UNIFORM POSITIVE EXISTENTIAL INTERPRETATION OF
THE INTEGERS IN RINGS OF ENTIRE FUNCTIONS OF
POSITIVE CHARACTERISTIC

NATALIA GARCIA-FRITZ AND HECTOR PASTEN

ABSTRACT. We prove a negative solution to the analogue of Hilbert’s tenth
problem for rings of one variable non-Archimedean entire functions in any
characteristic. In the positive characteristic case we prove more: the ring of
rational integers is uniformly positive existentially interpretable in the class
of {0,1,¢t,+, -, =}-structures consisting of positive characteristic rings of entire
functions on the variable ¢. From this we deduce uniform undecidability results
for the positive existential theory of such structures.

1. INTRODUCTION AND RESULTS

In this work we establish a negative solution to the analogue of Hilbert’s tenth
problem for rings of one variable non-Archimedean entire functions in any charac-
teristic (such a result for one variable non-Archimedean entire functions was only
known in characteristic zero, see [11]). Moreover, we prove that the ring Z is uni-
formly positive existentially interpretable in the class of rings of one variable entire
functions in positive characteristic, which leads to uniform undecidability results in
the positive characteristic case (extending some results from [15]). Let us introduce
some notation before stating our results in a precise way.

Let R be an integral domain endowed with an absolute value |- |. We denote by
Apg the ring of entire functions defined over R, by which we mean the ring of power
series in the variable ¢t with coefficients in R and infinite radius of convergence.
More precisely, when | - | is Archimedean this ring is defined as

Ap =14 cnt":Vr eRY, lim Y epr" =0
n>0 M=o 51

while when | - | is non-Archimedean this ring is defined as

Ar = ent” ¥r e R, lim ey |r™ =0
R ;} mn 7A{~>OO| ]\f‘
n-=
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We remark that the elements of Ag define (by evaluation) functions R — R when
R is complete, but not in general. Also, there is a slight abuse of notation (the
absolute value is not explicit in Ag) but this should not lead to any confusion in
the present work.

For different choices of R one recovers some familiar examples of Agr. For in-
stance, Ac is the ring H of holomorphic functions on C, while Ac, is the ring of
analytic functions H, on C, (as usual, C, denotes the completion of the algebraic
closure of Q). Also, observe that any ring R can be given the trivial absolute
value, in which case Ar = R[t]. When the absolute value is non-trivial, Ag can
strictly contain R[t] even in positive characteristic (which is the most relevant case
for our purposes); for example, we can take R = F,[[¢]] (¢ is transcendental over
F,) with the valuation of the order at g, then the power series

St e Rt
n=1

is an element of Ag and it is not in R[t].

The arithmetic of Ag shares many similarities with the arithmetic of Z. This
analogy is classically known in the case of Ar, = Fy[t]. For R = C, and for non-
Archimedean (complete, algebraically closed) fields R in any characteristic with
non-trivial absolute value, this arithmetic analogy is the object of much of cur-
rent research in the context of Nevanlinna theory and Vojta’s analogy in both the
complex [25] and the non-Archimedean cases [1, 8].

Recall that there is no algorithm to decide solvability Diophantine equations over
Z; this is the negative answer to Hilbert’s tenth problem on Z (by Matijasevic [12]
after the work of Davis, Putnam and Robinson). Due to the analogies just discussed,
it is natural to ask whether the solvability of Diophantine equations over Ag is
decidable or not. More precisely, if we consider the language L; = {0,1,¢,+,-,=}
and regard Ag as an L;-structure in the obvious way, then one can formulate the
following problem.

Problem 1.1. Let R be an integral domain endowed with an absolute value | -|. Is
the positive existential theory of Ar over Ly decidable?

We refer the reader to the survey articles by Koenigsmann [9] and Poonen [23]
which discuss extensions of Hilbert’s tenth problem to various rings of arithmetic
interest. Also, see [22] for a reference on Hilbert’s tenth problem over other rings
of functions (specially Sections 5-9 for rings of analytic functions), and see Section
8 below for some related open problems.

We remark that working over the language L; corresponds to considering Dio-
phantine equations with coefficients in R'[{] C Agr where R’ is the image of Z in
R C Apg. This is a natural setting for Hilbert’s tenth problem over rings of func-
tions on the variable ¢t because R'[t] is not ‘too large’ meaning that it is a recursive
ring (in particular, the decidability problem for equations with coefficients in R’[t]
makes sense) and it is not ‘too small’ meaning that it contains elements of Ag
that are transcendental over R. This last point is relevant from the perspective of
(un)decidability: polynomial equations with coefficients in R’ (or even in R) have
a solution in Apg if and only if they have a solution in R (indeed, any solution in R
is also in Ag, and any solution in Ag gives a solution in R by setting ¢ = 0), which
in many natural cases leads to a decidable Diophantine problem (for instance, if R
is an algebraically closed field).
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We also mention that the decidability problem of existence of solutions for for
single Diophantine equations with coefficients in R'[t] or for systems of Diophantine
equations with coefficients in R'[¢] (which is equivalent to Problem 1.1) are indeed
equivalent, because one can verify that the fraction field of Ag is not algebraically
closed (see Lemma 1.6 in [22]).

Let us briefly recall what is known for Problem 1.1.

One can consider two cases: the absolute value is Archimedean, or it is non-
Archimedean. In the first case the problem remains wide open (despite the efforts in
[17] which contains an unfortunate mistake, see [22]). In the second case, Denef has
proved [5, 6] that the Diophantine problem of polynomial rings in one variable over
an integral domain on the language L, is undecidable; this covers the case when || is
trivial. Lipshitz and Pheidas [11] proved that the Diophantine problem of H, = Ac,
on the language L; is undecidable, while no result in positive characteristic has
been established when | - | is non-trivial. The following table surveys the results
for Problem 1.1 that were known before the present work (as discussed in this
paragraph).

non-Archimedean Archimedean
char. 0 | trivial abs. val.: Denef [5]
non-trivial abs. val.: Lipshitz-Pheidas (over C,) [11]
char. p | trivial abs. val.: Denef [6]
non-trivial abs. val.: Not known

Not known

Our first result covers all cases when the absolute value is non-Archimedean.

Theorem 1.1. Let R be an integral domain endowed with a non-Archimedean
absolute value | - |. The positive existential theory of Agr in the language L, is
undecidable.

This theorem is proved in Section 5.

