Minimum Residual Iteration for a Dual-Dual Mixed

Formulation of Exterior Transmission Problems^∗

Gabriel N. Gatica^† Norbert Heuer^‡

Abstract

We investigate the minimum residual method for symmetric, indefinite linear systems of a so-called dual-dual structure. These systems arise when using a combined dual-mixed finite element method with a Dirichlet-to-Neumann mapping to solve a class of exterior transmission problems. As a model problem we consider an elliptic equation of divergence form coupled with the Laplace equation in an unbounded region of the plane. We give abstract convergence results for the preconditioned minimum residual method for the solution of linear systems of the special dual-dual structure. For our model problem, we show that this iterative method provides an efficient solution procedure where standard preconditioners can directly be used.

Key words. Mixed finite elements, boundary elements, coupling, minimum residual method.

Mathematics subject classifications (1991). 65N30, 65N38, 65N22, 65F10

1 Introduction

The coupling of the boundary element and the finite element method is an efficient solution procedure for exterior transmission problems, see [6, 16, 19, 12]. Often, physical quantities like fluxes are more important to determine than potentials, which are approximated by standard finite elements. Therefore, for many problems, the coupling of boundary elements and mixed finite elements, where approximations to fluxes can be determined directly, is more adequate, see [4, 20, 14, 15, 11]. At the continuous level these methods are well understood for both linear and nonlinear problems. However, in the latter case the appearance of certain quotient spaces causes difficulties when one needs to define finite dimensional ansatz spaces. These difficulties can be avoided by using a so-called dual-dual mixed variational formulation that has

∗This research was partially supported by FONDAP-Conicyt (Chile) through the Program A on Numerical Analysis.

†Departamento de Ingeniería Matemática, Universidad de Concepción, Casilla 160-C, Concepción, Chile, email:

ggatica@ing-mat.udec.cl

‡Institut für Wissenschaftliche Datenverarbeitung, Universität Bremen, Postfach 33 04 40, 28334 Bremen, Germany, email: heuer@iwd.uni-bremen.de

been proposed in [10, 13]. This variational formulation allows for taking standard finite element subspaces. However, the linear systems that appear are not only indefinite but they also reflect the special dual-dual structure which gives rise to two-fold saddle point problems. It is important to remark that the application of primal mixed finite element and boundary element methods to solve problems in elastostatics also yields this kind of formulation, see [3].

The purpose of this paper is to provide an efficient iterative method for the solution of linear systems which possess this special structure. Since the appearing matrices are symmetric and indefinite, in which case the conjugate gradient method may fail, we propose the minimum residual method (MINRES) for their solution. We will show that a correct scaling of the basis functions being involved is important for the MINRES to converge at least moderately fast. Without employing a preconditioner the number of iterations, which are necessary to solve the system of our model problem up to a given accuracy, may grow like O(h^{−3}) (Theorem 7). Here, h is the mesh size for the finite element spaces. Moreover, we show that an efficient preconditioning method for this problem consists of three contributions, which are explained next for our model problem. First, one needs to take a preconditioner for the block of the stiffness matrix which belongs to the hypersingular operator (providing the Dirichlet-to-Neumann mapping). Secondly, the appearing divergence operator has to be taken into account by a preconditioner which is equivalent to the H(div; Ω)-inner product on the respective ansatz space. Third, the basis functions of the remaining ansatz spaces must be scaled in the right manner. This will be demonstrated in §4. Provided the two individual preconditioners are optimal, the final preconditioned MINRES converges at a rate which is independent of the mesh size (Theorem 8).

The theory of the convergence of the MINRES is based on estimates of the spectrum of the stiffness matrix. Here, we give precise estimates for the spectrum of matrices with the twofold saddle point structure. Related results, which deal with standard saddle point problems appearing when solving the Stokes problem by finite elements, are given, e.g., in [22, 31, 29]. Efficient preconditioned iterative methods for coupled finite element/boundary element systems of the same standard saddle point structure are given, e.g., in [23, 18, 17].

An outline of this paper is as follows. In §2 we introduce our model problem and its discretization which is of the aforementioned dual-dual structure. In §3 we investigate the preconditioned minimum residual method for the arising linear systems in an abstract form. We give the main results concerning the spectrum of matrices with dual-dual structure and the convergence of the MINRES (Theorems 5, 6). A simple numerical example underlining the sharpness of these results is discussed in §3.3. Eventually, in §4 we apply the abstract results to our model problem and show that, without preconditioner, the number of iterations of the MINRES grows at most like O(h^{−3}) and that it is bounded if an appropriate preconditioner is applied.

2 The exterior transmission problem

2.1 The continuous formulation

Let Ω_0 be a bounded and simply connected domain in IR^2 with Lipschitz continuous boundary Γ_0. Further, let Ω_1 be the annular domain bounded by Γ_0 and another Lipschitz continuous closed curve Γ_1 whose interior region contains Ω_0. Then, given a matrix function κ(x) ∈ IR^{2×2} which is uniformly bounded and positive definite almost everywhere in Ω_1 with components ∈ L^2(Ω_1), and given a function f_1 ∈ L^2(Ω_1), the exterior transmission problem is as follows: Find u_1 ∈ H^1(Ω_1) and u_2 ∈ H^1_{loc}(IR^2 \ Ω̄_0 ∪ Ω̄_1) such that

u_1 = 0 on Γ_0, −div (κ∇u_1) = f_1 in Ω_1, u_1 = u_2 on Γ_1, (κ∇u_1) · n =^{∂u2}_{∂n} on Γ_1, −Δu_2 = 0 in IR^2 \ Ω̄_0 ∪ Ω̄_1, u_2(x) = O(1) as |x| → ∞. (1)

Here, n denotes the unit outward normal to ∂Ω_1.

