An a-posteriori error estimate for a linear-nonlinear transmission problem in plane elastostatics

Mauricio A. Barrientos, Gabriel N. Gatica and Norbert Heuer

Departamento de Ingeniería Matemática, Universidad de Concepción, Casilla 160-C, Concepción, Chile, e-mail: {mbarrien,ggatica,norbert}@ing-mat.udec.cl

Abstract. We consider the coupling of dual-mixed finite element and boundary element methods to solve a linear-nonlinear transmission problem in plane hyperelasticity with mixed boundary conditions. Besides the displacement and the stress tensor, we introduce the strain tensor as an additional unknown, which yields a two-fold saddle point operator equation as the corresponding variational formulation. We derive a reliable a-posteriori error estimate that depends on the solution of local Dirichlet problems and on residual terms on the transmission and Neumann boundaries, which are given in a negative order Sobolev norm. Our approach does not need the exact Galerkin solution, but any reasonable approximation of it. In addition, the analysis does not depend on special finite element or boundary element subspaces. However, for certain specific subspaces we are able to provide two fully local a-posteriori error estimates, in which the residual terms are bounded by weighted local L^2-norms. Further, one of the error estimates does not require the explicit solution of the local problems.

Key words. mixed finite elements, boundary elements, a-posteriori error estimator, local problems, hyperelasticity.

Mathematics Subject Classification (1991): 65N15, 65N30, 65N38

1. Introduction

In order to obtain good convergence behavior of the Galerkin solution of linear and nonlinear boundary value problems, one usually requires to apply adaptive

This research was partially supported by Fondecyt-Chile through research projects 1980122 and 2000124, and FONDAP Program in Applied Mathematics.

algorithms that are based on a-posteriori error estimates. This is particularly necessary for finite elements (FEM), boundary elements (BEM), and the coupling of these methods. Indeed, the list of references is quite extensive and we may refer to [2], [3], [8], [12], [30], and [31] for an overview on the a-posteriori error analysis of the finite element method. Similarly, explicit residual error indicators and estimators based on hierarchical subspace decompositions for boundary integral equations, are given in [17] and [26]. Also, explicit residual error indicators and hierarchical basis estimators for the combination of BEM with FEM and mixed-FEM, are provided in [14], [15], [16], [24], and [27].

More recently, the classical Bank-Weiser estimator from [6] (see also [1] and [2]), which involves the solution of equilibrated local Neumann problems, has been extended to a wider class of boundary value problems, including large strain elasticity, incompressibility, and interface problems (see, e.g. [9], [10], [11], and [22]). In particular, we used this method in [22] to derive an a-posteriori error estimate for the coupling of mixed-FEM and BEM to solve a transmission problem of linear elasticity in IR^2 with Dirichlet-Neumann boundary conditions. In this case, the estimator depends on the solution of local Dirichlet problems and on a residual term on the coupling interface. As shown in [10], the main advantage of this approach, though yielding only reliable estimates, is that one can expect a good effectivity index.

On the other hand, we proved in [7] that one can also combine the Bank- Weiser method with ideas from [11] to derive an a-posteriori error estimate for the two-fold saddle point formulation of a nonlinear problem in plane elasticity. It is important to remark that this kind of saddle point problem, also called dual-dual variational formulations, have arisen from the necessity of applying dual-mixed finite element methods to several nonlinear boundary value problems in potential theory and elasticity (see, e.g. [20], [25] and the references therein). In fact, in [20] we combined the dual mixed-FEM with BEM to study the solvability and Galerkin approximations of a linear-nonlinear transmission problem in hyperelasticity. In order to deal with the nonlinearity, we introduced there the strain tensor as an additional unknown, which yielded, precisely, the two-fold saddle point structure. Then, we extended the PEERS space from [5] and provided explicit finite element/boundary element subspaces satisfying all the discrete compatibility conditions. No a-posteriori error analysis was given in [20].

Consequently, the purpose of this work is to follow the analysis in [7] and extend the results from [22] to provide a reliable a-posteriori error estimate for the dual-dual variational formulation of the linear-nonlinear transmission problem studied in [20]. The rest of the paper is organized as follows. In Section 2 we recall the transmission problem from [20], provide the corresponding variational formulation in the form of a two-fold saddle point operator equation, and state the unique solvability of it. Then, Section 3 deals with the a-posteriori error analysis. First, Section 3.1 gives some preliminaries results, including an upper bound for the Galerkin projection of the error. The main a-posteriori error estimate, which depends on the solution of a local Dirichlet problem and boundary residual terms in negative order Sobolev norms, is derived in Section 3.2. Finally, in Section 3.3 we consider the extended PEERS subspace from [20] and provide two fully local a-posteriori error estimates, in which the boundary residual terms are bounded by weighted local L^2-norms. Moreover, one of the error estimates does not require the explicit solution of the local problems.

Throughout the paper C denotes a generic positive constant.

2. The transmission problem

Before stating the transmission problem from [20], we need to provide some notations. In what follows, given any Hilbert space U, U^2 and U^{2×2} denote, respectively, the space of vectors and square matrices of order 2 with entries in U. In particular, IR^{2×2} is the space of square matrices of order 2 with real entries, I_2 := (δ_{ij} ) is the identity matrix of IR^{2×2}, and given τ := (τ_{ij} ), ζ := (ζ_{ij}) ∈ IR^{2×2}, we use the notations

tr (τ ) := 2∑ i=1 τ_{ii} , ζ : τ := 2∑ i,j=1 ζ_{ij} τ_{ij} , τ^T := (τ_{ji}) , and

dev τ := ( τ − 1 2 tr (τ )I_2 ) : ( τ − 1 2 tr (τ )I_2 ) . Now, let Ω_0 ⊂ IR^2 be a bounded and simply connected domain with Lipschitz continuous boundary Γ . Also, let Ω be the annular region bounded by Γ and another closed, Lipschitz continuous curve Γ_1 ⊂ IR^2 \ Ω̄_0. Further, let Γ_D and Γ_N be two disjoint subsets of Γ_1 such that Γ_1 = Γ̄_D ∪ Γ̄_N and Γ_D ≠ ∅ (see Figure 2.1 below).

We are interested in determining the displacements and stresses of a material occupying the region Ω̄_0 ∪ Ω̄ which is linear elastic in Ω_0 and hyperelastic in the surrounding annular domain Ω. As usual, the linear elasticity is defined in terms of the well known Hooke law. In addition, for the description of the hyperelasticity we assume the validity of the Hencky-von Mises stress-strain relation as discussed in [28] (see, also, [29] and [32]). Therefore, given displacement fields u_0 and u in Ω_0 and Ω, respectively, strain fields e(u_0), e(u), and stress fields σ_0, σ, there hold the following constitutive equations:

σ_0 = λ_0 tr e(u_0)I_2 + 2μ_0 e(u_0) in Ω_0 , σ = [κ − μ(dev e(u))]tr e(u) I_2 + 2μ(dev e(u)) e(u) in Ω , (2.1)

Fig. 2.1. Geometry of the problem.

where λ_0 and μ_0 are the Lamé coefficients for the elastic material, which satisfy μ_0 > 0 and λ_0 + μ_0 > 0, κ is a positive constant, called the bulk modulus, and μ : IR^+ → IR is a nonlinear Lamé function. We assume that μ ∈ C^1(IR^+) and that there exist constants μ_1, μ_2 such that

0 < μ_1 ≤ μ(t) < κ and 0 < μ_1 ≤ μ(t) + 2 t μ^′(t) ≤ μ_2 (2.2)

for all t ∈ IR^+.

Then, given a body load f ∈ [L^2(Ω)]^2 and a traction g ∈ [H^{−1/2}(Γ_N )]^2, our linear-nonlinear transmission problem reads: Find u_0 ∈ [H^1(Ω_0)]^2 and u ∈ [H^1(Ω)]^2 such that

div σ_0 = 0 in Ω_0 , u_0 − u = 0 and σ_0ν − σν = 0 on Γ , div σ = − f in Ω , u = 0 on Γ_D , σν = g on Γ_N ,

(2.3)

where ν is the unit outward normal to ∂Ω := Γ ∪ Γ_1, and div denotes the usual divergence operator acting along each row of the corresponding tensor.

