REPRESENTATION OF SQUARES BY MONIC SECOND DEGREE
POLYNOMIALS IN THE FIELD OF p-ADIC MEROMORPHIC FUNCTIONS

HECTOR PASTEN

ABSTRACT. We prove a result on the representation of squares by monic second degree polynomials
in the field of p-adic meromorphic functions in order to solve positively Biichi’s n squares problem in
this field. Using this result, we prove the non-existence of an algorithm to decide whether a system
of diagonal quadratic forms over Z[z] represents or not in the ring of p-adic entire functions (in the
variable z) a given vector of polynomials in Z[z], and a similar result for p-adic meromorphic functions
when the systems allow vanishing conditions on the unknowns. This improves the known negative
answers for the analogue of Hilbert’s Tenth Problem for these structures. We also improve some
results by Vojta concerning the case of complex meromorphic functions, the case of function fields
and finally the case of number fields, and show an intimate relation of the latter with Bombieri’s
conjecture for surfaces over number fields.
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1. INTRODUCTION

In 1970, after the work developed by M. Davis, H. Putnam and J. Robinson, Hilbert’s Tenth Problem
was answered negatively by Y. Matiyasevic (see [11] or [5]). In logical terms, it was shown that the
positive existential theory of Z in the language of rings Lr = {0,1,+, -} is undecidable, which means
that there exists no algorithm to decide whether a system of diophantine equations (or equivalently,
a single diophantine equation) has integer solutions or not. For a general survey on Hilbert’s Tenth
Problem and extensions of it, see for example [17] or [19] (see [22] for results about number fields and
function fields).

Soon after the problem was solved, J. R. Biichi proved in an unpublished work (see [9] or [12]) that
a positive answer to a certain problem in Number Theory (which we write here BP(Z)) would allow
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2 HECTOR PASTEN

to show that there exists no algorithm to decide whether a system of diagonal quadratic forms over Z
represents or not a given vector of integers.

The number-theoretical problem BP(Z) is based on the following observation. If we consider the first
difference of a sequence of consecutive integer squares (for example 1,4,9,16), we obtain a sequence of
consecutive odd integers (in our example 3,5, 7). Hence, the second difference is the constant sequence
(2). One may ask whether a sequence of squares having second difference equal to the constant sequence
(2) must be a sequence of consecutive squares. The sequence 62,232, 322,392 shows that it is not true
in general.

Problem 1.1 (BP(Z)). Does there exist an integer M such that the following happens:
If the second difference of a sequence (z3)M, of integer squares is constant and equal to 2, then there
exists an integer v such that % = (v +1)? fori=1,..., M (that is, the squares must be consecutive).

This problem became known as the n Squares Problem or Biichi’s Problem. Numerical evidence
suggests that M = 5 should work (see for example [18]), but BP(Z) still is an open problem.

Assuming a positive answer to BP(Z), Biichi was able to prove, using the negative answer given to
Hilbert’s tenth problem and assuming a positive answer to BP(Z), the non-existence of an algorithm
for the problem of representation of a vector of integers by diagonal quadratic forms. The problem of
the existence of such an algorithm can be shown to be equivalent to the problem of decidability of the
positive existential theory of Z over the language £o = {0,1,+, P2}, where P5(x) is interpreted as ‘x
is a square’.

In order to get similar consequences in Logic for other rings of interest, and motivated by the
arithmetical interest of the problem, several authors have studied variants of BP(Z). A natural thing
to do is to replace the ring Z by another commutative ring A with unit. Depending on the ring, we
sometimes need to make additional hypothesis in the statement of BP(A):

e If A is a ring of functions of characteristic zero in the variable z, then we ask for at least one
x; to be non-constant.

e If A is a ring of positive characteristic, then we ask M to be at most the characteristic of A.
For variants on Biichi’s problem (for example, considering sequences whose second difference is a
constant sequence (m) for some m not necessarily = 2), see [1] and [3]. For the problem BP(A) with
A a ring, we know that the following cases (among various others) have a positive answer: BPQ(JFP)
with p > 2 (see [7]), BP*(M) where M is the field of complex meromorphic functions (see [26]),
BP?(F(z)) where F(z) is the field of rational functions over a field of characteristic 0 or p > 19
(see [15, 16]). Moreover, Biichi’s problem has a positive answer even in the case of function fields of
curves (see [26] for the characteristic zero case and see [23] for ‘large enough’ positive characteristic).
Under a conjecture in Diophantine Geometry, Vojta showed in [26] that BP?(Q) would have a positive
answer (hence BP?(Z) would have a positive answer). See [14] for a survey on Biichi’s problem and
its variants.

The positive existential Lo-theory of a ring is usually much weaker than its positive existential
Lg-theory. But when Biichi’s problem has a positive answer for a ring A then those theories for A are
(in general) equivalent. This is what happens for example for p-adic analytic functions and for p-adic
meromorphic functions (see Section 3.2).

We will solve BP(A) for some rings of functions, namely, the field of p-adic meromorphic functions,
the field of complex meromorphic functions and function fields of curves in characteristic zero by
showing in each case a somewhat stronger result on representation of squares by polynomials, in the
spirit of the following:

Given a ring B and a subset A of B, there exists a constant M satisfying the following condition:
For any set {a1,...,an} of M elements in A, there exists a ‘small’ set E C B[X| such that, if a monic
polynomial of degree two P € B[X] has the property that each P(a;) is a square in B, then P € E or
P is a square in B[X].

We will prove such a result for number fields, but assuming that the following conjecture by Bombieri
holds for surfaces.

Conjecture 1.2 (Bombieri). If X is a smooth projective variety of general type defined over a number
field K/Q, then X (K) is contained in a proper Zariski closed set of X.
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 3

The results for function fields, complex meromorphic functions and number fields are based in
Vojta’s work on Biichi’s problem (see [26]), where he solved Biichi’s problem for complex meromorphic
functions, function fields and (assuming the above conjecture) for number fields. The results related
to the p-adic setting are proved in a completely different way from Vojta’s proof for the complex
meromorphic case, and indeed, our proof is closer to the ideas in [15].

On the one hand, from an arithmetic point of view, our interest is not only in solving Biichi’s
problem in some structures, but also understand how many times a second degree polynomial which is
not a square, can represent a square.

On the other hand, from the point of view of Logic, our main interest in solving Biichi’s problem
for p-adic meromorphic functions is that some analogues of Hilbert’s Tenth Problem for the ring of
p-adic analytic functions (see [10]) and the field of p-adic meromorphic functions (see [24]) have been
proved to be undecidable (those problems are open in the complex case). Those results allow us, in
the p-adic case, to derive consequences in Logic from Biichi’s problem. This will be explained below
in Section 3.2.

We also refer the reader to [6] where is developed a general method used to solve negatively analogues
of Hilbert’s Tenth Problem for rings of functions.
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3. MAIN RESULTS

In this section, we present the statements of the results proven in this work.

3.1. Representation of squares in the field of p-adic meromorphic functions. Let p be a prime
number and let C, be the field of p-adic complex numbers (the completion of the algebraic closure of
the field Q, of p-adic numbers). Throughout the paper, one can replace C, by any algebraically closed
field of characteristic zero, complete with respect to a non-trivial non-Archimedean valuation.

Let A, be the ring of entire functions over C,, and let M, be the field of meromorphic functions
over C,. We prove the following theorem on representation of squares by polynomials.

Theorem 3.1. Let P € M,[X] be a monic polynomial of degree two. If P(a) is a square in M, for
at least 35 values of a € Cp,, then either P has constant coefficients or P is a square in M,[X].

By solving the second order recurrence implied in the statement of Biichi’s problem, we can use the
above theorem to show the following.

Corollary 3.2. The problems BP(A,) and BP(M,) have a positive answer.
Theorem 3.1 can be improved for the ring A, of p-adic entire functions in the following way.

Theorem 3.3. Let P € A,[X] be a monic polynomial of degree two. If P(a) is a square in A, for at
least 13 wvalues of a € C,,, then either P has constant coefficients or P is a square in Ap[X].