It is not incorrect to say that the same proof of [11] works whenever char R = 0
and | - | is non-Archimedean, not just for C, (see also Theorem 5.1). Therefore,
our main contribution is the case of positive characteristic. Actually, the next
theorem (which is our main theorem) gives a much more precise result for positive
characteristic (see Section 2 for a brief review of uniform interpretability).

Theorem 1.2. The ring of rational integers (Z;0,1,4+,-,=) is uniformly positive
existentially interpretable in the class of L-structures consisting of all Ar, as R
ranges over integral domains of positive characteristic with a non-Archimedean ab-
solute value.

This result is proved in Section 7.

Theorem 1.2 extends part of the main results of [15] (namely, Theorem 1.1, Item
2) from the polynomial case to the analytic case of entire functions, because the
latter contains the polynomial case by using trivial absolute values.

As in [15], one can deduce strong undecidability results from uniform inter-
pretability. Since the positive existential theory of the ring Z is undecidable (by
the negative solution of Hilbert’s tenth problem), the following uniform undecid-
ability result follows (see Corollary 2.2).

Theorem 1.3. The following problems are undecidable:
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Let C be a given non-empty collection of rings R of positive characteristic with
a non-Archimedean absolute value. Given a closed positive existential Lg-formula
¢, decide whether or not Ar satisfies ¢ for

each R € C;

at least one R € C;

all but finitely many R € C' (assuming that C is infinite);
infinitely many R € C (assuming that C is infinite).

In particular, when C is a singleton we recover Theorem 1.1 in the positive
characteristic case, and when C only contains positive characteristic rings with the
trivial absolute value we recover Item 2 of Theorem 1.2 [15].

Although it is equivalent, it might be convenient to reformulate the previous
theorem in terms of systems of equations instead of L;-formulas.

Theorem 1.4. The following problems are undecidable:

Let C be a given non-empty collection of rings R of positive characteristic with
a non-Archimedean absolute value. Given a system S of polynomial equations with
coefficients in Z[t], decide whether or not S has solutions in Ag (after reducing the
coefficients modulo char R) for

each R € C;

at least one R € C;

all but finitely many R € C' (assuming that C is infinite);
infinitely many R € C (assuming that C is infinite).

As pointed out in [15], results of this type are in strong contrast with results such
as Ax’s theorem [2] about the existence of an algorithm that decides the solvability
modulo every prime of systems of Diophantine equations with coefficients in Z.

Let us briefly describe the plan of the proof. As a starting point, we prove that
the entire solutions of a certain Pell equation X? — (t2 — 1)Y? = 1 are actually
polynomials (see Theorem 4.1). Note that the characteristic zero results of [11] are
also based on this fact (proved in [11] for characteristic zero), however, our analysis
of the Pell equation is substantially different and works in positive characteristic.
Unlike the characteristic zero case [11], the previously mentioned result on the
equation X2 — (#2 —1)Y2 = 1 is not enough for invoking Denef’s proofs from [5, 6]
since the positive characteristic case would require us to analyze a more general
Pell equation which seems to be beyond our methods, so, this idea does not work
directly. Instead, we use our result on Pell equations to define a suitable set, which
allows us to apply the main result of Pheidas [18] (see Theorem 5.2). Unfortunately,
Pheidas’ result from [18] is not uniform in the characteristic and more work is needed
for proving Theorem 1.2. In order to obtain uniformity, we go back to the idea of
applying Denef’s proof from [6] and replace the use of more general Pell equations
by an application of Biichi’s problem for polynomials in positive characteristic (see
Section 6 for the latter). However, this approach only works for characteristic
p > 17 (Theorem 7.3). Actually this is not a serious problem since we can cover
the finitely many remaining characteristics using Theorem 5.2 (the application of
Pheidas’ results [18] discussed above).

Finally, we remark that the idea of using Pell equations for interpreting the
integers in rings of functions goes back to Denef [5], [6]. As we just explained, in
our work the integers are interpreted in two different ways:
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e for small positive characteristic, in the exponents of powers of ¢ (by means
of Pheidas result from [18])
e for characteristic 0 or sufficiently large, in the solutions of a Pell equation
(following the ideas of Denef [5], [6], with an input from Biichi’s problem
as in [15]).
However, even in the case described in the first item, the Pell equation plays a
relevant role as it allows us to give a Diophantine definition of the auxiliary set
{t"™ : n > 0} required by Pheidas method [18]. We can say that at a technical level,
the main new tool which allows us to make progress on Hilbert’s tenth problem for
analytic functions is our result on the Pell equation Theorem 4.1.

2. UNIFORM INTERPRETATION

In this section we briefly recall the notion of uniform interpretation. For a more
detailed discussion on the material in this section, the reader can consult [15].

Given a language L and an L-structure 91 we will denote the base set of 91 by

The language L has three types of symbols; constant, relation and function
symbols. We recall the notion of realization of a formula. If ¢ € L is a constant
symbol, then we denote its realization by ¢™ which is a singleton subset of |2
whose only element is the interpretation of c. If R € L is an n-ary relation symbol,
its realization R™ is the subset of |9|" given by the interpretation of R. If f € L
is an n-ary function symbol, its realization f™ is the subset of [9t|"*! given by
the graph of the interpretation of f. In general, the realization of an L-formula

¢ =o¢(x1,...,2,) 18
o™ = {(m1,...,my,) € |DM|™ : M satisfies ¢(m1,...,my)}.

Let L, L’ be languages, M an L-structure and N a class of L’-structures (which
we always assume non-empty). We say that 91 is uniformly interpretable (without
parameters) in the class A if there is an L'-formula ¢r,, and for each symbol s € L
there is an L'-formula ¢, such that, for each 91 € N there is a surjective map

On : 67 — ||
which satisfies the following conditions:
o ¢7' C T and Hal(cm) = ¢ for each constant symbol c,

o ¢% C (¢T)™ and (0%) H(R™) = ¢% for each n-ary relation symbol R, and
o ¢F C (¢7)"" and (O™ = ¢7 for each symbol of n-ary function.

One can explicitly refer to these formulas by saying that 91 is uniformly inter-
pretable in N by the set of formulas ® = {¢s}serugry. We say that this interpre-
tation is positive existential if each formula in ® is positive existential.

One of the main applications of uniform interpretations is related to uniform
undecidability results (here we need to assume that the languages are encoded in
the integers; this is not a problem since in our applications we only consider finite
languages).

Theorem 2.1. Suppose that the L-structure 9 is uniformly interpretable in a
class of L'-structures N'. There is a Turing machine T that takes as input closed
L-formulas ¢ and gives as output closed L'-formulas T(¢) such that the following
three items are equivalent:
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o M satisfies @,
o there is some N in N such that N satisfies T(p),
o for all M in N we have that N satisfies T(¢).