Problem (2.3) was solved in [20] by using the boundary integral equation method in Ω_0 and a dual-mixed finite element approach in Ω. In order to set the corresponding variational formulation (see eqs. (4.2) and (4.3) in [20]) we first let N_Γ (e) be the restriction to Γ of N (e), the null space of the strain tensor e, also known as the space of rigid body displacements, and let ⟨·, ·⟩_Γ stand for the duality between [H^{−1/2}(Γ )]^2 and [H^{1/2}(Γ )]^2 with respect to the [L^2(Γ )]^2-inner product. Then we define the spaces

H(div ; Ω) := { τ ∈ [L^2(Ω)]^{2×2} : div τ ∈ [L^2(Ω)]^2 } , H_0(div ; Ω) := {τ ∈ H(div ; Ω) : ⟨τ ν, ω⟩_Γ = 0 ∀ ω ∈ N_Γ (e) } ,

R := { δ ∈ [L^2(Ω)]^{2×2} : δ + δ^T = 0 } , [H̃^{1/2}(Γ_N )]^2 := { z|_{ΓN} : z ∈ [H^1(Ω)]^2 and z = 0 on Γ_D } , and [H^{1/2}_0 (Γ )]^2 := [H^{1/2}(Γ )]^2/N_Γ (e) .

Next, we introduce the auxiliary unknowns

t := e(u) ∈ [L^2(Ω)]^{2×2} ,

γ := 1 2 (∇u − (∇u)^T) ∈ R ,

ϕ := u|_Γ ∈ [H^{1/2}(Γ )]^2 , and η := −u|_{ΓN} ∈ [H̃^{1/2}(Γ_N )]^2 , the nonlinear functions λ̂, μ̂ : IR^{2×2} → IR, with

μ̂(s) := μ(dev s) and λ̂(s) := κ − μ̂(s) ∀ s ∈ IR^{2×2} ,

and the boundary integral operators V, K, K^′ and W denoting, respectively, the single, double, adjoint of the double, and hypersingular layer potentials of the Lamé system.

Thus, we observe that

t + γ = ∇u in Ω ,

σ = λ̂(t) tr (t) I_2 + 2 μ̂(t) t in Ω , and recall from [20] that there hold ϕ = ( 1 2 I + K ) ϕ − V(σν) on Γ and Wϕ + ( 1 2 I + K^′ ) (σν) = 0 on Γ ,

where I is a generic identity operator.

It is well known that V : [H^{−1/2+ϵ}(Γ )]^2 → [H^{1/2+ϵ}(Γ )]^2, K : [H^{1/2+ϵ}(Γ )]^2 → [H^{1/2+ϵ}(Γ )]^2, K^′ : [H^{−1/2+ϵ}(Γ )]^2 → [H^{−1/2+ϵ}(Γ )]^2 and W : [H^{1/2+ϵ}(Γ )]^2 → [H^{−1/2+ϵ}(Γ )]^2 are linear and continuous ∀ ϵ ∈ [−^1_2 ,^1_2 ] (see, e.g., [18]). Also, K(ω) = ω_2 and W(ω) = 0 ∀ ω ∈ N_Γ (e), and W and V are symmetric positive definite and positive semi-definite on [H^{1/2}_0 (Γ )]^2 and [H^{−1/2}(Γ )]^2, respectively (see, e.g., [19]).

Then, denoting

X_1 := [L^2(Ω)]^{2×2} × [H^{1/2}_0 (Γ )]^2 , M_1 := H_0(div ; Ω) ,

and M := [L^2(Ω)]^2 × R × [H̃^{1/2}(Γ_N )]^2 , the variational formulation of (2.3) can be written as the following two-fold saddle point operator equation (see [21]): Find ((t, ϕ), σ, (u, γ, η)) ∈ H := X_1 × M_1 × M such that A_1 B^′_1 O

B_1 −S B^′

O B O

(t, ϕ) σ (u, γ, η) = O O F , (2.4)

where O denotes a generic null operator/functional, and A_1 : X_1 → X^′_1, B_1 : X_1 → M^′_1, B^′_1 : M_1 → X^′_1, B : M_1 → M^′, B^′ : M → M^′_1, S : M_1 → M^′_1, and F ∈ M^′, are defined as follows

[A_1(r, ϱ), (s, ψ)] := ∫ Ω [ λ̂(r) tr (r) tr (s) + 2 μ̂(r) r : s ] dx + ⟨Wϱ, ψ⟩_Γ , [B_1(r, ϱ), τ ] := − ∫ Ω r : τ dx + ⟨τ ν, ( 1 2 I + K ) ϱ⟩_Γ , [B^′_1(ζ), (s, ψ)] := [B_1(s, ψ), ζ] , [B(ζ), (v, δ, ξ)] := − ∫ Ω v · div ζ dx − ∫ Ω ζ : δ dx − ⟨ζν, ξ⟩_{ΓN} , [B^′(v, δ, ξ), τ ] := [B(τ ), (v, δ, ξ)] , [S(ζ), τ ] := ⟨τ ν, V(ζν)⟩_Γ , and [F, (v, δ, ξ)] := ∫ Ω f · v dx − ⟨g, ξ⟩_{ΓN} , for all (r, ϱ), (s, ψ) ∈ X_1, ζ, τ ∈ M_1, and (v, δ, ξ) ∈ M. Here and in the following [·, ·] denotes the duality induced by the operators appearing in each case, and ⟨·, ·⟩_{ΓN} denotes the duality between [H^{−1/2}(Γ_N )]^2 and [H̃^{1/2}(Γ_N )]^2 with respect to the [L^2(Γ_N )]^2-inner product.

Now, let X := X_1 × M_1 := [L^2(Ω)]^{2×2} × [H^{1/2}_0 (Γ )]^2 × H_0(div ; Ω) and define A : X → X^′ by

[A(r, ϱ, ζ), (s, ψ, τ )] := [A_1(r, ϱ), (s, ψ)] + [B_1(r, ϱ), τ ] +[B_1(s, ψ), ζ] − [S(ζ), τ ] , for all (r, ϱ, ζ), (s, ψ, τ ) ∈ X. It is important to remark that A_1, and hence A, is a nonlinear operator.

Then (2.4) can be reformulated as: Find ((t, ϕ, σ), (u, γ, η)) ∈ H := X ×M such that

[A(t, ϕ, σ), (s, ψ, τ )] + [B(τ ), (u, γ, η)] = 0 , [B(σ), (v, δ, ξ)] = [F, (v, δ, ξ)] , (2.5) for all ((s, ψ, τ ), (v, δ, ξ)) ∈ H.

Concerning the solvability of (2.4) (equivalently (2.5)), we have the following result.

Theorem 2.1. There exists a unique ((t, ϕ, σ), (u, γ, η)) ∈ H solution of the nonlinear two-fold saddle point formulation (2.4). Moreover, there exists C > 0, independent of the solution, such that ||((t, ϕ, σ), (u, γ, η))||_H ≤ C { ||f||_{[L}2_{(Ω)]}2 + ||g||_{[H}−1/2_{(ΓN )]}2 } . Proof. It reduces to show that A_1 is strongly monotone and Lipschitz continuous, that B_1 and B satisfy appropriate inf-sup conditions, and that S is positive semi-definite. For details we refer to Section 4 in [20], and to the abstract results provided in [21]. ⊓⊔

3. The a-posteriori error analysis

3.1. Preliminaries

Throughout this section we assume that Γ and Γ_1 are polygonal curves. Then we let {T_h}_{h∈I} be a regular family of triangulations of Ω, made up of triangles T of diameter h_T , such that h := sup_{T ∈Th} h_T and Ω̄ = ∪ { T : T ∈ T_h }. Here I

is a set of indexes, say I := {h_j }_{j∈IN}, with h_j ≥ h_{j+1} ∀ j ∈ IN. In addition, let H_h := X_{1,h} × M_{1,h} × M_h be a finite element subspace of H := X_1 × M_1 × M, and let (t_h, ϕ_h, σ_h, u_h, γ_h, η_h) ∈ H_h be an approximation to the exact solution (t, ϕ, σ, u, γ, η) ∈ H of the variational formulation (2.4).

We now apply the approach from [9] (see also [10] and [22]) to derive an aposteriori estimate for the error ||(t, ϕ, σ, u, γ, η) − (t_h, ϕ_h, σ_h, u_h, γ_h, η_h)||_H. For this purpose, we need to choose any linear and bounded operator Â : X → X^′ such that the corresponding induced bilinear form Â : X ×X → IR, defined by Â((r, ϱ, ζ), (s, ψ, τ )) = [Â(r, ϱ, ζ), (s, ψ, τ )] for all (r, ϱ, ζ), (s, ψ, τ ) ∈ X, is symmetric and X-elliptic.