The proof of Theorem 3.3 is shorter and simpler than the proof of Theorem 3.1. Indeed, the
method used in the proof of Theorem 3.3 essentially is a p-adic simplified version of the method in
[15]. Unfortunately, several technical difficulties arise when we consider the problem for M, and this
requires the use of Nevanlinna theory and some combinatoric arguments.

We will prove these results in Section 5 and Section 6. In Section 4, the reader will find some results
from p-adic Complex Analysis that we will need later in the proofs.
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3.2. Undecidability for p-adic entire and meromorphic functions in Biichi’s language.
Corollary 3.2 allows us to obtain very strong undecidability results for p-adic analytic and mero-
morphic functions, improving results by Lipshitz, Pheidas and Vidaux. In order to state the theorems,
we need to introduce some notation.

Recall that A, stands for the ring of entire functions over C,, and M, stands for the field of
meromorphic functions over C,, with variable z.

By a diagonal quadratic equation over a ring A we will mean an equation of the form :

azt+ - apa® =b
where the a; and b are elements of A and the z; are the unkowns.
Define the following languages:
% ={0,1,+,, 2z},
% ={0,1,+,, z,ord},
5={0,1,+, P, f.}, and
L5 ={0,1,+, Py, f,,ord},
where P» and ord are unary predicate symbols, and f, is a unary function symbol. In A4, and M,,

Py(z) is interpreted as ‘z is a square’, f.(z) is interpreted as ‘z — za’, and we interpret ord(z) as
‘z(0) = 0’ (all other symbols are interpreted in the obvious way).

Theorem 3.4. Multiplication is positive existentially definable in M,, and in A, over the language
L3,

See Section 7 for a proof.

We recall that the following two theories are undecidable: the positive existential theory of A, in
the language L% (see [10]) and the positive existential theory of M, in the language L}, (see [24]).
From this and Theorem 3.4 we conclude

Theorem 3.5. The positive ezistential theory of A, in the language L3 and the positive existential
theory of My, in the language L3 are undecidable.

This result allows us to prove the following (see Section 7).

Theorem 3.6. There is no algorithm to solve any of the following problems:

(1) Given a system of diagonal quadratic equations

r

2 .
E aijmi:bj j:L...,S
i=1

with all the a;; and b; in Z[z], to decide whether or not the system has a solution in A,.
(2) Given a system of diagonal quadratic equations

-
2 .

E aj;ry =b; j=1,...,s

i=1

with all the a;; and b; in Z[z], and given a set I C {1,...,r}, to decide whether or not the
system has a solution in M, satisfying x;(0) =0 for each i € I.

3.3. Representation of squares in number fields. The statements given below will be proved in
Section 10.

Theorem 3.7. Assume Bombieri’s Conjecture 1.2 holds for surfaces. Let K be a number field and
{a1,...,as} a set of eight elements in K. There exists a finite (possibly empty) set E = E(K, (a;);) of
polynomials in K[z] such that the following holds : for each polynomial f of the form z*+ax+b € K|x],
if f(a;) are squares in K for each i then either f € E, or f = (z + ¢)? for some c € K.

This theorem is an extension of Theorem 0.5 in [26]. The method used to obtain this result is
essentially an adaptation of the method by Vojta in [26].
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 5

It is an obvious but remarkable fact that, if one could find a number field K and a sequence
a = (ai,...,as) of distinct elements of K such that the set F(K, (a;)) is infinite, then one would au-
tomatically obtain a counterexample to Bombieri’s Conjecture. On the other hand, showing finiteness
for E(K, (a;)) for some K and some sequence (a;) would give a new example of a surface (over K)
where Bombieri’s question has a positive answer. We are not able to prove nor disprove the finiteness
of the set E(K, (a;)) in any case.

From the finiteness of the sets E (K, (a;)) one can easily derive the following (see Section 10).

Corollary 3.8. Assume that Bombieri’s conjecture holds for surfaces defined over Q. Let ay,as,... be
a sequence of integers without repeated terms. There exists a constant M (depending on the sequence
(a;);) such that: if a polynomial f = 2 + ax + b € Q[z] satisfies the property ‘f(a;) is a square in Z
fori=1,...,M’, then f is of the form f = (x + ¢)?, for some c € 7Z.

Observe that the dependence of M on the sequence cannot be dropped. Consider for example the
polynomial fy = x? — 4(2N)!, where N is a positive integer, and define

2N)!

Then it is obvious that (a;)Y, is a strictly decreasing sequence in Z and each fy(a;) is a square in Z.
Note that, if in Corollary 3.8 we set a,, = n for each n, then we obtain a positive answer to Biichi’s
Problem for Z (under Bombieri’s Conjecture).

3.4. Representation of squares for function fields and for complex meromorphic functions.
The geometric results in Section 8 will be used in Section 10 to prove the following theorems, analogues
to Theorem 3.1.

Theorem 3.9. Let F be a field of characteristic zero and C' a non-singular projective curve defined
over F. Define the integer M = max{8,4(g + 1)} where g is the genus of C. Write K(C) for the
function field of C and let X be transcendental over K(C). Let P € K(C)[X] be a monic polynomial
of degree two. If P(a) is a square in K(C) for at least M values of a € F, then either P has constant
coefficients or P is a square in K(C)[X].

Theorem 3.10. Write M for the field of meromorphic functions on C. Let P € M[X] be a monic
polynomial of degree two. If P(a) is a square in M for at least 8 values of a € C, then either P has
constant coefficients or P is a square in M[X].

These theorems give as a direct consequence a positive answer to Biichi’s problem in the respective
cases, but such a positive answer is not new since it was proved in [26] for both cases. Moreover,
Biichi’s problem was solved recently by a new method in characteristic zero and (large enough) positive
characteristic in [23].

4. SOME RESULTS IN p-ADIC NEVANLINNA THEORY

First we present the notation we use for the usual functions in p-adic Nevanlinna Theory.

We will work over the field C, with absolute value |- |,. Write A, for the ring of entire functions
over C, and M, for the field of meromorphic functions over C,. We denote by F* the positive part
of a function F in to R, that is F© = max{F,0}. We adopt the following notation for the standard

functions in p-adic Nevanlinna theory, where f = % € M, is non-zero, and where g,h € A, are
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coprime:
Blr]={z€Cp: |z], <7}
n(r, h,0) = number of zeros of h in B[r| counting multiplicity

) =
n(r, f,0) = n(r, h,0)
00) =

(’I" f7 - (’I" gu )
N(r,h,0) = / n(t,h,0) _n<0’h’0)dt+n(0,h,0) logr
0 t
N(r, f,0) = N(r,h,0)
N(r, f,a) = N(r, f — a,0)
N(r, f,00) = N(r,g,0)
|R]- :maéc\an|pr , where h(z) = ao—i—Zan
= n>1
hl,
1
a) = log*

m(r, f) = m(rv I OO) = 10g+ ‘f|r

We recall to the reader that for each r > 0, the function |- |, : M — R is a non-archimedean
absolute value satisfying |a|, = |a|, when a is constant.

We will need the following standard results from p-adic Nevanlinna Theory. For a general presenta-
tion of p-adic complex analysis, see for example [20]. For references on p-adic Nevanlinna Theory (in
particular, for a proof of the following results) see for example [4], [21] or the Chapter II of [8].

First we have the Logarithmic Derivative Lemma:

Lemma 4.1. Ifn > 0 is a positive integer and f € M, then
(n)
sl

= n
N

where f™ stands for the n-th derivative.

We will also need the Poisson-Jensen Formula:
Theorem 4.2. Given f € M,, there exists a constant C depending only on f such that

log|f[, = N(r, f,0) = N(r, f,00) + C

As a consequence of the Poisson-Jensen Formula, we get the First Main Theorem:

Theorem 4.3. Let f € M, be a non-constant meromorphic function and a € C,. Asr — oo we have
m(r, f,a) + N(r, f,a) = m(r, f,00) + N(r, f,00) + O(1).
Finally, we state the Second Main Theorem:

Theorem 4.4. Let f € M, be a non-constant meromorphic function and let ai,...,aq € C, be
distinct. Then, as r — 0o we have

Zm(rvaai) < N(r, f,00) + O(1).

