
ON THE CHEVALLEY-WARNING THEOREM WHEN THE DEGREE

EQUALS THE NUMBER OF VARIABLES

HECTOR PASTEN

Abstract. Let f be a degree d polynomial in n variables defined over a finite field k of characteristic
p and let N be the number of zeros of f in kn. The Chevalley-Warning theorem asserts that if
d < n then N is divisible by p. In this note we show a version of the result for d = n.

1. Introduction

Let p be a prime, let q = ps for some integer s ≥ 1, and let k = Fq. Let us recall the classical
Chevalley-Warning theorem [5, 13].

Theorem 1.1. Let n ≥ 2. Let f1, ..., fr ∈ k[x1, ..., xn] be polynomials of degrees dj = deg(fj) ≥ 1
for each 1 ≤ j ≤ r and let d = d1 + ...+ dr. Let Z be the set of common zeros of these polynomials
in kn. If d < n, then #Z ≡ 0 mod p.

Several generalizations are available in the literature, see for instance [1, 2, 3, 7, 9, 11, 12]. In
this note we give an extension to the case d = n. More precisely, to the polynomials f1, ..., fr we
attach a certain additive sub-monoid ∆ of the natural numbers, and show that #Z ≡ 0 mod p
provided that q − 1 /∈ ∆. As we will see in Section 4, the hypothesis q − 1 /∈ ∆ is optimal in some
cases. We also discuss various conditions that imply the aforementioned hypothesis.

From a geometric point of view, the case d = n naturally appears when one considers the k-
rational points of varieties with trivial canonical sheaf. Namely, if X ⊆ Pn−1 is a smooth projective
complete intersection variety defined over k by homogeneous polynomials f1, ..., fr ∈ k[x1, ..., xn]
with dimX = n − 1 − r, the condition that X has trivial canonical sheaf means deg(f1) + ... +
deg(fr) = n. See Exercise II.8.4(e) in [8] for details. In fact, the example that we discuss in Section
4 regarding optimality of the condition q − 1 /∈ ∆ arises from an elliptic curve, and elliptic curves
are precisely the curves with trivial canonical sheaf.

2. Notation

We write N = {0, 1, 2, ...}. The support of xe11 · · ·xenn is (e1, ..., en) ∈ Nn. If f ∈ k[x1, ..., xn]
is homogeneous, its support is the set supp(f) ⊆ Nn consisting of the support of each monomial
appearing in f . If f1, ..., fr ∈ k[x1, ..., xn] are homogeneous, we let supp(f1, ..., fr) =

⋃r
j=1 supp(fj).

The highest degree homogeneous part of a polynomial f ∈ k[x1, ..., xn] is denoted by f̂ . Given

f1, ..., fr ∈ k[x1, ..., xn] (not necessarily homogenous) we define supp(f1, ..., fr) = supp(f̂1, ..., f̂r).
If S ⊆ Nn, let Mon(S) ⊆ Nn be the monoid generated by S. For f1, ..., fr ∈ k[x1, ..., xn] let

∆(f1, ..., fr) = {m ∈ N : (m, ...,m) ∈ Mon(supp(f1, ..., fr))}

and observe that ∆(f1, ..., fr) is an additive sub-monoid of N.
In the following examples we take n ≥ 2.
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Example 2.1. Let f1, ..., fr ∈ k[x1, ..., xn]. Suppose that the convex hull of supp(f1, ..., fr) in Rn

does not contain a vector of the form (λ, ..., λ) for λ ∈ R>0. Then ∆(f1, ..., fr) = {0}.

Example 2.2. Let f1, ..., fr ∈ k[x1, ..., xn] be polynomials of degree dj = deg(fj) such that for each

1 ≤ j ≤ r we have f̂j = ajx
dj
1 +hj for certain aj ∈ k and hj ∈ k[x2, ..., xn]. Then ∆(f1, ..., fr) ⊆ δN

where δ = gcd(d1, ..., dr).

Example 2.3. For m = (m1, ...,mn) ∈ Nn let ‖m‖ = maximi, and for S ⊆ Nn let µ(S) =
minm∈S ‖m‖. Given f1, ..., fr ∈ k[x1, ..., xn] we define µ(f1, ..., fr) = µ(supp(f1, ..., fr)). Then
we have ∆(f1, ..., fr) ∩ {0, 1, ..., µ− 1} = {0} where µ = µ(f1, ..., fr).

3. Chevalley-Warning when d = n

Our main result is the following.

Theorem 3.1. Let n ≥ 2. Let f1, ..., fr ∈ k[x1, ..., xn] be polynomials of degrees dj = deg(fj) ≥ 1
for each 1 ≤ j ≤ r, such that d1+...+dr = n. Let Z be the set of common zeros of these polynomials
in kn. If q − 1 /∈ ∆(f1, ..., fr), then #Z ≡ 0 mod p.

For other results related to the case d = n in the Chevalley-Warning theorem, see [6].

Remark 3.2. In the setting of Theorem 3.1, if each fj is homogeneous, we can consider the set
V ⊆ Pn−1(k) of its common zeros defined over k in the (n− 1)-dimensional projective space. Since
the trivial zero belongs to Z, the conclusion #Z ≡ 0 mod p becomes #V ≡ 1 mod p. In particular,
V is non-empty.