Problem (1) is the linear case of a class of transmission problems that appear, e.g., in the computation of magnetic fields of electromagnetic devices, in some subsonic flow and fluid mechanics problems, and also in steady state heat conduction. In all these problems the fluxes themselves are of great interest and should be approximated directly. This can be realized by using mixed finite elements. In this paper we will concentrate on the linear case. The main objective is to investigate the minimum residual method as solver for the arising linear systems. This will be done in §3 in a more general framework. However, in the nonlinear case the efficient solution of linearized systems is even more important as they usually appear within an outer iteration.

Following [13] we reformulate the problem (1) such that mixed finite elements can be used to approximate the flux, whereas the exterior problem is dealt with by a Dirichlet-to-Neumann mapping provided by a hypersingular integral operator. To this end we first introduce a sufficiently large circle Γ with center at the origin such that its interior region covers Ω̄_0 ∪ Ω̄_1. The annular region bounded by Γ_1 and Γ is denoted by Ω_2 and we define Ω := Ω_1 ∪ Γ_1 ∪ Ω_2. Now let

u := { u_1 in Ω_1 u_2 in Ω_2

, the flux variable σ := { κ∇u_1 in Ω_1 ∇u_2 in Ω_2 ,

the global data f := { f_1 in Ω_1 0 in Ω_2

, and let us introduce the auxiliary unknowns

θ := ∇u in Ω and ξ := u|_Γ.

At this point we remark that in the standard mixed finite element method one just introduces the auxiliary unknown given by the flux, that is σ = κ∇u, and then performs the integration by parts procedure to the relation ∇u = κ^{−1}σ. With the present approach, we avoid the inversion of the matrix κ by introducing the further unknown θ = ∇u (or θ = strain tensor in elasticity), which has also been shown to be a very suitable way of dealing with nonlinear constitutive equations, say σ = κ(∇u), see, e.g., [14, 15, 13].

Now, to deal with the exterior problem we use the Dirichlet-to-Neumann mapping ∂u ∂ν = −2W(u|_Γ) on Γ, i.e., σ · ν = −2Wξ on Γ.

Here, ν is the unit outward normal to Γ and W is the hypersingular boundary integral operator associated with the Laplacian,

Wϕ(x) := 1 2π ∂ ∂ν_x ∫ Γ ϕ(y) ∂ ∂ν_y log |x − y| ds_y, for x ∈ Γ, ϕ ∈ H^{1/2}(Γ). It is well-known that W : H^{1/2}(Γ) → H^{−1/2}(Γ) is continuous and positive definite on H^{1/2}_0 (Γ), i.e., there exists δ_0 > 0 such that

⟨ϕ, Wϕ⟩_L2_{(Γ)} ≥ δ_0‖ϕ‖^2_{H1/2 (Γ)} for all ϕ ∈ H^{1/2}_0 (Γ), (2)

see [7], where H^{1/2}_0 (Γ) := {ϕ ∈ H^{1/2}(Γ) : ⟨ϕ, 1⟩_L2_{(Γ)} = 0}.

Since W1 = 0 on Γ it suffices to look for the unknown ξ in the space H^{1/2}_0 (Γ). Moreover, by the decay condition of u at infinity, σ ∈ H_0(div; Ω) where

H_0(div; Ω) := {τ ∈ H(div; Ω) : ⟨1, τ · ν⟩_L2_{(Γ)} = 0}

and H(div; Ω) is the space of functions τ ∈ L^2(Ω) × L^2(Ω) such that div τ ∈ L^2(Ω). H(div; Ω) is a Hilbert space with inner product ⟨·, ·⟩_L2_{(Ω)×L}2_{(Ω)} + ⟨div ·, div ·⟩_L2_{(Ω)}.

Now the transmission problem (1) can be reformulated as the following boundary value problem in Ω̄: Find (θ, ξ, σ, u) ∈ (L^2(Ω))^2 × H^{1/2}_0 (Γ) × H_0(div; Ω) × L^2(Ω) such that

u = 0 on Γ_0, θ = ∇u in Ω, σ = { κθ in Ω_1 θ in Ω_2

, div σ = −f in Ω,

σ · ν = −2Wξ on Γ, u = ξ on Γ. (3)

We note that this formulation is very close to that proposed in [14, 15] and [11]. However, instead of using complicated quotient spaces as introduced in [14], we consider the following variational formulation proposed in [13]: Find (θ, ξ, σ, u) ∈ (L^2(Ω))^2 × H^{1/2}_0 (Γ) × H_0(div; Ω) × L^2(Ω) such that ∫ Ω_1 (κθ) · ζ dx + ∫ Ω_2 θ · ζ dx + 2⟨ϕ, Wξ⟩L^2 (Γ) − ∫ Ω σ · ζ dx + ⟨ϕ, σ · ν⟩_L2_{(Γ)} = 0, − ∫ Ω θ · τ dx + ⟨ξ, τ · ν⟩_L2_{(Γ)} − ∫ Ω u div τ dx = 0, − ∫ Ω v div σ dx = ∫ Ω fv dx, (4) for all (ζ, ϕ, τ , v) ∈ (L^2(Ω))^2 × H^{1/2}_0 (Γ) × H_0(div; Ω) × L^2(Ω).