5. PROOF OF THEOREM 3.1 (p-ADIC MEROMORPHIC FUNCTIONS)

The following equality will be used many times without mention within this section:

(1) N(r, f,z) =K +/ Mdt, for large 7.
1
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 7

It will be used systematically in order to deduce inequalities (for large r) about N when we know
inequalities about n (the point is that the integral is a linear and monotone operator).
In order to simplify the proof of Theorem 3.1, we actually will prove the following equivalent result.

Theorem 5.1. Let hy,..., hy be elements of M, such that at least one h; is non-constant. Let
ai,...,apn be M distinct elements of Cp,. If there exist f,g € My, with g non-zero, such that

(2) hy=(a;+)?-g j=1....M

then M < 34.

For the rest of this section, we will assume that we are under the hypothesis of Theorem 5.1.
Assuming M > 35 we will obtain a contradiction.
First, we observe that

(3) hi —h? = (a; — a;)(2f + a; + a;).
Lemma 5.2. The function f is not constant.

Proof. If f is constant then so is ¢; = (a; + f)?. Note that since some h; is non-constant, g is non-
constant. Taking 7, j and k such that ¢;, ¢;, and ¢, are pairwise distinct constants, the following
equality

(hihjhi)? = (ci = g)(¢j — g)(ck — g)
gives a non-constant meromorphic parametrization of an elliptic curve over C,,, which is impossible by
a theorem of Berkovich (see [2]). O

Lemma 5.3. Let x € C,, be a pole of some h;. There exists an index k depending on x such that for
each i # k we have (simultaneously)
(1) ord hy > ord,h;;
2) ord, f > 2ord.h;;
(3) ord,g > 4dord,h;;
4) ordgh; = ordzh; for all j # k; and
(5) ord;h; < —1.
Moreover, for each i we have

. 1 .
4) min{ord,h;, 0} > 71 Zl: min{ord,hy, 0}

and, there exists a positive constant K such that for large enough v and for each i we have

1
71 zl:N(r,hl,oo).

Proof. Let igp be an index such that h;, has a pole at z.

First suppose that all h; have the same order at « (hence negative). In this case, Items (1), (4) and
(5) hold trivially, Item (2) comes from Equation (3), and Item (3) comes from Equation (2). Indeed
for Ttem (3) we have

() N(r,hi,00) <

ord,(g) > 2min{ord, (h;),ord, (f + a;)}
= 2min{ord, (h;),ord,(f)}
= 2min{ord,(h;), 2ord,(h;)}
Z 4ord1hi,
where the last inequality comes from Item (2).

The other case is when not all h; have the same order at z. Choose k such that item (1) holds true.
By Equation (3) for indices k and any i # k, Item (4) holds true. If iy = k then all h; have a pole at
x (by maximality of k), and if iy # k then by Item (4), for all ¢ # k, h; has a pole at x. Hence Item
(5) holds true. Items (2) and (3) for i # k follow as in the previous case.

Finally, by Items (1), (4) and (5), and observing that ord,hy could be positive, we have for each i

(M — 1) min{ord,h;,0} = Zmin{ordzth} > Zmin{ordmhl, 0}.
1£k 1
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8 HECTOR PASTEN

Summing for « € B[r] we obtain

(M = D)n(r, h;,00) < Z (r, hy, 0
1

which gives the inequality (5) by Equation (1). O

Lemma 5.4. The following inequality holds

Zlog|h | + ZN 7y hy, 00) > ”N(r fy00) +O(1).
Proof. By the Second Main Theorem 4.4, we have for each i € {1,..., M}
aZ + a; +aj
N(r, f,00 Zlog < Zlog
J#i r VE) T
Since by Equation (3) we have
h? — b2 =2(a; — a) (f+ “”2“‘3) ,
we deduce
—N(r, f,00) +O(1) < log |h? — 3] .
J#i
If for a given r, i, is an index such that |h;|, is minimal, then
1
LS el ), < Sloeln,
i#ir i
= C+Z (r,hj,0) — N(r, hj, 00))

JFir
< C+ N(r,h; ,00)+ Z (N(r,hn,0) = N(r, hy,o0))

= C'+N(r,hi,,00)+ Y _log|hyl,

IA

" +

y oy

where the first and second equalities are given by the Poisson-Jensen Formula 4.2, the third inequality
is given by Lemma 5.3 (see Equation (5)), and C, C’, C" are fixed constants (not depending on r nor

on i,).
Finally we have
N(r, f,00 Zlog|h2 — k2 <) loglhal, + 3T > N(r,hn,00) +C”
J?élr
for each r large enough, and the lemma is proven. O

Lemma 5.5. The following inequalities hold:

n(r, £,00) < 57 3 (e B, 00)

and

n n
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 9

Proof. Observe that by Lemma 5.3 (Item (2) and Equation (4)) we have

(M — 1)n( ) <2 n(r,hy,00)
hence
(M = 1)N(r, f,00) <23 N(r, hy,00) + O(1).
The second formula comes immediately by Lemma 5.4 and the Poisson-Jensen Formula 4.2. O

The equations
hy+g (an + f)?
2hphn +9 = 2f'(an + f)

are directly deduced by reordering and differentiating the one given in the hypothesis. From this we
deduce

2kl + g')? = 42 (h7, + 9)

hence
2= Af2g = Al f? = 2hy — Bg).
Writing
A = g%—4f"
A, = hof?—h?h, —hlg
we have
(6) A = 4h, A,

Lemma 5.6. If A is not identically zero, then

(r, A, 0) ZN 7y, 0) — > N(r,hn,00) + O(1).

Proof. On the one hand, for a given = € C, suppose f has a pole at x and h;(z) = 0 for some index
j. Set I = ord,(h;) and m = ord,(f). Note that ord;(g) = 2m because h;(z ) = 0 (see Equation (2)).
Write

M -1

hj =w(z — o) +u(z— o)t 4

f=vm(z—2)™ +vpy1(z — o)™ + ...

and
g = Warn (2 — )™ + womy1(z — )T 4 ...
for the Laurent series of h;, f and g at x. Observe that wa,, = v2,. The first term of the Laurent
series at x for respectively h; f'2, h;?hj and h'jg’ is, respectively,
m2uw2, (z — ) H2m=2
PPl (2 — x)3l72

2Amugv2, (z — x)T2m=2
hence ord;A; =1+ 2m — 2 since 2] # m. Therefore, we have
ord, A =2(Il+m —1).
On the other hand, if x € C, is not a pole of f and is a zero of some h;, then we have

ordz A > ord,(h;)

because by Equation (2), g does not have a pole, hence A; does not have a pole and we conclude by
Equation (6).

Let A, be the set of € B[r| such that f has not a pole at « and h;(z) = 0 for some index j, and
let B, be the set of z € B[r] such that f has a pole at z and hj(z) = 0 for some index j. Observe
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10 HECTOR PASTEN

that, by Equation (3), no three of the h,, can share a zero (we use it for the fifth inequality below).
We have then

n(r,A,0) > Z ord, A + Z ord, A

TEA, z€B,

> max ord,( Z max 2(ord, (h;) + ord,(f) — 1)
veA, M (2)=0 veB, " (@)=

> dy 2 dg

> ) max ordy(h)+ j{: Jmax (ord, (f) = 1)
z€A,UB,

= Z hirggio ord, (h;) + 2 Z (ord,(f) —
r€A,UB, zEB,

> .

> Z hf&%io ord,(h;) + 4 Z ord, (f)
€A, UB, r€B,
1

> izn(ra hZaO) —471(7", f,OO)

> Z n(r, h;,0) — Mélzn(r,hi,oo)

where the last inequality comes from Lemma 5.5. The result follows. (]

Lemma 5.7. If A is not identically zero, then

N(T7A7 OO) S

)+ O(1).

) o

Proof. Suppose that some = € C, is a pole of A. Then, by definition of A, it is a pole of f or of g.
If none of the h; has a pole at x then by Equation (3) f does not have a pole, and by Equation (2),
g does not have a pole, which contradicts our hypothesis. Therefore, some h; has a pole at x. Take k
as in Lemma 5.3. For each index i # k we have (observing that ord,(h;) < —1 and that if ¢’ = 0 then
ord;hlg’ is infinite)

ord,A > ord,h; + min{ord,h;f"?, ord,h}?h;,ord, g’}
> ordgh; + min{7ord,h;, 5ord,h;, 7ord, h;}
8ordh;.