In the following, for simplicity, we take

[Â(r, ϱ, ζ), (s, ψ, τ )] := ⟨r, s⟩_{[L}2_{(Ω)]}2×2 + ⟨Wϱ, ψ⟩_Γ + ⟨ζ, τ ⟩_{H(div ;Ω)} , (3.1)

where ⟨r, s⟩_{[L}2_{(Ω)]}2×2 := ∫ Ω r : s dx (3.2) and ⟨ζ, τ ⟩_{H(div ;Ω)} := ∫ Ω ζ : τ dx + ∫ Ω div ζ · div τ dx (3.3) are the usual inner products of [L^2(Ω)]^{2×2} and H(div ; Ω), respectively.

Then, given T ∈ T_h we denote by ⟨·, ·⟩_{[L}2_{(T )]}2×2 and ⟨·, ·⟩_{H(div ;T )} the corresponding restrictions of (3.2) and (3.3) to [L^2(T )]^{2×2} and H(div ; T ). Further, we let (t_{h,T} , σ_{h,T} , u_{h,T} , γ_{h,T} ) be the restriction of (t_h, σ_h, u_h, γ_h) to T .

The following theorem provides an important upper bound for the Ritz projection of the Galerkin error with respect to the operator Â.

Theorem 3.1. Let (t̄, ϕ̄, σ̄) be the unique element in X such that [Â(t̄, ϕ̄, σ̄), (s, ψ, τ )] = [A(t, ϕ, σ), (s, ψ, τ )] −[A(t_h, ϕ_h, σ_h), (s, ψ, τ )] + [B(τ ), (u, γ, η) − (u_h, γ_h, η_h)]

(3.4)

for all (s, ψ, τ ) ∈ X, and let φ_h ∈ [H^{1/2}(∪_{T ∈Th} ∂T )]^2 be an approximation to u on element boundaries with φ_h = 0 on Γ_D. In addition, for each T ∈ T_h define t̂_T := σ_{h,T} − λ̂(t_{h,T} ) tr (t_{h,T} ) I_2 − 2 μ̂(t_{h,T} ) t_{h,T} ,

and let σ̂_T ∈ H(div ; T ) be the unique solution of the local problem

⟨σ̂_T , τ ⟩_{H(div ;T )} = F_{h,T} (τ ) ∀ τ ∈ H(div ; T ) , (3.5)

where

F_{h,T} (τ ) := ∫ T (t_{h,T} + γ_{h,T} ) : τ dx + ∫ T u_{h,T} · div τ dx − ∫ ∂T φ_h · τ ν_T ds

+⟨τ ν, φ_h + η_h⟩_{∂T ∩ΓN} + ⟨τ ν, φ_h + V(σ_hν) − ( 1 2 I + K ) ϕ_h⟩_{∂T ∩Γ} , (3.6) with ν_T being the unit outward normal to ∂T . Then there holds [Â(t̄, ϕ̄, σ̄), (t̄, ϕ̄, σ̄)] ≤ ∑ T ∈T_h ||t̂_T ||^2_{[L}2_{(T )]}2×2 + ∑ T ∈T_h ||σ̂_T ||^2_{H(div ;T )}

+|| W^{−1} || ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||^2_{[H−1/2(Γ )]2} .

(3.7)

Proof. We first observe from (2.5) that [A(t, ϕ, σ), (s, ψ, τ )] + [B(τ ), (u, γ, η)] = 0 ∀ (s, ψ, τ ) ∈ X , and hence

[Â(t̄, ϕ̄, σ̄), (s, ψ, τ )] = −[A(t_h, ϕ_h, σ_h), (s, ψ, τ )] −[B(τ ), (u_h, γ_h, η_h)] ∀ (s, ψ, τ ) ∈ X . (3.8)

Since the bilinear form induced by Â is symmetric and X-elliptic, we have that − 1 2 [Â(t̄, ϕ̄, σ̄), (t̄, ϕ̄, σ̄)] = min (s,ψ,τ )∈X { 1 2 [Â(s, ψ, τ ), (s, ψ, τ )] − [Â(t̄, ϕ̄, σ̄), (s, ψ, τ )] } , which, according to (3.8), yields − 1 2 [Â(t̄, ϕ̄, σ̄), (t̄, ϕ̄, σ̄)] = min_{(s,} ψ,τ )∈X J(s, ψ, τ ) , (3.9)

with J(s, ψ, τ ) := 1 2 [Â(s, ψ, τ ), (s, ψ, τ )] + [A(t_h, ϕ_h, σ_h), (s, ψ, τ )] + [B(τ ), (u_h, γ_h, η_h)] .

(3.10)

Now, since φ_h = 0 on Γ_D, we get ∑ T ∈T_h ∫ ∂T φ_h · τ ν_T ds − ∫ Γ_N ∪Γ φ_h · τ ν ds = 0 . (3.11)

Then, adding (3.11) to (3.10) and using the definitions of Â, A and B, we obtain

J(s, ψ, τ ) = ∑ T ∈T_h J_{1,T} (s_T ) + J_2(ψ) + ∑ T ∈T_h J_{3,T} (τ_T ) , (3.12)

where (s_T , τ_T ) is the restriction of (s, τ ) to T ,

J_{1,T} (s_T ) := 1 2 ||s_T ||^2_{[L}2_{(T )]}2×2 − ⟨t̂_T , s_T ⟩_{[L}2_{(T )]}2×2 , (3.13)

J_2(ψ) := 1 2 ⟨Wψ, ψ⟩_Γ + ⟨Wϕ_h + ( 1 2 I + K^′ ) (σ_hν), ψ⟩_Γ , (3.14) and J_{3,T} (τ_T ) := 1 2 ||τ_T ||^2_{H(div ;T )} − F_{h,T} (τ_T ) . (3.15)

By replacing (3.12) back into (3.9), and using that s ∈ [L^2(Ω)]^{2×2} if and only if s_T ∈ [L^2(T )]^{2×2} ∀ T ∈ T_h, we can write − 1 2 [Â(t̄, ϕ̄, σ̄), (t̄, ϕ̄, σ̄)] = ∑ T ∈T_h { min s_T ∈[L^2(T )]^{2×2}

J_{1,T} (s_T ) }

+ min ψ∈[H^{1/2}_0 (Γ )]^2

J_2(ψ) + min

τ ∈H0(div ;Ω) ∑ T ∈T_h J_{3,T} (τ_T ) . (3.16)

Since σ_{h,T} , t_{h,T} ∈ [L^2(T )]^{2×2}, it follows from (3.13) that min s_T ∈[L^2(T )]^{2×2}

J_{1,T} (s_T ) = − 1 2 ||t̂_T ||^2_{[L}2_{(T )]}2×2 . (3.17)

Note that t̂_T corresponds to the explicit local residual of the nonlinear constitutive equation in Ω (cf. (2.1)).

Now, let us introduce the broken space

H(div ; Ω)^{br} := {τ ∈ [L^2(Ω)]^{2×2} : τ_T ∈ H(div ; T ) ∀ T ∈ T_h } . Then, since H_0(div ; Ω) ⊆ H(div ; Ω)^{br}, we get min τ ∈H0(div ;Ω) ∑ T ∈T_h J_{3,T} (τ_T ) ≥ min τ ∈H(div ;Ω)^{br} ∑ T ∈T_h J_{3,T} (τ_T )

= ∑ T ∈T_h min τ_T ∈H(div ;T )

J_{3,T} (τ_T ) = − 1 2 ∑ T ∈T_h ||σ̂_T ||^2_{H(div ;T )} , (3.18)

where the last equation has made use of (3.15) and the definition of the local problem (3.5). At this point we remark that the unique solvability of (3.5) follows from the Lax-Milgram Theorem and the fact that F_{h,T} becomes a linear and bounded functional on H(div ; T ).

On the other hand, the minimizer to J_2 is the unique ψ̃ ∈ [H^{1/2}_0 (Γ )]^2 (guaranteed by the positive definiteness of W) solution to the equation ⟨Wψ̃, ψ⟩_Γ = − ⟨Wϕ_h + ( 1 2 I + K^′ ) (σ_hν), ψ⟩_Γ for all ψ ∈ [H^{1/2}_0 (Γ )]^2, which yields min ψ∈[H^{1/2}_0 (Γ )]^2

J_2(ψ) = − 1 2 ⟨Wψ̃, ψ̃⟩_Γ

≥ − 1 2 ||W^{−1}|| ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||^2_{[H−1/2(Γ )]2} . (3.19)

Finally, (3.16), (3.17), (3.18) and (3.19) imply (3.7) and complete the proof of the theorem. ⊓⊔

The following technical result will also be needed.