Let us rewrite the variational form (4) as a system of operator equations. We use the notations X_1 := (L^2(Ω))^2 × H^{1/2}_0 (Γ), M_1 := H_0(div; Ω), X := X_1 × M_1, M := L^2(Ω) and denote t := (θ, ξ)^T , s := (ζ, ϕ)^T ∈ X_1. Moreover, we define the operators A_1 : X_1 → X^′_1, B_1 : X_1 → M^′_1, A : X → X^′, B : M_1 → M^′, and the functional H ∈ M^′ as follows:

[A_1(t), s] := ∫ Ω_1 (κθ) · ζ dx + ∫ Ω_2 θ · ζ dx + 2⟨ϕ, Wξ⟩_L2_{(Γ)},

[B_1(t), τ ] := − ∫ Ω θ · τ dx + ⟨ξ, τ · ν⟩_L2_{(Γ)}, [A(t, σ), (s, τ )] := [A_1(t), s] + [B_1(s), σ] + [B_1(t), τ ],

[B(σ), v] := − ∫ Ω v div σ dx, and [H, v] := ∫ Ω fv dx for all (t, σ), (s, τ ) ∈ X and for all v ∈ M. Here, [·, ·] stands for the duality pairing induced by the operators under consideration. Further, let B^∗_1 : M_1 → X^′_1 and B^∗ : M → M^′_1 denote the adjoints of B_1 and B, respectively. Then, the variational problem (4) can be formulated as the following system of operator equations: Find (t, σ, u) ∈ X_1 × M_1 × M such that

A_1 B^∗_1 0 B_1 0 B^∗ 0 B 0 t σ u = 0 0 H . (5)

The problem (5) is called dual-dual mixed formulation of (3) since the operator A = ( A_1 B^∗_1 B_1 0 )

and the full system of operators ( A (0 B)^∗ (0 B) 0 )

both have a dual structure.

The problem (5) is uniquely solvable:

Theorem 1 [13, Theorem 5.5] There exists a unique solution (t, σ, u) ∈ X_1 × M_1 × M of (5).

2.2 The Galerkin scheme

We now follow again [13] and introduce finite element spaces to approximately solve (5). The arising linear systems inherit their structure from the continuous problem and are indefinite and ill-conditioned. In §3 we will investigate the preconditioned minimum residual method for systems of this dual-dual type structure.

For a positive integer N, we let 0 = t_0 < t_1 < · · · < t_N = 2π be a uniform partition of [0, 2π] with t_{j+1} − t_j = h̃ =^{2π}_N (j ∈ {0, 1, ..., N − 1}). Let z : [0, 2π] → Γ be the usual parameterization of the circle Γ given by z(t) := r (cos(t), sin(t))^T for all t ∈ [0, 2π]. By Ω_{h̃} we denote the annular domain bounded by Γ_0 and the polygonal line Γ_{h̃} whose vertices are {z(t_1), z(t_2), ..., z(t_N )}.

Let T_{h̃} be a quasi-uniform regular triangulation of Ω_{h̃} by triangles T of diameter h_T with mesh size h := sup_{T ∈Th̃} h_T . We assume that for each T ∈ T_{h̃}, either T ⊂ Ω̄_1 or T ⊂ Ω̄_2. Then, we replace each triangle T ∈ T_{h̃} with one side along Γ_{h̃} by the corresponding curved triangle with one side along Γ. In this way we obtain a triangulation T_h of Ω̄ consisting of straight and curved triangles.

Next, we consider the canonical triangle with vertices P̂_1 = (0, 0)^T , P̂_2 = (1, 0)^T , and P̂_3 = (0, 1)^T as a reference triangle T̂ , and introduce a family of bijective mappings {F_T }_{T ∈Th} , such that F_T (T̂ ) = T . In particular, if T is a straight triangle of T_h, then F_T is the well-known invertible affine mapping defined by F_T (x̂) = B_T x̂ + b_T where B_T ∈ IR^{2×2} and b_T ∈ IR^2 depend on the vertices of T .

We now consider the lowest order Raviart-Thomas spaces. To this end let

RT_0(T̂ ) := span {( 1 0 ) , ( 0 1 ) , ( x̂_1 x̂_2 )} , (6)

and for each triangle T ∈ T_h we define

RT_0(T ) := {τ : τ = J(F_T )^{−1}D(F_T )τ̂ ∘ F^{−1}_T , τ̂ ∈ RT_0(T̂ )},

where J(F_T ) and D(F_T ) denote the Jacobian and the Frêchet differential, respectively, of the mapping F_T .

Then, the finite element subspaces for the unknowns θ and σ are as follows: Xθ_{1,h} := { τ ∈ (L(Ω))^2 : τ |_T ∈ RT_0(T ) ∀T ∈ T_h } and M_{1,h} := Xθ_{1,h} ∩ H_0(div; Ω).

Note that Xθ_{1,h} does not require continuity of the normal components across the sides of the triangles while M_{1,h} certainly does.

Next, we define

H_h(0, 2π) := { λ̃ : [0, 2π] → IR, λ̃ is continuous and 2π-periodic, λ̃|_{[tj−1 ,tj ]} ∈ P_1(t_{j−1}, t_j ) ∀j ∈ {1, ..., N}, ∫_{2π} 0 λ̃(t) dt = 0 } and take the following finite element subspace for the unknown ξ:

X^ξ_{1,h} := {λ : Γ → IR, λ = λ̃ ∘ z^{−1}, λ̃ ∈ H_h(0, 2π)} ⊂ H^{1/2}_0 (Γ).