Hence, using the Lemma 5.3 (Equation (4)) we have
8
Z min{ord,h;, 0}.
M—-1 ]

Write D,. for the set of poles of A in B[r]. We have

ord, A >

n(r,A,00) = Z —ord, A
rGD
< — Z Zmax{ ord,h;,0}
zeD,.
< M — Z Z max{—ord,h;,0}
Il zeBjr]

= 8 Zn(r hi,00)

- M_1 l s Iy .
and the result follows. O
Lemma 5.8. (1) For each r > 0, there exists an index k, such that |hy, |, is minimal.

(2) There exists a positive constant Ky such that, for any r > 0 and for all i # k,, we have
log | f|» < max{0,2log|h;|,} + K.
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 11

(3) There exists a positive constant K, such that, for any r > 0 and for all i # k,, we have
log | f|» < max{0,4log |h;|} + K.

Proof. Ttem (1) is immediate since for each r, the set {|h;|.: ¢ = 1,..., M} is finite. Let us prove Item
(2). There exists a positive constant K’ > 1 such that for each r > 0, 7 and j, we have
(7) 2f1r < [2f + ai + ajlr + ai + ajlr < K"+ 12f + ai + a1

On the other hand, by Equation (3) there exists a constant K" > 1 such that, for any r > 0, i # k.
and j, we have

hi — h,
a; — ag,

h?

|2f+ai+aj|r =

r

K3

<

(by Item (1))

a; — ag
< K"|h|,

T lr

hence by Equation (7)
12f|, < K"|h?|, + K’ < K" max{|h?|,,1} + K'.
Therefore, we have
log |f]r < log(K" max{|hf|;, 1} + K') —log 2|,
< log(K" max{|h?|,,1}) + log K’ 4+ log2 — log|2|,
< max{2log|h;|,, 0} + Ky
with K is a positive constant greater than log K" + log K’ + log 2 — log |2|,, and where the second
inequality comes from the fact that for all real numbers x,y > 1, we have log(z+y) < log z+log y+log 2
(just write (1 —z)(y — 1) <0).
Finally, we prove Item (3). By Equation (2) and Item (2), for each i # k, we have
log lg|, = log [(f + a:)? — k|,
< log (max{\h?\r, |f2|r, 12a; f|, ‘a?‘r})
< log (max{\h?\r, |f2|m |a?|r})
< max{2log |, 0,21og] f],} + max{|af| }
< max{2log |h;|,, 0,2 max{0, 2log |h;|,} + 2K} + max{|a?|,}
< max{2log |h;|, + 2Ky, 2K, 4log |h;|, + 2K} + max{|a?|,}
< max{0,41log |h;|. } + K,

where K, is a fixed positive constant bigger than 2K + max{|a?|,}, and where the second inequality
comes from the following :

|a12|r + ‘f2|7’
2

12a; f|r < lailr| f]» < < max{|a?|r, |f2|r}

Lemma 5.9. If A is not identically zero, then
log Al <~ =2 S og [y + 3" N(r, b, 00) — 2log 7 + O(1)
g T_M(M_l) g [ln|r (M—1)2 y Mns g .

Proof. By the Poisson-Jensen Formula 4.2 and Lemma 5.3 (Equation (5)) we have for r large enough

and for each 1
log || = N(r, h;,0) — N(r, h;,00) + C

> —N(r,hj,00) +C

1
> /
> M_lzn:N(nhmoo)—kC

for some constants C,C".
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12 HECTOR PASTEN

Given r > 0 take k, as in Lemma 5.8. Choose i, such that |k, |, is minimal in {|h;|,: i # k. }, and
note that

log |h;, |- < M
z;ék

By Item (2) in Lemma 5.8, we have for each r large enough
log | f|r < max{0,2log |h, |r} + K

< 1 ;
< max O,M 1 Z og |hilr p + Ky
i#ky
< max Zlog\h |, —|— Zthn 00) 2¢7 + Ky
2 ’ M -1

and by Item (3) in Lemma 5.8 we have for each r large enough
I%MM<HMHQ4bQMJ&+B%

<max{ Zlog|h| —|— 2z:]\frhn,oo} T 1+Kg.

Hence, for large r we get

max{ Zlog|hn| —|— 2 ZN 7,y N, 00) }+O(1)

(9) loglgl, < max{ Zlog|h [, —1— E ZN T, By 00) }+O(1).

Since A is not the zero function, from Lemma 4.1 (Loganthmlc Derivative Lemma) we have for
each index n

1
|Alr < |l maX{|hnf/2|rv |h;12hnlra |h;9/|r} < ﬁlhnlg maX{|f|3’ |hn|£, 9]}

IN

(8) log | f]»

and by Equation (2) for each n holds
21og |hy|r < max{2log|f],,0,log|g|-} + O(1)

therefore we have for each n
1
log |A|, < log (72|hn|f> + max{2log | f|, 0,log|g|-} + O(1).
Since this last expression is true for each n, we have
2
log|Al, < +2 ) _log ||, — 2logr + max{2log| f,,0,log|g|.} + O(1).
Note that by equations (8) and (9)

max{2log|f|,,0,log|g|. }<max{ Zlog|h |, + E ZN 7, Ry, 00) }—l—O(l)

and by Lemma 5 4 we have that this last expression is less than or equal to

=17 ZN i, 00) + 7 N(r, f,00) + O(1).

n

Therefore
log |Al < (2 + ———) 3 log|hals — 2logr + ———— 3" N(r, hn, 00)
Og T = M M_]. g nir gr (M—].)2 T? TL?OO
2
o N, f,00) +O(1)
Finally, we bound N (r, f, 00) using Lemma 5.5 and the result follows. (]

Lemma 5.10. A =0 for M > 35.
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 13

Proof. The proof goes by contradiction, so we assume A is not identically zero. Consider the equation
log |Al, = N(r,A,0) — N(r, A, 00) + O(1).
Lemmas 5.6, 5.7 and 5.9 allow us to bound log|A|, above and below, obtaining

6M — 2 8 1 8 8
O T2 N log )y + T —2logr > =7 — - 1+00
M(M—l)zog| a1y ogr 257 = gl = =71+ 00

where we write Z = > N(r, hy,0) and I =Y N(r, hy,00). Observe that
> loglhnlr = Z — T+ 0(1)

by Poisson-Jensen Formula 4.2. This and Lemma 5.5 give

1 6M — 2 6M — 2 16 8
—9] > (- 2277 Vg - - I+0(1
oer = (2 M(M—l)) +(M(M—1) M1 (M—1)2) +0()
1 6M — 2 M—-3 10M? —2
- - I+0(1
= ((2 M(M—l))M—l M(M—1)2> +0()
M? —35M + 8
_ T 1).
o= LT oW
A contradiction for M > 35. [l

Finally, we have that A is the zero function, f is not a constant and ¢ is non-zero. We get the
equation ¢’ = 4f'2g, which implies that exists a meromorphic function u such that ¢ = 4? and
u'? = f?. Hence u = af + b for certain a € {—1,1} and b € C,, and we obtain

hy = (an+f)* = (af +b)°
(an + f)? = (f + ab)?
= (an — ab)(a, +ab+2f).

From this we get

( hihihy,
V/(a; — ab)(a; — ab

This is a contradiction because f is not a constant. Therefore the Theorem 5.1 is proven.

)(ar — ab)> = (@i + ab+2f)(a; + ab+ 2f)(ay, + ab + 2f).

6. PROOF OF THEOREM 3.3 (p-ADIC ENTIRE FUNCTIONS)

The purpose of this section is to prove Theorem 3.3. Up to some adaptations for the p-adic setting,
the proof goes along essentially the same lines as the solution of Biichi’s problem for C[z] using the
method of Pheidas and Vidaux (see for example [15] for the paper where this method was used by first
time, or [14] for a quite simplified exposition in the particular case Clz], which is closer to the case of
p-adic entire functions) and we include it here just for the sake of completeness.

We prefer to avoid the use of Berkovich’s theorem and replace it by an elementary argument on
factorization.