Moreover, if the uniform interpretation is positive existential, then T takes positive
ezistential L-formulas to positive existential L'-formulas.

Corollary 2.2. Suppose that the L-structure MM is uniformly (positive existentially)
interpretable in a class of L'-structures N'. Assume that the (positive existential)
theory of MM over L is undecidable. Then the following four problems are undecid-
able:

Let NV be a non-empty subclass of N'. Given a closed (positive existential) L'-
formula ¢, decide whether or not N satisfies ¢ for

at least one M in N”;

each M in N;

all but finitely many N in N’ (this requires N” infinite);
infinitely many N in N” (this requires N' infinite).

The four problems in the previous corollary do not exhaust all possible undecid-
ability consequences, but they seem to be the most natural ones.

3. NON-ARCHIMEDEAN ANALYTIC FUNCTIONS

As a general reference on non-Archimedean analytic functions including the case
of positive characteristic, the reader can find useful to consult [8]; see also [4] for
an introduction to the subject. However, we prefer to give a mostly self-contained
presentation in this section of preliminary material needed for our applications.

3.1. One variable analytic functions and Newton polygons. Let R be an
integral domain, complete with respect to a non-Archimedean absolute value | - |.
Given real numbers 0 < a < b define Ag[a, b] as the ring consisting of formal power
series in the variable ¢

o0

Z cntn

n=—oo

with coeflicients in R and such that for every r € [a,b] one has

lim e, |r™ = 0.
[n|—o0

(See [4] p.6 for further discussion on this construction.) Here, of course, we follow
the convention that if @ = 0 then ¢, = 0 for n < 0. The completeness of R is
needed for the multiplication to be defined on Afa, b], but this requirement is no
longer necessary when a = 0.

The next lemma is well-known but we were not able to find a precise reference.

Lemma 3.1. For every r € [a,b] with r > 0, the absolute value on R extends to a
non-Archimedean absolute value | - |, on Agrla,b] as follows: if h =73, cnt™ then

|h], = max |c,|r".
n

In particular, Arla,b] is an integral domain.
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Proof. That |h|, = 0 if and only if h = 0 is clear. Let g = > a,t™. For the strong
triangle inequality we have

|h+g|, = max|c, +a,|r" < maxmax{|c,|, |an|}r" = max{max |¢,|r", max |a,|r"}.
n n n n

The function r — |h|, is continuous, hence, it suffices to prove |fg|, = |f|-|g|» for
r away from a numerable set. So we can assume that there are unique 7 and j
(depending on r) such that |h|, = |¢;|r® and |g|, = |a;|r?. Note that hg =, b,t™

where
bn = E CyQy

utv=n
(this can be a convergent infinite series when a > 0). The strong triangle inequality

gives for each n

[balr™ < 1" max |euan—u| = max|ey|r - Jan—u|r" " < leilr' - |aglr? = |kl |gls

hence |hg|, < |h|.|g|.. However, among the pairs (u,v) with u + v =i + j we have
that (u,v) = (¢,7) gives a strict maximum for the quantity |c,a,| thanks to our
assumptions on ¢ and j. The strong triangle inequality then gives

|bigjlr'™ = Z cuty| T = |ciajlrtt7 = || |gl
utv=1i+j
and hence |hg|, > |h||g|-. This proves |hg|, = |h|.|g|- O

Given any h € Agrla,b] — {0} the Newton polygon is defined to be the function
np : (loga,logb] — R given by

() = log |hlexpz = I}ng%((nx + log |cnl)

(if ¢, = 0 we take log|c,| = —o0). Here we list some of the basic properties of
Newton polygons. For the convenience of the reader we give a proof.

Lemma 3.2. Let h,g € Agrla,b] —{0}. The function mp(x) is continuous, convex,
and piecewise linear with integer slopes. Moreover, we have Wh(l/t)(x) = Th) (—)
and mhy(x) = mh(z) + mg(2).

Proof. That 7 (x) is continuous, convex and piecewise linear with integer slopes
is clear from the expression 7, (x) = max,ez(nz +log|c,|). To show 7,4 (2) =
Tt (—), expand h(t) and h(1/t) as series

h(t) = eat", h(1/t) = ant"

newz neZ

and observe that a,, = c_,,. Hence
11y () = ma(na + log |a,) = max((—n) + log |eu]) = m) (x).

Finally, m44(2) = mp(x) + mg(2) follows from 7, (2) = log |h|expo and the fact that
| - | is an absolute value for r > 0. O
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3.2. Analytic functions on A' and G,,. Define Ar(A') = N,~0Ag[0,n] and
Ar(G) = Nu>oA[l/n,n]. We think about Ar(A!) and Ag(G,,) as rings of ana-
lytic functions on the affine line and the punctured affine line (hence the notation
involving Al and G,,,) although we will not use any particular property of A and
G,,, as geometric objects.

Observe that Ar(A!) is the same Ag defined in the introduction (except from
the fact that in this section we assume that R is complete), while Agr(G,,) is the
ring of power series Y7 ¢,t™ with |c,|r" — 0 as |n| — oo for every r € RT. In
both cases, given a non-zero h one obtains a Newton polygon 7, defined on all R.

The following lemma is well-known (for instance, it follows from Lemma 4.5.2 in

3)-
Lemma 3.3. The group of units of Ar(A') is Ag(A')* = R*.

In Ar(G,,) we have the automorphism 7 € AutgAr(G,,) defined by the substi-
tution ¢ + ¢~'. For analyzing this automorphism we need an elementary fact.

Lemma 3.4. If the function f: R — R is convex and odd, then f must be of the
form f(x) = ma for some m € R.

Proof. Let a,b be arbitrary. By convexity

((a+b)/2) < LOETO),

Since f is odd, we also have

J(=)+ f(=b)

f~(a+b)/2) > T2

Since a, b are arbitrary, for any u, v we can apply the first inequality to (a,b) = (u,v)
and the second inequality to (a,b) = (—u, —v), obtaining

FR2I0) 5 g1 gy » H0 S0

Hence, for all u,v we have f((u+v)/2) = (f(u) + f(v))/2. We know that f is
convex, hence it is continuous and this equation implies that f(xz) = max + p for
some m,p € R. Recalling again that f is odd we see that p = 0. (I

Then we have:

Lemma 3.5. Let h € Ag(G,,). Suppose that 7(h)-h =1. Then h = £t" for some
integer n.