Here and in the following, P_k(S) denotes the space of polynomials of degree ≤ k on a domain S ⊂ IR or IR^2.

Finally, let X_{1,h} := Xθ_{1,h} × X^ξ_{1,h} and consider piecewise constant functions as the finite element subspace for the unknown u, i.e.

M_h := {v ∈ L^2(Ω) : v|_T ∈ P_0(T ) ∀T ∈ T_h}.

Then the Galerkin scheme for the continuous problem (5) reads as follows: Find (t_h, σ_h, u_h) ∈ X_{1,h} × M_{1,h} × M_h such that

[A_1(t_h), s] + [B_1(s), σ_h] = 0, [B_1(t_h), τ ] + [B(τ ), u_h] = 0, [B(σ_h), v] = [H, v] (7)

for all (s, τ , v) ∈ X_h × M_h.

The main results from [13] are collected by the following theorem.

Theorem 2 [13, Theorems 5.9, 5.10] There exists a unique solution ((θ_h, ξ_h), σ_h, u_h) := (t_h, σ_h, u_h) ∈ X_{1,h} × M_{1,h} × M_h of (7). Let (θ, ξ, σ, u) be the unique solution of (4) and assume that θ|_T ∈ (H^1(T ))^2 ∀T ∈ T_h, ξ ∈ H^{3/2}(Γ), σ ∈ (H^1(Ω))^2, div σ ∈ H^1(Ω), and u ∈ H^1(Ω). Then, there exists a positive constant C which is independent of h such that ‖(θ, ξ, σ, u) − (θ_h, ξ_h, σ_h, u_h)‖ ≤ Ch ∑ T ∈T_h ‖θ‖^2_{(H}1_{(T ))}2 + ‖ξ‖^2_{H3/2 (Γ)} + ‖σ‖^2_{(H}1_{(Ω))}2 + ‖div σ‖^2_H1_{(Ω)} + ‖u‖^2_H1_{(Ω)} 1/2 . 3 The preconditioned minimum residual method

In this section we deal with the solution of the discrete problem (7), in short form A⃗x = ⃗b. The stiffness matrix is symmetric and indefinite and, therefore, we use the preconditioned minimum residual method (MINRES), see [2, 29]. We do that in a slightly more general abstract framework than given in the preceding section. This framework is given in §3.1 where all the essential assumptions are collected. These assumptions ensure unique solvability of the continuous and the discrete problems on one hand and, on the other hand, they also guarantee rapid convergence of the preconditioned MINRES. Precise estimates for the convergence of the MINRES are given in §3.2.

First let us recall important properties of the MINRES. The minimum residual method belongs to the family of Krylov subspace methods. Stable formulations of this method for symmetric and indefinite systems are given in [21, 5]. If we denote the iterates by ⃗x_k, k = 0, 1, . . ., with corresponding residual verctors ⃗r_k, there holds ‖⃗r_k‖_l2 = ‖⃗b − A⃗x_k‖_l2 = min_{⃗x∈⃗x0+Kk(A,⃗r0)} ‖⃗b − A⃗x‖_l2 where K_k(A, ⃗r_0) = span{⃗r_0, A⃗r_0, . . . , A^{k−1}⃗r_0} denotes the Krylov subspace and ⃗r_0 is the initial residual ⃗r_0 = ⃗b − A⃗x_0. For a symmetric, positive definite preconditioner P this relation becomes ‖b − A⃗x_k‖_P −1 = min ⃗x∈⃗x_0+K_k(P^{−1}A,P^{−1}⃗r_0) ‖⃗b − A⃗x‖_P −1 where ‖⃗z‖^2_{P −1} = ⃗z^T P^{−1}⃗z, see [31, 29].

The following theorem gives an error estimate for the MINRES which is based on bounds for the spectrum of the iteration matrix. Therefore, it is clear that, in order to study the convergence of the MINRES for our model problem, we need to investigate the spectrum of matrices with the special dual-dual structure. This will be done in §3.2.

Theorem 3 [1] Let the set of eigenvalues Λ of P^{−1}A be such that Λ ⊂ [−a, −b] ∪ [c, d] with −a < −b < 0 < c < d and b − a = d − c. Then there holds ( ‖⃗r_k‖_l2 ‖⃗r_0‖_l2 )^1_k ≤ 2^{12k} ( 1 − √ bc/ad 1 + √ bc/ad ) 1_2 . The number of iterations of the preconditioned MINRES which are required to solve A⃗x = ⃗b up to a given accuracy is bounded by O( √ bc/ad)^{−1}. Remark. We note that the convergence of the minimum residual method has been studied also for more general inclusion sets Λ. For instance, results for the case where the interior bounds −b and c tend to zero (if h → 0) at different rates are given in [29, 30].

3.1 Abstract setting of the problem

The abstract setting of the continuous problem we deal with is as follows. Let X_1, M_1, M be Hilbert spaces. We consider linear bounded operators A_1 : X_1 → X^′_1 and B_1 : X_1 → M^′_1, B : M_1 → M^′ with adjoints B^∗_1 : M_1 → X^′_1 and B^∗ : M → M^′_1, respectively. Moreover, A_1 is assumed to be symmetric positive definite. Therefore, there exist positive constants α_1, α_0, γ_1, and γ such that there holds

‖A_1(s)‖_X′_1 ≤ α_1‖s‖_{X1} for any s ∈ X_1, (8)

[A_1(s), s] ≥ α_0‖s‖^2_{X1} for any s ∈ X_1, (9)

[B_1(s), τ ] ≤ γ_1‖s‖_{X1} ‖τ ‖_{M1} for any s ∈ X_1, τ ∈ M_1, (10) and [B(τ ), v] ≤ γ‖τ ‖_{M1} ‖v‖_M for any τ ∈ M_1, v ∈ M. (11)

Here, [·, ·] denotes the duality pairing.

