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Abstract: In this paper we study root system generalizations of the quantum Bose-
gas on the circle with pair-wise delta-function interactions. The underlying symmetry
structures are shown to be governed by the associated graded algebra of Cherednik’s
(suitably filtered) degenerate double affine Hecke algebra, acting by Dunkl-type differ-
ential-reflection operators. We use Gutkin’s generalization of the equivalence between
the impenetrable Bose-gas and the free Fermi-gas to derive the Bethe ansatz equations
and the Bethe ansatz eigenfunctions.

1. Introduction

Given any affine root system X, Gutkin and Sutherland [10, 31] defined a quantum inte-
grable system whose Hamiltonian —A + ) has a potential V expressible as a weighted
sum of delta-functions at the affine root hyperplanes of X. For the affine root system
of type A, the quantum integrable system essentially reduces to the quantum Bose-gas
on the circle with pair-wise delta-function interactions, which has been the subject of
intensive studies over the past 40 years.

The special case of the impenetrable Bose-gas on the circle was exactly solved by
relating the model to the free Fermi-gas on the circle (see Girardeau [9]). Soon after-
wards fundamental progress was made for arbitrary pair-wise delta function interactions
by Lieb & Liniger [22], Yang [32] and Yang & Yang [33], leading to the derivation of the
associated Bethe ansatz equations and Bethe ansatz eigenfunctions. Yang & Yang [33]
showed that the solutions of the Bethe ansatz equations are controlled by a strictly con-
vex master function. One of the aims of the present paper is to generalize these results to
Gutkin’s and Sutherland’s quantum integrable systems associated to affine root systems.

Quantum Calogero-Moser systems are root system generalizations of quantum Bose-
gases on the line or circle with long range pair-wise interactions. In special cases quantum
Calogero-Moser systems naturally arose from harmonic analysis on symmetric spaces.
A decisive role in the studies of quantum Calogero-Moser systems has been played by
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certain non-bosonic analogs of these systems, which are defined in terms of Dunkl-type
commuting differential-reflection operators. Suitable degenerations of affine Hecke alge-
bras naturally appear here as the fundamental objects governing the algebraic relations
between the Dunkl-type operators and the natural Weyl group action.

In this paper we define Dunkl-type commuting differential-reflection operators asso-
ciated to the root system generalizations of the quantum Bose-gas with delta-function
interactions. We furthermore show that the Dunkl-type operators, together with the nat-
ural affine Weyl group action, realize a faithful representation of the associated graded
algebra of Cherednik’s [3] (suitably filtered) degenerate double affine Hecke algebra.
These results show that these quantum integrable systems naturally fit into the class
of quantum Calogero-Moser integrable systems, a point of view which also has been
advertised from the perspective of harmonic analysis in [15, Sect. 5].

The quantum integrable systems under consideration for affine root systems % of
classical type still have reasonable physical interpretations in terms of interacting one-
dimensional quantum bosons. In these cases various results of the present paper can be
found in the vast physics literature on this subject. We will give the precise connections
to the literature in the main body of the text.

The knowledge on the quantum Bose-gas with pair-wise delta-function interactions
still far exceeds the knowledge on its root system generalizations. In fact, an important
feature of the quantum Bose-gas with pair-wise delta-function interactions is its reali-
zation as the restriction to a fixed particle sector of the quantum integrable field theory
in 1 4+ 1 dimensions governed by the quantum nonlinear Schrodinger equation. This
point of view has led to the study of this model by quantum inverse scattering methods.
With these methods a proof of full orthogonality of the Bethe eigenfunctions on a period
box (with respect to Lebesgue measure) is derived in [5] and the quadratic norms of the
Bethe eigenfunctions are evaluated in terms of the determinant of the Hessian of the
master function (conjectured by Gaudin [8, Sect. 4.3.3] and proved by Korepin [20]).

At this point we can only speculate on the generalizations of these results to arbitrary
root systems. The quantum inverse scattering techniques are only in reach for classical
root systems, in which case we have quantum field theories with (non)periodic integrable
boundary conditions at our disposal, see [29]. In general it seems reasonable to expect
that the Bethe eigenfunctions are orthogonal on a fundamental domain for the reflection
representation of the affine Weyl group (with respect to Lebesgue measure), and that
their quadratic norms are expressible in terms of the determinant of the Hessian of the
master function at the associated spectral point.

The contents of the paper is as follows. Sections 2 and 3 are meant to introduce the
quantum integrable systems and to state and clarify the results on the associated spec-
tral problem. We first introduce in Sect. 2 the relevant notations on affine root systems.
Following Gutkin [11] we formulate the spectral problem for the quantum integra-
ble systems under consideration as an explicit boundary value problem. We state the
main results on the boundary value problem (Bethe ansatz equations and Bethe ansatz
eigenfunctions) and we introduce the associated master function. In Sect. 3 we formulate
the analog of Girardeau’s equivalence between the impenetrable Bose-gas and the free
Fermi-gas on the circle for the quantum integrable systems under consideration.

In Sect. 4 we introduce Dunkl-type commuting differential-reflection operators and
show that they realize, together with the natural affine Weyl group action, a faithful
realization of the associated graded algebra H of Cherednik’s [3] (suitably filtered)
degenerate double affine Hecke algebra. In Sect. 5 we show that Gutkin’s [11] inte-
gral-reflection operators, together with the ordinary directional derivatives, yield an
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equivalent realization of H. The equivalence is realized by Gutkin’s [11] propagation
operator. We furthermore show that the Dunkl operators naturally act on a space of
functions with higher order normal derivative jumps over the affine root hyperplanes.

In Sect. 6 we return to the boundary value problem of Sect. 2. Using the Hecke-type
algebra H we refine and clarify Gutkin’s [11] generalization of Girardeau’s equivalence
between the boundary value problem for the impenetrable Bose gas and the boundary
value problem for the free Fermi-gas as formulated in Sect. 3. The results in this section
entail that the boundary value problem is equivalent to a boundary value problem with
trivial boundary value conditions, at the cost of having to deal with a non-standard affine
Weyl group action. In Sect. 7 we study the reformulated boundary value problem, lead-
ing in Sect. 8 to the derivation of the Bethe ansatz equations. In Sect. 9 we study the
master function and show how it leads to a natural parametrization of the solutions of the
Bethe ansatz equations. In Sect. 10 the solutions of the Bethe ansatz equations are further
analyzed. In Sect. 11 it is proved that the boundary value problem has solutions if and
only if the associated spectral value is a regular solution of the Bethe ansatz equations.
In case of root system of type A, this is known as the Pauli principle for the interacting
bosons.

2. The Boundary Value Problem

In this section we recall Gutkin’s [11] reformulation of the spectral problem for periodic
integrable systems with delta-potentials in terms of a concrete boundary value problem.
We furthermore state the main results on the solutions of the boundary value problem
and we detail the physical background.

In order to fix notations we start by recalling some well known facts on affine root
systems, see e.g. [17] for a detailed exposition. Let V be an Euclidean space of dimen-
sion n. Let ¥ be a finite, irreducible crystallographic root system in the dual Euclidean

space V*. We denote (-, -) for the inner product on V* and || - || for the corresponding
norm. The co-root of & € Ty is the unique vector ¢ € V satisfying
f@) =229 ygevn,

el

We write Eg = {(Xv}aezo for the resulting co-root system in V. We fix a basis Iy =
{ay, ..., a,} for the root system Xy. Let X9 = 28’ U X, be the corresponding decom-
position in positive and negative roots. We denote p € V* for the half sum of positive
roots and ¢ € 20+ for the highest root with respect to the basis Iy. The highest root ¢ is
a long root in . We define the fundamental Weyl chamber in V* by

Vi={EeV* &) >0 YaeZfh 2.1

Let V be the vector space of affine linear functionals on V. Then V~V*®Ras
vector spaces, where the second component is identified with the constant functions on
V. The gradient map D : V> V* is the projection onto V* along this decomposition.

The subset ¥ = Yo+ Z C V is the affine root system associated to ¥o. We extend
the basis Iy of ¥ to a basis I = {ag = —¢ + 1, ay, ..., a,} of the affine root system
2. Observe that D maps X onto X.

Foraroota € X,

sq(v) =v —a@)Da", veV
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defines the orthogonal reflection in the root hyperplane V, := a~'(0). The affine Weyl
group W associated to X is the sub-group of the affine linear isomorphisms of V gener-
ated by the orthogonal reflections s, (a € X). The sub-group Wy C W generated by the
orthogonal reflections s, (o € Xg) is the Weyl group associated to Xy. We denote wy
for the longest Weyl group element in Wy. It is well known that W (respectively Wp) is a
Coxeter group with Coxeter generators the simple reflections s = 5,4, for j =0, ... ,n
(respectively s; for j =1,...,n).
A second important presentation of W is given by

W>~Wyx QY, (2.2)

with Q¥ = ZX C V the co-root lattice of X, acting by translations on V. The gradient
map D induces a surjective group homomorphism D : W — Wy by D(s;) = sp, for
a € X. Alternatively, Dw = v if v € Wy is the Wy-component of w in the semi-direct
product decomposition (2.2).

The space Zof affine linear functionals on V is a W-module by (wf)(v) = f(w™'v)
(weW, feV,ve V). Observe that V* is Wy-stable, and

sa(§) =& —E(a)a, EeV”
for roots @ € X¢. Furthermore,
5o (X0) = X, sq(X) =X

fora € Bp and a € . The length of w € W is defined by I(w) = #(Z+* Nw™'%7).
Alternatively, /(w) is the minimal positive integer r such that w € W can be written as a
productof r simple reflections. Such anexpressionw = 5,5, - - - 5, (k € {0, ... ,n})
is called reduced.

The weight lattice of X is defined by

P=LeV* | MaY)eZ VYae Xy}
Another convenient description is
P={AeV* | wr(pY)eZ Ywe Wy, (2.3)

which follows from the fact that QV is already spanned over Z by the short co-roots in
%, . We denote PT (respectively P*1) for the cone of dominant (respectively strictly
dominant) weights with respect to the choice Ear of positive roots in ¥¢. Recall that
ptt = o+ Pt

We write Vipreg = U, e+ Vg for the irregular vectors in V with respect to the affine
root hyperplane arrangement {V, | @ € X*}. Its open, dense complement Vieg =
V \ Virreg is called the set of regular vectors in V.