Proof. We have h(t)h(t~!) = 1. Thus, for all z € R we get

0 =m(2) = Thyne—1)(T) = Thie) (2) + The-—1) () = Ty (T) + Thin ()

and hence 7, (x) is an odd function. But it is also convex, so it is of the form
7h(z) = nax for some n € R. Recalling that 7, () is piecewise linear with integer
slopes we see that n € Z, and therefore h = a,,t" for some n € Z. Using the relation
7(h) - h = 1 again, we obtain a2 = 1, hence a,, € {—1,1}. O
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3.3. Analytic functions in two variables. In this section we assume that R is a
complete field. The ring of analytic functions on the variables t, u with coefficients
in R, denoted by R{t,u}, is defined to be the ring of all power series

E Cmnt™u"

m,n>0

with coefficients in R such that limy, 11 00 [Cmn|r™ ™ = 0 for every r € R (this is
indeed a ring under the usual addition and multiplication of power series, because
R is complete). We will be interested in quotients of this ring.

Lemma 3.6. The rulet —t, u+s t~1 extends to an isomorphism of R-algebras
w: R{t,u}/(tu — 1) = Ar(G,,).

Proof. Consider the map M : R{t,u} — Ar(G,,) given by M(f(t,u)) = f(t,t71).
We will check that this map is well defined, that it is an R-algebra morphism, it is
surjective and its kernel is (tu — 1)R{¢,u}. After all this is checked, p will be the
map induced by M and the result will be proved.

M is well defined: Let f(t,u) =3, 50 Cmnt™u"™ € R{t,u}. Computing M(f)
formally we find M(f) =Y, aqt® where

ag = Z Cmn, d€EZ.

It suffices to show that each a4 is a convergent series (that is, aq € R) and that for
any given r > 0 we have

(3.1) lim |ag|r? = 0.
|d|—o00

For fixed d, the pairs (m,n) with m —n = d satisfy m+mn — oo, hence |¢;nn| — 0
as m —n = d because f € R{t,u}. Therefore ag € R.

Given d let (mg,ng) be a pair with mg — ng = d that maximizes the quantity
|¢mn|. Note that mg 4+ ng > |d| because mg,ng > 0 and my — ng = d. Therefore
lag] < maxy—n—d|cmn| = [Cmyny] — 0 as |d| — oo (again, because f € R{t,u}).
This proves (3.1) for r = 1. In particular, there is K > 0 such that |aq| < K for all
d.

We now prove (3.1) when 7 > 1 (the case 0 < r < 1 is similar). If d - —oo then
lag|r® < Kr? — 0. On the other hand, if d — 400 then

|ad|rd < |Cmdnd|rd < |cmdnd|rmd+nd =0

because mg + ng > |d| = d and f € R{t,u}. This proves (3.1) for all » > 0.

M s an R-algebra morphism: R-linearity is clear, so we only need to check that
M(fg) = M(f)M(g) for all f,g € R{t,u}. Write f(t,u) =3, ,>¢bmnt™u" and
ftu) =3, 150 Cmnt™u". Using the formula for the coefficients ‘of M(f) proved
in the previous item, we find M(fg) =3, aqt? where

aq = Z Z bz] Crs

m—n=d (i,j)+(r,s)=(m,n)
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and M(f)M(g) =Y, alt® where

d= 3 [ 3w (Z )

dy+do=d i—j=d1 r—s=ds

The series for both aq and a/; are absolutely convergent by the computations in the
previous item (namely, the verification that M is well-defined) and because R{u,t}
and A(G,,) are closed under multiplication. Thus we can rearrange the summands
to conclude aq = a/; for all d, which proves M (fg) = M(f)M(g).

M s surjective: Given h € Agr(G,,) we can separate terms with negative expo-
nent on ¢, and terms with non-negative exponent on t, to conclude that there are
91,92 € Ar(Al) such that h(t) = g1(t) + g2(t™"). Let f(t,u) = g1(t) + g2(u), then
f € R{t,u} and M(f)=h.

The kernel of M is (tu — 1)R{t,u}: Clearly (tu — 1)R{t,u} C ker(M), and we
will show the converse inclusion. Let f =3 ~qcmnt™u" € ker(M). For integers
m,n we define 7, , € R recursively as follows:

® Vn =0if m <0orn<O0.

® Ymn = Tm—1,n—1 — Cmn for m,n Z 0.
Considering the points (m,n) € Z? it can be seen that these conditions uniquely
define elements ~,,,, € R, which are non-zero only if m,n > 0. Indeed, if m,n >0
we can iterate the second condition to obtain

min{m,n}
TYmn = — Z Cm—jn—j-
§=0

Moreover, since M(f) =0 we know »_ . cmyn =0 for all d, so we deduce

TYmn = § Cm+j,n+j-
>

Consider the formal power series F' = > Yyt u™. We claim that F € R{t, u}.
Indeed, we have

h’mnl = Zcm+j,n+j < max ‘Cm+j,n+j|'
i>1 I=t

Therefore, for any given large r (actually r > 1 suffices) we get

[ [P < (r?ff( |Cm+a:n+j|> s e ol =0

as m +n — 0o, because limy 400 |Cow|r?T = 0. This shows F € R{t,u}.

From the definition of the elements v, we find f = (tu — 1)F and therefore
f € (tu—1)R{t,u}.

This concludes the proof. ([

There is a canonical injection of the polynomial ring Ag[u] into R{¢,«}. This is
preserved under suitable quotients.

Lemma 3.7. Let F' € Ag[u] be a monic polynomial which is non-constant in u.
The natural map

q: Ag[u] = R{t,u}/FR{t,u}
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induces an injective Ar-algebra morphism
ARrlul/FAg[u] — R{t,u}/FR{t,u}.
Proof. One has to show that ker(q) = F.Ar[u], or equivalently, that
Ag[u] N FR{t,u} = FARg[u].

The inclusion Agfu] N FR{t,u} O FAg[u] is clear. For the reciprocal inclusion,
let h € R{t,u} be such that Fh = G € Ag[u]. Let Q,H € Ag[u] be such that
G = FQ+ H and deg H < deg F' (they exist because F' is monic). We claim that
h = Q. For otherwise, we have H = (h — Q)F = t"gF for some r > 0 and some
g € R{t,u} with g(0,u) # 0. We may assume that » = 0 (after dividing by ¢"
the coefficients of H if necessary) and therefore substituting ¢ = 0 in H = gF we
reach a contradiction (F is monic and we can compare degrees in u). Therefore

h=Q e Ag[ul. O

4. ANALYTIC SOLUTIONS OF PELL EQUATIONS

4.1. Analytic solutions are actually polynomials. In [5], Denef studied the
solutions of the Pell equation

X2 (2 -1)Y?=1

over a polynomial ring R[t] when R is an integral domain of characteristic zero. He
proved that the only solutions in R|[t] are of the form (£zy, y,) where z,,, y, € R]t]
are defined by

(4.1) Tn +yn V2 —1=({t+Vt2-1)", nel.