Lemma 3.2. The operator A_1 has continuous first order Gâteaux derivative DA_1, and there exist C̃_1, C̃_2 > 0 such that | DA_1(r̃, ϱ̃)((r, ϱ), (s, ψ)) | ≤ C̃_1 ||(r, ϱ)||_{X1} ||(s, ψ)||_{X1} and DA_1(r̃, ϱ̃)((s, ψ), (s, ψ)) ≥ C̃_2 ||(s, ψ)||^2_{X1} , for all (r̃, ϱ̃), (r, ϱ), (s, ψ) ∈ X_1 := [L^2(Ω)]^{2×2} × [H^{1/2}_0 (Γ )]^2.

Proof. Given i, j ∈ {1, 2}, we let a_{ij} : IR^{2×2} → IR be the nonlinear mapping defined by a_{ij} (r) := λ̂(r) tr (r) δ_{ij} + 2 μ̂(r) r_{ij} for all r := (r_{ij} ) ∈ IR^{2×2}. According to the assumptions on κ and μ (cf. (2.2)), one can prove (see [23] or Lemmas 4.1, 4.2, and 4.3 in [4]) that a_{ij} is of class C^1, and that there exist C_1, C_2 > 0 such that | | | | ∂ ∂r̃_{kl} a_{ij}(r̃) | | | | ≤ C^1 (3.20)

and_2 ∑ i,j,k,l=1 ∂ ∂r̃_{kl} a_{ij} (r̃) s_{kl} s_{ij} ≥ C_2 2∑ i,j=1 s^2_{ij} , (3.21)

for all r̃ := (r̃_{ij} ), s := (s_{ij}) ∈ IR^{2×2}.

Now, for all (r, ϱ), (s, ψ) ∈ X_1, with r(·) = (r_{ij} (·)) and s(·) = (s_{ij} (·)), we can write [A_1(r, ϱ), (s, ψ)] = [Ã_1(r), s] + ⟨Wϱ, ψ⟩_Γ ,

where Ã_1 : [L^2(Ω)]^{2×2} → [L^2(Ω)]^{2×2′}, the pure nonlinear part of A_1, is defined by [Ã_1(r), s] := 2∑ i,j=1 ∫ Ω a_{ij} (r) s_{ij} dx . Then, because of the linearity of W, we obtain

DA_1(r̃, ϱ̃)((r, ϱ), (s, ψ)) = DÃ_1(r̃)(r, s) + ⟨Wϱ, ψ⟩_Γ , with

DÃ_1(r̃)(r, s) := ∫ Ω 2∑ i,j,k,l=1 ∂ ∂r̃_{kl} a_{ij} (r̃) r_{kl} s_{ij} dx (3.22)

for all (r̃, ϱ̃), (r, ϱ), (s, ψ) ∈ X_1.

Therefore, (3.20) and the Cauchy-Schwarz inequality imply | | |DÃ_1(r̃)(r, s) | | | ≤ C_1 ∫ Ω 2∑ i,j,k,l=1 |r_{kl}| |s_{ij}| dx ≤ 4 C_1 ||r||_{[L}2_{(Ω)]}2×2 ||s||_{[L}2_{(Ω)]}2×2 , and hence, using the boundedness of W, we get

|DA_1(r̃, ϱ̃)((r, ϱ), (s, ψ))| ≤ C̃_1 ||(r, ϱ)||_{X1} ||(s, ψ)||_{X1} (3.23)

for all (r̃, ϱ̃), (r, ϱ), (s, ψ) ∈ X_1, where C̃_1 := max {4C_1, ||W||}.

On the other hand, since W is positive definite on [H^{1/2}_0 (Γ )]^2, there exists α_0 > 0 such that

⟨Wψ, ψ⟩_Γ ≥ α_0 ||ψ||^2_{[H1/20 (Γ )]2} ∀ ψ ∈ [H^{1/2}_0 (Γ )]^2 .

Then, using (3.21) and (3.22), we deduce that

DA_1(r̃, ϱ̃)((s, ψ), (s, ψ)) = DÃ_1(r̃)(s, s) + ⟨Wψ, ψ⟩_Γ ≥ C̃_2 ||(s, ψ)||^2_{X1} (3.24)

for all (r̃, ϱ̃), (s, ψ) ∈ X_1, where C̃_2 := min {C_2, α_0 }. Finally, the continuity of DA_1 is a consequence of (3.22) and the fact that the nonlinear mappings a_{ij} are of class C^1. ⊓⊔

We remark from the previous lemma that, for all (r̃, ϱ̃) ∈ X_1, DA_1(r̃, ϱ̃) can be identified with the bilinear form on X_1 × X_1 defined by (3.22), which, in virtue of (3.23) and (3.24), is uniformly bounded and X_1-elliptic, respectively. In addition, using the conditions satisfied by DA_1 and DÃ_1 one can easily show that A_1 and Ã_1 are strongly monotone and Lipschitz continuous. Moreover, (3.20) and (3.21) also yield these properties for Ã_{1,T} , the restriction of Ã_1 to a triangle T ∈ T_h, with constants independent of T .

3.2. The main a-posteriori error estimate

The results given in the previous subsection allow us to prove now the following main theorem.

Theorem 3.3. Let φ_h ∈ [H^{1/2}(∪_{T ∈Th} ∂T )]^2 be an approximation to u on element boundaries with φ_h = 0 on Γ_D. In addition, for each T ∈ T_h define

t̂_T := σ_{h,T} − λ̂(t_{h,T} ) tr (t_{h,T} ) I_2 − 2 μ̂(t_{h,T} ) t_{h,T} ,

and let σ̂_T ∈ H(div ; T ) be the unique solution of the local problem (3.5). Then there exists C > 0, independent of h, such that

||(t, ϕ, σ, u, γ, η) − (t_h, ϕ_h, σ_h, u_h, γ_h, η_h)||_H ≤ C ∑ T ∈T_h θ^2_T + R^2_Γ + R^2_{ΓN} 1/2 , where θ^2_T := { ||t̂_T ||^2_{[L}2_{(T )]}2×2 + ||σ̂_T ||^2_{H(div ;T )}

+ ||f + div σ_{h,T} ||^2_{[L}2_{(T )]}2 + ||σ_{h,T} − σ^T_{h,T} ||^2_{[L}2_{(T )]}2×2 } , R_Γ := ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||_{[H}−1/2_{(Γ )]}2 , and R_{ΓN} := ||σ_hν − g||_{[H}−1/2_{(ΓN )]}2 .

Proof. Let (r̃, ϱ̃) ∈ X_1 and let L_{(r̃,~}ϱ_) : H → H^′ be the linear operator arising from the variational formulation (2.4) (or (2.5)) after replacing [A_1(·, ·), (·, ·)] by DA_1(r̃, ϱ̃)((·, ·), (·, ·)).

Using that DA_1(r̃, ϱ̃) is a uniformly bounded and X_1-elliptic bilinear form, that B and B_1 satisfy the continuous inf-sup conditions, and that S is positive semi-definite, we conclude, by applying Theorem 2.3 from [21], that L_{(r̃,~}ϱ_) satisfies a uniform global inf-sup condition. This means that there exists C_0 > 0, independent of (r̃, ϱ̃), such that ||(t̃, ϕ̃, σ̃, ũ, γ̃, η̃)||_H ≤ C_0 sup (s,ψ,τ ,v,δ,ξ)∈H ||(s,ψ,τ ,v,δ,ξ)||≤1

{ DA_1(r̃, ϱ̃)((t̃, ϕ̃), (s, ψ))

+[B_1(t̃, ϕ̃), τ ] + [B_1(s, ψ), σ̃] − [S(σ̃), τ ]

+ [B(σ̃), (v, δ, ξ)] + [B(τ ), (ũ, γ̃, η̃)] } (3.25)

for all (t̃, ϕ̃, σ̃, ũ, γ̃, η̃) ∈ H and for all (r̃, ϱ̃) ∈ X_1.

Now, since DA_1 is continuous, we deduce that there exists (r̃_h, ϱ̃_h) ∈ X_1, which is a convex combination of (t, ϕ) and (t_h, ϕ_h), such that

[A_1(t, ϕ) − A_1(t_h, ϕ_h), (s, ψ)] = DA_1(r̃_h, ϱ̃_h)((t − t_h, ϕ − ϕ_h), (s, ψ)) (3.26)

for all (s, ψ) ∈ X_1.