We denote C for the collection of connected components of V,.¢. An element C € C
is called an alcove. The affine Weyl group W acts simply transitively on C. Explicitly,
Vieg = Uyew w(C4) (disjoint union) with the fundamental alcove C. defined by

Ci={veV]ajw>0 (=0,...,n}

We call a vector v € V, (@ € X7) sub-regular if it does not lie on any other root
hyperplane Vj, (a # b € 7).
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The symmetric algebra S(V) is canonically a Wp-module algebra. Using the standard
identification S(V) ~ P(V*), where P(V*) is the algebra of real-valued polynomial
functions on V*, the Wy-module structure takes the form

(wp)(€) = pw™'E),  weWy, £eV*

We denote S(V)"0 and P(V*)™0 for the subalgebra of Wy-invariants in S(V) and
P(V*), respectively.
Let 9, (v € V) be the derivative in direction v,

(@ ) u) = —

- tzof(u + tv)

for f continuously differentiable at u € V. The assignment v — 9, uniquely extends
to an algebra isomorphism of S(V) onto the algebra of constant coefficient differential
operators on V (say acting on C*°(V)). We denote p(d) for the constant coefficient
differential operator corresponding to p € S(V) >~ P(V*). For example, the Wy-
invariant constant coefficient differential operator p(d) associated to the polynomial
p2() = || - II*> € P(V*)W0 is the Laplacian A on V.

The quantum integrable system which we will define now in a moment depends on
certain coupling constants called multiplicity functions.

Definition 2.1. A multiplicity function k is a W -invariant function k : ¥ — R satisfying
k(a) = k(Da) forall a € %.

Unless stated explicitly otherwise, we fix a strictly positive multiplicity function
k : ¥ — R. . To simplify notations we write k, for the value of k at the roota € X.
We define the quantum Hamiltonian Hy, by

Hi=—-A+ Z kqd(a(-)), (24)
aex

where § is the Kronecker delta-function. Here we interpret Hy as a linear map Hy :
C(V) — D/'(V), with C(V) the complex-valued continuous functions on V and D'(V)
the space of distributions on V, as

(Hif) (@) = / f@)(Ad)(v)dv + Z / feydv  (2.5)

IID v||

for a test function ¢, with dv the Euclidean volume measure on V and d,v (a € £ 7T)
the corresponding volume measure on the root hyperplane V.

The quantum Hamiltonian Hj and the associated quantum physical system has been
studied in e.g. [31, 10, 11]. A key step in these investigations is the reformulation of the
spectral problem for H}, in terms of an explicit boundary value problem for the Laplacian
AonV, which we now proceed to recall.

Let CB'(V) be the space of complex valued continuous functions f on V whose
restriction f|c to an alcove C € C has a continuously differentiable extenswn to some
open neighborhood C > C.Letct® (V') be the space of functions f € CB!(V) which
satisfy the derivative jump conditions

(9pa £)w +0Da") = (dpa- f) (v — 0Da") = 2kq f (v) (26)

for sub-regular vectors v € V, (a € 7).
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Proposition 2.2. For f € CBY(V) and E € C the following two statements are
equivalent.

() Hr f = Ef as distributions on V.

(i) f € CVO (V) and Af 1,y = —EfV,,, as distributions on Vyeg.

A function f € CBY(V) satisfying these equivalent conditions is smooth on Vieg-

Proof. The first part of the proposition follows from a straightforward application of
Green’s identity (cf. the proof of [11, Thm. 2.7]). The last statement follows from the
fact that the constant coefficient differential operator A 4+ E on V is (hypo)elliptic. O

The quantum physical system with quantum Hamiltonian Hy is known to be integra-
ble. The common spectral problem for the associated quantum conserved integrals has
been translated by Sutherland and Gutkin [31, 10] into the following boundary value
problem.

Definition 2.3. Fix a spectral parameter ). € Vi := C ®g V*. We denote BVPy (1) for
the space of functions f € CH® (V) solving (in the distributional sense) the system

p@fly,, =prW Sy,  YpeSO)T 2.7)

of differential equations away from the root hyperplane configuration |5+ Va.

Remark 2.4. Since A = p,(9) is the Laplacian on V, Proposition 2.2 implies that a
function f € BVPy (1) is smooth on V,., and satisfies the differential equations (2.7)
in the strong sense. The fact that f is an eigenfunction of all Wy-invariant constant
coefficient differential operators on V,.., in fact implies that f|¢ is the restriction of a
(necessarily unique) analytic function on V for all alcoves C € C, see [30].

The central theme of this paper is the study of the subspace BVPy MY c BVPO)
of W = Wy x QV-invariant solutions, where W acts on BVPx (1) ¢ C-® (v) by

W) = fw ') 2.8)

forw € W and v € V. Our focus on W-invariant solutions thus amounts to studying the
bosonic (=Wy-invariant) theory of the quantum system under Q" -periodicity constraints
(or equivalently, we view the quantum system on the torus V/QV).

Example 2.5 (Free case k = 0). A function f € BVPy(A) is a distribution solution of
the (hypo)elliptic constant coefficient differential operator A — py(1) on V, hence f
is smooth on V (cf. Proposition 2.2). Combined with Remark 2.4 we conclude that a
function f € BVPy()) is analytic on V. Then BVPo(LWW (A € V(C* ) are the common
eigenspaces of the quantum conserved integrals for the free bosonic quantum integrable
system on V/QV associated to the Laplacian A on V. It is easy to show that BVPy (L)W
is zero-dimensional unless A € 2mwi P, in which case it is spanned by the plane wave

1
0 _ wA
o= #Wo ¢

weWy

(cf. the analysis in the impenetrable case k = oo in Sect. 3).
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The quantum Hamiltonian (2.4) for ¥ of type A, takes the explicit form

—A—I—kz Z 8(xi —x; +m).

meZ 1<i#j<n+1

Here we have embedded V into R™! as the hyperplane defined by
x1+ -+ x,41 = 0. The study of W-invariant solutions to the boundary value problem
then essentially amounts to analyzing the spectral problem for the system describing
n + 1 quantum bosons on the circle with pair-wise repulsive delta-function interactions.
In this special case the quantum system has been extensively studied in the physics liter-
ature, see e.g. [9, 22, 32, 33, 8, 18]. The upgrade to other classical root systems amounts
to adding particular reflection terms to the physical model, see e.g. [29, 2, 8, 16, 19, 24].

We are now in a position to formulate the main results on the solution space of the
boundary value problem. We call the spectral value A € V& = V* @ iV* regular if its
isotropy sub-group in Wy is trivial (equivalently, A(a“) # 0 for all @ € Zp). We call
A singular otherwise. Furthermore, X is called real (respectively purely imaginary) if
A € V* (respectively A € i V*). Define the c-function by

L M@tk
ck(A) = 1_[+ W 2.9)

aeEO
as rational function of A € V(é, cf. [8, 15].

Theorem 2.6. Let ). € V(. The space BVPy MY of W-invariant solutions to the bound-
ary value problem is one-dimensional or zero-dimensional. It is one-dimensional if and
only if the spectral value A is a purely imaginary, regular solution of the Bethe ansatz
equations

v alpY)

oY) wh(aY) — kg

@) = ] (wk(—akaa Vw e W. (2.10)
+

0

If BVP, MY is one-dimensional, then there exists a unique ¢])f e BVPy (WY normal-
ized by qb’k‘ (0) = 1. The solution qb’k‘ is the unique W -invariant function satisfying

1 - _
o) = e (wr)e ™  y e Ch. (2.11)
0 weWy

We give a reformulation of Theorem 2.6 in Sect. 3. The Bethe ansatz equations are
derived in Sect. 8. The regularity constraint on A is proved in Sect. 11.

Remark 2.7. The Bethe ansatz equations (2.10) can be rewritten as

v oY) —k AaY) —k,
JureY) _ WAMeT) —ky I1 wh(@?) — ke Vwe W, (2.12)

AeY) +k raV) + ke
W ((,0 )+ (paeEgrﬂsq,EO* whie?) +ka
due to the fact that for o € Z(J)r ,
2 ifa = o,
alpV) =11 ifo e (Zf Nsp2g) \ {ol, (2.13)

. + +
0 ifae Xy NsyXy.
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A key role in the analysis of the Bethe ansatz equations (2.10) is played by the
following master function.

Definition 2.8. The master function Sy : P x V* — R is defined by

1 §(@”)
S, §) = EII%‘II —2m(u, &) + Z llex / arctan< )dt. (2.14)

Dtez()

The master function S; enters into the description of the set BAE; of solutions
A € i V* of the Bethe ansatz equations (2.10) in the following way.

Proposition 2.9. For u € P there exists a unique extremum i € V* of the mas-
ter function Sy(u, ). The assignment u +> iy defines a Wy-equivariant bijection

P — BAE;.

The proof of Proposition 2.9, which hinges on the strict convexity of S (i, -) (u € P),
is given in Sect. 9. The regularity condition on the spectrum in Theorem 2.6 also turns
out to be a consequence of the strict convexity of the master function S (i, -) (n € P),
see Sect. 11.

The following proposition yields precise information on the location of the deformed
weight i1, € BAE;.

Proposition 2.10. For n € PT and B € ES‘ we have

2 (BY)
)

L. Furthermore, u € P% if and only if i € V*.

< () < 2mp(BY), (2.15)

where hy =2

aEX oc

Proposition 2.10 is proved in Sect. 10. The lower bound in (2.15) shows how far away
the spectral values fix € Vi (u € PT) are from being singular.

The Bethe ansatz functions qb’){ and the necessity of the Bethe ansatz equations (2.10)
on the allowed spectrum were obtained by Lieb and Liniger [22] for a root system X
of type A, and soon after generalized to a root system X of type D, by Gaudin [7, 8]
(see also [19]). For X of type A,, Yang and Yang [33] introduced the master function
S (also known as the Yang-Yang action) and derived the special case of Proposition 2.9
using its strict convexity.