Then in [6], Denef proved that the same is true whenever R is an integral domain of
characteristic p > 2. Moreover, when char R = 2 he proved that the only solutions
in R[t] of

X2 +tXY +Y?*=1
are given by the pairs (£, y,) defined by
(4.2) Tn+yna=a" nez

where « is a root of Z? +tZ + 1 = 0. In this section we establish the following
theorem.

Theorem 4.1. Let R be an integral domain endowed with a mnon-Archimedean
absolute value | -|. If char R # 2, then the only solutions in Ar of the Pell equation

(4.3) X2 (2 -1)Y?=1

are the pairs of polynomials (x,,,yn) defined by (4.1). If char R = 2, then the only
solutions in Ag of the Pell equation

(4.4) X2 +tXY +Y2=1

are the pairs of polynomials (T, yn) defined by (4.2). In all cases, the polynomials
z, and y, have coefficients in the sub-ring of R generated by 1 (that is, Z or I,
depending on the characteristic).
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Of course, it is not hard to see that x,,y, indeed give solutions and they are
polynomials with coefficients in Z or F,, according to the characteristic (this is al-
ready in Denef’s work); the difficult part is showing that these are the only solutions
in AR.

We remark that the case R = C, (hence Agr = H,,) was first established by Lip-
shitz and Pheidas in [11]. Our proof is different and makes no use of differentiation,
hence, it works even in positive characteristic.

Before proving Theorem 4.1, let us state what we can obtain from it if we combine
it with Denef’s results on polynomial solutions of Pell equations. For simplicity, we
only consider the case of characteristic p > 2; the case of characteristic 2 is similar
and can be deduced from Lemma 3.1 in [6]

Corollary 4.2. Assume that char R = p > 2. The polynomials x,,,y, defined by
(4.1) satisfy the following:
(1) xn has degree |n| for n € Z, and y, has degree |n| — 1 for n # 0.
(2) All solutions of X% — (t> —1)Y2 =1 in Ag are given by the pairs (Tn,yn)
and (—Zn,Yn) for n € Z.
(3> Tmtn = TmTn + (t2 - 1)ymyn and Ymin = TmYn + TnlYm-
(4) m divides n in Z if and only Zf Ym divides yp in AR'T
(5) Forr >0 we have Ty = aP,, in particular x,r =¥ .
(6) zpm(t+1) =z, (t) + 1 if and only if m = +p" for some r > 0.
(7) zm =1 mod (¢t — 1), congruence in Ag.

Proof. After Theorem 4.1, this is a consequence of Lemma 2.1 [6]. The only fact
that requires some attention is the following: if 0 # P € R[t] and h € Ag divides
P in Apg, then actually h € RJt] (this is needed in items 4 and 7). Indeed, let
d = deg P and suppose that P = hg € RJ[t], then as z — +00 we have

mh(x) + mg(z) = wp(x) < dz+C

for some constant C. Both 7, (z) and 74 (z) are bounded from below as z — +o0,
hence they have at most linear growth. Therefore h and g are polynomials. O

4.2. Characteristic different from 2. Let us prove Theorem 4.1 when char R #
2. We can assume that R is a complete field by enlarging R if necessary. Put
a=+Vt?2—1.

Lemma 4.3. Let Mg be the fraction field of Agr. Then o ¢ Mg, hence « is
algebraic of degree 2 over Mp.

Proof. We can assume that R is an algebraically closed complete field. Assume
towards a contradiction, that o € Mp. Then actually o € Ag because a® =2 —1
has no poles. We have 1 = t? — a? = (t + a)(t — a) with both ¢ + o € Ag, hence
in R because Ax = R*, from which we conclude that 2t = (t+a)+ (t—«a) € R, a
contradiction. O

In particular, we have an automorphism o € Aut 4, Ag[a] defined by o(a) = —«
(that is, interchanging the roots of Z% — 2 +1). If (a,b) € A% is a solution of (4.3)
then w = a + ab € Agr|a] satisfies wo(w) = 1.

The natural map

it Arla) = Aglu]/(* —u® —1) = B = R{t,u}/(t* —u® — 1)
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is injective by Lemma 3.7. Under this inclusion, the map o is a restriction of the
automorphism € € Autg B defined by the substitution v — —u.

Lemma 4.4. The rule t — (z +w)/2, u— (2 — w)/2 extends (by substitution) to
an R-isomorphism

0:B— R{z,w}/(zw —1)
whose inverse §' is determined by z — t + u, w — t — u.

Proof. To check that ¢ and ¢’ take convergent power series to convergent power
series is a straightforward application of the strong triangle inequality. One checks
that § and & are well defined by substituting the variables in t> —u? — 1 = (¢t +
u)(t —u) — 1 and in zw — 1. That 6 and ¢’ are inverses of each other is clear. [

By Lemma 3.6, the map 6’ induces an R-isomorphism
d : AR(Gm) — B

given by z ++ t +u, 2~ + t — u, with inverse denoted by d. Under these isomor-
phisms, the automorphism e on B corresponds to 7 € AutpAr(G,,) defined by
z+ 271, namely 7d = de.

Observe that

di(w) - 7di(w) = di(w) - dei(w) = di(w) - dio(w) = di(wo(w)) = di(1) = 1.

Lemma 3.5 implies di(w) = £2z" for some integer n, hence w = +(¢t + a)™. This
concludes the proof of Theorem 4.1 when char R # 2

4.3. Characteristic 2. Now we prove Theorem 4.1 when char R = 2. Again we
can assume that R is a complete field. This time we define a as a solution of
Z2 +tZ 4+ 1 = 0. One can show that o ¢ Ar and similarly as before we let
o € Aut 4,, Ar[a] be defined by o(a) =t + a (that is, we interchange the roots of
Z2+tZ +1).

With this setup, the proof goes exactly as in the previous section, except that
the ring B should be defined as

B = R{t,u}/(u* +tu+1)
and Lemma 4.4 should be replaced by

Lemma 4.5. The rule t — z + w, u — z extends (by substitution) to an R-
isomorphism
0:B — R{z,w}/(zw —1)

whose inverse §' is determined by z — u, w — t + u.

