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Abstract

We show that a domain R C H = {z : Rz > 0} has the property that f(D) is a quasidisk for
all f for which f/(D) C R if and only if there is a compact K C H such that rK N (H\ R) # &
for all » > 0. This constitutes a refinement of the well known Noshiro-Warschawski univalence
criterion.

1. Introduction

It is well known that an analytic function f on D = {z : |z] < 1} for which f/(D) C H =
{z : Rz > 0} is necessarily univalent. This fact, frequently referred to as the Noshiro-Warschawski
criterion [7],[11], was also independently discovered by Wolff [12] somewhat later; refinements of
this criterion have, moreover, been obtained by several subsequent authors (see, for example [5],
[9], [10] ). It is an easy matter to see that this criterion is sharp in the sense that if U is any
domain which properly contains H, then there are nonunivalent f on D for which f/(D) C U. It is
likewise immediate that if f/(D) C H and f has a continuous extension to D, then f is one-to-one
on D. It has been shown that deeper sharp sufficient conditions for univalence involving bounds
on the Schwarzian Sf or f”/f’ have strengthened forms which imply that the image is actually a
quasidisk. The first such result, due to Ahlfors and Weill [1], was vastly generalized by Gehring
and Pommerenke [4], who proved that for a univalence criterion of the form [Sf(z)| < p(z) on a
quasidisk Q the stronger bound |Sf(z)| < tp(z), 0 < t < 1 implies that f(Q) is also a quasidisk,
and also pointed out that a similar statement is true for f”/f’.

When the Noshiro-Warschawski criterion is expressed in the form |Slog f/(z)| < /2 these
results prompt one to seek corresponding strengthenings, an obvious (and correct) thought being
that |Slog f/(2)] < tr/2,0 <t < 1 should imply that f(D) is a quasidisk. In this paper we consider
the problem of determining a much wider family of strengthenings, to which end we completely
characterize those domains R C H with the property that f/(D) C R implies that f(D) is a quasidisk
by showing that they are precisely the ones for which there exists a compact K C H such that
rKN(H\R) # @ for all » > 0.

2. Preliminaries and Statement of Main Result
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In what follows the symbols C,C’, C1, Cs, . .. will denote absolute constants; a given such symbol
may be used to denote different constants when context precludes confusion. Several definitions are
necessary before we give complete and precise statements of the results and pertinent motivating
comments. We begin with the following (see [8])

Definition. A domain G is said to be a John domain if
(i) G is bounded and simply connected;

(ii) there is a constant C; such that for every linear crosscut [a,b] of G
diam H < C1]b — al

holds for one of the two components H of G\[a, b].
The domain G is said to be linearly connected if it satisfies (i) and

(iii) there is a constant Cy such that any two points wi,ws € G can be joined by a curve I' C G
for which

diam T < Co|lwy — wy] .
Finally, G is said to be a quasidisk if it is a linearly connected John domain.

Definition 1. A closed subset X of H will be said to have property My, (M) if there exists a
compact K C H and an 1 > 0 such that for all » > 71 (0 <r <), K N X # (. Furthermore, X
will be said to have property M if it has both properties M., and M.

As is easily shown (see Proposition 1 at the beginning of Section 3) X has property M if and
only if there is a compact K C H such that 7K N X # () for all 7 > 0; we have however, chosen to
break this condition into M, and Mj for notational reasons as well as to be able to discuss these
partial conditions individually.

The main result of this paper is the following

Theorem. Let R C H be a domain. Then f(D) is a quasidisk for all f analytic in D for which
/(D) C R if and only if H\R has property M. Furthermore, the constants in the definition of
quasidisk depend only on the set R.

We mention in passing that the first sentence of this theorem can be stated in the somewhat
more general, but clearly equivalent form, as follows. Let X be a closed subset of H. Then f(D)
is a quasidisk for all f for which f'(D) C H\X if and only if the set H\E has the property M for
each component E of H\X. In what follows, however, we will work with the theorem as originally
stated and R will always denote a subdomain of H. The symbol X will denote a closed subset of
H. With reference to Definition 1, the size of X varies inversely with that of K, and the smallest
possible K are those consisting of a single point zg, for which the corresponding sets X are slits
at oo and 0 in the direction of zy. The theorem says that X = H\R can be a much smaller set,
such as {t"zp : n € Z},t > 1, which is easily seen to have property M when K is taken to be the
segment [z, tzg]. We were led to the theorem by the observation that if f/(D) C H and f’ is C! on
an open arc A C dD for which f’(A) is tangent to OH at 0, then f(D) will have an entrant cusp,
and therefore will not be a linearly connected domain. A analogous state of affairs in regard to
the John condition occurs if f(A) is tangent to OH at co. The idea of the theorem is for f'(D) to
omit minimal subsets of H whose absence prevents the argument of f/'(¢) from suddenly jumping
by m or —m at any point on 9D, thereby keeping f(D) from having such cusps. A quantification of
how far away a measurable real-valued function u on 9 satisfying |u| < 7 stays from having such
jumps is given in Definition 2 below.