In physics literature the regularity of the spectral parameter A (see Theorem 2.6) is
usually imposed as an additional requirement, since it automatically ensures that eigen-
states admit a plane wave expansion within any alcove C € C. The regularity condition
for a root system X of type A, can be viewed as a Pauli type principle for the inter-
acting quantum bosons, since it implies that the momenta of the quantum bosons are
pair-wise different. An actual proof of the regularity of the spectrum was obtained by
Izergin and Korepin [18] using quantum inverse scattering methods. In this derivation
the regularity condition again follows from the strict convexity of the master function.
Estimates for the momenta gaps of the quantum particles play a role in the study of the
thermodynamical limit, see [22, 33]. See e.g. [8, Sect 4.3.2] for the exact analog of the
estimates (2.15) for X of type A,,.

Itis believed [18] that quantum integrable systems governed by a strictly convex mas-
ter function always have a regularity constraint on the spectrum, although a conceptual
understanding is not known as far as we know. We remark though that our derivation
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of the regularity constraint on the spectrum is in accordance with this point of view.
A conceptual understanding of the partly fermionic nature of the quantum integrable
system at hand is given in the next section.

3. Generalization of Girardeau’s Isomorphism

Let C®(V) be the space of complex valued, real analytic functions on V', which we con-
sider as a W-module with respect to the usual action (2.8). Consider for A € V the space

EQ) ={f€C?(V) | p@f=pnf YpeSW{, 3.1)
which is a W-submodule of C* (V). We observed in Example 2.5 that
E() = BVPy(L), L e Ve (3.2)

In this section we give a convenient description of the solution space BVP;(1)W of the
boundary value problem (Definition 2.3) in terms of the space of invariants in £ (1) with
respect to a k-dependent W-action by integral-reflection operators. We will view this
result as a natural generalization of Girardeau’s [9] equivalence between the impene-
trable quantum Bose-gas and the free quantum Fermi-gas on the circle to arbitrary root
systems and to arbitrary multiplicity functions k.

We start by generalizing Girardeau’s [9] results on the impenetrable quantum Bose-
gas on the circle to arbitrary affine root systems. Denote E (M2 for the subspace of
QY -translation invariant functions in E(1).

Lemma 3.1. For A € V(é, we have E(\) Q" — {0} unless A € 2wi P. For A € 2wi P the
space E (L) Q" is spanned by e"* (u € Wyl).

Proof. By [30], a function f € E()) can be uniquely expressed as
f)= )" pue™,

neWohr

where p,, € P(V)c, see also Sect. 7. Such a nonzero function f is QV-translation
invariant iff

pu+ et = p,(v) (3.3)

forall u € WoA, v € V and y € Q. This implies that A € i V* and that p,, is bounded
on V for all © € WyA. The latter condition implies that p,, is constant for all u© € WyA.
Returning to (3.3) with p, € C, the Q"-translation invariance of f is equivalent to
w(QY) C 2riZ if p, # 0. Hence E()»)Qv = {0} unless A € 2mi P, in which case
E()»)Qv is spanned by e (u € WoA). O

We denote E(X)~" for the space of functions f € E(A) satisfying f(w™'v) =
(—=D!® f(v) for all w € W and v € V. Since translations © € QY C W have even
length, E(L)~W consists of QV-translation invariant functions. In particular, E(L)~"
is the solution space to the spectral problem for a free fermionic quantum integrable
system on V/Q" associated to the Laplacian A on V.

Corollary 3.2. Let A € V. The space E (1) ~W is zero-dimensional or one-dimensional.

It is one-dimensional iff X is a regular element from 2mi P, in which case E(\)~V is
spanned by
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o0 l Vy— w) W
v =g [1H@)™ 3 nfee. (34

o€ weWy

Proof. Let) € 2miP and f = Y,y cpe € EQW)Q” with ¢, € C, cf. Lemma 3.1.

Then we have f € EO) W iff ¢y = (—=1)!®¢; for all w € Wy. For singular A this
implies ¢;, = 0 for all u € WyA. For regular A we conclude that f is a constant multiple

ofyX e EM~". O

Following the analogy with Girardeau’s [9] analysis of the impenetrable quantum
Bose-gas on the circle, we define now a linear map G : C®(V) — C(V)V by

(Gf)w™ ') == f(v), weW, ve Cy. (3.5)

The map G is injective: for g € C(V)W in the image of G, the function G~ 'g is the
unique analytic continuation of g|c, to V.

For k = oo we interpret the boundary conditions (2.6) as f|y, = 0 foralla € 7.
The solution spaces BVP,,(1)" of the associated boundary value problem (see Defini-
tion 2.3) can now be analyzed as follows.

Proposition 3.3. For A € V& we have

(i) The map G restricts to a linear isomorphism G : E(\)~W = BVP, (M.

(ii) The space BVP WY is zero-dimensional or one-dimensional. It is one-dimen-
sional iff A is a regular element from 27i P. In that case BVPy (M)W is spanned by
¢:° 1= G(Y;°), which is the unique W -invariant function satisfying

1 _
¢ (v) = e Aa¥)! Z (—1)[ @) gwr®) veCy.
0

aEEJ weWy

Proof. (i) A function f € E (A»)~" vanishes on the root hyperplanes V, (a € 1),
hence so does g := G(f) € C(V)". The function g furthermore satisfies the differen-
tial equations (2.7), hence g € BVPo, (W)W

For g € BVPs (1) we define f = G(g) € C(V)~W by f(w™'v) == (- 1)) g(v)
for w € W and v € C,. This is well defined since g vanishes on the root hyper-
planes V, (a € £ 7). Since f is W-alternating we have f € O (V). The function
f satisfies the differential equations (2.7), hence f € BVPy(A)™" = E(1)~", where
the last equality follows from (3.2). The proof is now completed by observing that
G : BVP,o (M)W — E(1)~Y is the inverse of the map G : E(A)™" — BVP, (L)Y
(i1) This follows from (i) and Corollary 3.2. O

For a root system X of type A, Proposition 3.3 is due to Girardeau [9].
For the generalization of Proposition 3.3 to arbitrary multiplicity function k it is
convenient to reinterpret the space E (1)~ as follows. Consider the integral operator

a(v)
(Z@f)w) = fv—tDa")dt  (a€X) (3.6)
0

as a linear operator on C (V). The integral operators Z(a) (a € I) satisfy the braid
relations of ¥ as well as the quadratic relations Z(a)? = 0, cf. e.g. [13]. In particular,
given a reduced expression w = s;,5j, - - iy for w € W, the operator Qo (w) =
I(ai)I(ai,) - -Z(ail(w>) is well defined. Denote
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EMWg, ={f €EMN|Qu(w)f =0, YweW\{e}},
where e € W is the unit element of W. We now have the following simple observation.

Lemma 3.4. For f € C(V) and b € ¥ we have sp f = —f ifand only if Z(b) f = 0.
In particular, EQL)™Y = E(}) goo forall » € V..

Proof. 1t is immediate that Z(b) f = 0 if s, f = — f. The converse follows from the
fact that

Ippv (ZD)f) = f+spf, (3.7)
cf. [11, Lem. 2.1(ii)]. O

By Lemma 3.4, Proposition 3.3 (i) can be reformulated as the statement that the map
G restricts to an isomorphism

G:EO)y, — BVP(W). (3.8)

The isomorphism (3.8) can now be generalized to arbitrary multiplicity function & as fol-
lows. In the terminology of Gutkin [13], the system of integral operators {k,Z(b)}pex+
is an operator calculus with respect to the affine Weyl group W for arbitrary multiplic-
ity function k. This implies that the assignment s, — Q. (@ € I), with Q¢ , the
integral-reflection operators

(Qraf) W) = flsav) +ka(Z(@) )W),  a€X, feCV), (3.9)
uniquely defines a W-action on C(V), cf. [11, 13] or Sect. 5. Accordingly, we write

Ok(w) == Ok.a;, Ckoaiy - Ckoa,

for w = s;,8, - - - 5;, € W. Note that
Qoo (w) :klim ki Or(w), Ywe W,
— 00

where k,, ;= kal.1 ka, -+ kai, for a reduced expression w = s;,5;, - - - 8;, € W. The gen-
eralization of (3.8) for arbitrary multiplicity function k is now the statement that the map
G restricts to a linear isomorphism

G:EMWy, — BVPW)” (3.10)

for arbitrary positive multiplicity function k, where E (A)‘)ka is the subspace of
Ok (W)-invariant functions in E()). The proof of (3.10) will be given in Sect. 6.

With the isomorphism (3.10) at hand, Theorem 2.6 is equivalent to the following
theorem.

Theorem 3.5. Let A € VE. The space E ()‘)VQVk is one-dimensional or zero-dimensional.
It is one-dimensional if and only if A is a purely imaginary, regular solution of the Bethe
ansatz equations (2.10). If E(X) vQVk is one-dimensional then

1
k) = P Z S(wr)e ™ vy ev (3.11)
0

weWy

is the unique function in E(A)VQVk normalized by l/f)lf ) =1.
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Theorem 3.5 is proved in Sect. 8 under the assumption that A is regular. The assertion
that A is necessarily regular is proved in Sect. 11.

In order to reveal the full symmetry structures underlying the isomorphism (3.10),
we will consider the upgrade of the map G to a k-dependent linear isomorphism 7} of
C (V) which intertwines the Q(W)-action with the usual W-action (2.8), and which
acts as G when applied to Qi (W)-invariant functions. The map which does the job
is Gutkin’s [11] propagation operator, defined by (i f)(w™'v) = (Qk(w)f)(v) for
w € W and v € Cy (see Sect. 5 for details). The propagation operator T now restricts
to an isomorphism

Ty : E(A) —> BVP;(}) (3.12)

for all & € V§ (cf. [11] and Theorem 6.3), which implies (3.10) by restricting to the
subspaces of W-invariant functions.