We leave the remaining details to the reader.

5. THE CASE OF FIXED CHARACTERISTIC

In this section we discuss how to interpret in a positive existential way the ring
of rational integers in the L;-structure Ag when char R = p > 0 is given. That is,
the interpretation in this section will not be uniform in the characteristic. However,
this is enough for proving Theorem 1.1, and indeed it is a relevant step in our final
goal of interpreting the integers uniformly as we will see in Section 7.

Before going to the positive characteristic case, first we prove
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Theorem 5.1. The ring of integers (Z;0,1,4,-,=) is uniformly positive existen-
tially interpretable in the class of Li-structures Ar as R ranges over the integral
domains of characteristic zero with a non-Archimedean absolute value.

Proof. By Theorem 4.1, the argument of [5] applies directly. Indeed, this is the
same way to proceed as in [11], once one knows that the analytic solutions of the
Pell equation X2 — (2 — 1)Y? = 1 are exactly the same polynomial solutions from
[5]. In a nutshell, one recovers the integers as the values y, (1) = n (here, (2, yn)
are the solutions of the Pell equation). ]

When the characteristic is positive, we would like to say that thanks to Theorem
4.1 the argument is the same as in [6], but actually we can’t. The reason is that
we only considered the Pell equation X2 — (t2 — 1)Y2 = 1 (when p # 2), but
for the argument in [6] to work one would need that the analytic solutions of
X?—(a?—-1)Y? = 1 are polynomials whenever a is a non-constant polynomial. We
do not know if the latter is true and our techniques from Section 4 do not apply
directly to this more general Pell equation. We can circumvent this difficulty by
invoking the general results of [18].

Theorem 5.2. Let p be a prime. The ring (Z;0,1,4,-,=) is uniformly positive
existentially interpretable in the class of Ly-structures Agr as R ranges over the
integral domains of characteristic p with a non-Archimedean absolute value.

Proof. 1t suffices to prove the theorem for the semi-ring (N;0,1,+,-,=) instead
of the ring (Z;0,1,+,-,=). After analyzing the arguments in [18], we see that it
suffices to find a positive existential L;-definition of the set

P={t,t>,t3,t*,...} C Ag

which is uniform on the ring R, although it can depend on p (indeed, this is imme-
diate from the main theorem of [18] if uniformity on R is ignored, but actually for
fixed p the formulas in [18] do not depend on R).

Fix p > 0. Let us first give a positive existential L;-definition of the set

F={tt" ' '  }CA

which is uniform on the ring R.
Assume p > 2. Consider the formula

d)(f) Ely,h,u,v,g,(fQ - (t2 - 1)y2 = 1) A (f: 1+(t_ l)h)/\
(W = (t+1)?>=1D)*=)A(u=1+tg)A(u=f+1).

Theorem 4.1 applies to the Pell equation X? — ((t + 1) — 1)Y? = 1 (that is, this
equation has only polynomial solutions) because the substitution ¢ — ¢ 4+ 1 defines
an automorphism of A5 where R is the completion of R. Therefore, we can apply
Lemma 2.1 [6] in the special case a = t (specially items 5, 6 and 7) to conclude
that the formula ¢(f) defines the set F'. This gives the desired definition for F' in
the case p > 2. When p = 2 we proceed similarly, but we use Lemma 3.1 from [6]
instead (specially items 5 and 6).
Finally, we claim that the formula

O(f) = 3hg(h) A (IR NS A =11 = 1)
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defines P in Apg (here, the symbol | stands for divisibility in Ag, which is L;-
definable in a uniform positive existential way). Indeed, ¥(f) holds if and only
if

e h=tP" for some n > 1, and

o f divides t*" in Ag,

e t divides f in Ag, and

e f(1) =1 (this makes sense even if R is not complete, because any f satis-

fying the second item is a polynomial; see the proof of Corollary 4.2),

but these items hold if and only if f € P. O

As the reader can check, the formulas ¢(f) and (f) do not depend on the
characteristic when p > 2. The reason for the previous theorem to be non-uniform
in the characteristic is due to the use of Pheidas’ results from [18]. We do not know
how to make Pheidas’ theorem uniform, and a different approach is necessary.
Instead, we will resurrect Denef’s approach from [6] in this context, replacing the
use of the more general Pell equation X2 — (a? — 1)Y2 = 1 by an application of
Biichi’s problem.

Although we do not have uniformity in the characteristic at this point, Theorem
5.1 and Theorem 5.2 already prove Theorem 1.1 thanks to Matijasevich’s result
[12].

6. BUCHI'S PROBLEM AND THE p"-TH POWER RELATION

Let us recall the following theorem from [20] (see also [19], [24] and [16]). It
gives a solution to Btichi’s n squares problem for polynomial rings in positive char-
acteristic.

Theorem 6.1. Let k be an algebraically closed field of characteristic p > 17. Sup-
pose that uy, . .., u17 are squares in the polynomial ring k[t] such that at least one of
them is not in k, and such that for each 1 <n < 15 we have Up1o—2Up4+1+ Uy = 2.
Then there is v € k[t] and r > 0 such that for each n

Up = (n+v)P +1,

Biichi’s problem was originally formulated by J. Biichi on Z, and remains open.
It states the following:

Problem 6.1. There is a constant M with the following property:

Suppose that uy,...,up; are integer squares such that for each 1 <n < M — 2
we have Uy o — 2Up i1 + Uy, = 2. Then there is v € Z such that u,, = (n +v)? for
each n.

The original intended application was to obtain a strong form of the negative
solution of Hilbert’s tenth problem: undecidability for the problem of simultaneous
representation of integers by diagonal quadratic forms. See [10] or [13] for details on
Biichi’s original problem. Subsequent analogues of this problem have found similar
applications for diagonal quadratic forms, see for instance [14]. The application of
Theorem 6.1 that we give here, however, is different; it is closer to the application
given in [15].

Consider the following relation on Apg, for R of characteristic p > 0: we say that
u >p v if there is 7 > 0 such that u = P
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We will use Theorem 6.1 for expressing the relation u >, v uniformly in the
language L;, in very much the same way as in [15] (although in [15] a symmetrized
version of >, was used). Actually we are not able to fully define >, in Ag because
we do not know if the analogue of Theorem 6.1 holds for Agr. However, we will be
able to partially define >, in a way that is sufficient for our purposes (using the
fact that R[t] C Ag).