We want to solve the following variational problem: Given (F, G, H) ∈ X^′_1 × M^′_1 × M^′ find (t, σ, u) ∈ X_1 × M_1 × M such that

A_1 B^∗_1 0 B_1 0 B^∗ 0 B 0 t σ u = F G H . (12) We assume that this continuous problem is uniquely solvable. This can be guaranteed by inf-sup conditions for B_1 and B, see [10].

The Galerkin method for approximately solving (12) is as follows. Given finite dimensional subspaces X_{1,h} × M_{1,h} × M_h ⊂ X_1 × M_1 × M find (t_h, σ_h, u_h) ∈ X_{1,h} × M_{1,h} × M_h such that

A_1 B^∗_1 0 B_1 0 B^∗ 0 B 0 t_h σ_h u_h , s τ v = F G H , s τ v (13)

for any (s, τ , v) ∈ X_{1,h} × M_{1,h} × M_h.

The main properties ensuring unique solvability of the discrete Galerkin systems are discrete inf-sup conditions for B and B_1. Let

M̃_{1,h} := {τ ∈ M_{1,h} : [B(τ ), v] = 0 ∀ v ∈ M_h}.

We assume that there exist positive constants β and β_1, not depending on h, such that sup τ ∈M_{1,h}\{0} [B(τ ), v] ‖τ ‖_X ≥ β‖v‖_M for all v ∈ M_h, (14) and sup s∈X_{1,h}\{0} [B_1(s), τ ] ‖s‖_{X1} ≥ β_1‖τ ‖_{M1} for all τ ∈ M̃_{1,h}. (15)

Moreover, we require that B_1 satisfies an inf-sup condition on the whole space M_{1,h} where the inf-sup constant may depend on h: sup s∈X_{1,h}\{0} [B_1(s), τ ] ‖s‖_{X1} ≥ β_0‖τ ‖_{M1} for all τ ∈ M_{1,h} (16)

where β_0 = β_0(h) > 0.

Theorem 4 [10, Theorem 3.2] Let the assumptions (8) through (11) and (14), (15) hold. Then, for each (F, G, H) ∈ X^′_1 ×M^′_1 ×M^′ there exists a unique solution (t_h, σ_h, u_h) ∈ X_{1,h} ×M_{1,h} ×M_h of (13).

3.2 MINRES for linear systems of dual-dual structure

In the following we use plain symbols for matrices which correspond to operators with the analogous bold symbol. For a coefficient vector which belongs to a certain function we use the same symbol as for the function and add an arrow for clarity.

The structure of the linear system we have to deal with looks like

A ⃗t_h ⃗σ_h ⃗u_h := A_1 B^T_1 0 B_1 0 B^T 0 B 0 ⃗t_h ⃗σ_h ⃗u_h = F G H . (17)

Here, A_1 ∈ IR^{L×L} is symmetric positive definite and the matrices B_1 ∈ IR^{M×L} and B ∈ IR^{N×M} have maximum rank. As usual, B^T_1 and B^T denote the transposes of B_1 and B, respectively. The solution vector (⃗t_h, ⃗σ_h, ⃗u_h) corresponds to a solution (t_h, σ_h, u_h) within the Hilbert space X_{1,h} × M_{1,h} × M_h. The matrix A is symmetric and indefinite as can be seen by the following calculation. Defining the non-singular matrices

T_1 := ( I 0 −B_1A^{−1}_1 I ) and T := ( I 0 −(0 B)(T_1AT^T_1 )^{−1} I )

with

A := ( A_1 B^T_1 B_1 0 )

we obtain

T ( T_1 0 0 I ) A ( T^T_1 0 0 I ) T^T =

A_1 0 0 0 −B_1A^{−1}_1 B^T_1 0 0 0 B(B_1A^{−1}_1 B^T_1 )^{−1}B^T .

Here we note that, since A_1 is positive definite and since B_1 satisfies the inf-sup condition (16), the matrix B_1A^{−1}_1 B^T_1 is positive definite. Moreover, by (14), also B(B_1A^{−1}_1 B^T_1 )^{−1}B^T is positive definite. Therefore, by the above transformation, Sylvester’s law of inertia yields the existence of L + N positive and M negative eigenvalues for A.

In this paper we consider a symmetric positive definite preconditioner of the general block form P = P_1 0 0 0 P_2 0 0 0 P_3

(18)

where P_1 is a preconditioner for A_1 and P_2 and P_3 are equivalent to the inner products in M_{1,h} and M_h, respectively. More precisely, we require that there exist positive numbers c_0, c_1, C_0, and C_1 such that c_0⃗τ^T P_2⃗τ ≤ ‖τ ‖^2_{M1} ≤ c_1⃗τ^T P_2⃗τ for any τ ∈ M_{1,h}, (19)

C_0⃗v^T P_3⃗v ≤ ‖v‖^2_M ≤ C_1⃗v^T P_3⃗v for any v ∈ M_h. (20)

Here, ⃗τ and ⃗v are the vectors of coefficients of τ and v, respectively, for the chosen bases in M_{1,h} and M_h. In the following we will assume for simplicity that the numbers c_0, c_1, C_0, and C_1 are constants which are independent of h. However, one certainly can use diagonal matrices for P_2 and P_3 to scale the basis functions in M_{1,h} and M_h. Depending on the norms in M_1 and M then some of the constants may depend on h.