We conclude this section by considering the limit to the impenetrable case k = oco.
The Bethe ansatz equations (2.10) then reduce to

MO — 1 Ywe W,
which has 2777 P as purely imaginary solutions A (see (2.3)). Furthermore we have
klingo e =2mu (3.13)
for 4 € P™, which follows by taking the limit k — oo in (2.15). For A = iy € iV*

(u € P*) aregular solution to the Bethe ansatz equation, wf e E (A)VQVk (see (3.11))
can alternatively be written as

1
Ui =— > Ox(w)(e),
#WO weWy
see [15] or Sect. 7. It follows that
. _ 1 ;
Jim Kol = iy Q0 =

for u € P*, uniformly on compacta. Pulling the limits through the map G, we obtain
. -1k
kli)ngo L Diny = ¢20S”'M

for u € P*, uniformly on compacta.

4. Dunkl Operators and Hecke Algebras

It is well known that conserved integrals for quantum integrable systems of Calogero-
Moser type can be conveniently expressed in terms of Dunkl-type operators, which
are explicit commuting first-order differential-reflection operators, see e.g. [14, 6, 1].
The Dunkl operators, together with the usual Weyl group action (2.8), form a faithful
representation of suitable degenerations of affine Hecke algebras, see [26, Cor. 2.9].
The exploration of these structures has been instrumental in solving the corresponding
quantum integrable systems.
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In this section we derive the Dunkl-type operators and the underlying Hecke algebra
structures for the periodic quantum integrable systems with delta-potentials as intro-
duced in Sect. 2. We initially define the Dunkl operators as explicit differential-reflection
operators on the space C*°(V,..,) of smooth functions on V,..,. In Sect. 6 we obtain the
key result that these Dunkl operators act on the solution space BVP; (1) to the boundary
value problem. Together with the usual W-action (2.8), the space BVP; (1) then becomes
a module over the associated graded algebra Hj of Cherednik’s [3] (suitably filtered)
degenerate double affine Hecke algebra.

On the other hand, we will show in Sect. 5 that the W-action Oy on E()) together
with the directional derivatives 9, (v € V) makes E(A) into a Hx-module. With these
upgraded symmetry structures, Gutkin’s propagation operator 7} turns out to yield an
isomorphism

Ty : E(\) — BVP: (M)

of Hi-modules for all A € V. It is this particular isomorphism which is explored in
Sect. 6 to (re-)prove and clarify crucial results on the boundary value problem (see
Definition 2.3), as well as on the associated bosonic theory.

We denote x : R\{0} — {0, 1} for the characteristic function of the interval (—oo, 0),
so x(x) =1ifx < 0and x(x) =0if x > 0. Fora € X the function x,(v) := x(a(v))
(v € Vjeg) defines a smooth function on Vg, which is constant on the alcoves C of
Vyeg. In fact, for w € W and a € 7 we have

1 if wa € ¥~

Xalw-te, = 0 ifwa e &t 1)

hence x, is nonzero on a given alcove w~!C. (w € W) for only finitely many positive
roots @ € X T. The Dunkl-type operators

Di=0,+ Y kaDaW)xa()sa (€ V), (4.2)
aext

thus define linear operators on C°°(V,g), which depend linearly on v € V. For f €
C*®°(Vreg) and w € W we have by (4.1),

Diflrc, = (0uf+ > kaDawsaf) 43)
aextnuw-1z- wlCy
In particular, for the fundamental alcove C, we simply have
Dy fle, = duflc,- (4.4)

The Dunkl operators D’lf (v € V) and the W-action (2.8) on C*(V,,) satisfy the
following fundamental commutation relations.

Theorem 4.1. (i) We have the cross relation

5aDX =DX  si+kaDa(v), wveV, acl.

SDaV

(ii) The Dunkl operators Dﬁ (v € V) pair-wise commute.
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Proof. (i) Fix v € V and a € I. By a direct computation we have

3aD8sa = dspow + Y ke Db(spa) X ()sp-

bes, Tt

Since 5,1 = (I \ {a}) U {—a} we obtain

saD],j = DfDavsa — kaDa(sDav)(Xa(-) + X—a('))
=DF 5.+ kqoDa(v),

SpDaV

which is the desired cross relation.

(i) We derive the commutativity of the Dunkl operators Dﬁ (v € V) as a direct
consequence of (4.4) and the cross relation. Let f € C*°(V,¢) and v, v € V. We show
by induction on the length /(w) of w € W that

(DS, DE1fly-1c, = 0. (4.5)

By (4.4), Eq. (4.5) is obviously valid for w = e the unit element of W. To prove the
induction step, it suffices to show that

salDy, Dy1 =D, . Dy, /15 (4.6)

SpaV’ T spav’

for all a € I. For the proof of (4.6), first observe that

sa DEDF, — DfDavaDav/sa = ka(Da(W')DX + Da(v)DX, — Da(v)Da(w')DX, )
(4.7)

for all a € I, which follows from applying the cross relation twice. Now (4.6) follows
from the fact that the right hand side of (4.7) is symmetric in v and v/. O

By Theorem 4.1 (ii), the assignment v > D’lf uniquely extends to an algebra mor-
phism S(V)¢ — End(C*°(V,.¢)). We denote p(Dk) for the differential-reflection oper-
ator on C*° (V) associated to p € S(V)c.

Theorem 4.2. (i) There exists a unique complex unital associative algebra Hy = Hy(X)
satisfying

(a) Hr = S(V)c ® C[W] as vector spaces, with C[W] the group algebra of W.

(b) The maps p — p Q@ e and w — 1 @ w, with e € W the unit element of W, are
algebra embeddings of S(V)c and C[W] into Hy.

(c) The cross relations

Sq U — (sDav) -8q = kgDa(v)

holds in Hy fora € I andv € V C S(V)c. Here we have identified S(V)c and
C[W] with their images in Hy, through the algebra embeddings of (D).

(ii) The assignment p — p(D¥) (p € S(V)¢), together with the W -action (2.8), defines
a faithful representation wy. : Hy — End(C™(V,.¢q)).
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Proof. Suppose that ) w Pw (D*)w = 0 as an endomorphism of C*°(V,.g), with
only finitely many p,, € S(V)¢’s non zero. We show that all p,,’s are zero. Equation
(4.4) implies

> Pu@wf)le, =0, [ € C%(Vyeg). (4.8)

weW

Applying (4.8) to functions f of the form u~'g with u € W and with g € C ©(Vyeg)
having support in the fundamental alcove C., we conclude that p, (3) = 0 as a constant
coefficient differential operator on smooth functions in some open ball D C C™T, hence
pu=0.

The proof of the theorem is now standard: let Hj, be the complex unital associative
algebra generated by v € V and s, (a € I) with defining relations as in (b) and (c)
(so the vectors v € V pair-wise commute, the s, (a € ) are involutions satisfying the
Coxeter relations associated to ¥ and /, and the generators satisfy the cross relations
from (c)). By Theorem 4.1 and by the paragraph preceding this theorem, the assign-
ment v - Dk together with the W-action (2.8), uniquely defines an algebra morphism
Tkt Hk — End(C*(V,¢g)). By the prev1ous paragraph and by the cross relations
in Hk it follows that 7y is injective and that Hk ~ S(V)c ® C[W] as vector spaces
(the Poincaré-Birkhoff-Witt Theorem for Hk) Both statements of the theorem are now
immediately clear. O

We use the notation My, to indicate that a subspace M € C*°(V,) is a W-submod-
ule or Hy-submodule of C*°(V,,z) with respect to the m-action.

Remark 4.3. If the values k, of the multiplicity function k are considered to be inde-
pendent central variables in the definition of Hi, then Hj is graded by imposing the
degree of w € W to be zero and the degrees of v € V and k, to be one. As a graded
algebra, Hy is the associated graded algebra of Cherednik’s [3] degenerate double affine
Hecke algebra Hy, considered as a filtered algebra by the same degree function (the only
difference in the definition of Hl is the cross relation (see Theorem 4.2 (¢)), which now
is of the form

Sqg U — (sav) - 8q = kgDa(v)

fora € I, where S(V) is considered as a W-module algebra with the action of sg defined
by sov = s, (v) + 2[l@[ 2@ ()1 € S(V)).

Lemma 4.4. The center Z(Hy) of Hy contains S(V)(vcvo

Proof. Observe that the cross relations in Hy (see Theorem 4.2(c)) imply

(SDap) - P

T 4.9)

Sa P — (SDap) “Sa = —ka
fora € I and p € S(V)c. It follows from (4.9) that S(V) C Z(Hy). O
Remark 4.5. Observe that the subalgebra Hk(o) C Hj generated by Wy and S(V)c is

isomorphic to the degenerate affine Hecke algebra (also known as the graded Hecke
algebra), see e.g. [15, 23]. By [23, Prop. 4.5] we have Z(H,”) = (V)
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For trivial multiplicity parameters k = 0, the operator p(D% (p € S(V)c) on
C™(V,¢) is the constant-coefficient differential operator p(d) on C*°(V,.g). We have
the following striking fact when p € S(V)c is Wy-invariant.

Corollary 4.6. For p € S(V)(EVO we have p(Dk) = p(0) as operators on C®(V,¢,).

Proof. Letp € S(V)(‘g“ and f € C*®°(V,¢g). By (4.4) wehavep(Dk)f|c+ = pd@) flc,.
Let w € W and v € C4. By Lemma 4.4 applied twice (once with multiplicity function
k, once with k = 0), we have

(p(D) £)w ") = (pDH(wf)) ()
= (PO wf)) @) = (p@) f)w v,

hence p(D¥) f = p(d)f. O

Remark 4.7. The Dunkl operators D{j, Theorem 4.1, Theorem 4.2 and Corollary 4.6 have
their obvious analogs in the context of finite root systems. In that case, the Dunkl-type
operators are

W+ Y ket )a()se,  VEV

+
aeX

realizing, together with the Wy-action (2.8), an action of the degenerate affine Hecke
algebra Hk(o) on the space of smooth functions on V \ Uaezg V. For classical root

systems these operators were constructed using solutions of classical Yang-Baxter equa-
tions and reflection equations in [28], [24] (type A) and [19]. This construction fits
into Cherednik’s [2] general framework relating root system analogs of r-matrices to
(degenerate) affine Hecke algebras and Dunkl operators.