When viewed in light of these comments, it is tempting to believe, as we originally did, that if
H\R has property My alone, then f'(D) C R implies that f(D) is linearly connected and that an
analogous statement holds relating M, and the John property (ii). We will show in Section 6 that
neither of the suppositions is true and, moreover, that in the theorem the disk cannot be replaced
by an arbitrary convex domain.

As we have indicated, in order to establish the sufficiency of the condition in the theorem, it
is necessary to work with the boundary value function u(f) = us() = I{log f'(¢’?)}, which is
measurable and satisfies

lu(d)] <7/2 a.e. ondD (1)
(see, e.g., [6], p. 38). For a given such u and a given interval I = [« 3] we define
a(t, ) = u(“ 52 o) —u(*EE ),
2 2
te [—%‘, %'], so that @ is in effect twice the odd part of u with respect to the midpoint # of I.

Definition 2. Let 0 < 7 < 1. A measurable function on 9D which satisfies (1) has the property
Mz (7) (respectively M (T)) if
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for all intervals I of length at most 7. Such a function has property M*(7) if it has both of these
properties.

For convenience, we will use the notation

Fx ={g:9(D) CH\X}.

3. Some Auxiliary Propositions

Proposition 1. If X has property M, then there is some compact K1 C {z: [Sz| < §} such that
Kin(t+logX)#0

for all t € R.

Proof. By definition there is a compact K and positive numbers rq < 71 such that rK N X # ()
for 0 <r <rgandr >r. LetzoeXandletK’:{pZO:%§p§%}. Then rK' N X # () for

ro < r <ry, so that (K U K') N X # 0 for all » > 0; that is, log(K U K') N (t 4 log X) #  for all
teR. O

Proposition 2. Let X have property M. Then there exists some 7 = 7x > 0 such that u(6) =
I{log h(e?)} has property M*(r) for all h € Fx.

Proof. For given X with property M we show that there is a 7 = 7x such that all of the
corresponding u have property M (7); that they have property Mg (7') for some 7" = 7% follows
in the same way. Let K; C {z:[3z| < 5} be the compact set of Proposition 1.

If no such 7 existed then there would be a sequence {h,} in Fx and a sequence {¢,} with €,

decreasing to 0 such that
1 n
— Uy, (t, In) dt — 1,
EnT Jo



where u,(0) = S{logh,(e?)} and I, = (=% — €,,— % + €n). Let ( ) = Zﬁi? which maps the
upper half-plane iH onto D with T/(0) = —i. Let T~!(e!n) = (—¢,,€,), so that ¢, also decreases

to 0. Since T7(0) = 2, it follows that €, /€, — 2 and that if

hn(TTGZZ)))

gn(z) = log(m ) (2)

then
INVANN VRN
— /0 \S{gn(t) gn( t)}dt 1 (3)

T
and

gn(iH) 2t + K, foranyte R;neN. (4)
Since [3g,(t)| < 5, (3) implies that

™ .
Sgn = 5 (X1 = X(-1,0)) I L'(-1,1). (5)

It is well known (see [6]) that if w is analytic in the upper-half plane ¢H and has bounded real part
there, then Rw has nontangential boundary values u(t) for almost all ¢t € R, u is measurable, and
in terms of u, w is given by the Poisson integral formula

i [ 1+z2 )
w(z) =~ /_OO (z_t)—zlj_ﬂ)u(t)dt + S{w(i)}.

Writing g, as +(igy), and taking into account that, by (2), R{g, (i)} = 0, this formula says that

gn(2) :—1/_00 Mggn(t)dtz—:l/ Jg”()dtJrqn( )

T ) oo (z—1)(1+12) )1 z—t
where .
1 T+2t 1 t
- _- R e — t)dt — — ——SQgn(t)dt.
an(2) == /|tzl i) o= 2 /1 T oo

The sequence {g, } is obviously analytic and uniformly bounded on D, and furthermore, ${g,(0)} =
0. By (5), gn(z) — gn(2) tends locally uniformly in iH to

1. /9 1 L | 1
= dt — [ ——dt} = —1 “log(22 -1
2{/_1z_t /Oz_t )= —logz+ L log(= ~ 1),

where 3{log z} is taken to lie in (0,27) for z € C\{x : > 0}. From this together with the fact
that g,(2) is uniformly bounded on 3D and 3{g,(0)} = 0, a simple application of the argument
principle shows that given any €, M > 0 there exists a t € R and an n € N such that g, (iH) contains
t + Re v, where

R€7M:{z:0<§Rz<M,]%z\<g—e}.