Theorem 6.2. There is a positive existential Ly-formula B(x,y) with the following
property:
Let R be an integral domain of characteristic p > 17 endowed with a non-

Archimedean absolute value. Let f,g € Agr. If actually f,g € R[t] then the following
two items are equivalent

(a) Ag satisfies B(f,g),

(b) f >p 9-
Proof. We claim that the formula
15
Bz, y):  Fui,...,uir, 2, /\ (Unto — 2Upy1 + up = 2) A (zy = u1)A
n=1

(t+y=us—u — 1) A(x =y2)

has the next property: for char R = p > 17, if f, g € R[t] and f or g is non-constant,
then Ap satisfies 5'(f,g) if and only if f >, g.

Suppose that f >, g, say, f = g . Taking u,, = (n — 1+ ¢)? ! and 2z = g?" !
we see that Apg satisfies §/(f, g).

Conversely, if Ag satisfies 5(f, g) then u1 = fg and uy = f+g+wu;+1 belong to
R[t]. Solving the second order recurrence imposed by /\5’:1 (Unto —2Upy1+ Uy = 2)
we can express each u, in terms of u; and us showing that for each n we have
u, € R[t]. Moreover, since f or g has positive degree so does u; or ug, hence we
can apply Theorem 6.1 to conclude that there is v € k[t] and r > 0 such that for
each n we have u,, = (n4v)? ! (here, k is the algebraic closure of the fraction field
of R). One can directly check that the pairs (v+1,(v+1)?") and ((v+1)?",v+1)
are solutions of the system of equations

XY = U1
X+Y =wuy—u; —1

which has exactly two solutions counting multiplicity, hence, it has no other solu-
tions (the case r = 0 requires to check that there is just one double solution, which
is true because the discriminant of the polynomial

72 —(ug —uy — 1) Z +ur =2 = (v +2?* - (w+1)> = 1)Z + (v +1)?

is 0). However, the pairs (f,g) and (g, f) are also solutions because Apg satisfies
B'(f,9), hence, (f,9) = (v+1,(v+1)?") or (f,9) = ((v+ 1)’ ,v + 1). The clause
(f = zg) implies g|f and therefore we conclude (f,g) = ((v +1)?",v 4+ 1). Thus
f Zp g
Finally, we take
Blz.y) s Fuv, (u? = (2 = 1)v* = 1) A B (u,t) A B (uz, ty) A B (2, y).

Let us check that this formula works. Let f, g € R]t].
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If (b) holds, say f = g”", then we take u = t*" and v = (t*> — 1)®" ~D/2, Tt is
straightforward to check that Ap satisfies 5(f, g) with these choices of u, v thanks
to our previous work on §’(z,y), hence (a) holds.

Conversely, if (a) holds then Theorem 4.1 implies that w,v € RJ[t]. Since u,t €
RJ[t] and t has positive degree, the fact that Ag satisfies 5’ (u, t) implies that u = tP"
for some r > 0. We observe that uf and tg belong to R[t]. If both f,g are 0 then
f >p g immediately, so we can assume that f or g is not 0. Then at least one of
uf or tg has positive degree, and the fact that Ag satisfies 5'(uf,tg) implies that
uf = (tg)?" for some s > 0. Hence t*" f = t?" g?" and we want to conclude that (b)
holds. If both f,g belong to R then r = s and f = ¢g? . On the other hand, if f
or g has positive degree then the fact that they are polynomials and Ag satisfies
B'(f,g) implies that f >, g. Therefore (b) holds. a

7. UNIFORM INTERPRETATION OF THE INTEGERS

7.1. Outline of the proof of Theorem 1.2. In this section we prove our main
result, Theorem 1.2. For this it will be useful to introduce a collection of auxiliary
structures.

Consider the language L* = {0,1,+,|,|*,#} and for each prime p we define the
the L*-structure

31) = (Z707 17+7 ‘7 ‘p77é)

where n|Pm means that there is r > 0 such that m = +p™n.
The proof of Theorem 1.2 is done in three steps.

Step 1. For p > 17, we give a uniform positive existential interpretation of 3, on
the class of L; structures Ag when char R = p. The key point is that the
formulas will be independent of p.

Step 2. Using results of [15], we will deduce that the ring Z is uniformly positive
existentially interpretable in the class of L;-structures Ag, for char R > 17.

Step 3. Finally, we cover the finitely many remaining characteristics using the re-
sults of Section 5.

The rest of this section is devoted to these steps.

7.2. Step 1. We need the next result.

Lemma 7.1. There is a positive existential Li-formula v(xz) with the following
property:

Let R be an integral domain of characteristic p > 0 with a non-Archimedean
absolute value. For all f € Fy[t] C Ar we have that: Ag satisfies v(f) if and only

if f #0.
Proof. We claim that the formula
v(z): da,b,c, (ta+ 1)((t—1)b+ 1) = fe

works. Let us remark that this formula is known to work in the polynomial case,
but here the variables under quantifiers range over Ag.

Assume first that Apg satisfies v(f), then ta # —1 and (¢t — 1)b # —1 because
t and ¢t — 1 are not invertible in Ag (this can be seen in a number of ways, for
instance, looking at Newton polygons). Hence fc # 0 because Ap is an integral
domain, and we conclude that f # 0.
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Conversely, assume that f # 0, where f € F,[t] C Ag. Let us factor f in Fp[t]
as f = t*(t — 1)°T where t,t — 1 do not divide I in F,[t]. Put F = (t — 1)°T and
G = t°T. Since (t,F) = 1 in F,[t] we see that there are u,v € F,[t] such that
tu + Fv = 1. Similarly, there are r,s € F,[t] such that (¢ —1)s + Gr = 1. From
these equations we deduce (—tu + 1)(—(t — 1)s + 1) = FoGr = fT'vr, so we can
take a = —u, b = —s and ¢ = I'vr which belong to F,[t] C Ag. O

The goal of the present step is achieved by the following result.

Lemma 7.2. There is a set of positive existential Li-formulas ® = {¢s}ser-uin-}
with the following property:

Let p > 17. The L*-structure 3, is uniformly interpretable by ® in the class
of Ly structures Ar as R ranges over all the integral domains of characteristic p
endowed with a non-Archimedean absolute value.

Proof. First we list the formulas of ®:
br-(z,y): Tz, (22— -1y =D)A(z=1+(t—1)2)
¢o(z,y): z=1Ay=0
d(x,y): z=tAhy=1
G+ (9, u,0, f,9) 0 dre(@,y) A dps(u, v)A
(f = 2zu+ (> — D)yv) A (9 = zv + yu)
oz, y,u,v) 1 Fz, ¢ (2,y) A oL~ (u,v) A (v =yz2)
Q= (T, u,v) 0 P (,y) A dre(u,v) A B(u, x)
o—( )i Or=(z,y) Aprs(u,v) A(w =u) A(y =)
¢£(x,y,u,v) 0 Pre (2, y) Adre(u,v) A (v(z —u) Vv(y —v))
with S(z,y) as in Theorem 6.2, and v(z) as in the previous lemma.