Then, applying (3.25) with (r̃, ϱ̃) = (r̃_h, ϱ̃_h) and (t̃, ϕ̃, σ̃, ũ, γ̃, η̃) given by the error, and using (3.26), the definition of the operator A, the Ritz projection (t̄, ϕ̄, σ̄) introduced in Theorem 3.1, the second equation of (2.5), and the definitions of B and F, we arrive to 1 C_0 ||(t, ϕ, σ, u, γ, η) − (t_h, ϕ,_h σ_h, u_h, γ_h, η_h)||_H

≤ sup (s,ψ,τ ,v,δ,ξ)∈H ||(s,ψ,τ ,v,δ,ξ)||≤1

{ [Â(t̄, ϕ̄, σ̄), (s, ψ, τ )] + ∫ Ω (f + div σ_h) · v dx

+ ⟨σ_hν − g, ξ⟩_{ΓN} + ∫ Ω σ_h : δ dx } . (3.27)

Next, the boundedness and ellipticity of Â, and the estimate from Theorem 3.1, imply |[Â(t̄, ϕ̄, σ̄), (s, ψ, τ )]| ≤ ||Â|| ||(t̄, ϕ̄, σ̄)||_X ||(s, ψ, τ )||_X

≤ C ∑ T ∈T_h (||t̂_T ||^2_{[L}2_{(T )]}2×2 + ||σ̂_T ||^2_{H(div ;T )}) + R^2_Γ 1/2 ||(s, ψ, τ )||_X (3.28) for all (s, ψ, τ ) ∈ X.

On the other hand, it is easily seen that | | | ∫ Ω (f + div σ_h) · v dx | | |

≤ ∑ T ∈T_h ||f + div σ_{h,T} ||^2_{[L}2_{(T )]}2 1/2 ||v||_{[L}2_{(Ω)]}2 , (3.29) | ⟨σ_hν − g, ξ⟩_{ΓN} | ≤ ||σ_hν − g||_{[H}−1/2_{(ΓN )]}2 ||ξ||_{[H̃}1/2_{(ΓN )]2} , (3.30) and | | | | ∫ Ω σ_h : δ dx | | | | = | | | | 1 2 ∫ Ω (σ_h − σ^T_h ) : δ dx | | | |

≤ 1 2 ∑ T ∈T_h ||σ_h − σ^T_h ||^2_{[L}2_{(T )]}2×2 1/2 ||δ||_{[L}2_{(Ω)]}2×2 , (3.31)

for all v ∈ [L^2(Ω)]^2, ξ ∈ [H̃^{1/2}(Γ_N )]^2, δ ∈ R. Consequently, replacing (3.28), (3.29), (3.30) and (3.31) back into (3.27), we obtain the a-posteriori error estimate and conclude the proof of the theorem. ⊓⊔

We now comment on the importance of choosing φ_h as close as possible to the trace of u on ∪_{T ∈Th} ∂T . In fact, if u ∈ [H^1(Ω)]^2 and φ_h|_{∂T} = u|_{∂T} ∀ ∈ T_h, we get ∫ ∂T φ_h · τ ν_T ds = ∫ ∂T u · τ ν_T ds = ∫ T ∇u : τ dx + ∫ T u · div τ dx , and hence the local problem (3.5) becomes

⟨σ̂_T , τ ⟩_{H(div ;T )} = F_{h,T} (τ ) ∀ τ ∈ H(div ; T ) , (3.32)

with F_{h,T} (τ ) = ∫ T (t_{h,T} + γ_{h,T} − ∇u) : τ dx + ∫ T (u_{h,T} − u) · div τ dx +⟨τ ν, u + η_h⟩_{∂T ∩ΓN} + ⟨τ ν, u + V(σ_hν) − ( 1 2 I + K ) ϕ_h⟩_{∂T ∩Γ} . (3.33)

This shows that σ̂_T ∈ H(div ; T ), the Riesz representant of the functional F_{h,T} ∈ H(div ; T )^′, depends directly on the actual errors (t_{h,T} + γ_{h,T} − ∇u) ∈ [L^2(T )]^{2×2}, (u_{h,T} − u) ∈ [L^2(T )]^2, (u + η_h) ∈ [H̃^{1/2}(∂T ∩ Γ_N )]^2, and

( u + V(σ_hν) −

(_1 2 I + K ) ϕ_h ) ∈ [H^{1/2}(∂T ∩ Γ )]^2, where [H̃^{1/2}(∂T ∩ Γ_N )]^2 := {δ|_{∂T ∩ΓN} : δ ∈ [H̃^{1/2}(Γ_N )]^2 }.

Moreover, it follows from (3.32) and (3.33) that

||σ̂_T ||_{H(div ;T )} ≤ { ||t_{h,T} + γ_{h,T} − ∇u||^2_{[L}2_{(T )]}2×2

+ ||u_{h,T} − u||^2_{[L}2_{(T )]}2 + ||u + η_h||^2_{[H̃1/2(∂T ∩ΓN )]2}

+ ||u + V(σ_hν) − ( 1 2 I + K ) ϕ_h||^2_{[H1/2(∂T ∩Γ )]2} }_{1/2} . (3.34)

The above analysis motivates the following lemma, which shows that the efficiency of the a-posteriori error estimate given by Theorem 3.3 depends directly on how well φ_h approximates the trace of u on the element boundaries.

Lemma 3.4. Assume that u ∈ [H^1(Ω)]^2 and define φ_h|_{∂T} = u|_{∂T} ∀ T ∈ T_h. Then there exists C > 0, independent of h, such that for all T ∈ T_h

θ^2_T ≤ C { ||t_{h,T} − t||^2_{[L}2_{(T )]}2×2 + ||σ_{h,T} − σ||^2_{H(div ;T )} + ||γ_{h,T} − γ||^2_{[L}2_{(T )]}2×2

+ ||u_{h,T} − u||^2_{[L}2_{(T )]}2 + ||η_h − η||^2_{[H̃1/2(∂T ∩ΓN )]2} (3.35) + | | | | | | ( 1 2 I + K ) (ϕ_h − ϕ) | | | | | | 2 [H^{1/2}(∂T ∩Γ )]^2 + ||V(σ_hν − σν)||^2_{[H1/2(∂T ∩Γ )]2} } . In addition, there exists C̃ > 0, independent of h, such that ∑ T ∈T_h θ^2_T + R^2_Γ + R^2_{ΓN} 1/2 ≤ C̃ ||^⇀t −^⇀t_h||_H , (3.36)

where^⇀t := (t, ϕ, σ, u, γ, η),^⇀t_h := (t_h, ϕ_h, σ_h, u_h, γ_h, η_h), and θ_T , R_Γ , R_{ΓN} are defined in Theorem 3.3.

Proof. By taking s = ψ = 0 in the first equation of (2.5), and then integrating by parts in Ω, we get ∫ Ω [∇u − (t + γ)] : τ dx − ⟨τ ν, u + η⟩_{ΓN} + ⟨τ ν, ( 1 2 I + K ) ϕ − V(σν) − u⟩_Γ = 0 ∀ τ ∈ H_0(div ; Ω) .

It follows that

∇u = t + γ in Ω , u = −η on Γ_N , and u = ( 1 2 I + K ) ϕ − V(σν) on Γ , whence (3.34) yields

||σ̂_T ||^2_{H(div ;T )} ≤ 2 { ||t_{h,T} − t||^2_{[L}2_{(T )]}2×2 + ||γ_{h,T} − γ||^2_{[L}2_{(T )]}2×2

+ ||u_{h,T} − u||^2_{[L}2_{(T )]}2 + ||η_h − η||^2_{[H̃1/2(∂T ∩ΓN )]2} (3.37) + | | | | | | ( 1 2 I + K ) (ϕ_h − ϕ) | | | | | |^2 [H^{1/2}(∂T ∩Γ )]^2 + ||V(σ_hν − σν)||^2_{[H1/2(∂T ∩Γ )]2} } . Now, taking δ = ξ = 0 in the second equation of (2.5), and ψ = τ = 0 in the first one, we obtain, respectively,

−div σ = f and σ = λ̂(t) tr (t) I_2 + 2 μ̂(t) t in Ω .