But for e sufficiently small and M sufficiently large, ¢’ + K1 C t+ Re p» C gn(¢H) for some ¢/, which
contradicts (4). O

Next we have



Proposition 3. There is an absolute constant C' and a function o = a(7), 0 < a < 1 with the
following property: if g is analytic on D with |3{g(2)}| < % in D and is such that u(e”’) = S{g(e”)}
has property M*(7), then

1
lg(z) — g(0)] < alog——— 4+ C , forallz € D.

1—z]
Proof. It is clearly enough to show this for z = —iy,y € (0,1). Again, it is easiest to switch
attention to the upper half-plane iH via the transformation 7'(z) = iZ7;, which maps [0,i] C iH

onto [—i,0] C D. If we write u*(z) = u(T'(2)), then it is easy to see that

1 [P
6/ @ dt| <1—m,0<B<1, (6)
T Jo
where 7 = 71(7) > 0 and u*(t) = u*(t) — u*(—t). Now, T'(iy) = ﬁ, so that
1 /.
iéT(zy)SLOSySl.

This implies that it is sufficient to show that for 0 <y < 1
: . 1
9(T'(iy)) = 9(T(i))| < alog ;¢

for some a € (0,1) and some C.
Since |u*(t)| < %, we have by the Poisson integral formula that for 0 <y < 1,

19(T(iy)) — g(T(i))| < |R{g(T(iy)) — g(T(@)} + 7 < '71T /°° R 1+ iyt

. <w—wu+ﬂﬁ““m4+”

L [f oty -1 N e V.
< - “(t) dt S 506 dt
o /1 wroan A /0 CEESR I R R
LIy I = Lt e
= t - *(t) dt Ch < — R dt .
77/0 Tz e ‘+ 1—7T/0y2+tQU() ‘+ >

If we let v(s) = [; u*(t)dt, then (6) implies that |v(s)| < ws(1 — 1), 0 < s < 1. Upon integrating
by parts we have

1 t . ’U(l) Y t2—y2 1 t2—y2
——u*(t)dt = —l—/ vtdt—i—/ ——=v(t)dt.
/0 pre W= mnt ) et y WP+17)? W

Now,

Yy t2_y2 p Y y2—t2 J T
— <7(l- Y tdt= (1 —7)(1—log?2
/0 MRS t‘_ﬂ( 71)/0 ey =gt s,

and

L2 2 L2y
—= () dt| < 1— — = tdt

L(ﬁ+ﬁﬁ“)'—”( ﬁxé(ﬁ+ﬂﬁ

@_11

1
=m(l—m){5log(1+4) + 211y 2

5 og2—logy},
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so that we have

l9(T(iy)) — g(T@)] < (1= m)log _ + Cs,
as desired. O

Before continuing we note several consequences of Proposition 3. In the first place, it follows
immediately from this estimate together with Proposition 2 that if X is a closed subset of H with
property M and f' € Fx, then

1f'(0)]
[f'()] < C' == (7)
(1—|z)~

where €’ = €®, and here and in what follows a(7x) is abbreviated as .. Although it is known that

(7) implies Holder continuity (see [4]), we include a derivation of this fact since later on we shall
use one of the estimates obtained on the way (see (8) below). If ¢ = re!® € D, the function

o—id ,
h(z) = S ¢+ (1= e
satisfies A/ (D) C H\X. Then by (7)
< oo 1P
el <o LOL

and therefore if r < p < p/ < 1,

! ot i g=r d i 1l g=r 1
1664 = o < [ |Grc v -nen|ar< - nelrol [ 5 gt a
1—r)C'f(Q)] 1 - 1 ¢
_ ( g)_ (|1f (<)|((1_£)1a_(1_f;)1o¢). (8)
This implies, in particular, that
f(€?) = lim f(pe')
p—1-
exists, and with »r = 0, p' = 1 that
A A o'
7)o < SEO e 0
Since by (7) we have that
|f(pez‘¢1) _ f(pez‘aﬁz), < m|¢1 — ¢2f,
it follows, with 1 — p = |1 — ¢2| < 1, that
[F(e91) = F(e92)] S f(e9Y) = fpe )|+ f(pe'™) = fpe'®)| + | f(pe'®) — f(e'®2)]
< OO +1)l61— ', (10)

for |¢1 — ¢2| S 1.

With these preliminaries we can now prove



Proposition 4. If X has property M, and f' € Fx, then f has a continuous extension to D and
f(e'9) satisfies (9). Furthermore, for such X the class {mf : f' € Fx} is uniformly Hélder

continuous on D, with the constant and exponent depending only on X.
Proof. From (9) and (10) it follows that there exists a constant A depending only on X such that

If(21) — f(z2)] < A|f(0)||z1 — 22|' 7 for 21 € D and 2o € ID. If 21,25 € D with |21] < |22/, then
g(z) = ﬁf(]zﬂz) satisfies the same hypothesis as f with ¢’(0) = f/(0), so that

ol 25— ol 22 = Lamlla(Eh) — o( 22
71) = fe) = (1210 = Fal 201 = Lzzllo( ) — ()
< Alz|lf(0)] ﬁ—ﬁ = APl )l - =

from which the desired conclusion follows immediately. [J
Next we prove

Proposition 5. Let f' € Fx, where X has property M, and let zy be the midpoint of the
hyperbolic geodesic which joins points a,b € dD. Let E denote the shorter of the arcs of 0D joining
a and b. Let Q be the curvilinear quadrilateral

Q = [a,|z0]a] U |zo| E U [|20]b,b] U E'.