5. Integral-Reflection Operators and the Propagation Operator

Heckman and Opdam [15] clarified the role of the degenerate affine Hecke algebra H k(o)
in Gutkin’s [11] work when the underlying root system is finite. It led to an explicit

action of H, k(o) as directional derivatives and integral-reflection operators. In this section
we extend these results to the present affine set-up. We show that Gutkin’s [11] propaga-
tion operator intertwines this action with the action 7x which is defined in the previous
section in terms of Dunkl-type differential-reflection operators.

The integral-reflection operators Qx , (see (3.9)) for a € ¥ are endomorphisms of
C(V) satisfying

wOraw ™' = Qkw@. WEW, a€x (5.1)
with respect to the W-action (2.8) on C (V). We furthermore have

Okaflv, = flv,, ae€x. (5.2)

By [11, Thm. 2.3], the assignment

Sa = Ok(sa) := Oka  (a€l) (5.3)
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extends to a representation Qy of W on C(V). In particular, for w € W and any choice
of decomposition w = s}, 5}, - - - 5, as a product of simple reflections (j; € {0, ... ,n}),
we have

Qr(w) = Qk(sj) Qk(sjy) - - Qk(sj,) (5.4

as operators on C(V).

Definition 5.1. Gutkin’s [11] propagation operator Ty is the endomorphism of C (V)
defined by

(Te Hw™ ') = (Qk(w) (),  veCy, weW, (5.5)
In particular, Ty is the identity operator on C (V).

A W-submodule M € C(V) with respect to the Q-action will be denoted by M, .
By construction the propagation operator Ty : C(V)g — C(V); is W-equivariant. In
fact, by [11, Thm. 2.6] T is an isomorphism of W-modules.

Observe that the operators Q¢ (w) (w € W) preserve the space C*°(V) of complex
valued, smooth functions on V. The following result is the affine analog of [15, Thm.
2.1] and [15, Cor. 2.3].

Theorem 5.2. The assignment v +— 9, (v € V), together with the W-action (5.3) on
C®°(V), extends uniquely to a representation Qy, : Hy — End(C*°(V)).

Proof. Ttsuffices to verify the cross relations (see Theorem 4.2(c)), which follow directly
from [11, Lem. 2.1]. O

We will also use the notation Mg, to indicate that a subspace M C C*(V) is a
Hp-submodule with respect to the Q-action. Observe that C®(V)g S C* (V)¢ as
Hj-submodule.

Consider the space C B (V) of functions f € C(V) such that f|¢ is the restriction
of a (necessarily unique) analytic function on V for all alcoves C € C (cf. Remark 2.4).
Denote C®) (V) for the space of functions f € CB®(V) satisfying

ag,,vf(v + Ova) — a;),,vf(v — ODbV) = (1 — (—l)r)kbaz);f(v + Ova)
(5.6)
forb € ¥F, v € Vj, sub-regular and r € Z-. A function f € ce-® ) automatically
satisfies the jump conditions (5.6) for b € ¥, v € V}, sub-regular and r € Z. o, hence

the space C®® (V) is not dependent on the choice of positive roots £+ in =. We thus
can and will interpret C“’*(k)(V)nk and CB®(V)y, as W-submodules of C*°(V,.¢)x, .

Observe furthermore that C-® (V) is a subspace of the space C L (V) used in the
formulation of the boundary value problems (see Proposition 2.2 and Definition 2.3).
Observe that the propagation operator T} restricts to a linear map

Ty : C®(V) —> CB®(V).
We now obtain the following theorem.

Theorem 5.3. (i) C*® (V) © C®(Vyeg)r, is a Hy-submodule.
(ii) The propagation operator Ty restricts to an isomorphism

Ty : C°(V)g, — C®O (V)
of Hy-modules.
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Proof. We first show that T restricts to a linear isomorphism 7y : C“ (V) = c»® ).
For this we use the commutation relations

sa- (Da¥) = (=1)(Da") -sa = (1= (=) )ka(Da¥) ™', ael, reZ

(5.7)
in Hy, which follows from (4.9) applied to p = (Da")" € S(V)c.

Let ¢ € C®(V) and denote f = Ty € CB®(V). We show that f satisfies the
derivative jumps (5.6) over sub-regular v € V), (b € V) for all r € Z-(. In view of
the W-equivariance of the propagation operator T, it suffices to derive the derivative
jumps for f over sub-regular vectors v € V,NCy (a € I).Fixael,veV,NCy

sub-regular and r € Z-. For € > 0 small we have v + tDa” = s,(v —tDa") € C1
for 0 <t < €. Hence

v f (0 +0Da”) = dp,vd (V) = Qk(5a) (v P) (v), (5.8)
where the second equality follows from (5.2). On the other hand,

gy f (0 =0Da”) = (=1)" 3, (sa f)(v +0Da”) = (=1)"8},,v (O (5a)$) (v).
(5.9
Combining (5.8) and (5.9) now yields
v f(W+0Da") — 3, f(v—0Da”) = (Qi(sa)dpev — (—1)" 9,0 Ok (sa))¢) (v)
= (1= (=1)")kadp, 6 (v)
= (1 = (=1)")kad};,L f (v +0Da"),
where the second equality follows from (the Qj-image of) (5.7). Thus f € C*® (V).
The map T} : C®(V) — C®»®(V) is clearly injective. We now proceed to prove
surjectivity. Let f € C®® (V) and denote v for the unique analytic function on V
satisfying ¥ |c, = flc,. The function g := f — Ty € Cc®) (V) satisfies g|a =0.

Combined with the continuity of g and the derivative jump conditions (5.6) for g, we
obtain

(8p,vg)(v —0Da”) =0

forr € Zsp,ae€landv eV, N C sub-regular. Since g|¢ (C € C) has an extension
to an analytic function on the whole Euclidean space V, we conclude that g|z = 0 for
the neighboring alcoves C = 5,C (a € I) of C. Continuing inductively we conclude
that g = O on V, hence f = Ty .

It remains to show that the isomorphism

Ty : CO(V)g, — CV W (V)
of W-modules is in fact an isomorphism of H-modules. For this it suffices to show that

Te(3uf) ey = Dy (T f v, (5.10)

forve Vand f € C¥(V). To prove (5.10) we use the commutation relation

w-v=(Dww) - w+ Y kDa()ws, (5.11)

aextnuw-1x-



Periodic Integrable Systems with Delta-Potentials 209

in Hy, which can be easily proved by induction on the length /(w) of w € W using the
cross relations in Hy, (see Theorem 4.2(c)). Fix w € W and v' € Cy. By (5.11) and
Theorem 5.2 we have

Ty f)(w™ ") = Qr(w)(@, ) (V)
= dwp(Qe)HW)+ D keDa)Qr(wsa) f (V)

aeZtnuw-1z-
=W(GNHw )+ D kDa@)Tif(saw™ V')
aextNw- -

= Dy(TifH(w™ "),
where the last equality follows from (4.3). O

Remark 5.4. The assertion [11, Thm. 2.7] that, in Gutkin’s notation, the propagation
operator Ty, is an automorphism of the W-module C B, seems to be incorrect. In fact,
the integral-operators Z(a) (a € X) do not preserve C B, contrary to the claim in the
proof of [11, Thm. 2.7]. In [11], this result is used to link BVP; (1) to E()) (see (3.1)).
We will show in Sect. 6 that Theorem 5.3(ii) suffices to provide this link.

Remark 5.5. Theorem 5.3 has an obvious analog in the context of finite root systems
(compare with Remark 4.7). In the case of a finite root system of type A, the intertwin-
ing properties of the propagation operator with respect to the degenerate affine Hecke
algebra actions were considered in [16] and the normal derivative jump conditions of
higher order were considered in [12].

Corollary 5.6. Fix v € V. The Dunkl operator D’; is a linear operator on C®® (V)
satisfying DX (Ti f) = T (3, f) for all f € C*(V).

In the following proposition we relate the Dunkl operators Dﬁ to the quantum Hamil-
tonian Hy (see (2.4) and (2.5)). Recall that p>(9) = A for the Wy-invariant polynomial
p2=1-[*onV*.

Proposition 5.7. For f € C®® (V) we have

—p2a(DN f =Hi f (5.12)
as distributions on 'V .

Proof. Fix f € C®(V), then py(D¥) f € C® (V) € C(V) and p2(D") fly,,, =
Afly,,, by Corollary 4.6. Furthermore, f satisfies the first order normal derivative jumps
(2.6) over the affine hyperplanes V, (a € 7). The identity (5.12) then follows from a
standard argument using Green’s identity, cf. (the proof of) Proposition 2.2. 0O

By Proposition 5.7t is justified to interpret the quantum Hamiltonian ) on C*®) (V)
as the operator — p,(DX) on C®) (V). The complete integrability of the quantum sys-
tem is then directly reflected by the commutativity of the Dunkl operators ij (veV).
More precisely, the space C®®) ( V)W serves as an algebraic model for the Hilbert space
of quantum states associated to the bosonic quantum system on V/Q" with Hamilto-
nian Hy = —pa(DF). The pair-wise commuting operators p(D" (pes (V)go) on
co®( V)]‘;V are the corresponding quantum conserved integrals.
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6. The Boundary Value Problem Revisited
The operators p(Dk) (p e S(V)go) on C2-®) (V) satisfy

PO [l = PO v f € COO(W)

by Corollary 4.6. This key observation leads to an explicit connection between the spec-

tral problem of the operators p(DX) (p € S (V)go) and the boundary value problem as
formulated in Definition 2.3. We will first do the analysis for the spectral problem of the
quantum Hamiltonian Hy, (defined by (2.4) and (2.5)).

For E € C we write £(E) for the space of functions f € C®(V) satisftying Af =—Ef
on V (cf. Example 2.5). By Lemma 4.4, £(E) g, € C”(V), isa Hi-submodule. Denote
Ex(E) for the space of functions f € CB“(V) satisfying Hy f = Ef as distributions
on V (cf. Proposition 2.2).

Theorem 6.1. Fix E € C.
(i) We have
E(E) = {f € COO W) | p2(DY f = —Ef), ©6.1)
hence Ei(E)y, < C’”'(k)(V)m is a Hy-submodule.
(ii) The propagation operator Ty restricts to an isomorphism
Ty : E(E) g, — Ex(E)ry
of Hy-modules.