Now let us take a closer look at the stiffness matrix. In the symmetric form the preconditioned stiffness matrix looks like

Ã := P^{−1/2}AP^{−1/2} =

P^{−1/2}_1 A_1P^{−1/2}_1 P^{−1/2}_1 B^T_1 P^{−1/2}_2 0 P^{−1/2}_2 B_1P^{−1/2}_1 0 P^{−1/2}_2 B^T P^{−1/2}_3 0 P^{−1/2}_3 BP^{−1/2}_2 0 =: Ã_1 B̃T_1 0 B̃_1 0 B̃T 0 B̃ 0 .

By the above transformation we can assume that the spectrum Λ of Ã is contained in the set Λ ⊂ [−a, −b] ∪ [c, d] where a, b, c, and d are positive numbers which might depend on discretization parameters like the mesh size h or the polynomial degree p used for the construction of the ansatz spaces. More precisely, we order the eigenvalues of Ã as μ_{−M} ≤ μ_{−M+1} ≤ · · · ≤ μ_{−1} < 0 < μ_1 ≤ μ_2 ≤ · · · ≤ μ_{L+N} . We also need the eigenvalues of Ã_1,

0 < λ_1 ≤ λ_2 ≤ · · · ≤ λ_L,

the singular values of B̃, 0 < η_1 ≤ η_2 ≤ · · · ≤ η_N

and those of B̃_1, 0 < σ_1 ≤ σ_2 ≤ · · · ≤ σ_M .

Indeed, η_1 > 0 by the inf-sup condition (14), see Lemma 1 below. There also holds σ_1 > 0. However, some singular values of B̃_1 can tend to zero quite rapidly. This is due to the fact that the inf-sup constant β_0 in (16) might depend on h. Therefore, we define the following singular value of B̃_1 by only considering the space ker(B̃) on which B̃_1 satisfies an optimal inf-sup condition (cf. (15)):

σ_m := min τ ∈ker(^~B)\{0} max s∈X_{1,h}\{0} ⃗τ^T B̃_1⃗s √ ⃗τ^T ⃗τ √ ⃗s^T⃗s . (21)

Here and in the following we identify matrices with their corresponding linear mappings. At the end of this section we will prove that, if λ_L is bounded, the eigenvalues of Ã are asymptotically covered by the set [−O(1), −O(λ_1)] ∪ [O(λ_1), O(1)] (h → 0),

see Theorem 6. The boundedness of λ_L can be guaranteed by a simple scaling and it is not a severe restriction.

Before giving the main results of this section (Theorems 5 and 6) we need two technical lemmata. First we bound the singular values of B̃ and B̃_1.

Lemma 1 There holds

β_1 √ c_0λ_1 α_1 ≤ σ_m ≤ σ_M ≤ γ_1 √ c_1λ_L α_0

, (22) β √ c_0C_0 ≤ η_1 ≤ η_N ≤ γ √ c_1C_1. (23)

Proof. The proof for the lower bound of σ_m is as follows. First we note that there holds

ker(B̃) = ker(P^{−1/2}_3 BP^{−1/2}_2 ) = P^{1/2}_2 ker(B) = P^{1/2}_2 M̃_{1,h}.

Therefore, using the definition of B̃_1, the inf-sup condition (15) for B_1 and (8), (19) we obtain

σ_m = min τ ∈ker(^~B)\{0} max s∈X_{1,h}\{0} ⃗τ^T P^{−1/2}_2 B_1P^{−1/2}_1 ⃗s √ ⃗τ^T ⃗τ √ ⃗s^T⃗s = min τ ∈^~M_{1,h}\{0} max s∈X_{1,h}\{0} ⃗τ^T B_1⃗s √ ⃗τ^T P_2⃗τ √ ⃗s^T P_1⃗s

= min τ ∈^~M_{1,h}\{0} max s∈X_{1,h}\{0} [B_1(s), τ ] ‖τ ‖_{M1} ‖s‖_{X1} ‖τ ‖_{M1} √ ⃗τ^T P_2⃗τ ‖s‖_{X1} √ ⃗s^T A_1⃗s √ ⃗s^T A_1⃗s √ ⃗s^T P_1⃗s ≥ β_1 √ c_0λ_1 α_1 . Similarly, we estimate σ_M by

σ_M = max τ ∈M_{1,h}\{0} max s∈X_{1,h}\{0} [B_1(s), τ ] ‖τ ‖_{M1} ‖s‖_{X1} ‖τ ‖_{M1} √ ⃗τ^T P_2⃗τ ‖s‖_{X1} √ ⃗s^T A_1⃗s √ ⃗s^T A_1⃗s √ ⃗s^T P_1⃗s ≤ γ_1 √ c_1λ_L α_0 . To derive a lower bound for η_1 we need the inf-sup condition (14) for B. By the properties (20) and (19), this gives

η_1 = min v∈M_h\{0} max τ ∈M_{1,h}\{0} ⃗v^T P^{−1/2}_3 BP^{−1/2}_2 ⃗τ √ ⃗v^T ⃗v √ ⃗τ^T ⃗τ = min v∈M_h\{0} max τ ∈M_{1,h}\{0} [B(τ ), v] ‖v‖_M ‖τ ‖_{M1} ‖v‖_M ‖τ ‖_{M1} √ ⃗v^T P_3⃗v √ ⃗τ^T P_2⃗τ ≥ β √ c_0C_0.