Then there is absolute constant Cy such that

C
diam (Q) < 11" (20)|(1 ~ |z0]) -

Proof. First of all,
Lf'(Q)] < Cs|f'(20)l, (11)

for all ¢ € |29|E. To see this, we recall that for normalized univalent functions g in D, |¢/(z)| <
(1+ |2])/(1 — |2])? (see, for example [2]), so that the derivatives of such functions are uniformly
bounded on $D. Since |29|E can be covered be a bounded number of open disks of radius 1 (1—|z|),
with centers zg, z1,--- € |20|F, (11) follows upon application of the stated fact to the functions
flzi+ (1 —|20])2)/(1 — |20|) in succession. Applying (8) with ¢ € |2|E, p = r = |20 = |¢| and
r < p/ <1, we have that

C'Cs
11—«

diam f([¢, ¢/IC]]) < | (20)1(1 = |0]) (12)

for ¢ € |29| E. Since (11) implies that
diam f(|20|E) < Cg|f'(20)[Ib — al,
and |b — a| < 2(1 — |zp]), we conclude from (12) that

C'Cs
l—«o

diam £(Q) < 2( + Co)|f'(20)|(1 = |20])

as desired. OJ



The final proposition is a very weak form of the Gehring-Hayman theorem (see [3] and [8, p.88]).

Proposition 6. For each closed X C H with property M there is a constant C = Cx depending
solely on X with the following property: let S be the hyperbolic geodesic joining any two points
21,22 € OD. Then for any f with f' € Fx and any Jordan arc T’ joining z1,z9 in D

diamf(S) < Cxdiamf(T").

Proof. If this were not true, then there would exist a sequence {f,} with f;, € Fx and sequences
{zgn)}, {zén)}, Sn, 'y, where zin), zén) € dD, and S,, and I';, are, respectively, the hyperbolic segment
and a Jordan arc joining these points in D, such that

diamf(T',)

diamf(S,) (13)

By a simple compactness argument based on Proposition 4 it follows that |z§n) — zén)\ — 0 and,
after replacing f,(z) by e~ f(e'¥nz) with appropriate ¢,, we can assume that

zgn) = —je "™ and zén) = —je'™ (14)

where 7, > 0 and 7,, — 0. Let z(()n) = —i]zén)\ be the midpoint of S,. Let

fo((L = 125" Dz — 1) = fn(zg”)
gn(2) = 0 (n) 0 (15)
(=12
on the disk D,, = ﬁ(ﬂ) + 7). Obviously, g,,(D,) C H\X. Let hy(z) = gn(2)/|g,(¢)] and
—1S
Sl = ﬁ(&l +1). Then it folows from standard bounds for the derivatives of univalent functions
S

(see [2]) and Proposition 4 that there exist positive constants K7 and K (which depend only on
X) such that

and that for N € N and any given p > 0, the family {h, : n > N} is uniformly bounded and
equicontinuous in Dy N pD with the bound and the modulus of equicontinuity depending only on
p and X. Thus there is a subsequence, which for convenience we continue to call {h,}, which
converges locally uniformly in ¢H to a function h which has a continuous extension to iH.

Let w(" = l_één)'(z,g") +i), k=1,2and I, = ﬁén)'(rnﬂ'). Then w(™ — —1,1, for k = 1,2,

respectively. It follows from (13) and (16) that diam h,(T'},) — 0, so that h(—1) = h(1). From this
and the fact that h'(;H) C H it follows that h([—1,1]) is a vertical segment.

We claim that for each z € (—1,1) and each € > 0, I/, N (x + eD) # @ for infinitely many n.
If this is not true, then there are xy € (—=1,1),e > 0 and M € N, such that for all n > M the set
(zo + D) N D, lies inside the Jordan curve I}, U A,,, where A,, is the shorter arc of 9D, joining
wYL) to wén). However, since |h] (i)| = 1, there is some ¢ > 0 such that h,((xq+ €D) N D,,) contains
a disk of radius ¢ for all n > M, so that for all such n the image of the interior domain of I}, U 4,,
contains such a disk. But this contradicts the argument principle since for all sufficiently large
n, hn (T, U Ay,) C h([—1,1]) + (§/2)D, since h([—1,1]) is a vertical line segment. This establishes
the claim, from which it follows immediately that h([—1,1]) = {h(1)} in light of the fact that




diam hy, (T"},) — 0. Thus (by the reflection principle, for example), h is constant. This, however, is
a contradiction since |h/(7)] = 1. O