Proof. (i) We first show that & (E) € C»® (V). Fix f € &(E). By Proposition 2.2,
fect®w)ynCB®(V)and Afly,,, = —Ef|v,,. Let ¥ be the unique analytic func-
tion on V satisfying ¥|c, = flc,, then ¢ € E(E). By Theorem 5.3 and Corollary 4.6
we conclude that Ty € C2® (V) and A(Tyy)lv,,, = —E(Ti¥)ly,,,. Hence

g:=f—Tw e ct®OwW)yncB® ()

satisfies Agly,,, = —Eglv,,, and has the additional property that g|a = 0. Fixv €
V. N Cy (a € I) sub-regular. The nontrivial normal derivative jump condition (2.6)
for g at v trivializes since g|a = 0, hence g is continuously differentiable in an open

neighborhood U of v. It follows that g|y is a distribution solution of the (hypo)elliptic
constant coefficient differential operator A 4 E (cf. Example 2.5), hence g|y is smooth.
Since g|a = 0, we conclude that

w8 — 0Da") = w8+ 0Da") =0, r € Zso.

As in the proof of Theorem 5.3 we conclude that g| - ;= Ofora e I (alternatively, this
is a direct consequence of Holmgren’s Uniqueness Theorem). Continuing inductively,
we conclude that g = 0 on V. Hence f = Tyy € C»® (V).

Formula (6.1) now follows from Proposition 5.7. Since p; (D" = 7, (p2),Lemma4.4
implies that & (E),, < C""(k)(V),,k is a Hy-submodule.
(ii) This follows directly from Theorem 5.3, (6.1) and the fact that Q. (p2) = p2(3) = A.
O

We now extend these results to the solution spaces BVP(A) of the boundary value
problem (Definition 2.3). For a Hi-module M and A € V(f:" we define
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My :={meM | p-m=plm VpeSV)r}, (6.2)

which is a Hg-submodule of M in view of Lemma 4.4. By Remark 4.5 the module M,
consists of the vectors m € M transforming according to the central character A € V{4

for the action of the center of the degenerate affine Hecke algebra H, k(o) C H;.

Corollary 6.2. Let A € Vé. The space BVPy (L) is the Hy-submodule C c‘)’(")(V)ﬂk, 2 of
C»O (V).

Proof. By Corollary 4.6 and Theorem 5.3 we have

COO Vg ={(f € COOWV) | p@) flvee = PW flveee VP €SV,
(6.3)

hence C“”(k)(V)nk,;L C BVP;(1). By Proposition 2.2 and Remark 2.4 we have
BVPi(A) € E(—p2(R)).

Theorem 6.1 and (6.3) now imply that BVPy(A) € C*® (V). ;. O

Theorem 6.3. Let A € V..

(i) The propagation operator Ty restricts to an isomorphism Ty, : E(L) g, = BVP (1),
of left Hy-modules.
(ii) The map G (3.5) restricts to an isomorphism G : E(A)VQVk = BVP; ()‘):‘?Z'

Proof. (i) The restriction of the propagation operator Ty to the Hi-module E(A)g, =
C®(V)g,.» defines an isomorphism

Ti - EQ)g, — C*®O V)

of Hig-modules in view of Theorem 5.3. Corollary 6.2 now completes the proof.
(i) This follows from (i) and from the fact that the propagation map T} acts on
Qr(W)-invariant functions in the same way as the map G (3.5). O

As observed in Sect. 3, Theorem 6.3 (ii) can be used to reformulate the main results
on the solution space BVP; ()»)7‘;‘/ (see Theorem 2.6) to the boundary value problem in
terms of the space of invariants E (A)VQV, where E(X) now is the solution space to the
boundary value problem with zero normal derivative jumps over sub-regular vectors.
Theorem 3.5 is the resulting reformulation of Theorem 2.6. In order to prove Theorem
3.5 we analyze the space E ()L)VQV in detail in the following sections.

7. Invariants in E (1)

In this section we analyze the sub-space E (A)VQVO of Woy-invariants of E(A)g. First we
recall some well known properties of the space E(A) from [30, 15]. For technical pur-
poses it is convenient to introduce the following terminology.
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Definition 7.1. Let J be a subset of the simple roots lo. The spectral parameter A € V¢,

is called J-standard if . € V* @ iV_jf and if the isotropic sub-group of A in Wy is the
standard parabolic sub-group Wy j generated by the simple reflections sy (0 € J).

Lemma 7.2. Let A € V. The Wo-orbit of A contains a J-standard spectral parameter
for some subset J C I.

Proof._ Taking a Wy-translate of A we may assume that A = u + iv with u € V* and
v € V. The isotropy group of v in Wy is a standard parabolic sub-group Wo x C Wy
for some subset K C [Iy. Write V* = Vg @ (V;g)L with V¢ = spanpf{a |a € K} and
(V;g)l its orthocomplement in V*. Set

Vi, =€ VilE@) >0 VYaeKk),

which we view as the fundamental chamber for the action of the standard parabolic sub-
group Wo g on V. Taking a Wy, g-translate of A we may assume that A = u + u' +iv

with € Vl?,Jr’ w e (V,?)J-, andv € V_jf as before. The isotropy sub-group of A in Wy
then equals the isotropy sub-group of u in Wy, g, which is a standard parabolic sub-group
Wy, s for some subset J € K since u € V;Jr. |

Observe that a J-standard spectral parameter A is regular if and only if J = #J. Note
furthermore that the module E(1) (A € V(é) only depends on the orbit WyA. When
analyzing the module E (1), we thus may assume without loss of generality that A is
J-standard for some subset J C Ij. In particular, we will now assume this condition for
the remainder of this section.

For j € Z=¢ we denote P (V)¢ (respectively P=/)(V)¢) for the homogeneous
polynomials p € P(V)c of degree j (respectively the polynomials p € P(V)c of
degree < j). The Wp-action (2.8) on P (V)¢ respects the natural grading P(V)c =
@?’;O PY) (V). Furthermore,

Ej©0) ={f € PV)clp@®f=pOf VpesSWV)¥}

is a graded Wy_y-submodule of P (V)c, isomorphic to the regular representation of Wy_;
(see e.g. [30, Thm. 1.2] and references therein). We write E(Jj)(O) =E;0)NnPYDWV)¢
and E57(0) = E;(0) n PED (V).

Denote by WOJ the minimal coset representatives of Wo/ Wy _ ;. Steinberg [30] estab-
lished the decomposition

EQN) = € u(Es0)e). (7.1)

J
ueW,

It follows from (7.1) that E'(1), viewed as a Wy-module by the action (2.8), is isomorphic
to the regular representation of Wy. Furthermore, we have E(X) = @?’;O EYD()) with

EW (1) the Wo-submodule

EDG) = @ u(EY 0.

J
ueWy

We denote E)()) = @{zo ET Q).
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Representations of the finite group Wy do not admit nontrivial continuous deforma-
tions, hence E(A)¢ is isomorphic to the regular representation of Wy for an arbitrary

multiplicity function k. In particular, E(A) VQVU is one-dimensional for all spectral values
A € V. In fact, by (5.2) the function

kL A
Vi = e w;% Qi (w)e (7.2)

satisfies %’f (0) = 1 and spans E(X) ‘go. On the other hand, by (7.1) there exist unique
polynomials p;‘ e E;0) (u e WOJ ) such that

oy = Y P etV vev, (73)
uewg
By (7.1) we have
E(}) = @ Ce™, A € V¢ regular, (7.4)
weWy

so the polynomials p% (w € Wj) are constants for regular A. In fact, from e.g. [8] and
[15, Sect. 2] we have

1
Y () = o 3 Gwne™ . ke VE regular, (1.5)

weWy

where the c-function ¢y is given by (2.9). In the remainder of the paper it will actually
be more convenient to work with the regularized c-function

pa’) +k
aw = [] =5 wel (7.6)
Lo u@Y)
aEZO
wu(a@V)#0

which is equal to ¢ () for regular . We can then write

Pl = W ck(wi), A € V§ regular.
0

For singular A an explicit expression for p,); e E;j0) (u € WOJ ) is not known. For our
purposes it suffices to have explicit expressions for the highest and the next to highest
homogeneous components of p, which we will now proceed to derive.

We denote E({ C ¥ for the parabolic root sub-system associated to the simple roots
J C Ip. We write N for the cardinality of the corresponding set E({ Tt E({ N E(J)r of
positive roots in E({ and

1 k
8] = E Z aeV™
an({‘+
Recall that the minimal coset representatives WOJ of Wy/ Wy, ; can be characterized by
Wi = (ueWolus]t) C =i}

The following lemma now gives a derivational expression for p;‘ (u e WOJ ).
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Lemma 7.3. Let A € VC* be J-standard. For u € WOJ we have

dN
A —1
Pu =Ko G

Z dy (1) ey (1) (—1) ) tvds

veWy, s

t=0
with coefficients

d=[] (@@ )i+ur@”)™ ewn)= [] @vss@")i+ur@”)+kq)
o \u(z] ™ aexy
and with strictly positive constant Kj = N j'#W) Haez” Sy(aY).
0

Proof. By (7.2), wﬁ(v’) (v € V)depends analytically on the spectral parameter u € V.

In particular, 1/f/]\‘t (V) with A, ;=1 +18; € V¢ depends analytically on ¢ € C, and we
have the (point-wise) limit

lim v} = yf. (7.7)
For € > 0 we write
Ul={teClO<|t| <€}, Uc={reC|t] <Ee}
There exists an € > 0 such that A, is regular for r € U?, hence

1 1—[ whs (V) + kg oW

- , tet?
#Wy whs (oY) €

k
T/f)w =

weWo \ aexd

by (7.5). Splitting the sum into a double sum w = uv with u € WOJ and v € Wy ; and
using

[T wori@”) = D"OHON TT s, [T 2B

aexf aezyt pes\Z) "
= (=D'OMNTT ss@ [T wnd),
aesyt pes\u(z] ™)
we obtain
Nk = KNS YT du(®ewy (1) (—1)! et (7.8)

ueWOJ veWo,s

as analytic functions in t € U, (note that d, (¢) is analytic at t € Ue). By (7.7), w)’f is

the N}h term in the power series expansion of (7.8) at ¢+ = 0, which yields the desired
result. 0O
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Define the strictly positive constant C 5 by

1 k
ch=— ‘.
T 8w I_L (V)
aexy
The highest and next to highest homogeneous terms of pﬁ e E;j0) (u € WOJ ) can now
be explicitly computed as follows.