Then we have

||f + div σ_{h,T} ||_{[L}2_{(T )]}2 = ||div (σ_{h,T} − σ)||_{[L}2_{(T )]}2 , (3.38)

and also

||t̂_T ||_{[L}2_{(T )]}2×2 ≤ ||σ_{h,T} − σ||_{[L}2_{(T )]}2×2 + ||Ã_{1,T} (t_{h,T} ) − Ã_{1,T} (t)||_{[L}2_{(T )]}2×2′ ,

where Ã_{1,T} : [L^2(T )]^{2×2} → [L^2(T )]^{2×2′} is the restriction to T ∈ T_h of Ã_1 (cf. proof of Lemma 3.2). For the definition of t̂_T see Theorem 3.3.

Since Ã_{1,T} is Lipschitz continuous, we deduce that there exists C > 0, independent of h and T , such that

||t̂_T ||_{[L}2_{(T )]}2×2 ≤ C { ||σ_{h,T} − σ||_{[L}2_{(T )]}2×2 + ||t_{h,T} − t||_{[L}2_{(T )]}2×2 } . (3.39)

Next, taking v = ξ = 0 in the second equation of (2.5) we get σ = σ^T in Ω, with which one can prove that

||σ_{h,T} − σ^T_{h,T} ||_{[L}2_{(T )]}2×2 ≤ 2 ||σ_{h,T} − σ||_{[L}2_{(T )]}2×2 . (3.40)

Thus, (3.37), (3.38), (3.39), (3.40), and the definition of θ^2_T , yield (3.35). On the other hand, we also find from the variational formulation (2.5) that

Wϕ + ( 1 2 I + K^′ ) (σν) = 0 on Γ, and σν = g on Γ_N ,

which, using the continuity of the boundary integral operators W and K^′, imply that

R^2_Γ + R^2_{ΓN} ≤ C { ||ϕ_h − ϕ||^2_{[H1/2(Γ )]2} + ||σ_h − σ||^2_{H(div ;Ω)} } . (3.41)

Next, according to the definition of the Sobolev norm of order 1/2, we see that ∑ T ∈T_h ||η_h − η||^2_{[H̃1/2(∂T ∩ΓN )]2} ≤ C ||η_h − η||^2_{[H̃1/2(ΓN )]2} , (3.42) ∑ T ∈T_h | | | | | | | | ( 1 2 I + K ) (ϕ_h − ϕ) | | | | | | | | 2 [H^{1/2}(∂T ∩Γ )]^2 ≤ C | | | | | | | | ( 1 2 I + K ) (ϕ_h − ϕ) | | | | | | | | 2 [H^{1/2}(Γ )]^2

≤ C ||ϕ_h − ϕ||^2_{[H1/2(Γ )]2} , (3.43) and ∑ T ∈T_h ||V(σ_hν − σν)||^2_{[H1/2(∂T ∩Γ )]2} ≤ C ||V(σ_hν − σν)||^2_{[H1/2 (Γ )]2} ≤ C ||σ_h − σ||^2_{H(div ;Ω)} , (3.44) where the boundedness of K and V has also been used for the derivation of (3.43) and (3.44).

Finally, the efficiency estimate (3.36) is a simple consequence of (3.35), (3.41), (3.42), (3.43) and (3.44). This finishes the proof. ⊓⊔

Before ending this subsection we remark that the a-posteriori error estimate provided by Theorem 3.3 includes the non-local terms R_Γ and R_{ΓN} , which, though of explicit residual type, are defined in terms of negative order Sobolev norms. In addition, it is also important to observe that the local problem (3.5) holds in a space of infinite dimension, and hence it could only be solved approximately by replacing H(div ; T ) by a finite dimensional subspace. In particular, since that problem is linear, we suggest to apply the p or the h − p version to approximate σ̂_T (see, e.g., [1]).

According to the above, the purpose of the next subsection is to bound the contributions R_Γ , R_{ΓN} , and ||σ̂_T ||_{H(div ;T )} by easily computable expressions.

3.3. Fully local a-posteriori error estimates

We first need to specify the finite dimensional subspace H_h to which the approximate solution (t_h, ϕ_h, σ_h, u_h, γ_h, η_h) belongs. To this end we consider the same finite element and boundary element spaces from [20] (see also [7]), which are a natural extension of the PEERS space from [5]. In fact, let X_{1,h} := X^t_{1,h} × Xϕ_{1,h}, M_{1,h}, and M_h := M^u_h × R_h × Mη_h denote the corresponding subspaces to approximate (t, ϕ), σ, and (u, γ, η), respectively. Further, let {Γ_1, ..., Γ_m} and {Γ̃_1, ..., Γ̃_n} be the partitions on Γ and Γ_N , respectively, induced by the triangulation T_h. Then we define

X^t_{1,h} := {piecewise RT of order 0 + rotations of cubic bubble functions} ,

Xϕ_{1,h} := [H^{1/2}(Γ )]^2_h/N_Γ (e) or, equivalently

Xϕ_{1,h} := {ψ_h ∈ [H^{1/2}(Γ )]^2_h : ⟨ω, ψ_h⟩_Γ = 0 ∀ ω ∈ N_Γ (e) } ,

where

[H^{1/2}(Γ )]^2_h := {ψ_h ∈ [C(Γ )]^2 : ψ_h|_{Γj} ∈ [IP_1(Γ_j )]^2 ∀ j ∈ {1, ..., m} } ,

M_{1,h} := {RT of order 0 + rotations of cubic bubble functions}∩H_0(div ; Ω) ,

M^u_h := {v_h ∈ [L^2(Ω)]^2 : v_h|_T ∈ [IP_0(T )]^2 ∀ T ∈ T_h } ,

R_h := {[ 0 δ −δ 0 ] ∈ [H^1(Ω)]^{2×2} : δ|_T ∈ IP_1(T ) ∀ T ∈ T_h } , and Mη_h := {ξ_h ∈ [H̃^{1/2}(Γ_N )]^2 : ξ_h|_{Γ̃j} ∈ [IP_1(Γ̃_j)]^2 ∀ j ∈ {1, ..., n} } .

Hereafter, given integers l ≥ 0, k ∈ {1, 2} and a subset S of IR^k, IP_l(S) stands for the space of polynomials in k variables defined in S of total degree at most l. Therefore, the Galerkin scheme associated to the variational formulation (2.5) reads: Find ((t_h, ϕ_h), σ_h, (u_h, γ_h, η_h)) ∈ H_h := X_{1,h} × M_{1,h} × M_h such that

[A(t_h, ϕ_h, σ_h), (s_h, ψ_h, τ_h)] + [B(τ_h), (u_h, γ_h, η_h)] = 0 ,

[B(σ_h), (v_h, δ_h, ξ_h)] = [F, (v_h, δ_h, ξ_h)] ,

(3.45)

for all ((s_h, ψ_h), τ_h, (v_h, δ_h, ξ_h)) ∈ H_h.

We remark that the existence of a unique ((t_h, ϕ_h), σ_h, (u_h, γ_h, η_h)) ∈ H_h solution to (3.45), and the corresponding error analysis, were provided in [20] for the particular case Γ_N = ∅. Hence, we do not give any further details here and just assume, from now on, unique solvability of the discrete scheme (3.45).

Lemma 3.5. Assume that the Neumann data g ∈ [L^2(Γ_N )]^2. Then there exists C > 0, independent of h, such that

R^2_Γ ≤ C log[1 + C_h(Γ )] m∑ j=1 h_j ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||^2_{[L}2_{(Γj )]}2 , (3.46) and R^2_{ΓN} ≤ C log[1 + C_h(Γ_N )] n∑ j=1 h̃_j ||σ_hν − g||^2_{[L2(Γ̃j )]2} , (3.47) where h_j = length of Γ_j , h̃_j = length of Γ̃_j ,

C_h(Γ ) := max { h_i h_j : |i − j| = 1 , i, j ∈ {1, ..., m} } , and C_h(Γ_N ) := max { h̃_i h̃_j : |i − j| = 1 , i, j ∈ {1, ..., n} } . Proof. We proceed similarly as in Corollary 1 of [22]. First, the definitions of the subspaces Xϕ_{1,h} and M_{1,h} guarantee that ϕ_h ∈ [H^1(Γ )]^2, (σ_hν)|_Γ ∈ [L^2(Γ )]^2, and (σ_hν)|_{ΓN} ∈ [L^2(Γ_N )]^2. Hence, the mapping properties of W and K^′ imply that ( Wϕ_h +

(_1 2 I + K^′ ) (σ_hν) ) ∈ [L^2(Γ )]^2. Also, taking s_h = τ_h = 0 in the first equation of (3.45), we get

⟨Wϕ_h + ( 1 2 I + K^′ ) (σ_hν), ψ_h⟩_Γ = 0 ∀ ψ_h ∈ Xϕ_{1,h} . Next, given ψ̃_h ∈ [H^{1/2}(Γ )]^2_h we let ψ_h ∈ Xϕ_{1,h} be such that (ψ̃_h − ψ_h) ∈ N_Γ (e). Since ⟨Wϕ_h, ω⟩_Γ = ⟨W(ω), ϕ_h⟩_Γ = 0 and ⟨

(_1 2 I + K^′ ) (σ_hν), ω⟩_Γ = ⟨σ_hν, (_1 2 I + K ) (ω)⟩_Γ = ⟨σ_hν, ω⟩_Γ = 0 for all ω ∈ N_Γ (e), we deduce that Wϕ_h +

(_1 2 I + K^′ ) (σ_hν) is [L^2(Γ )]^2-orthogonal to [H^{1/2}(Γ )]^2_h. Thus, the estimate (3.46) follows from a straightforward application of Theorem 2 in [13].