4. Sufficiency of Property M

Throughout this section we assume that X has property M and that f'(D) C H\X. We begin by
showing that f(D) is a John domain. Let a,b € 9D be such that [f(a), f(b)] is a rectilinear crosscut
of f(D). Let S be the non-Euclidean segment joining a to b in D and let A = f~1([f(a), f(b)]).
Then Proposition 6 says that

diamf(5) < Cx diamf(A) = Cx|[f(b) — f(a)|. (17)
If zp is the midpoint of S, then the 1/4-theorem says that
diamnf () = {1 (0)l(1 = Jzo]) (18)
Let E,Q be as in Proposition 5. From (17) and (18) together with Proposition 5 we have
G0l o) < diamf(S) < Cx|70) ~ F(a)]

£ (b) = F(a)[|f(z0)| (1 — |20])

< CyCx (1 — a(rx))diamf(Q) 7
so that AC4C
diam £(Q) < — X | £(5) = f(a)].
1 a(Tx)

But since one of the components of f(D)\[f(a), f(b)] has as its boundary [f(a), f(b)] U f(E) whose
diameter is bounded above by

(4CsCx + 1)[f(b) — f(a)|
(1= a(rx)) ’

£ (b) = f(a)| + diam f(Q) <

we see that f(D) is indeed a John domain. The constant

(4C4Cx + 1)
(I —alrx))

in the definition of John domain depends solely on X.

To finish the proof we show that f(ID), which is bounded by the Jordan curve f(9D) (that f
is one-to-one on 9D follows trivially from the fact that f/(D) C H), is also linearly connected and
that the relevant constant can be taken to depend only on X. We assume that this is not the case
and proceed as in the proof of Proposition 6 to conclude that there must be a sequence of functions

{fn} with f/ € Fx and sequences {zgn)}, {z2n)} with ]z%n)\ = ]zQR)\ =1 and z%n) # zén) such that

Cy =

diam f,, ([, 25™])
1£(27) = F(=57))]

As in that proof, it follows that |z§n) —zén)| — 0 and we may assume that (14) holds. Let z(()n) be the

midpoint of the hyperbolic geodesic joining zgn) to zén), and let @, be the curvilinear quadrilateral

— 00. (19)



of Proposition 5 with {a,b} = {z%n), zén)}. Since [z%n), zé")] C Qn, it follows from the 1/4-theorem,
Proposition 5 and Proposition 6 that

1 n n . n n . n n
TN = 127]) < diam f(12)", 257) < diam £(@n) < CXIF (60~ 125”]) - (20)
where C% = #(Alrx) depends only on X.

Let g, be as in (15) on the disk D, = ﬁ(ﬂ) + 1), and hy(2) = gn(2)/]9,(i)|]. Then
¢

exactly as in the proof of Proposition 6 some subsequence of {h,}, which we continue to call

{hy}, converges locally uniformly in H to a function h which has a continuous extension to H.
Since g, (i) = f1.(~|24"1i) = £.(247), it follows from (19) and (20) that h(—1) = h(1), so that in
light of (20) h([—1,1]) is a nondegenerate vertical segment. But it then follows that there is some
¢ € (—1,1) such that h is analytic at ¢ and h'({) = 0. Let K; be the compactum of Proposition 1.
Obviously, there are N € N and s € R such that

logh!(Dy N (D+¢)) D Ky + s

for some n > N. However, this implies that

log f1(D) > K1 + 5 + log | fu(2")],
which contradicts Proposition 1. [
5. Necessity of Property M

In this section we construct mappings which show that if X = H\R does not have property
My, then there is an f with f’ € Fx for which f(D) is not linearly connected. The idea is quite
simple: given an X which does not have this property, there is a sequence of disjoint semi-disks
of the form r,((D N H) + %), with 7, — 0, none of which intersect X; that such a sequence of
disks exists follows immediately if we take K = DN H + % in the definition of property My. These
semi-disks can be connected by thin curvilinear strips to form a Jordan domain G. When this is
done in the manner that we will indicate in the details to follow, G will come close enough, in a
qualitative sense, to containing a neighborhood of 0 € H for the antiderivative f of a one-to-one
mapping of D onto G to map D onto a domain that is not linearly connected. The construction
can be modified in a simple manner to show that if X does not have property M., then there is a
corresponding f for which f(ID) fails to satisfy (ii) in the definition of quasidisk in Section 2.

We begin with some general considerations regarding the attachment of a semi-disk to a domain
G by a thin curved strip, as alluded to in the preceding paragraph. Let G be a Jordan domain
with piecewise smooth boundary for which

min{Rz:2€ G} =A > 0.

