Wilson polynomials to the continuous dual g-Hahn polynomials [KLS].
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7.2. Hamiltonian. The difference Toda eigenvalue equation Hre = E ()¢ becomes

in the limit7y — O of the form Hps = E(S)rbg with¢e : A — Cgivenby ¢z (L) = p; (§)
EeA xe A),whereH (7.1)actson f : A — Cvia

HNHW = D vt fGren+ D vi)f0—e)+u()fG).  (13)

1<j<n 1<j<n
AtejeA A—ejeN
with
Vi) = (1 =g 7h),
_ y an 1\ O
v ) = (=g (a—g T a-iigh)",
1<r<s<3
uQ) = (h+ b +B)g"™ +hbig™ (g g™ =1 —g7")
(subject to the convention that Ag = +00 and A,+] = —00).

7.3. Diagonalization and integrability. Let F : (2(A, A) — L%(A, Ad§) denote the
(fo — 0 degenerate) Hilbert space isomorphism determined by the orthogonal basis p; ,
A EA:
FENHE) = (f.pz)a = Z f s (M)A, (7.4a)
AEA
(f € £2(A, A)) with

F'HM) = (f,000); = /A FE) e MAE)dE (7.4b)

(f € L2(A, Adg)), and let E; : L2(A, Adg) — L2(A, Ad¢) (I = 1,...,n) be the
multiplication operators defined in accordance with Sect. 5.

The commuting bounded self-adjoint operators Hy, . .., H, (with absolutely contin-
uous spectra) in £2(A, A) given by
H=F'0EoF, [=1,...,n, (7.5)

constitute a complete system of quantum integrals for the difference Toda Hamiltonian
H; = H (7.3).

7.4. Bispectral dual system. Let Hi, ..., H, denote the commuting g-difference op-
erators in Eq. (6.4) with fo = 0 and let Eq, ..., E, be the self-adjoint multiplication
operators in P2(A, A) given by [cf. Egs. (6.5a), (6.5b)]
ENHR) =B f(h) (GeA l=1,...,n) (7.6a)
(on the domain of f € £2(A, A) for which (B f,Ei f)a < 00), with
By =q Mg -, (7.6b)

Then one has that

H =FoEoF ', [=1,...,n, (7.7)
i.e. the g-difference operators constitute nonnegative unbounded self-adjoint operators
with purely discrete spectra in L2 (A, &dé ) that are simultaneously diagonalized by the

three-parameter (inverse) deformed hyperoctahedral g-Whittaker transform F (7.4a),
(7.4Db).
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8. Scattering

In Ref. [D4] the scattering operator for a wide class of quantum lattice models was
determined by stationary-phase methods originating from Ref. [R4]. It follows from the
diagonalization in Theorem 1 that our difference Toda chains fit within this class of lattice
models. Indeed, the deformed hyperoctahedral g-Whittaker functions p,, A € A belong
to the family of orthogonal polynomials defined in [D4, Sec. 2], since the orthogonality
weight function A(é ) (3.4b) is of the indicated form (with R = BC,) and moreover
meets the demanded analyticity requirements. We will close by briefly indicating how
the general scattering results from Ref. [D4, Sec. 4.2] specialize in the present difference
Toda setting.
Let H be the self-adjoint discrete Laplacian in £2(A) of the form

Hof)R) = D f+ep+ D f—ej) (f €l (A)),
I<j<n I<j=n
)L+e_,~eA )ﬁe_,'eA

and let H denote the pushforward
H:=AYV2PHAT'? (8.1)

of the difference Toda Hamiltonian H (4.7) onto the Hilbert space £2(A) via the Hilbert
space isomorphism A'/2 : £2(pg + A, A) — £>(A) given by