For an upper bound of η_N we need the continuity (11) of B and obtain by (19) and (20)

η_N = max v∈M_h\{0} max τ ∈M_{1,h}\{0} [B(τ ), v] ‖v‖_M ‖τ ‖_{M1} ‖v‖_M ‖τ ‖_{M1} √ ⃗v^T P_3⃗v √ ⃗τ^T P_2⃗τ ≤ γ √ c_1C_1.

□ The next lemma presents abstract estimates for the spectrum of a matrix of the special dual-dual form.

Lemma 2 There holds − σ^2_M + η^2_N

2λ_1 − √ (σ^2_M + η^2_N )^2 4λ^2_1

+ η^2_N ≤ μ_{−M} , (24)

μ_{−1} ≤ max λ_L 2 − √ λ^2_L 4 + σ^2_m, −η_1 , (25)

min { λ_1, − σ^2_M + η^2_1 2λ_1 + √ (σ^2_M + η^2_1)^2 4λ^2_1

+ η^2_1 } ≤ μ_1, (26)

μ_{L+N} ≤ max λ_L 2 + √ λ^2_L 4 + σ^2_M , λ_1 2 + √ λ^2_1 4 + σ^2_M + η^2_N . (27) Proof. Let us assume that μ is an eigenvalue of Ã. Then there exists (⃗s, ⃗τ , ⃗v) ∈ IR^L × IR^M × IR^N which is not zero such that

Ã_1⃗s + B̃^T_1 ⃗τ = μ⃗s, (28) B̃_1⃗s + B̃^T ⃗v = μ⃗τ , (29) B̃⃗τ = μ⃗v. (30) First let us bound the negative eigenvalues of Ã. Thus we assume μ < 0 and then ⃗τ ≠ 0 by (28) and (30) since Ã_1 is positive definite. If μ < 0 then Ã_1 − μI is positive definite as well. By using (28) we obtain ⃗s = −(Ã_1 − μI)^{−1}B̃^T_1 ⃗τ and (29) then gives B̃_1(Ã_1 − μI)^{−1}B̃^T_1 ⃗τ + μ⃗τ − B̃^T ⃗v = 0.

Inserting ⃗v =^1_μB̃⃗τ from (30) and multiplying by μ⃗τ^T this yields

μ⃗τ^T B̃_1(Ã_1 − μI)^{−1}B̃^T_1 ⃗τ + μ^2⃗τ^T ⃗τ − ⃗τ^T B̃^T B̃⃗τ = 0. (31)

Therefore, since μ < 0 and (Ã_1 − μI)^{−1} > 0,

0 ≥ μσ^2_M (λ_1 − μ)^{−1} + μ^2 − η^2_N .

We multiply this inequality by −(λ_1 − μ), which is negative, and obtain

0 ≤ μ^3 − μ^2λ_1 − μ(σ^2_M + η^2_N ) + λ_1η^2_N ≤ −μ^2λ_1 − μ(σ^2_M + η^2_N ) + λ_1η^2_N , (32) i.e.

0 ≥ μ^2 + μ σ^2_M + η^2_N λ_1 − η^2_N which, for negative μ, is equivalent to μ ≥ − σ^2_M + η^2_N

2λ_1 − √ (σ^2_M + η^2_N )^2 4λ^2_1

+ η^2_N .

This proves (24). Let us show the estimate (25). We consider the cases τ ∈ ker(B̃) and τ ∉ ker(B̃). In the first case we conclude that ⃗τ^T B̃_1B̃^T_1 ⃗τ ≥ σ^2_m⃗τ^T ⃗τ by the definition of σ_m. Note that σ_m > 0 by Lemma 1. Therefore, by again using (31) and remembering that μ < 0 we find that there holds 0 ≤ μσ^2_m(λ_L − μ)^{−1} + μ^2.

Analogously as before, we multiply this inequality by the negative number −(λ_L −μ) and obtain

0 ≥ μ^3 − μ^2λ_L − μσ^2_m = μ ( μ^2 − μλ_L − σ^2_m ) , i.e.

0 ≤ μ^2 − μλ_L − σ^2_m.

For μ < 0 this gives μ ≤ λ_L 2 − √ λ^2_L 4 + σ^2_m. (33)

Now, for τ ∉ ker(B̃), there holds ⃗τ^T B̃^T B̃⃗τ ≥ η^2_1 ⃗τ^T ⃗τ and from (31) we obtain

0 ≤ μ^2 − η^2_1 ,

i.e., for negative μ, μ ≤ −η_1. (34)

Combining (33) and (34) we obtain (25).

It remains to bound the positive eigenvalues of Ã. First let us consider the case μ > 0 and τ ∈ ker(B̃). Then, due to (30), there holds ⃗v = 0 and the eigenvalue problem (28)–(30) reduces to Ã_1⃗s + B̃T_1 ⃗τ = μ⃗s, B̃_1⃗s = μ⃗τ . (35)

By combining (21) and Lemma 1 we know that B̃_1 satisfies an inf-sup condition on ker(B̃). Therefore, we can use the results of Rusten and Winther [22, Lemma 2.1] to estimate the positive eigenvalues μ of the eigenvalue problem (35). This yields

λ_1 ≤ μ ≤ λ_L 2 + √ λ^2_L 4 + σ^2_M ( μ > 0, τ ∈ ker(B̃) ) . (36)

Now let us assume that μ > 0 and τ ∉ ker(B̃). Evidently we then also have ⃗τ ≠ 0. Moreover, we assume that μ ∉ [λ_1, λ_L]. Then Ã_1 − μI is invertible and (31) holds in this case as well:

μ⃗τ^T B̃_1(Ã_1 − μI)^{−1}B̃^T_1 ⃗τ + μ^2⃗τ^T ⃗τ − ⃗τ^T B̃^T B̃⃗τ = 0 ( μ ∉ [λ_1, λ_L], τ ∉ ker(B̃) ) . (37)

We consider the cases 0 < μ < λ_1 and μ > λ_L separately. If 0 < μ < λ_1 then Ã_1 − μI is positive definite and (37) yields 0 ≤ μσ^2_M (λ_1 − μ)^{−1} + μ^2 − η^2_1 .