Let zo € G, € > 0 and let r > 0 be so small that (1 4+ ¢) < A. Let S be a simple arc which
joins a point of dG at which OG is analytic to the point r(1 + €) in the half-plane Rz > r(1 + ¢)
but outside of G. Let

Gs=r((DNH)+e)UGU(S+ D).

Obviously, there is a dy > 0 such that Gs is a Jordan domain lying to the right of Rz = re for
d € (0,00]; we consider only such 6. Let hs denote the canonical mapping of I onto G with

10



hs(0) = zp and hj5(0) > 0. In reference to this mapping let as, (s, b5 be the points of 0D which
correspond to the points 7(i + €), re, r(—i + €). By the reflection principle hs is analytic on the
open arc Es of 0D which contains (s and has endpoints ag, bs. We write

b
Qs = arg 9 and arg L Esas .
as G

Let P, and P_ be the set of § € (0, ] for which £ > 1 and &5 < 1, respectively. Assume that
0 € P4, the contrary case being the same except for minor notational differences. We claim that

T 2rr
r%gmg(ﬁsﬂﬁai , foro € Py, (21)
and
as—0 asd—0in Py . (22)

To see this let D = C\(9ID\Ey), let 85 = |as— (5|, that is, the minimum distance of (s to 9Dy,
and let hs now stand for the continuation of the original hs to all of ID; by reflection. Note that
because all of Gy lies to the right of the line Rz = re, hs is univalent in ID;. Then g5 defined by

9s(z) = %ha(ﬁaz +Cs) — €

is analytic in D and satisfies g5(0) = 0. Furthermore, gs is continuous and one-to-one on D. Now,

as — Gs

Bs
Upon applying the 1/4-theorem to gs we conclude that

GJ—C6):Z.

€ 0D and gs( 5
é

r 1
G 21 >

Now, the inverse 95_1 of gs is analytic and univalent in D and maps D onto a subdomain of Bi& (D1—¢s)
which does not contain the point %, which has modulus 1. Application of the 1/4-theorem to

95_1 then shows that
Bshs(Cs), 1
R SHPES

The desired conclusion (21) follows from (23) and (24) since 1 < 3 < 7.

If ho is the mapping of D onto G with ho(0) = zp and A'(0) > 0 then it follows immediately by
the Caratheodory kernel convergence theorem that hs — hg locally uniformly in D as § — 0. From
this in turn it follows that if I' C 0G is an open analytic arc not containing the point joined by S to
r(14¢€) and which corresponds under hg to E C 9D, then for any compact subarc E’ of E, hs — hg
uniformly in a neighborhood of E’ also. To see this one simply observes that the inverses of the hgs
converge uniformly in a neighborhood of any compact subarc of I'. With this one concludes that if
OG is analytic at the point joined by S to r(1 + €), then

Y

(24)

A(h;H(0G5\0G)) — 0asé — 0,

where A denotes length. This clearly implies (22).
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Now let {r,} be a positive sequence tending to 0 for which r,,11 < 5% and let

D, = r,(DNH) + %),

so that each of these semi-disks lies to the left of its predecessor. Let S, be a smooth simple curve
which joins the point
14+¢ 1
—) € oD
Tn( 7 + n) n

to the rightmost point r,41(1 + n%rl) of 0D,41 in the strip

1 1
trp(l4+ =) > Rz > 1+ —
{im(l+ ) > Re > rua 1+ — )
Then a straightforward recursive construction based on the foregoing considerations shows that for
fixed zg € Dy there is a sequence {6,,} of positive numbers such that

G= U{DU W+ 0,D)}

is a Jordan domain, and, because of (21), is such that if E,, with endpoints a,, and by, is the arc
of D corresponding to the diameter segment of 0D,, under the canonical mapping h of D onto G
with h(0) = 2o and A/(0) > 0, and if ¢, is the preimage under h of the midpoint = of the diameter
segment of 9D,,, then

1 bn
o min{arg -— n arg < Smm{arg n arg =1, (25)
T

™8 S G G
If X does not have property My, then there clearly exist sequences {r,}, {S,} and {d,} such
that the corresponding domain G just constructed is contained in R = H\X. (Recall that R is
connected.) Without loss of generality we may assume that the set N of n for which
. C’I’L bn _ Cn
min{arg -—, arg — } = arg —
an, Cn n
is inﬁnite the contrary case is handled in exactly the same manner. Fix n € N and as above let

Qp = arg . We now use the same transformation that we used in the proof of Proposition 6 (see
(14), et seq) Let f" = h and let

Fulz) = f(anz = 9)iCn) — f(Cn) 2 e D+ ‘

QnTn Qp

Then f,(0) = 0 and 1 < |f7(0)] < 47 by (25), and f], is regular on an arc of length 2 of Hi—ti

centered at 0 (it maps th1s arc onto an interval of the diameter segment of * C" 0D,,). From this it
follows that some subsequence of {f}, : n € N} converges uniformly to a functlon on ¢H which has
nonvanishing derivative and which maps (—1,1) onto an interval of R containing 0. This clearly
shows that f(ID) is not linearly connected.