(A2 )00 = A F(po+2)  (f € Plpo+ A, A)) (8.2)
(where A™1/2 .= (A1/2)~1), Clearly, one has by Theorem 1 that
H=F'EF with F:=A"FA2, (8.3)
where 31/2 cL2(A, Adé ) — L?(A) denotes the Hilbert space isomorphism given by
A He =A2EfE)  (f e LA, Ade)) (84)
(and E (4.8b) is now regarded as a self-adjoint bounded multiplication operator in
L?(A)). Moreover, it is elementary that the spectral decomposition of the discrete Lapla-
cian H is given by
Ho=F, 'EFo,

where Fq : £2(A) — L*(A) denotes the Fourier isomorphism

(Fo)E) =D fFOWxe) (8.52)

rEA

(f € £2(A)) with the inversion formula

F'Ho = /A FE) xe(M)de (8.5b)
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( f € L2(A)). Here we have employed the anti-invariant Fourier kernel

1 i
I ; (w(p+2),§)
Gy Z e,
weW

xs (1) =
with sign(w) = €;---€,sign(o) for w = (0,¢) € W = §, x {l,—1}" and p =
(n,n —1,...,2,1). Notice that Fy is recovered from F in the limit g — O, i, —> 0
(r=0,...,3).

The scattering operator describing the large-times asymptotics of the difference Toda
dynamics M relative to the Laplacian’s reference dynamics eMo" turns out to be
governed by an n-particle scattering matrix S(§) that factorizes in two-particle pair
matrices and one-particle boundary matrices:

S& = [] s&-tsE+&) [] s0Ep. (8.6a)
1<j<k<n 1<j<n
with
. (qeix)oo _ 2m)oo (ire lx)oo
s(x) 1= - and solx) = (e—m) OqlL e (8.6b)

To make the latter statement precise, let us denote by Co(Arey) the dense subspace of

L?(A) consisting of smooth test functions with compact support in the open dense subset
Areg C A on which the components of the gradient

VE(&) = (—2sin(§y), ..., —2sin(,)), &€ A

do not vanish and are all distinct in absolute value. We now define an unitary multipli-
cation operator S : LZ(A, d¢) — L2(A, d&) via its restriction to Co(Areg) as follows:

SHE) =Swe&) fE)  (f € ColAren), (8.7)

where wg € W for & € Ay, is such that the components of wSVE (&) are all positive
and reordered from large to small.

Theorem 4.2 and Corollary 4.3 of Ref. [D4] then provide the following explicit
formulas for the wave operators and scattering operator of our difference Toda chain.

Theorem 3 (Wave and Scattering Operators). The operator limits

Q=5 — lim "M iHo
t—+00

converge in the strong £*(A)-norm topology and the corresponding wave operators Q*
intertwining the difference Toda dynamics e with the discrete Laplacian’s dynamics
Mot are given by unitary operators in £2(A) of the form

Qf = F 1o S§TV2 0 Fy,
where the branches of the square roots are to be chosen such that

|(trelx)oo|

(trelx)oo

(qeix)oo 12 _
_— d
ey @4 S0t |(qe2”<>oo| [1

0<r<3

OREE
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Hence, the scattering operator relating the large-times asymptotics of the difference
Toda dynamics e fort — —oo andt — +00 is given by the unitary operator

S:=@H'Q =F,;' oS0 Fo.

The degenerate case of the difference Toda chain discussed in Sect. 7 is also covered
by Theorem 3, upon setting pg equal to the nulvector in Eq. (8.2), replacing H (4.7) by
H (7.3)in H (8.1) and F (4.6a), (4.6b) by F (7.4a), (7.4b) in F (8.3), and substituting
fo = 0 overall.

Appendix A: Macdonald—Koornwinder Polynomials

This appendix collects some key properties of the Macdonald—Koornwinder multivariate
Askey-Wilson polynomials [K,D3,M]. In the case of one variable (n = 1), the properties
below specialize to well-known formulas for the Askey-Wilson polynomials (see e.g.
[KLS]).