In order to simplify the proof, we will prove the Theorem in the following equivalent form:

Theorem 6.1. Let h; € Ay,j =1,..., M with at least one of them non-constant, and let a; € C, be
distinct for j =1,..., M. Assume we have f,g € A, with f, g non-zero, such that h? =(aj+ f)*>—g
forg=1,....,M. Then M < 12.

We will assume M > 12 to obtain a contradiction.
Lemma 6.2. The function f is non-constant.

Proof. Suppose that f is constant. Then (h; — h;)(h; + h;) = (a; — a;)(a; + a; + 2f) also is constant
for i # j, hence each h; = % ((h; — h;) + (h; + h;)) is constant, which contradicts the hypothesis. O
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14 HECTOR PASTEN

For i # j we have
e —hi = ((ai + )* = g) = ((a; + ))* = g) = 2(a; — a;) f + (af —a3)
hence, for each r we have
(10) 2maxm(r, hy,) > m(r, h? - h?) =m(r, f)+ O(1)

and the equality g = (a; + f)* — h3 implies
(11) m(r,g) < 2max{m(r,a; + f), m(r,h;)} + O(1) < 4mTElem(7‘, hn) + O(1).
As in the previous section, we define
A = g% —4f?%
Ap = haf?—hl R, — g
and these functions satisfy the same equation as in the previous section (see Equation (6))
A = 4h, A,
Lemma 6.3. The function A is the zero function.

The point is that, if A is not the zero function then we can apply to it the function m(r,-), and
we will obtain a contradiction by bounding above and below m(r, A). We we will need the following
three claims.

Claim 6.4. For each r large enough, we have

m(r, A) < 6 maxm(r, h,) — 2logr + O(1).

Proof of Claim 6.4. By definition of A we have
m(r,A) = m(r,hy) +m(r,Ay) +0(1)
<l )+ max{m(r, b f2), m(r, B, ) m(r, B, ) )+ O(1)
In order to estimate an upper bound for this last expression, by the inequalities (10) and (11) and
Lemma 4.1 we obtain for each r large enough
m(r, hy f'?) m(r, hy) + 2m(r, f) — 2logr + O(1)
5m7?xm(r, hn) —2logr 4+ O(1)

IAIA

m(r, b hy) < m(r hy) + 2m(r, hy) — 2logr + O(1)
< 3maxm(r,h,) — 2logr + O(1)
m(r,hyg’) < m(r,hn) +m(r, g) = 2logr + O(1)
< 5maxm(r,h,) — 2logr + O(1)

Therefore, for each r large enough we have

m(r, A) < 6 maxm(r, h,) — 2logr + O(1).

Claim 6.5. For each r large enough, we have
1
M-1

max m(r, hy) < Zm(r, hn) 4+ O(1)

Proof of Claim 6.5. Given an r, if all the m(r, h,,) are equal the result is obvious, so let us assume that
we have two indices s,t¢ such that m(r, hs) is minimal, m(r, h;) is maximal and m(r, hs) # m(r, hy).
For r large enough and for all i # j we have |2f|, = |a; + a; + 2f|, because of Lemma 6.2 and the
definition of |- |,., moreover, |2f|, > 1 for large r. Write C' = log™" max;; |a; — a;|, and note that this
constant does not depend on 7. Since hi — h? = (a; — a;)(a; + a; + 2f) we have for 7 large enough

m(r, f) < m(r,h; = h3) <m(r, f) + C.
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 15

On the one hand, by the strong triangle inequality of | - |, we have for each n
m(r, f) +C > m(r,h? — h?) = 2m(r, hy) = 2m7?xm(r, hy).
On the other hand, for each n # s we have
2m(r, hy) > m(r, k2 — h2) > m(r, f).
adding these inequalities as long as n # s we get
2Zm(7“, hn) > QZm(r, hy) > (M —1)ym(r, f).
n n#s

Therefore

n

23 “m(r,hy) > (M = )m(r, f) > (M — 1)(2max m(r, hy,) — C).

Claim 6.6. For each r large enough, we have
1
5 > m(r hy) < m(r,A) + O(1)
n

Proof of Claim 6.6. Define
n(r) = Z max ord,h,
[p|<r

and note that this sum is always finite because the h,, are entire. Since 4h,A,, = A holds for each n and
A is not identically zero, we have ord,h,, < ord,A for each n and each p, therefore n(r) < n(r, A,0).

Observe that no three of the h; can share a zero (if p is a common zero of h;, hj, hy for distinct
indices, then the polynomial (f(p) + X)? — g(p) has three roots, namely a;, a;,ay), hence

Z n(r, hy,0) < 2n(r)

and we arrive to

> n(r, hn, 0) < 2n(r, A, 0)

hence
> N(r,hy,0) < 2N(r,A,0) + O(1).

This inequality and Theorem 4.2 applied to A (which is an entire function) lead to
Zm(r, hn) < 2m(r, A) + O(1).
n

O

Proof of Lemma 6.3. We suppose A is not identically zero. We apply to it m(r, ) and use the bounds
given in the above Claims to get:

6
M-1

1
2logr + §Zm(r, hy) < Zm(r, h,) +0O(1)

which is a contradiction for M > 12. This proves that A = 0. (|

From the equation A = 0 we have

(12) g7 =4f"yg.

By Lemma 6.2 we have that f is non-constant, hence the equation g’?> = 4f'2¢g implies that g is a square
in M,, but g € A, implies that g is a square in A,. Thus g = u? for some u € A, and replacing in
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16 HECTOR PASTEN

Equation (12) we get u'? = f’2. Therefore there exists b € C,, and a € {—1, 1} such that g = (af +b)2,
hence
hy = (an+ )~ (af +b)°
= (an+f)? = (f +ab)?
= (ap — ab)(a, + ab+ 2f).

Observe that this and Lemma 6.2 imply h,, non-constant for all n such that a, # ab, and this is the
case for al but at most one index m since the a,, are pairwise distinct. Define

fn

a, —ab

Up =

for each n # m, and note that each v; is non-constant. Take any two indices i # j such that i, j # m.
We have

(vi—vj)(vi—l—vj):v?—v?:(ai+ab+2f)—(aj+ab+2f)zai—aj

and this implies that v; — v; and v; + v; are constant, therefore each v; = 3((v; + v;) + (v; — v;)) is
constant. This is the desired contradiction, and the proof of Theorem 6.1 is complete.

7. PROOF OF THEOREM 3.4 (UNDECIDABILITY RESULTS)

We will use the positive answer to Problems BP(M,) and BP(A,). First we define the following
L5-formulas:

Bu[:z:,y} : Elul cee E"ll,gs (/\f’ing(ul)) AN (/\?iQui—l + i1 = 27.L1' + 2) ANT =u A 2y +1= Ug — U1
Sq[z,y] : Bulz,y| A Bulf.x, f. f-y]
Prod[z, y, w] : JuIvPa(u) A Py(v) A (Sqlx + y,u] A Sq[z — y,v] Au= v+ 4w).

Note that all the above formulas are positive existential.
Next we define the following systems of equations:

a3 —2¢5+q7 =2

45— 2q3, + q33 = 2
qi=b
q%qu:2a+l

Bugys(a, b) :

Bugys(a, b)
Sdgys(a@,b) : yRAT
QSya(a ) {Busys(za,z2b)
and
Sa(a,z?)
2
Prodgys(a, b, c) : Sa(b,y”)
Sq(a + b, w?)

w? = 22 +2¢c + 92
where it is understood that, if we consider a system of equations built up by several of these systems,
then the unknowns in each of them are distinct. For example, in the definition of Sqg, since we use
twice Bugys, it is understood that the variables g; in the first Bugys are distinct from the variables g;
appearing in the second Bugys.
Note that the system Prodsys(2?,y?, 2%) (where x,y, z also are considered as unknowns) is a system
of diagonal quadratic equations with coefficients in Z[z].
From the definition of the above formulas and systems of equations, it is clear that given a,b,c € R,
where R = A, or M,,, we have the following:
e R |=Bula,b] if and only if the system Bugys(a, b) has a solution in R
e R = 8Sqla,b] if and only if the system Sqg(a, b) has a solution in R
e R |=Prod|a,b, ] if and only if the system Prodsys(a, b, ¢) has a solution in R.
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 17

Lemma 7.1. Ifa,b,c € R, where R = A, or R = M,, then the following statements are equivalent:
i.ab=c
ii. R Prod[a,b,c]|
ili. Prodgys(a, b, c) has a solution in R.