Finally, we see what happens if X does not have property My,. In this case, 1/X does not
have property My, and we consider the function h corresponding to 1/X defined in the preceding
paragraph but one. Let ¢’(z) = 1/h(z). The argument used in the immediately preceding paragraph
then produces a function on ¢H whose derivative is of the form 1/k(z), where k(z) maps (—1,1)
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onto and interval containing 0. From this it follows that g(ID) is not a John domain. It should be
noted that by making the J,, small enough one can insure that for the g so constructed g(D) is a
non-John Jordan domain, and furthermore, that if X = H\R has neither of the properties My or
M, then by a combination of the constructions one can obtain a g with ¢’(D) C R for which g(D)
is a Jordan domain which is neither linearly connected nor has the John property. [

6. Additional Counterexamples

In this section we construct a function f on D for which f/(D) C HND but for which f(D) is
not a John domain; this shows that if X has property M, alone f/(D) C H\X does not imply that
the image is a John domain. To see how to construct such a function, let 0 < § < 1 and consider

q(z,0) =log(z — 0) + log(z + d) — log z — %(log(z —1)+1log(z+1)),

where we are using the principal branch of log z, that is, the branch whose imaginary part is in
(0,7) for z € H. A simple calculation shows that the boundary values of {q(z,0)} on iH are
given by the following combination of characteristic functions

v
w(z,0) = §{X(o,5) () = X(=6,0)(T) + X(=1,-6)(Z) — X5,y (7)}

22 — §2

V22 —1

an antiderivative of e4(*:9)

so that e?(#9) = maps iH onto H. It is also a straightforward matter to see that if f is

on ¢H, then as x moves along R rightward starting at —oo, f(z) moves
horizontally until one reaches —1, where it makes a left turn, moves vertically up to some point
f(=08) = f(—1)+1ib, then reverses direction and moves vertically downward to f(0) = f(—1) — oo,
then vertically upward to f(1) + b, then vertically downward to f(1), and finally rightward once
again to co. The image f(iH) thus has an infinite downward protuberance pushed into the upper
half-plane. The idea of the construction is to smooth out ¢(z,d), in essence by replacing it with
q(z + 63/ 2.5), so as to keep the resulting exponential bounded. The image domain so obtained
will have a thin downward protuberance emanating from the top a even deeper indentation. Then,
on the basis of this construction of a function on iH one manufactures a mapping of D with the
same behavior repeated with thinner and thinner projections in such a way that the condition (ii)
in the definition of quasidisk is violated. The following paragraphs give the analytic details of this
construction.

Throughout the following development z and z will represent real and complex variables, re-
spectively, and 0 < § < %. We begin by analyzing the behavior of ¢(z + i6%/2, 9), for which purpose
we consider

&(x, ) = R{log((x + i6%/%)? — 62) — log(z + i6%/?)}
= A(z,6) + B(x,0),
where 1
A(z,0) = 5 log((z% — 63 — 6%)2 + 4632?)
and

B(z,0) = —% log(z? + &%)

For |z| < 0 we have

A(x,8) < ~log((36%)2 + 46°) < = log(136*) < log4 + 2logd,

N =
N
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and ) 3
B(z,d) < —§log53 = —§log6.

Thus, for |z| <§
1
&(x,0) <logd+ §log5 <log4.

For 1 > |z| > ¢ we have

A(z,6) < S log((32%) + 4|z[°) < log4 + 2log|z|,

N

and |
B(z,0) < —Elog:lc2 = —log|z|,

so that

=

&(x,0) <log4d, for x| <1,0<d<

Since for |z| < 3 and 0 < § < %
—%%{log((m’ +i6%2)2 — 1)} <log2,
we have that
R{q(z +1i6%2,6)} = £(x,0) — %%{log((x +i0%2)2 = 1)} < log4 +log 2 < log 8 (26)

for all such =z, 4.
Let n € C*°(R) satisfy 0 < n(x) <1, n(z) =1 for |z| <5/8 and n(x) =0 for |z| > 3/4. Let

IR R & 532
01 (2,0) = ﬂ/_oo(z_t)(1+t2)77(t)\sq(t+15 o)t

Then we claim that the following are true:
(i) Sq1(x,d) =0 for |z| > 3/4;
(ii) q1(2,0) — q(z + i6°/2,6) is analytic and bounded for z € D uniformly in §;
(iii) 1(z,6) is bounded in iH\(3D) uniformly in §;
(iv) q1(#,0) — 0 uniformly in § as z — oo in iH;
(v) ®{q1(z,9)} is uniformly bounded above in iH.