Let us check that these formulas work. By Theorem 4.1 and Item 7 of Corollary
4.2, we see that for each R as in the statement we have

ff‘ ={(Tn,yn) NnEL,xp+y V2 —1=0+ V2 -1)"}

Then we take

T,Y,U, V) :

Oag AR =1[3pl,  (Tnyyn) = 1.
Finally, ¢g and ¢; work because (a:o,yg) = (1,0) and (x1,y1) = (¢,1); ¢4+ works by
Item 3 of Corollary 4.2; ¢| works by Item 4 of Corollary 4.2; ¢|- works by Theorem
6.2 along with Item 5 of Corollary 4.2; ¢— works because 6 4,, is bijective, and ¢
works by Lemma 7.1 and by the last assertion of Theorem 4.1. (I

We remark that the previous proof is the same as the arguments of [6] with
respect to ¢r-, ¢o, ¢1, ¢4, @ (of course, after we know Theorem 4.1), but the
argument is different for ¢j-. Moreover, for our purposes we also need ¢..

7.3. Step 2. Note that the relation |, in Z used in [15] is the simetrization of the
relation |P used by us. Hence, |, can be defined over L* by

z|py if and only if 3, satisfies x|y V y|*z

which gives a uniform positive existential L*-definition. Similarly, the relation T
on Z (that is, Z — {—1,0,1}) used in [15] can be defined over L* by

T(z) if and only if 3, satisfiessz +1#0Az #0Axz # 1
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which gives a uniform positive existential L*-definition. Therefore Lemma 7.2 im-
plies that, for each given p > 17, the structures ©, = (Z;0,1,+,|,|p,=,T) from
[15] are uniformly positive existentially interpretable in the class of L; structures
Apr as R ranges over all the integral domains of characteristic p > 17 endowed with
a non-Archimedean absolute value, by a set of formulas ® which is independent of
p.

On the other hand, the ring (Z;0,1,+,-,=) is uniformly positive existentially
interpretable in the structures ©, by Theorem 4.3 from [15]. Therefore, by the
transitivity property of uniform interpretability (cf. Section 3.3 [15]) we conclude:

Theorem 7.3. The ring (Z;0,1,+,-,=) is uniformly positive existentially inter-
pretable in the class of Ly structures Ar as R ranges over all the integral domains
of characteristic p > 17 endowed with a non-Archimedean absolute value.

7.4. Step 3 and conclusion of the proof. Consider for each p the class of L;
structures U, that consists of all Ar with char R = p. The positive existential
L;-formula
kp: 14+14---4+1=0
p times

is satisfied by each structure in U, and it is false in each Ag with char R # p. On
the other hand, consider the class of L;-structures U=, which is the union of the
U, for all primes ¢ > p. For p > 2 given let pq,...,p, be the primes smaller than
p. The positive existential L;-formula

I
K>p ElZl,...,ZT7/\Zj+Zj+"'+Zj:].
|

J=1 ;
p; times

is satisfied by each structure in U>,, and it is false in each Ag with 0 < char R < p.

Let U be the class of L;-structures Ag where R ranges over all integral domains
R of positive characteristic endowed with a non-Archimedean absolute value. Note
that ¢/ is the union of Us, Us, ..., U3, U>17. By Theorem 5.2 we know that the ring
(Z;0,1,+, -, =) is uniformly positive existentially interpretable in each of Us, Us, ...,
U3, while Theorem 7.3 shows that (Z; 0, 1, +, -, =) is uniformly positive existentially
interpretable in U>17. The formulas kg, ..., k13, k>17 allow us to apply Fact 3.5
from [15], and we conclude that (Z;0,1,+,-,=) is uniformly positive existentially
interpretable in U. This concludes the proof of Theorem 1.2.

8. OPEN PROBLEMS

In this section we briefly present two open problems naturally related to the
topics discussed in this work.

8.1. The Archimedean case. After Theorem 1.1, the only case of Hilbert’s tenth
problem (with coefficients in Z[t]) for entire analytic functions in one variable that
remains unsolved is the Archimedean case. In particular, the following problem is
open (with the notation introduced in Section 1).

Problem 8.1. Is the positive existential theory of the ring of complex entire func-
tions H over the language L, decidable?

For additional information on this problem, see [22] (specially sections 6 and 8)
and the references therein.



20 NATALIA GARCIA-FRITZ AND HECTOR PASTEN

8.2. More general Pell equations. The Pell equation X2 — (2 —1)Y2 = 1 plays
a central role in our arguments. In the case of entire functions in characteristic
zero, analyzing this equation is enough for solving Hilbert’s tenth problem (see
[11] or Theorem 5.1) in the same way as in the work of Denef for polynomials in
characteristic zero [5]. For the case of positive characteristic discussed in the present
work, this equation is not enough for applying Denef’s argument for polynomials
in positive characteristic [6], but we found a different approach without considering
more general Pell equations. Nevertheless, the following problem is interesting on
its own right:

Problem 8.2. Suppose that char R # 0. Let x,(t), yn(t) € R[t] be the polynomials
defined by x,, + V12 — ly, = (t+ V12 — 1)". Let f € Ar be non-constant. Is it true
that the only solutions of X? — (f> —1)Y2 =1 in Ag are (£2,(f),yn(f))?

A similar question can be asked when char R = 2. This problem is solved
(affirmatively) when R has the trivial valuation, that is, when Ap = RJ[t] (see
[6, 21]). In the Archimedean case R = C this problem has a negative answer
already when f = ¢ (for instance, see Lemma C.6 in [22]). To the best of our
knowledge, Problem 8.2 is open in all other cases, namely, when R has a non-trivial
non-Archimedean absolute value.

Nevertheless, some partial progress has been achieved. The main results in [7]
imply a positive solution to Problem 8.2 when f is a polynomial and char R = 0.
We thank J.-L. Riquelme for mentioning this result to us.

If Problem 8.2 has a positive answer for suitable R, then the arguments of [21]
could be adapted to show undecidability of the positive existential theory of Ag
over the ‘geometric’ language Ly = {0,1,+,,=,T}, where T(f) means ‘f is non-
constant’.
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