Proof. Because of the above discussion, it is enough to prove that item i is equivalent to item ii. By
Corollary 3.2 we have: R satisfies Bula,b] if and only if b = a? or a and b are constants. Thus, R
satisfies Sqa, b] if and only if b = a?. Therefore, R satisfies Prod|a, b, ¢ if and only if ¢ = ab. O

Proof of Theorem 8.4. This is a consequence of the equivalence of items i and ii in Lemma 7.1, and
the fact that Prod[z,y, 2] is a positive existential £3-formula. O

Proof of Theorem 3.6. From Theorem 3.4 we obtain the non-existence of an algorithm to solve any of
the following problems:

(1) Given a system
(13) Zaikxf‘Fijkyj:Ck, k=1,...,t
i=1 j=1

with all the a;, bjk, ¢ in Z[z], to decide whether or not the system has a solution in A,,.
(2) Given a system

(14) Zaikﬂf?Jrzbjkyj:Ck, k=1,...,t
i=1 =1

with all the a;x, bjx, cx in Z[z], and given two sets I C {1,...,r} and J C {1,..., s}, to decide
whether or not the system has a solution in M, satisfying x;(0) = 0 for each ¢ € I and
y;(0) = 0 for each k € J.

To prove item (1) of the theorem, consider the diagonal quadratic system

(15) Zaikx?—l—ijk(u?—vf):ck, kE=1,...,t.
i=1 k=1

System (15) has a solution in A, if and only if System (13) has, because of the identity

() ()

In order to prove item (2) of the theorem, we cannot perform the same substitution as before in

order to eliminate the degree-one part, because a technical problem arises with the vanishing conditions.

Namely, if we replace an unknown y; with condition y;(0) = 0 by (u]2 —v?) as in the previous case,

J
then the vanishing condition becomes (u3 — v3)(0) = 0, which is useless because we want vanishing
conditions on the unknowns, not on polynomial expressions of the unknowns. To fix this problem, we
will use again the positive answer to Biichi’s problem in order to perform a substitution in such a way
that vanishing conditions on unknowns become vanishing conditions on the new unknowns. We will
obtain not one but several diagonal quadratic systems, but this will be enough to prove the Theorem.

Consider the following 27! diagonal quadratic systems S, indexed by a C J:

K
Zaikxf + Zb]k(u]22 — u?l -1+ Z bjk(wj2-2 — w?l) = ¢k, k=1,...,t
i=1 j€a 1<j<s
Jgd
2 2 2 .

(Sa) uj3 — 2ujy +uj; =2, JEax

Ulgs — 2ufzy +ufpy =2, jEa

Prod(u?l, 11]2-, 1), jE€a

with conditions z;(0) = 0 for each i € I and u;;(0) = 0 for each j € a.
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18 HECTOR PASTEN

We make the following two obvious observations about functions in M,:

(A) f(0) =0 and f is constant if and only if f = 0.

(B) f(0) =0 and f is non-constant if and only if f(0) =0 and f is invertible

We will prove now that System (14) has a solution in M, satisfying its corresponding vanishing
conditions if and only at least one of the Systems S, has a solution in M, satisfying its vanishing
conditions.

First, assume that System (14) has a solution x; = f;, y; = g; satisfying the vanishing conditions
and define

a={j € J:g; is non-constant}.

Then S, has the following solution satisfying its vanishing conditions (by Lemma 7.1):

ri = fi

ujy = % 4+1-1 forjea

v; = u%z for j e

w1 = ‘“T_l forl1<j<sandj¢.J
Wiz = ngH for1<j<sandj¢.J

Observe that the y; with j € J — a have been replaced by 0 (observation (A)).
Assume now that System S, has the following solution satisfying its vanishing conditions:

Ty = Xi

Uil = Ml for j € a

v; = v for j € a
wjp = wjp forl<j<sandj¢J
wje = wjp forl<j<sandj¢.J

Then the following is a solution of System (14):

Ti = Xi

y; = 0OforjeJ—a

Yy;i = /132—/,&]21—1 fOI'jeOZ

Y = wh—wh for1<j<sandj¢.J

It only remains to show that this solution satisfies the vanishing conditions of System (14). Indeed,
the condition x;(0) = 0 for ¢ € I holds because it is the same vanishing condition on the x; as in S,,.
For j € J we have y;(0) = 0, which is trivially true for j € J —a. For j € o we have p;1(0) =0
(this is a condition on S,) and ;1 is invertible (its inverse is +v;). Therefore, by observation (B)
the function pj; is non-constant. Observe that (le)?z 1 is a Biichi sequence with a non-constant term,
hence, by Corollary 3.2 there exists a non-cosntant 7; such that /1']2'1 = (yj +1)?. This implies that

Yi = 15 — 151 — 1= 2(y; +1) = 251
hence, using the condition p;1(0) = 0 for j € o on Sy, we obtain y;(0) = 2u;1(0) = 0. O

8. SOME GEOMETRIC RESULTS

This section contains most of the geometric results that we will use in the next two sections. The
arguments given here essentially are adaptations of the arguments given by Vojta in [26]. For the sake
of completeness, we will perform most of the computations.

During the whole section, we assume that the base field is C, and we write g(X) for the genus of
the curve X.

Let S = (02,03, ...) be a sequence in C* with pairwise distinct terms. Set Xo = P?(C) and for n > 2
let X,, C P*(C) be the algebraic set defined by the equations
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REPRESENTATION OF SQUARES FOR p-ADIC MEROMORPHIC FUNCTIONS 19

as the index i ranges from 3 to n. If [zg : -+ : x,] € X,,, it is easy to see that at most 2 of the x; can
be zero, hence X,, C Uy U Uy U Us where U; is the open set {z; # 0}.

Lemma 8.1. The variety X,, is a smooth surface in P™, contains the lines

(17) i.’El = i.IQ — (521‘0 == il‘n — (5nx0

and has canonical sheaf Ox,_ (n —5). In particular, X, is of general type for n > 6.

Proof. Observe that, for [zg: - -, z,] € X, N Uy the matrix
((53 — 52)1‘1 —(531‘2 (521‘3 0 tee 0
(18) (54 —'(52).%1 —5%562 0 (52.%4 0
(6n — 52)561 *5nl’2 0 0 cee 52$n
has rank n — 2. Indeed, there are 3 cases depending on the number of zeroes among x3, ..., Zy:

(1) No zero: trivial.

(2) One zero: at least one of the first two columns has no zero.

(3) Two zeroes: suppose that x; = z; = 0 where 3 < i < j < n, then no entry in the first two
columns is zero. Therefore

(0; — d2)w1  —d;w2

(5]' — (52).131 —5]'I2

hence, X, is nonsingular at each point in X,, N Uy. The verification that X,, is nonsingular at each
point in X,, N U; and X,, N Us is quite similar, but the determinants in case (3) are

—0i02(0; — d2)xg  —0iw2

*5j62(5j — 52)130 75]'1‘2

= 52$1$2(5j - (52) 7& 0.

= 525i5j$0$2(6j — 61) 7é 0

and

—51(52(51 — 52)1’0 (51 — (52)561
—(5j(52(5j — 52)1‘0 ((5j — 52)1‘1

respectively. Therefore X,, is a smooth surface in P".

The claim about the lines (17) is an easy computation (looking at Uy N X,,).

Finally, since X,, is a complete intersection surface in P" defined as the intersection of n — 2 smooth
hypersurfaces of degree 2, its canonical sheaf is O(2(n —2) —n —1) = O(n — 5). O

= 521‘0I1(5j — 51)(5] - 52)(6z - 62) 7é 0

Definition 8.2. Define the trivial lines of X,, as the lines (17).

Observe that for n > 3 the rational map [xg: -+« : xp] — [2g: -+ : Z,—1] induces a finite morphism
Ty ¢ X, — Xn—1 of degree 2 ramified along the curve C,, C X,, defined by x,, = 0. This curve is
nonsingular. Indeed, if

[g:- - :xp] € Cp =X, N{x, =0}
then at most one of the xg,...,x,_1 can be zero and the remaining verification can be performed as
in the proof of Lemma 8.1 for cases (2) and (3) since x,, = 0, but adding the extra row (0,...,0,1) to
each matrix.