On the other hand, taking v_h = δ_h = 0 in the second equation of (3.45), we find that (σ_hν − g) is [L^2(Γ_N )]^2-orthogonal to Mη_h , and therefore, the estimate (3.47) is also a consequence of Theorem 2 in [13]. ⊓⊔

As a corollary of Theorem 3.3 and Lemma 3.5 we can establish the following a-posteriori error estimate.

Theorem 3.6. Let φ_h ∈ [H^{1/2}(∪_{T ∈Th} ∂T )]^2 be an approximation to u on element boundaries with φ_h = 0 on Γ_D, and assume that g ∈ [L^2(Γ_N )]^2. In addition, for each T ∈ T_h define

t̂_T := σ_{h,T} − λ̂(t_{h,T} ) tr (t_{h,T} ) I_2 − 2 μ̂(t_{h,T} ) t_{h,T} ,

and let σ̂_T ∈ H(div ; T ) be the unique solution of the local problem (3.5). Then there exists C > 0, independent of h, such that

||(t, ϕ, σ, u, γ, η) − (t_h, ϕ_h, σ_h, u_h, γ_h, η_h)||_H ≤ C ∑ T ∈T_h θ̂^2_T 1/2 , where

θ̂^2_T := ||t̂_T ||^2_{[L2(T )]2×2} + ||σ̂_T ||^2_{H(div ;T )} + ||f + div σ_{h,T} ||^2_{[L2(T )]2}

+ ||σ_{h,T} − σ^T_{h,T} ||^2_{[L}2_{(T )]}2×2 + log[1 + C_h(Γ_N )] h_T ||σ_hν − g||^2_{[L}2_{(∂T ∩ΓN )]}2

+ log[1 + C_h(Γ )] h_T ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||^2_{[L}2_{(∂T ∩Γ )]}2 .

Proof. It follows from Theorem 3.3 and Lemma 3.5 by noting that h_j (resp. h̃_j ) is smaller than h_T , where T ∈ T_h is the triangle having Γ_j (resp. Γ̃_j) as a boundary edge. ⊓⊔

We remark that the upper bounds for R_Γ and R_{ΓN} given by Lemma 3.5 are also lower bounds (with different constants) as long as the partitions on Γ and Γ_N are quasi-uniform (see Theorem 3 in [13]).

To end this section, we set an appropriate choice of φ_h. Indeed, we first define φ̃_h ∈ [C(Ω̄)]^2 as the unique function satisfying the following conditions:

a) φ̃_{h,T} := φ̃_h|_T ∈ [IP_1(T )]^2 for all T ∈ T_h. b) φ̃_h(x̄) = (0, 0)^T for each vertex x̄ of T_h lying on Γ̄_D.

c) φ̃_h(x̄) is the average of the constant values of u_h on all the triangles T ∈ T_h to which x̄ belongs, for any other vertex x̄ of T_h.

Then, since φ̃_h ∈ [H^1(Ω)]^2 we just put

φ_h|_{∂T} = φ̃_h|_{∂T} ∀ T ∈ T_h . (3.48)

Furthermore, we can also use φ̃_h to derive a simpler fully local a-posteriori error estimate, which does not require the explicit solution of the problem (3.5). More precisely, we have the following result.

Theorem 3.7. Let φ̃_h ∈ [H^1(Ω)]^2 be as indicated above, assume that g ∈ [L^2(Γ_N )]^2, and for each T ∈ T_h define

t̂_T := σ_{h,T} − λ̂(t_{h,T} ) tr (t_{h,T} ) I_2 − 2 μ̂(t_{h,T} ) t_{h,T} .

In addition, let {x̄_{k,T} }^3_{k=1} be the vertices of T ∈ T_h, and assume, without loss of generality, that x̄_{1,T} , x̄_{2,T} ∈ Γ_N when ∂T ∩ Γ_N is not empty. Then there exists C > 0, independent of h, such that ||(t, ϕ, σ, u, γ, η) − (t_h, ϕ_h, σ_h, u_h, γ_h, η_h)||_H

≤ C ∑ T ∈T_h ( θ̃^2_T + θ̃^2_{T,Γ} + θ̃^2_{T,ΓN} ) 1/2 , (3.49) where

θ̃^2_T := { ||t̂_T ||^2_{[L}2_{(T )]}2×2 + | | | | | |t_{h,T} − 1 2 [∇φ̃_{h,T} + (∇φ̃_{h,T} )^T] | | | | | |^2 [L^2(T )]^{2×2}

+ h^2_T 3∑ k=1 | | | | | | | | γh,T (x̄^{k,T} ) − 1 2 [∇φ̃_{h,T} − (∇φ̃_{h,T} )^T] | | | | | | | | 2 IR^{2×2}

+ h^2_T 3∑ k=1 ||u_{h,T} − φ̃_{h,T} (x̄_{k,T} )||^2_{IR}2

+ ||f + div σ_{h,T} ||^2_{[L}2_{(T )]}2 + ||σ_{h,T} − σ^T_{h,T} ||^2_{[L}2_{(T )]}2×2 } ,

θ̃^2_{T,Γ} := { | | | | | | |φ̃h,T + V(σ^hν) − ( 1 2 I + K ) ϕ_h | | | | | | 2 [H^{1/2}(∂T ∩Γ )]^2

+ log[1 + C_h(Γ )] h_T ||Wϕ_h + ( 1 2 I + K^′ ) (σ_hν)||^2_{[L}2_{(∂T ∩Γ )]}2 } , and θ̃^2_{T,ΓN} := p_N (T ) { h_T 2∑ k=1 ||(φ̃_{h,T} +η_h)(x̄_{k,T} )||^2_{IR}2 + ||(φ̃_{h,T} +η_h)(x̄_{2,T} −x̄_{1,T} )||^2_{IR}2

+ log[1 + C_h(Γ_N )] h_T ||σ_hν − g||^2_{[L}2_{(∂T ∩ΓN )]}2 } , with p_N (T ) = 1 if ∂T ∩ Γ_N is not empty, and 0 otherwise.

Proof. Because of Theorem 3.6, it suffices to bound ||σ̂_T ||^2_{H(div ;T )} for the

present choice of φ_h. In fact, according to the analysis before Lemma 3.4,

and replacing u by φ̃_h in (3.34), we obtain

||σ̂_T ||^2_{H(div ;T )} ≤ ||t_{h,T} + γ_{h,T} − ∇φ̃_{h,T} ||^2_{[L}2_{(T )]}2×2 + ||u_{h,T} − φ̃_{h,T} ||^2_{[L}2_{(T )]}2 + ||φ̃_{h,T} + η_h||^2_{[H̃1/2(∂T ∩ΓN )]2} + | | | | | |φ̃h,T + V(σ^hν) − ( 1 2 I + K ) ϕ_h | | | | | | 2 [H^{1/2}(∂T ∩Γ )]^2

. (3.50)

Also, it is easy to see that ||t_{h,T} + γ_{h,T} − ∇φ̃_{h,T} ||^2_{[L}2_{(T )]}2×2 ≤ 2 { | | | | | | |t^{h,T} − 1 2 [∇φ̃_{h,T} + (∇φ̃_{h,T} )^T] | | | | | | | | 2 [L^2(T )]^{2×2}

+ | | | | | | | |γh,T − 1 2 [∇φ̃_{h,T} − (∇φ̃_{h,T} )^T] | | | | | | | | 2 [L^2(T )]^{2×2} } . (3.51)