The Macdonald—Koornwinder polynomials p;(§) (A € A, & € T) are defined as
polynomials of the type in Eqgs. (3.3a), (3.3b), (3.4a) associated with the weight function
[K, Sec. 5], [M, Ch. 5.3]:

(ei(€j+§k),ei(€j*§k))oo 2

NGpEe—— e [1
@y 2z Mosras (re®oo || o Hael @80, el 67800 17

‘2
with g € (0, 1) and ¢, % € (=1, D\{0} *r = 0, ..., 3). For t — O this weight func-
tion passes into that of Eq. (3.4b), whence the polynomials in question degenerate
in this limit continuously to the deformed hyperoctahedral g-Whittaker functions of
Sect. 3. Notice in this respect that for x € R and |f| < ¢ (< 1) quotients of the form
(€)00/ (te'*) oo remain bounded in absolute value by (—1)oe/(€)00, SO We may inter-
change limits and integration for t — 0 when integrating trigonometric polynomials
against the Macdonald—Koornwinder weight function A(g ) over the bounded alcove A
(by dominated convergence).
The normalized Macdonald—Koornwinder polynomials

Pi(§) :=cpa(€) (A e Ay), (A.la)

where

2 -1
¢ (T2, (T (T Inj—a (A.1b)
T l l . . —1 .
Ho§r§3(trfj)kj I<j<k<n (tfjfk)kjﬂk (ttjT, )Aj_xk

1<j<n
with 7; := " 1o (G=1,...,n)and t. (r =0,...,3) given by Eq. (4.1), satisfy the
following orthogonality relations [K, Sec. 5], [D3, Sec. 7], [M, Ch. 5.3]:

A ifa = p,

A2
0 otherwise, (A22)

/A P, (6)P, B)A(E)ds = [
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with
1—12g%% (trt))
JIkj
Ani=40 [] (ﬁ I1 %)
1<j<n T 0=r=3 @ T
< 1 L= gymgh ™ (w1 — 1 g Gt iy
T e T N (L L Py
(A.2b)
and . nn ;
(q,t)) (15" )
Ao= ] o Ligrasgs G Do (A20)

1<j<n (, foty at312" 1= 1) g

These orthogonal polynomials satisfy moreover a second-order g-difference equation
[K, Sec. 5], [M, Ch. 5.3, 4.4]:
n
P,(&) > (q oyt (g — D+ (g = 1))
j=1

= > Vi@)(Pr(& —ilog(q)e;) — Pr(§)) + Vi(—&) (Py(& +ilog(q)e)) — P (),

I<j<n
(A.3)
with . ) '
v H05r53(1 — fre'bi) 1 — 1l €8 1 — peiGi—81)
1) = (1 = gei®) 1<kH< | &0 | — €5
<k<n
k]
and a Pieri-type recurrence formula [D3, Sec. 6], [M, Ch. 5.3, 4.4]:
n
P, (§) D (2cos(&)) — 2 — &)
j=1
= D Vi) (£iPrse; (&) — Pa(®))
I1<j<n
Ate;EN
+ 20 V0 (3 Py ) — PL®). (A4)
1<j<n
k—ejEA
with 2; :=""Jfy (j = 1,...,n) and
VO = ‘El_l H0§r§3(1 — frqu)hj) H 1— Ifjfkq)‘/+)"‘ 1-— t‘l.'j‘[k_lq)‘j_}‘k
J : = .L.qu2)\j)(1 _ .L.ng2)\j+l) | =ken 1— .L-jl-kq)n_/‘*')»k 1— tjtk—lqkj—)nk ’
k#j
V_()\.) — fl H05r§3(1 - tr_ltjq)tj) H - t_lrjtquj-”tk 1- tilrjrk_lq)xji)\k
/ (1 = ;g™ = 7g*~h 1=tz 1— 1t 1 — g gk
J

(where the vectors ey, . .., e, refer to the standard unit basis of R").
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