Define ¢, = w30 ---om,. We note that the image of C,, in X5 via ¢,, is

(19) 5n52(5n — 52)%‘2 — (571 — (52)@‘% + (SnJ?Q =0.
0 2

Definition 8.3. Let X be a smooth surface over C and let L be an invertible sheaf on X. Take a
section w € HO(X, L ® S?(Q4)). Let Y C X be a curve with normalization i : Y — Y. We say that
Y is w—integral if i*w € HO(Y,i* (L) ® SQ(Q%,)) vanishes identically on'Y .

On Uy C P? = X, define

w = z122dx1 @ dz| + (65 - xf - x%)dwl ® dxy + x122dTe @ dTs.
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Note that, after the change of variables yo = z¢/x1 and yo = x2/x1, on Uy N Uy, we have

1
w=rg (63yoydyo ® dyo + (1 — 65y5 — y3)dyo @ dys + Yoy2dys ® dy»)
0

hence w extends to a section
wy € HY(X3,0x,(5) ® S*(Q,))-

Lemma 8.4. Write [xg : o1 : @3] for homogeneous coordinates on P? = X,. The only wy-integral
curves on Xo are

(1) 20=0, 21 =0, and 2 =0

(2) the four trivial lines

(3) the conics dac(c — 82)x3 — (¢ — d2)a? + cx3 = 0 for ¢ # 0, 0.
Moreover, if f: C — X5(C) is a non-constant holomorphic map satisfying f*ws = 0 then its image is
contained in one of these curves.

Proof. Tt is easy to see that curves of type (1) and (2) are wo-integral. Let’s show that curves of type
(3) are wy-integral. If we look at the affine chart Uy, on a curve of type (3) we have

(¢ — d2)x1dxy = crodrs

hence
Wy = c*w; b2 (52— a2 )+ 2wy ) duy @ da
RN R A CEr A
Todro ® dx
= (Pad +clc - 62)(65 — o] — a3) + (¢ — 63)%a?) W
Todzo @ dxa
= (05c(c—b2) — 02(c — 82)x] + bacw3) (e —0y)2m1
rodro @ dx

= b (dacle — 82) — (e~ da)e + enf) PEEZTE

Conversely, let Y be an ws-integral curve on Xo not of type (1) or (2). We will show that Y is of
type (3). Let P € Y be a regular point of ¥ not in a line of type (1) nor (2). As Y is regular at
P, in some neighborhood of P one can assume that one affine coordinate is function of the other, say
x1 = x1(x2). Since Y is wo-integral, we get a quadratic ordinary differential equation for x;. Hence
there are 2 local solutions at P. But exactly 2 curves of type (3) pass through P. Therefore, Y is
locally of type (3) on a dense set of points, and so Y is of type (3).

A similar computation proves the assertion about holomorphic maps. O

Observe that the image of C), in X5 is we-integral (see Equation (19)).
Write w!, = ¢wa and note that

w,, € H(X,, 0x,(5) ® §*(Qk,))
because 7} Ox, _, (1) = Ox, (1) for each n > 3.

Lemma 8.5. Let n > 6 be an integer. The only wl,-integral curves on X,, are

(1) the pull-backs via ¢, of the coordinate azes on Xo to X,

(2) the trivial lines

(3) the pull-backs via ¢, of the conics dac(c — 62)x3 — (¢ — d2)a3 + cad = 0 for ¢ # 0,55.
These curves are nonsingular and the only one with genus < 2"~3 are the trivial lines, with genus 0.
Moreover, if h : C = X,,(C) is a non-constant holomorphic map satisfying h*w], = 0 then the image
of h is contained in one of these curves.

Proof. Let Y C X, be a w/ -integral curve. Write Z = ¢,(Y) and Y’ = ¢ (Z). Note that Z is
wy-integral. Hence we have 3 cases by Lemma 8.4.

Suppose that Z = {z; = 0} C X, is a coordinate axe. Then Y’ = X,, N {z; = 0} is nonsingular
by a verification similar to the one done for C,,. Since Z meets all the curves ¢(C;) for i = 3,...,n
and they form the branch divisor, Y’ is connected. Hence Y/ = Y and Y is nonsingular. Note that
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bnly Y — Z has degree 22 and is ramified at 2"2(n — 2) points, hence g(Y) = 2" 3(n — 4) + 1
by the Hurwitz formula.

Now suppose that Z is a trivial line in X5. Replacing the value of x5 in terms of z; in the defining
equations of X,, we obtain that Y is a trivial line, with genus 0.

Finally suppose that Z is a curve of type (3) in Lemma 8.4. By the same argument as in the first
case, Y’ is connected. One can show that Y’ is nonsingular by a direct computation (on the affine
chart Uy we add the row ((c — d2)x1, —cz2,0,...,0) in 18, and for Uy, U the computation is similar)
therefore Y = Y’. Consider the map ¢,|y : ¥ — Z. This map induces a morphism ¢, : ¥ — Z.
If Y lies above one of the curves C; then deg(¢,) = 2”72 and if Y does not lie above any C; then
deg(v,,) = 2"~ 2. Anyway, ¢, is ramified at least in (n—3)-4-2"~% = 2"~2(n —3) points and g(Z) = 0,
thus for n > 6 by the Hurwitz formula we have

g(Y) > —2"72 4 277 3(p — 3) = 2" 3(n — 5) > 2"73,
The assertion about holomorphic maps follows from taking f = ¢, o h in Lemma 8.4 and noting that
f is not constant since ¢,, is finite, and f*ws = h*kws = h*w), = 0. O
Lemma 8.6. Let m : X' — X be a finite morphism of smooth projective surfaces over C, ramified

along a curve Y C X'. Let L be a invertible sheaf on X, and take a section w € H°(X, L ® S?(Q%)).
If n(Y) is w—integral, then m*w € HY(X',m*L ® S?(%,)) vanishes identically on'Y .

Proof. This is a particular case of [26] Lemma 2.10. O
We recall to the reader that w], = ¢ ws.

Lemma 8.7. Define w) = wy. The sections w!, determine sections
wy € H(X,,0x,(T—n) ® S*(Qk))

such that each wy,—integral curve is a w!,—integral curve. Moreover, the w,—integral curves are the
same as the wl,—integral curves, with the only possible exception of w'—integral curves lying over
Cs,...,Cp.

Proof. By induction. The case n = 2 is clear. Assume it for n = m — 1 with m > 2. Note that
Tm (Crm) does not lie over any of the curves Cs,...,C,,—1 because they have different images in Xo,
hence 7., (Cyy,) 18 wy—1 —integral by Lemma 8.5 and induction hypothesis. Consider the section
Tnm—1 € H* (X, 7, O0x,,_, (T = (m = 1)) ® $*(Q ) = H*(Xm, Ox,, (T — (m — 1)) ® §*(Q, )
(recall that 72 Ox, _, (1) = Ox, (1)). By Lemma 8.6 we have that 7% ,w,,_1 vanishes identically on C,,,
thus 7, wm—1 determines a global section wy, in Ox,, (7—m) ® S*(Q ) by taking
1 *
Wm = aﬂ'mwm_l.

Call U, the open set of X, obtained by deleting the curves lying over any of the Cs,...,C,,. The
sections w),, and w,, agree on U,, up to a non-vanishing factor, therefore the w/, —integral curves and
the w,, —integral curves are the same on U,,. A curve lying over some C; is of type (3) in Lemma 8.5
(see Equation 19), hence it is w],-integral, and we are done. O

Corollary 8.8. Forn > 6, the only w,—integral curves with genus < 273 on X,, are the trivial lines,
with genus 0. Moreover, if h : C — X,,(C) is a non-constant holomorphic map such that h*w, = 0
then the image of h lies in a trivial line.

Proof. From Lemma 8.5 and Lemma 8.7 we deduce the first part of the Lemma, and the fact that the
image of h lies in a curve with genus > 2”73 or in a trivial line. Use Picard’s Theorem to conclude. [

Theorem 8.9. Forn > 8, the only curves of genus 0 or 1 on X,, are the trivial lines.