Statement (i) is obvious from the defintion of ¢;. Statement (ii) follows from the Poisson integral
formula since the boundary values of ${¢;(z, ) —q(z+i6/2,6)} vanish on [—2, 2] and are uniformly
bounded in & on the rest of R and R{q1(i,0) — q(i + i6°/2,6)} is uniformly bounded in 6. To see

that (iii) is true we break the expression for ¢;(z,d) into two integrals, I; + I, the first having

as its domain of integration [—3, 2] and the second R\[—%, 2]. The first integral has the desired

properties since [—%, %] is disjoint from ZH\(%D) That I is bounded follows (by integration by
parts) from the uniform boundedness of the derivative of 5(t)3{q(t + i6%/2,8) outside of 2,3
Statement (iv) follows from the uniform boundedness of 1(t)3{q(t + i6%/2,5) and the fact that it

vanishes outside of [—1,1]. Finally, (v) follows from (ii) and (iii) together with (26).
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We now proceed to examine the behavior of the antiderivatives of e91(:9)

that if w = z + 46°/2, then

. It follows from (ii)

S(Za 5) = QI<27 5) - log(w2 - 52) + logw - QI(za 5) - q(wv 5) - %log(wQ - 1)

is analytic for z € D. Let ¢ € (0,1) be fixed and let ag = ag(d) = e5(0:9) = |ag|/i, the last equality

holding since the definition of s(z,d) implies that 3{s(0,6)} = —F. Since s(z,0) is analytic and
uniformly bounded in 1D, e*(#9) = a5+ O(2). Since for z € R, |2| < |w|, we have (with integration

being performed along the real axis) that

cd 6 .2 £2 s 2 52 cé 2
/ eql(z,S)dZ:/ w -0 (a0+0(2))dzza0/ w9 dz—i—/ (w—é—)O(z)dZ

—cd —co w —cd w —co w

co .2 52
:ao/ WO 0.
—cd w

Now,

e .2 52 :
ao/ w =9 dz = ag(2c6°/%i — §? log(—c iV
—cd w Cc— Z\/S

so that

) = apind? + O(6°?) = |ag|m6? + 0(5°/?),

cé
/ e dz ~ aglimd?  asd — 0. (27)
—cd
Note that the imaginary part of log(—%) is indeed negative, as direct examination of the relevant

part of the integral reveals. On the other hand, we see in the same manner that

+cd +cb 2 52
/ et (20) g, — / w9 (ap + O(2))dz
0 0

w

§3/2i + ¢8

_ L 30, o Lm0 o
= ay (2(6 i+ cd) 5(5 i)° — 67 log 5572

> +0(8%) ~ |62Lg|52 logd asd —0. (28)

Because |Jq(z,0)| < § in ¢H, the same bound holds for Jq;(z,0), so that Ret1(#9) > 0 in 7H.
Relations (27) and (28) thus tell us that the image of (—cd, ¢§) under the antiderivatives of e?(*9) is
a downward pointing arm of length and width asymptotic to |ag|d? log% and |ag|md?, respectively.
This arm hangs down from the top a deep indentation.

To finish the construction we have merely to put into the image a collection of such projections
corresponding to a sequence of §’s tending to 0, which we do as follows. In accordance with (v) let
K be an upper bound for the real part of ¢;(z,d). We define

Z—X

p(Z,é,,O,.’L‘):ql( ?6)

It is now a simple matter to see that for any function (z) which is analytic in ¢H and for which
7(0) # 0 and any sequence {Jx} of positive numbers approaching 0, there are sequences {py} and
{z} approaching 0 such that S(z) = >, p(z, Ok, pk, T,) satisfies

e53)] < 2 and |39(2)| < g ,
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(the first by (iv) and (v), and the second by (i) and is such that for

Q) = / SO(Q)dC

the image Q(D N H, ) fails to be a John domain (in light of the estimates (27) and (28) and the
comment about the image of the antiderivatives of e?(*9) immediately following the latter). As

previously, we let T'(z) = 12, which maps iH onto I, and consider

z+1)

z B T-1(2)
P(z) = / ST ge = / ST (w)dw = QT (2),7),
0 7

with v = T'. By the foregoing P(D) = Q(H,~) is not a John domain, even though P'(D) C
iH N (e25D).

Virtually the same construction yields a function f for which /(D) C H\(rD), but such that
f(D) violates condition (iii) in the defintion of a quasidisk in Section 2. Indeed, one simply has
to replace ¢ and ¢; by their negatives throughout, so that what were thiner and thiner spikes now
become narrower and narrower indentations. Moreover, by choosing sufficiently small p;’s one can
ensure that f’ € H'(ID), so that f(D) is a Jordan domain.

We finish by mentioning that there are bounded convex domains D such that the theorem is
not true when D is replaced by D. Indeed, let 0 € 9D and D C {z : —a < argz < a} = S,
where @ < 5. Then 1/D C S, so that f(z) = logz satisfies f'(D) C H\X, where X = Rei ™.
Obviously, X satisfies the hypothesis of the theorem but f(D) does not satisfy the John condition
(ii) of the definition of quasidisk.
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