Proposition 7.4. Let 1. € V{ be J-standard and u € WOJ .

(i) The highest homogeneous term hﬁ of pﬁ € Ej(0) is of degree N and is explicitly
given by
hﬁ = C'}ck(u)») 1_[ o.
aGE({’+

(ii) Suppose that X is singular (i.e. J # (). The next to highest homogeneous term n;‘ of
pre E;0)is

n§=au,1pfk(h;)=c’;ck(ux) S upoy) [«
pexd+t aexyF\(B}
with
\

k a
= E — e V. 7.9
Pu w(oV) + kg e'e (7.9)

+
ISP

Remark 7.5. The formula for n* should be read as an identity between analytic functions
in k, > 0 (the possible singularities are easily seen to be removable).

Proof. (1) Observe that e, (0) = ¢,/(0) is independent of v € Wy ;, and

du(0)e, (0) = cx @) [] ka-

J,+
aeX)

Combined with Lemma 7.3 we conclude that the highest homogeneous term h;‘ of p,i‘
is given by

k
h = I e di:; D (=
!
Nj. dt J t:()UEWO‘J
C§ I(v) Ny
= S ekd) Z (=D (v8,)™. (7.10)
I veWy s

On the other hand, by the Weyl denominator formula for E({ we have

N
Z (—1)!Wetvér = _thJ, e'% 1_[ (1—e")=Ny! 1_[ a.
’ 0

t=0
veWo,s aesyt aezyt

N

N,
diNs i
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Combined with the first equality in (7.10) we obtain the desired expression for /?.
(ii) The next to highest homogeneous term n’ of p’ is

a Ny N1

M=% 1% @e S D)V T 4, 0) Y (=) Ve, 0)(5,)

veWy, s veWp s

in view of Lemma 7.3, where the prime denotes the ¢-derivative. The first Wy ;-sum
in this expression is identically zero since it is a Wy, j-alternating polynomial of degree
< Njy. By adirect calculation the remaining expression can be rewritten as

k

nh = ek(ur) Y (=1 @) o) (v8)

J Nj—1
u —_— .
(Ny—1) i

The desired expression for nﬁ now follows from (7.10). O

8. The Bethe Ansatz Equations

In this section we show that E (A)g # {0} implies that the spectral parameter A is a
purely imaginary solution of the Bethe ansatz equations (2.10).
From the results of the previous section it is clear that £ (A)VQV is one-dimensional or

zero-dimensional. In fact it is one-dimensional if and only if Oy (610)'#,]\( = Wf, in which
case we have

EG){ = E()° = spanc{y}}.
It is convenient to reformulate these observations in terms of
Tk = dyv Qx(ao) + kg (8.1)

(viewed as an operator on e.g. C*°(V) or E (1)), which satisfies the elementary commu-
tation relations

Jkav = 8S¢Ux7ks YveV

(the operator 7 can be defined on the level of the algebra Hy, as the element ¢ -5 +ky €
Hj, in which case it is the analog of the affine intertwiner from [4] and [27, Sect. 4]).

The equality Qk(ao)wf = W,]f clearly implies kaf = (9ypv + kw)wf.
Lemma 8.1. If A is regular, then Ji X = (3,7 + ko) ¥k implies Qx (ap) ¥k = yrf.

Proof. By (7.4) we have a unique expansion

Qr(a) ¥y — vy = Y dye™”

weWy

withd,, € C. We conclude from the equality Jxy/X = (3, +k,)¥§ that wi(e¥)d,, = 0
for all w € Wy. Since X is regular, this implies d, = 0 forallw € Wy. O

For p € P(V)c =~ S(V*)c we write p(0#) for the associated constant coefficient
differential operator acting on smooth functions in . € V.
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Lemma 8.2. Let p € P(V)¢ >~ S(V¥)¢. For w € Wy we have
Ti(pw™1)e" ) (v) = —p@) (w1 ") + kp)el ¢ se0)),
(0% + ko) (P9 ) ) = PO (w9 + kp)e V),

where we view the left hand sides as functions in v € V and the right hand sides as
functions in p € V. In particular,

‘_7[{(1.)(51')(‘/)(C ell«) c P(Sj)(V)(C et (3(pv + k(p)(P(Sj)(V)(C elt) c p(Sj)(V)C e*
for j € Z>o and ju € V.
Proof. Observe that

(Pw ™)) () = p@") (@),

and p(0") (acting on p € V(é) clearly commutes with J; and (d,v + k) (Which act
on v € V). Thus it suffices to prove the lemma for p = 1, in which case the second
formula is trivial. To prove the first formula for p = 1 we may assume without loss of
generality that w = e is the unit element of Wy. Suppose that i € V is regular. A direct
computation using the definition (3.9) of Q (ap) as an integral-reflection operator yields

k mwe") +k “
QO (ag)e = —va)eﬂ 4 <W) M9, i

hence
Ti(e") = = (") + ky)el @ el

In the latter formula the regularity constraint on u can be removed by continuity. 0O

We denote JT :E() — EUD () for the projection onto E D) along the decom-
position E (L) = EBr:O E™) (%). Observe that

Ny
IdE()L) = Z]T)E‘/) (8.2)

if A is J-standard in view of Proposition 7.4 (i). In this section we consider the constraint
on A such that

1 (Tvk) = 77 (B + kp)wf) (8.3)

for the highest degree component j = Nj.
The map u — u”, where u’ € WOJ is obtained from the unique decomposition

Spu = MJMJ, u! € WOJ, uy € Wo,J, (8.4)
defines an involution on WOJ . Observe that
W’y = (uy)™! ueWwy. (8.5)

Recall that ¢ denotes the regularized c-function (7.6).
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Lemma 8.3. Suppose that \ € V¢ is J-standard.
(i) Equation (8.3) for j = Nj holds if and only if A satisfies the equations
r(spun) Ur(p”) — kp)e @D (1)) = ¢ (ur) (ur(p¥)+ky), YueWy.
(8.6)

(ii) Foru € WOJ and for multiplicity functions k such that ci(u)) # 0, we have

c(spud)

) ur(a) — kg
cr(ur) =0T l_[

ur(oV) + kg
aeTF Nsy g

Proof. (1) By (7.3), Lemma 8.2 and Proposition 7.4(i) we have

7 () = =Ch Y ah)wre") +kpe e TT syua,

ueWOj 0162({'+
H}ENJ)((BW\/ + kw)wf) =ck Z ek Wh) Wr(pY) + ke 1_[ ua. 8.7
ueWOJ (162({'+

The proof now follows by equating the coefficients of e“* HQEEJ,Jr ua (u € WOJ ) in
0

(8.7) using (8.4).
(i) We first compare the denominators of ¢ (uA) and ¢k (spud) = ci (' ). If n e V(é‘
is regular then

[T «we)=]]w'ue) [ @u;'wen™
O{ez;ar\u-lzb’er aeE(;r ﬂeuu;125'+
= (=D T spuuy'n@") [ @ 'uwg)™
aexd peusy ™

= (= 1)l+! 1—[ uus e,

aes syt
Taking the limit u — A we obtain
[T wre)=Epet ] ure.
aEZJ\LlJZ(')/’+ 01»’523\14)30]‘+

A similar (and easier) computation leads to the comparative formula

1_[ (ulk(av) + ko) =— 1_[ uMp ) —kp 1_[ (r (o) +kq)

ur(BY)+kg
aes\u! £ BEZy Ny Ty aes\usy "

for the numerators of ¢ (#)) and ¢ (u” 1). Combining both formulas leads to the desired
result. O

Recall from Sect. 2 that BAEy is the set of purely imaginary solutions of the Bethe
ansatz equations (2.10).
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Proposition 8.4. Suppose that ). € V¢ is J-standard. Equation (8.3) for j = N holds
if and only if . € BAE;.

Proof. We first show that A is purely imaginary if A satisfies Eq. (8.6). Let p = ua

(u e WOJ ) be the element in the Wy-orbit of A having its real partin V. Then ¢4 (1) # 0
since the multiplicity function k is strictly positive, hence (8.6) and Lemma 8.3(ii) imply

e _ 1@ —ky il m@?) —ka
w(eY) + kg V) ke

i
€Ty Nsy X,

(8.8)

The modulus of the left-hand (respectively right-hand side) of (8.8) is > 1 (respectively
< 1) since the real part of u is in V_j and the multiplicity function k is strictly positive.
Thus |e#®")| = 1, implying that /(¢") is purely imaginary. Since ¢ = Yi_ymjal
with m ; strictly positive integers and since the real part of u lies in V_jf, we conclude that
,u(a}/) is purely imaginary for all co-roots ajv (j = 1,...,n). This implies u € iV*,
hence A € iV*.

Combined with Lemma 8.3(i) it follows that A satisfies (8.3) for j = Ny if and
only if A is a purely imaginary solution of Eqs. (8.6). For purely imaginary A we have
cx(ur) #Oforallu € Wd’ due to the strict positivity of the multiplicity function k. The
proof now follows from Lemma 8.3(ii) and Remark 2.7. 0O

As an immediate result we obtain the following “regular part” of Theorem 3.5.

Corollary 8.5. Suppose that ). € V(. is regular. The space E (A)g is zero-dimensional
or one-dimensional. It is one-dimensional if and only if A € BAEy. In that case E (A)g
is spanned by wf (3.11).

Proof. By the observations at the beginning of the section it suffices to show that
E(A)‘g # {0} iff A € BAEy.