Proof. Let Y C X, be a curve of genus 0 or 1 and write i : Y — Y for its normalization. On the one
hand, the curve Y has genus 0 or 1, hence Ky has non-positive degree. On the other hand, the sheaf
i*Ox,, (7T—n) has negative degree because n > 8. Therefore, i*Ox, (7T—n) ®IC?;2 has no nonzero global
section on Y, hence i*w, vanishes identically on Y. From this we deduce that Y is a w, —integral curve
with genus < 1 on X,,, and we are done by Corollary 8.8. (]
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9. CORRESPONDENCE BETWEEN POLYNOMIALS AND POINTS

We understand that, given a sequence s, d3, . .. of distinct non-zero elements in K/Q, the surfaces
X, are defined by Equation (16).

Lemma 9.1. Fiz a sequence (a1,as,...a,) in K/Q, with n > 3 and pairwise distinct a;. Set 6; =
a; —ay for i > 2. There is an injective map from the set of monic polynomials f € K[x] of degree
two satisfying that f(a;) is a square for i = 1,...,n, to the set X,(K) N {xg # 0}. The map is
J(H)y=[1:+/flar):---:+\/flan)] (for a fixed choice of square roots) and has the property that f is a
square in K[z] if and only if j(f) lies in a trivial line of X,.
Proof. Take a polynomial f = 2% + ax + b € K[z] with the property that f(a1) = b3,..., f(an) = b2
are squares in K, then
507 = (a2 — a1)f(a;) = (ag — a1)(a} + ua; +v)

= (a; —a1)(az —a1)(a; —as) - 1 — (a; — a)(a? + uay +v) + (a; — a1)(a3 + uay +v)

= 51(52(51 - (52)12 — (51 — 52)[)% + (511)%
Therefore, for each polynomial f = x? + uxr + v € K[z] with the property that f(ay),..., f(a,) are
squares in K, we have that j(f) € X, (K) N {xo # 0}.
Now we check injectivity. Given a point p=1[1:by:---: b,] € X, (K) N {xg # 0}, define

f—a?+ b3 — b2 — a3 + a%x N ajaz(as — ay) — a1 b3 + azb?
The polynomial f, is the only monic polynomial of degree two satisfying f,(a1) = b? and f,(a2) = b3.
Moreover, after a standard computation we get
b2 fp(ar + 6;) = 0;62(8; — 62) — (8; — 62)bT + 6;b3

and, since p € X,,(K) N {zo # 0}, we obtain daf,(a1 + &;) = d2b?. Therefore f,(a;) = b7 for each i.
The uniqueness of f,, proves that j is injective.

Assume that j(g) = [1: by : -+ : by] lies in a trivial line for some g = 2% + uxr + v € K|[z]. Thus we
have an equation of the kind +by — do = +bq, say €'by = €by + a2 — a; for €,¢’ € {1, —1}. Therefore
b2 = b2 + 2¢(as — a1)by + (az — a1)? and we get

bgfb%7(1§+a% 274 alag(a27a1)7a1b§+a2b%
a2 — a1 a2 — ay

€ K[x]
as — a1 a2 — a1

)4@@2n0
So, using the above definition of f,, we have g = f;(,) = (x + %)2 O

10. CASE OF NUMBER FIELDS, FUNCTION FIELDS AND COMPLEX MEROMORPHIC FUNCTIONS
We use the same notation as in Section 8. First we prove Theorem 3.7.

Proof. We follow the notation of Section 8. For i = 2,...,8 set §; = a; — a; and note that X,,..., Xg
are defined over K. If Conjecture 1.2 holds then there exists a proper Zariski closed subset Z C Xg
such that all the K-rational points of Xg belong to Z. Given an irreducible curve Y C X,,, if Y/(K) is
dense in Y (C) then Y is defined over K and, by Faltings’ Theorem, Y has genus at most 1. Therefore
we can take Z as the union of a finite number of curves on Xg with genus 0 or 1, up to a finite number
of K-rational points. We conclude by Theorem 8.9 and Lemma 9.1. O

Let us prove Corollary 3.8.

Proof. Since the set E(Q, (a;);) is finite, it is enough to show that a monic polynomial f € Z[z] which
is not a square, is such that f(n) is a square at most for a finite number of n € Z. Indeed, the graph
of y = /f(z) is asymptotic to the graph of y = |z|, and hence has no integer point for large enough
|]. O

The next proposition will be useful to prove Theorem 3.9.

Proposition 10.1. Letn > 8. IfY C X,, is a curve, its normalization isi:Y —Y and g(Y) < ”T_?’,
then'Y is an wy,-integral curve.
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Proof. Let i : Y — Y be the normalization map. We have
*wn € HY(X,,,i"0(7 — n) @ K3?).
As degi*Ox, (1) > 1, for n > 8 we get
deg (i*Ox,, (7= n) @ KE2) = (7 n) degi* Ox,, (1) + 4g(7) — 4
<T—-n+4g(Y)—4
=49(Y)+3-n<0.
Therefore, i*w, is zero in Y. O

Now we present the proof of Theorem 3.9.

Proof. We can assume F' = C. Suppose P has some non-constant coefficient and P(a;) = h?,i =
1,..., M for some a; € C and h; € K(C). Using Lemma 9.1 with K = K(C), one can verify that
h=11:hy:...:hy defines a non-constant morphism A : C' — Xy, where we consider §; = a; — a1
in the definition of Xj;. Since C is a complete variety we obtain that im(h) is algebraic. Let Y be an
irreducible curve containing im(h), since h is dominant on Y, we conclude that h factors through Y.
By Riemann-Hurwitz Formula, we have

~ M M-3
g(¥)<g(C) < ——-1<
4 4
hence Y is a wys integral curve by the previous Lemma. Finally, Lemma 8.8 implies that im(h) is
contained in a trivial line, and the conclusion follows from Lemma 9.1. (|

Before proving Theorem 3.10 we need to fix some notation in complex Nevanlinna theory. We refer
the reader to the notes [27] on Diophantine Approximation and Complex Nevanlinna Theory, where
Vojta gives a concise and self-contained introduction to this topic. We follow the notation used there.

Let X be a smooth projective variety over C. For each divisor D € Div(X) and for each holomorphic
map f : C — X whose image is not contained in the support of D, we denote by Tp ; : Rt — R the
Nevanlinna height function associated to D and f. Moreover, one can define (up to a bounded term
as 1 varies) a Nevanlinna height function for line sheaves by letting T y = Tp, ¢, where D € Div(X)
can be any divisor such that £ = O(D) and the image of f is not contained in D. There is a formal
analogy between these height functions and the ones produced by the Weil Height Machine in the
context of heights for algebraic points on varieties. Indeed, this is part of a deep formal analogy
between Nevanlina Theory for holomorphic maps and Diophantine Approximation; see for example
[13] or [25].

We need the following result:

Theorem 10.2 (See [26] Prop. 6.1). Let X be a complex non-singular projective variety, f : C — X
an holomorphic curve, d > 0 an integer, L a line sheaf on X, w a global section of LV @ S4QY, and
A an ample line sheaf on X. If f*w is not identically zero, then there exists a set U C RT of finite
Lebesgue measure such that for any r ¢ U we have

Tz 5(r) <O(logTa,f(r)) + o(logr).

Proof of Theorem 3.10. Let P € M|X] be a monic second degree polynomial, with some non-constant
coefficient, which is not a square in M[X], and assume that there exists aj,as,...,as € C such that

P(a;) is a square in M for each 4, say
\/P(ai) =h; € M.

Since P has some non-constant coefficient, some of the h; is non-constant. By Lemma 9.1 we have that
h:={[1:hy:---: hg] does not belong to a trivial line of Xg(M), that is, the image of the non-constant
holomorphic map h : C — Xg(C) is not contained in the trivial lines.

Now take £ = O(1). Since L is the line sheaf associated to a hyperplane divisor on Xg, it is very
ample. Note that O(1)¥ ~ O(—1) and consider the section wg of

O(-1) @ S20%,.
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Taking £L = A = O(1), f = h, d = 2 and w = ws in Theorem 10.2 we conclude that h*wg = 0
because h is non-constant. By Corollary 8.8, the image of h must be contained in the trivial lines, a
contradiction. O
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