For a function g : kn → k we define Sn(g) =
∑

a∈kn g(a). In particular, this definition applies
when g is a polynomial with coefficients in k. The following lemma is straightforward.

Lemma 3.3. Let e ≥ 0. Consider the monomial xe ∈ k[x], with the convention that x0 is 1. If
e < q − 1 then S1(x

e) = 0. On the other hand, S1(x
q−1) = −1.

Proof of Theorem 3.1. We follow the strategy in Ax’s proof of the Chevalley-Warning theorem [2].

Consider F =
∏r

j=1(1 − f
q−1
j ) ∈ k[x1, ..., xn]. One readily checks that the function F : kn → k

defined by F is the characteristic function of Z with values in k. In particular, Sn(F ) = #Z mod p.
Notice that F is a k-linear combination of monomials of the form xe11 · · ·xenn where

∑n
i=1 ei ≤

deg(F ) = (q− 1)n. Thus, Sn(F ) is a k-linear combination of terms of the form Sn(xe11 · · ·xenn ) with∑n
i=1 ei ≤ (q − 1)n. The assumption q − 1 /∈ ∆(f1, ..., fr) implies that the monomial xq−11 · · ·xq−1n

does not appear in F . By Lemma 3.3, Sn(xe11 · · ·xenn ) =
∏n

i=1 S1(x
ei) is non-zero only when ei = q−1

for each i, but the term Sn(xq−11 · · ·xq−1n ) does not contribute to Sn(F ). �

4. Optimality of the condition q − 1 /∈ ∆(f1, ..., fr).

Using the theory of elliptic curves, let us provide an example showing that the condition q− 1 /∈
∆(f1, ..., fr) in Theorem 3.1 is optimal in some cases.

Let p be a prime and let fp = x31 − x22x3 + x33 ∈ Fp[x1, x2, x3]. Let Vp ⊆ P2(Fp) be the set of
zeros of fp over Fp in the projective plane. We have supp(fp) = {(3, 0, 0), (0, 2, 1), (0, 0, 3)} and
∆(fp) = 6N. Theorem 3.1 ensures that #Vp ≡ 1 mod p for each prime p with 6 - p− 1, that is, for
p = 3 and p ≡ 2 mod 3 (cf. Remark 3.2). We claim that for all primes p ≡ 1 mod 3 we actually
have #Vp 6≡ 1 mod p.

For p ≥ 5 the equation fp = 0 defines an elliptic curve Ep over Fp. Let ap = p+1−#Vp as usual.
Note that Ep is the reduction modulo p of the CM elliptic curve E with affine equation y2 = x3 + 1
over Q, for which it is known that ap = 0 if p ≡ 2 mod 3 and ap 6= 0 for all primes p ≡ 1 mod 3
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(see below). In the latter case, by Hasse’s bound we see that in fact p - ap, for otherwise ap would
be a non-zero integer divisible by p with |ap| < 2

√
p.

Therefore, for all primes p ≡ 1 mod 3 we have #Vp 6≡ 1 mod p, as claimed.
The fact that ap 6= 0 for all primes p ≡ 1 mod 3 follows from a more precise classical result going

back to Gauss and Jacobi: Every prime p ≡ 1 mod 3 can be written as p = A2
p + 3B2

p with Ap, Bp

integers satisfying ap = 2Ap. More generally, see Theorem 4 in Ch. 18 of [10].

5. Some special cases

Corollary 5.1. Let n ≥ 2. Let f1, ..., fr ∈ k[x1, ..., xn] be polynomials of degrees dj = deg(fj) ≥ 1
for each 1 ≤ j ≤ r, such that d1+...+dr = n. Let Z be the set of common zeros of these polynomials
in kn. Suppose that at least one of the following conditions holds:

(i) The convex hull of supp(f1, ..., fr) in Rn does not contain a vector of the form (λ, ..., λ) for
λ ∈ R>0.

(ii) For each 1 ≤ j ≤ r we have f̂j = ajx
dj
1 + hj for certain aj ∈ k and hj ∈ k[x2, ..., xn], and

moreover δ = gcd(d1, ..., dr) does not divide q − 1.
(iii) q ≤ µ(f1, ..., fr).

Then #Z ≡ 0 mod p.

Proof. This is a direct consequence of Theorem 3.1 and the Examples 2.1, 2.2, and 2.3. �

Remark 5.2. If (i) holds in Corollary 5.1 with r = 1, then we obtain a result of Adolphson and
Sperber (cf. the discussion after Corollary 2.9 in [1]).

Remark 5.3. The condition f̂j = ajx
dj
1 + hj in (ii) of Corollary 5.1 agrees with Cao’s notion of

isolated variable in [4].

Remark 5.4. The condition δ - q− 1 in (ii) of Corollary 5.1 cannot be completely dropped. Indeed,
consider q = p ≡ −1 mod 4 and f = x21 + x22 ∈ Fp[x1, x2]. Then δ = 2 divides p− 1, while #Z = 1.
See also the example in Section 4 taking δ = 3.

Remark 5.5. In general, the inequality q ≤ µ = µ(f1, ..., fr) in (iii) of Corollary 5.1 cannot be
relaxed. For instance, consider q = p = 3 and f = x21 + x22 ∈ Fp[x1, x2] as in the previous remark.
In this case µ = 2 and q = 3, so that q = µ+ 1, while #Z = 1.
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