Since BAE; C iV*isa Wy-invariant subset and E (A)VQV only depends on the Wy-orbit
of A, we may assume without loss of generality that A is J-standard. If E (A)VQV # {0} then
(8.3) holds, hence A € BAE by Proposition 8.4. Conversely, suppose that . € BAE.
Since A is regular we have Idg() = n)fo) by (8.2), hence jk%lf = (B(pv + kw)wf by

Proposition 8.4. By Lemma 8.1 this implies Qk(ao)wf = wf, hence 0 # w)’f € E(A)VQV.
O

9. The Master Function

In this section we prove Proposition 2.9, which yields a parametrization of the set BAE;
of purely imaginary solutions of the Bethe ansatz equations (2.10) by the weight lattice
P

We first rewrite the Bethe ansatz equations (2.10) in logarithmic form. By a direct
computation using the elementary identity

e~ 2iarctan(x) _ 1__lx xeR)
1+ix
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the Bethe ansatz equations (2.10) for A € i V* can be rewritten as

_. \/
—ix(weY) + Z arctan (M

k
e o

)a(wq)v) =0 modulo 277 9.1)
for all w € Wy. On the other hand, for © € P the gradient of the master function
Sk(u, ) : V¥ — R (see (2.14)) is determined by

n(a")

o

(aESk(Ma '))(77) ={n—2mp+ Z arctan <

)a,g), &,neV* (9.2)
aEX)
Comparing (9.1) and (9.2) yields the following result.

Lemma 9.1. We have ). € BAEy if and only if A = in with n € V* an extremal vector
of the master function Si(u, -) for some u € P.

Proof. X is an irreducible root system in V*, hence {wg | w € Wy} spans V*. Thus
n € V*is an extremal vector of Si(u, -) if and only if (awwsk(u, ~))(77) = 0 for all
w € Wy, which by (9.2) is equivalent to

()

n(we") + Z a(we") arctan (

aeX)

> =27 p(we")

o

for all w € Wy. Comparing to (9.1), the proof now follows from (2.3). 0O

We thus need to analyze the extrema of the master function Si (i, -) at a given weight
u € P. Observe that the Hessian Bé‘ tVEXx V* — Rof Sp(u,) at & € V*is
independent of u, and is given explicitly by

BE. ') = (8ydy Sk (1. ) (€)

1
=)+ 5 ) kel

aEX)

> n(a)n' (@)

—, eV (93
2+ E@)? n.n e 93)

By the strict positivity of the multiplicity function , it follows from (9.3) that the Hessian
Bé‘ is positive definite for all £ € V*, hence Sk (u, -) is strictly convex. Furthermore, for
allu € P,

2
Sk, &) = @ COm(uE) > oo, |IE] = oo,

hence Si(u, -) has a unique extremum gy € V*, which is a global minimum. It now
follows from (9.2) that 71y (u € P) is uniquely determined by the equation

Iy + ok =2mp 9.4)
in V*, where a)’f € V* (A € V*)is defined by

\4
of = Z arctan (k(lzx )>a.

ae) o

Combined with Lemma 9.1 it now follows that the map u — ifi is a bijection from
the weight lattice P onto BAE;. The Wy-equivariance of this map is immediate from
the equivariance property

(Bwe Sk (wpt, ) (wn) = (9 Sk, D)),  Yw e Wy
for &, n € V* and u € P. This completes the proof of Proposition 2.9.
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10. Moment Gaps

In this section we prove Proposition 2.10, which yields estimates for the location of the

deformed weight & = [ compared to the parametrizing weight u € P.1In view of (9.2)

and Lemma 9.1, the deformed weight & € V* (i € P) is the unique solution of (9.4).
The following lemma establishes the necessary bounds for o

Lemma 10.1. For A € V_jf
kopv h v +
0=0,(B7) =—~A(B").  VBeX,
withhy =2 ex, ko'

Proof. FixA € V_jandﬁ € Eg'.Let Eg be the set of roots o € X satisfyinga(8Y) > 0,
then

\ \
ok (BY) = Z {arctan <M: )> — arctan <)L(S£a )> } a(BY). (10.1)

) o o
ael

Each term in this sum is positive, hence o'f BY) = 0.

For the second inequality, we use the estimate for o € Eg s

(A(oﬂ)> (A(sﬁ(aV») /““Wka dx _ AMBHB@Y)
arctan —arctan | ——— | = 5 < s
ka ka )\.(A‘ﬁ(av))/ka 1 +x ka

leading to

v v A(BY v v
ok (BY) < 1(BY) Z Bla ]za(ﬂ ) _ (/; ) Z o ]101(/3 ) (102)

ae):{j * a€Xg «

in view of (10.1). Now note that

£ Z ky'e(@Y)a

A€y

defines a Wy-equivariant linear map V* — V*. By Schur’s lemma it equals CyIdy+ for
some constant C; € C. To determine Cj explicitly we fix a basis {e(i}’}:1 of V and we

denote {¢; };'.:1 for the corresponding dual basis of V*. Then
n
Cin = Z Z kgléj(av)a(ej) = hy
j=laeXy

withhy =2 ~1 Combined with (10.2) we obtain af(,Bv) < %k(ﬂv). m|

aeXy “a
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Corollary 10.2. Let n € P. We have [iy € V_jr‘ ifand only if u € P,
Proof. Let u € P and suppose that [i; € V_jf Then for all 8 € =,
2 () = ik (BY) + o (BY) = 0

by Lemma 10.1, hence u € P™.

Conversely, suppose that & € P and let w € Wy such that wiiy € V_i By Proposi-
tion 2.9 this implies wit; € V_jf By the previous paragraph we conclude that wu € P™.
On the other hand P+ N Wou = {u}, hence wu = u € P* and iy = wiiy € V__t |

Proposition 2.10 is now a direct consequence of Corollary 10.2 and Lemma 10.1.

11. The Pauli Principle

In this section we complete the proof of Theorem 3.5 (and hence also of Theorem 2.6).
In view of Proposition 8.4 and Corollary 8.5 it suffices to show the following root system
analog of the Pauli principle.

Proposition 11.1. If & € BAEy, is singular then E(A)g = {0}.

For the proof of Proposition 11.1 we may assume without loss of generality that
) € BAE; is J-standard (in particular, A € i V). We write VJ* C V* for the real
sub-space spanned by the subset J of simple roots. Its complement in V is defined by

Vi={veV|tw) =0 VEeVi.

Observe that V;- = V iff J = @ iff A is regular.
Consider the linear map K /’{ : V. — V defined by

koo (v)aY
K)]\{(U)ZU-FZW, veV.
sy ki — AaY)

Lemma 11.2. Let A € i V* be a singular J-standard solution of the Bethe ansatz equa-
tions (2.10). Then X satisfies the constraint

N)ENJ_I)(gjkw)]f) :ﬂ)EN]_l)((a(pv—i_kg&)w)]f) (111)
iff Kf(V) € V.

Proof. Fix a singular J-standard solution A € i V__t of the Bethe ansatz equations (2.10)
(in particular J # ). By a similar computation as in the proof of Proposition 8.4 we
obtain from (7.3), Lemma 8.2 and Proposition 7.4,

n}ENjfl)((a(pv +k(p)1//)lf) — C’j Z cr(ur) Z Mﬁ(aux)e“)» 1_[ uo,

ueWy pexyt aexy \(B}

nk(Nj—l)(jkw) e Z ck(u)h)eﬁ‘”(“’v)z uﬂ(buu)eu’x l_[ uluya

uewy pesy* aezy\(B)
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with vectors ay,, b, € Ve (n € V{3) given by
ap = (u(@") + ko + ¢V,
by = (n(@") — ko) (05, +¢) — 0",

where we have used the involution on WOJ defined by (8.4), as well as (8.5). Foru € WOJ
we have

Z up(b, ;) l_[ wuyja = (1)@ Z “fl(ib;fg) 1—[ o

pesyt aez] T\(B) pezy ™ aezy ™t

=%(—1)1(u1) Z—”“;lﬂ(bu”) [] e

J
u
pezy P aexyt
= (—Dl» Z uu]lﬂ(bujk) 1_[ u’a.
pesgt aexy\(B}

Consequently (11.1) is equivalent to
k@M uB(@n) = (=)' e ! 1)e ™ s uB(byy), VueWw], vpexyt.

Since A is a solution of the Bethe ansatz equations (see (8.6) for the convenient equivalent
form of the Bethe ansatz equations) this is equivalent to

(ur(@”) = ky)aus. — (ur(@") + ky)spbus € u(Vi), YueWw]. (11.2)

Note that (11.2) only depends on the coset uWy_; (u € WOJ ). Using the explicit expres-
sions for a,; and b,; we can rewrite (11.2) as

wA(p¥)? — k2 —2k
-1k -1, k ¢ o) 1 1
(W™ oy —w s¢p5¢w)\.)+( W) — K2 w e eV, YweW,.

(11.3)

‘We match (11.3) to the desired condition Ki‘ (V) C Vf as follows. Since X is anirreduc-
ible root system in V*, the condition K,’\‘(V) - V} is equivalent to Kf(w"wv) € V}
for all w € Wy, which in turn is equivalent to (11.3) if

2 2
wi(p¥)? — k2 — 2k¢> Sy

koo —1 —1 _k —1, ok
Kiw™9") =™ pyy —w S‘/’p%“”)jL( wA(p)* — k2
¢

(11.4)

for all w € Wy. To prove (11.4) we first observe that

k k ) kaav
Sﬁﬂps(pwk = Pwr — Z k2 — wk(av)z
aesins, gy ¢



224 E. Emsiz, E.M. Opdam, J.V. Stokman

by the explicit expression (7.9) for pﬁ. Using (2.13) this can be rewritten as

k(pw @Y koo (0¥ )w Y
kz +2 Z

-1 k -1 k _
G T = S k2 K2 —wr@/)?
o

The second term can be rewritten as

2 Y kga (¥ )wla¥ -y koo (p¥)yw™la¥

k3 — wi(aV)? kZ — wi(aVv)?

aEXy
-y koo (w™'pY)
- 2 _ V)2
ez, ks — MaY)

— Kf(w—l(pV) _ w—l(pv
Combining the latter two formulas yields (11.4). O
It follows from (9.3) that
B (o, ) = (Ki(), V), v eV

with n, = (v,) € V* and BEM the Hessian of the master function Sy at —iA € V*.

Since BX i 18 positive definite, K )1{ .V = Visalinear isomorphism. Proposition 11.1
thus is an immediate consequence of Lemma 11.2.
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