Next, since φ̃_{h,T} ∈ [IP_1(T )]^2, ∇φ̃_{h,T} ∈ [IP_0(T )]^{2×2}, γ_{h,T} ∈ [IP_1(T )]^{2×2}, and

the area of T is bounded by h^2_T , we deduce that

||u_{h,T} − φ̃_{h,T} ||^2_{[L}2_{(T )]}2 ≤ h^2_T 3∑ k=1 ||u_{h,T} − φ̃_{h,T} (x̄_{k,T} )||^2_{IR}2 , (3.52)

and | | | | | | | | γh,T − 1 2 [∇φ̃_{h,T} − (∇φ̃_{h,T} )^T] | | | | | | | | 2 [L^2(T )]^{2×2} ≤ h^2_T 3∑ k=1 | | | | | | | | γh,T (x̄^{k,T} ) − 1 2 [∇φ̃_{h,T} − (∇φ̃_{h,T} )^T] | | | | | | | | 2 IR^{2×2}

. (3.53)

On the other hand, since (φ̃_{h,T} + η_h)|_{∂T ∩ΓN} ∈ [IP_1(∂T ∩ Γ_N )]^2, we find that ||φ̃_{h,T} + η_h||^2_{[H̃1/2(∂T ∩ΓN )]2} ≤ h_T 2∑ k=1 ||(φ̃_{h,T} + η_h)(x̄_{k,T} )||^2_{IR}2

+ ||(φ̃_{h,T} + η_h)(x̄_{2,T} − x̄_{1,T} )||^2_{IR}2 . (3.54)

In this way, (3.50), (3.51), (3.52), (3.53), (3.54) and the estimate from

Theorem 3.6 yield (3.49) and complete the proof. ⊓⊔

Remark 3.8. For implementations, the [H^{1/2}(∂T ∩ Γ )]^2-norms in the terms

θ̃_{T,Γ} of the previous theorem can be bounded by using the interpolation the-

orem: || · ||^2_{[H1/2(∂T ∩Γ )]2} ≤ || · ||_{[L}2_{(∂T ∩Γ )]}2 || · ||_{[H}1_{(∂T ∩Γ )]}2 .

References

1. M. Ainsworth and J.T. Oden, A unified approach to a posteriori error estimation

using element residual methods. Numerische Mathematik, 65 (1993), pp. 23–50.

2. M. Ainsworth and J.T. Oden, A posteriori error estimation in finite element analysis.

Computer Methods in Applied Mechanics and Engineering, 142 (1997), pp. 1–88.

3. A. Alonso, Error estimators for a mixed method. Numerische Mathematik, 74 (1996),

pp. 385–395.

4. R.A. Araya, G.N. Gatica and H. Mennickent, A boundary-field equation method

for a nonlinear exterior elasticity problem in the plane. Journal of Elasticity, 43 (1996),

pp. 45–68.

5. D.N. Arnold, F. Brezzi and J. Douglas, Jr., PEERS: A new mixed finite element

method for plane elasticity. Japan Journal of Applied Mathematics, 1 (1984), pp. 347–

367.

6. R.E. Bank and A. Weiser, Some a posteriori error estimators for elliptic partial differential equations. Mathematics of Computation, 44 (1985), pp. 283–301.

7. M.A. Barrientos, G.N. Gatica and E.P. Stephan, A mixed finite element method for nonlinear elasticity: two-fold saddle point approach and a-posteriori error estimate, submitted. Technical Report 99-25, Departamento de Ingeniería Matemática, Universidad de Concepción, (1999). http://www.ing-mat.udec.cl/inf-loc-dim.html.

8. D. Braess, and R. Verfürth, A posteriori error estimators for the Raviart-Thomas element. SIAM Journal on Numerical Analysis, 33 (1996), pp. 2431–2444.

9. U. Brink and E. Stein, A posteriori error estimation in large-strain elasticity using equilibrated local Neumann problems. Computer Methods in Applied Mechanics and Engineering, 161 (1998), pp. 77–101.

10. U. Brink and E.P. Stephan, Implicit residual error estimators for the coupling of finite elements and boundary elements. Mathematical Methods in the Applied Sciences, 22 (1999), pp. 923–936.

11. U. Brink and E.P. Stephan, Adaptive coupling of boundary elements and mixed finite elements for incompressible elasticity, to appear in Numerical Methods for Partial Differential Equations.

12. C. Carstensen, A-posteriori error estimate for the mixed finite element method. Mathematics of Computation, 66 (1997), pp. 465–476.

13. C. Carstensen, An a-posteriori error estimate for a first-kind integral equation. Mathematics of Computation, 66 (1997), pp. 139–155.

14. C. Carstensen and S.A. Funken, Coupling of mixed finite elements and boundary elements. IMA Journal of Numerical Analysis, 20 (2000), pp. 461–480.

15. C. Carstensen, S.A. Funken and E.P. Stephan, On the adaptive coupling of FEM and BEM in 2-D elasticity. Numerische Mathematik, 77 (1997), pp. 187–221.

16. C. Carstensen, and E.P. Stephan, Adaptive coupling of boundary elements and finite elements. RAIRO Mathematical Modelling and Numerical Analysis, 29 (1995), pp. 779– 817.

17. C. Carstensen and E.P. Stephan, Adaptive boundary element methods for some first kind integral equations. SIAM Journal on Numerical Analysis, 33 (1996), pp. 2166–2183.

18. M. Costabel, Boundary integral operators on Lipschitz domains: Elementary results.

SIAM Journal on Mathematical Analysis, 19 (1988), pp. 613–626.

19. M. Costabel and E.P. Stephan, Coupling of finite and boundary element methods for an elastoplastic interface problem. SIAM Journal on Numerical Analysis, 27 (1990), pp. 1212–1226.

20. G.N. Gatica and N. Heuer, A dual-dual formulation for the coupling of mixed-FEM and BEM in hyperelasticity. SIAM Journal on Numerical Analysis, 38 (2000), pp. 380– 400.

21. G.N. Gatica, N. Heuer and S. Meddahi, Solvability and fully discrete Galerkin schemes of nonlinear two-fold saddle point problems, submitted. Technical Report 00-03, Departamento de Ingeniería Matemática, Universidad de Concepción, Chile, (2000).

http://www.ing-mat.udec.cl/inf-loc-dim.html.

22. G.N. Gatica, N. Heuer and E.P. Stephan, An implicit-explicit residual error estimator for the coupling of dual-mixed finite elements and boundary elements in elastostatics, to appear in Mathematical Methods in the Applied Sciences. Technical Report 00-02, Departamento de Ingeniería Matemática, Universidad de Concepción, 2000.

http://www.ing-mat.udec.cl/inf-loc-dim.html.

23. G.N. Gatica and G.C. Hsiao, On a class of variational formulations for some nonlinear interface problems. Rendiconti di Matematica e delle sue Applicazione, 10 (1990), pp. 681–715.

24. G.N. Gatica and S. Meddahi, An a-posteriori error estimate for the coupling of BEM and mixed-FEM. Numerical Functional Analysis and Optimization, 20 (1999), pp. 449– 472.

25. G.N. Gatica and S. Meddahi, A dual-dual mixed formulation for nonlinear exterior transmission problems, to appear in Mathematics of Computation. Technical Report 99-04, Departamento de Ingeniería Matemática, Universidad de Concepción, (1999).

http://www.ing-mat.udec.cl/inf-loc-dim.html.

26. P. Mund and E. P. Stephan, Two-level adaptive boundary element methods for the Laplace, Lamé and Helmholtz equations. Proceedings of the first UK Conference on Boundary Integral Methods, Leeds, 1997, pp. 236–245.

27. P. Mund and E.P. Stephan, An adaptive two-level method for the coupling of nonlinear FEM-BEM equations. SIAM Journal on Numerical Analysis, 36 (1999), pp. 1001–1021.

28. J. Necas, Introduction to the Theory of Nonlinear Elliptic Equations. John Wiley & Sons, 1986.

29. J. Necas and I. Hlavacek, Mathematical Theory of Elastic and Elasto-Plastic Bodies:

An Introduction. Elsevier Scientific Publishing Company, Studies in Applied Mechanics 3, Amsterdam-Oxford-New York, 1981.

30. R. Verführt, A posteriori error estimators for the Stokes problem. Numerische Mathematik, 55 (1989), pp. 309–325.

31. R. Verführt, A Review of A Posteriori Error Estimation and Adaptive Mesh- Refinement Techniques. Wiley-Teubner, Chichester, 1996.

32. E. Zeidler, Nonlinear Functional Analysis and its Applications IV. Springer Verlag, New York, 1988.