Multiplying this by −(λ_1 − μ), which is negative, we obtain

0 ≥ μ^3 − μ^2λ_1 − μ(σ^2_M + η^2_1 ) + η^2_1 λ_1 > −μ^2λ_1 − μ(σ^2_M + η^2_1 ) + η^2_1 λ_1,

i.e.

0 < μ^2 + μ σ^2_M + η^2_1 λ_1

− η^2_1 .

For μ > 0 this means μ > − σ^2_M + η^2_1 2λ_1 + √ (σ^2_M + η^2_1)^2 4λ^2_1

+ η^2_1 ( 0 < μ < λ_1, τ ∉ ker(B̃) )

which, together with (36), proves (26).

Now, for μ > λ_L, Ã_1 − μI is negative definite and (37) gives

0 ≥ μσ^2_M (λ_1 − μ)^{−1} + μ^2 − η^2_N .

Multiplying this by the positive number −(λ_1 − μ) we conclude that there holds

0 ≥ μ^3 − μ^2λ_1 − μ(σ^2_M + η^2_N ) + η^2_N λ_1 > μ ( μ^2 − μλ_1 − (σ^2_M + η^2_N ) )

i.e.

0 > μ^2 − μλ_1 − (σ^2_M + η^2_N ). For μ > 0 we therefore obtain μ < λ_1 2 + √ λ^2_1 4 + σ^2_M + η^2_N ( μ > λ_L, τ ∉ ker(B̃) )

and, together with (36), this proves (27). □ Combining Lemmata 1 and 2 we have shown that there hold the following bounds for the extremum eigenvalues of Ã.

Theorem 5 Let the assumptions (8) through (11), (14), (15), (19) and (20) hold. Further, let 0 < λ_1 ≤ · · · ≤ λ_L be the eigenvalues of Ã_1. Then there hold for the extremum eigenvalues μ_{−M} , μ_{−1}, μ_1, and μ_{L+N} of Ã the estimates

−2 (γ^21^{c1λL}α0 + γ^2c^1C^1)^2 4λ^2_1

+ γ^2c_1C_1 ≤ μ_{−M} ,

μ_{−1} ≤ max λ_L 2 − √ λ^2_L 4 + β^2_1 c_0λ_1 α_1 , −β √ c_0C_0

min { λ_1, − σ^2_M + η^2_1 2λ_1 + √ (σ^2_M + η^2_1 )^2 4λ^2_1

+ η^2_1 } ≤ μ_1 with

β_1 √ c_0λ_1 α_1 ≤ σ_M ≤ γ_1 √ c_1λ_L α_0 , β √ c_0C_0 ≤ η_1 ≤ γ √ c_1C_1, and μ_{L+N} ≤ λ_L 2 + √ λ^2_L 4 + γ^2_1 c_1λ_L α_0

+ γ^2c_1C_1.

In the above theorem we do not make the bound for μ_1 more precise. Inserting lower and upper bounds for the singular values could result in a trivial bound for μ_1. However, asymptotic bounds (for h → 0) depending on λ_1 and λ_L can be given.

Theorem 6 Let the assumptions of Theorem 5 hold and assume that all the appearing constants are independent of h. Moreover, we assume that the maximum eigenvalue λ_L of Ã_1 is bounded for h → 0, which can be satisfied by a simple scaling. Then the eigenvalues of the preconditioned matrix Ã lie in the union of intervals which behave asymptotically like

[−O(1), −O(λ_1)] ∪ [O(λ_1), O(1)] (h → 0).

The number of iterations of the preconditioned MINRES which are required to solve (17) up to a given accuracy is bounded by O(1/λ_1).

Proof. In the case λ_1 is bounded from below by a positive constant then the form of the spectrum directly follows from Theorem 5. When λ_1 → 0 for h → 0 then the asymptotic bounds for μ_{−1}, μ_1, and μ_{L+N} again hold by Theorem 5. Indeed, λ_L 2 − √ λ^2_L 4 + β^2_1 c_0λ_1 α_1 = λ_L 2 ( 1 − √ 1 + 4β^2_1 c_0λ_1 α_1λ^2_L ) ≃ λ_L 2 ( 1 − (1 + 2β^2_1 c_0λ_1 α_1λ^2_L ) ) = −β^2_1 c_0λ_1 α_1λ_L

giving −μ_{−1} ≥ O (λ_1/λ_L) . The bound for μ_1 follows analogously and the bound for μ_{L+N} is obvious.

In order to prove the asymptotic bound for μ_{−M} we recall the proof of (24). It appears that the second estimate in (32) is very crude if λ_1 → 0. Actually, if λ_1 → 0, then asymptotically there holds, instead of (32),

0 ≤ μ^3 − μ^2λ_1 − μ(σ^2_M + η^2_N ) + λ_1η^2_N ≃ μ^3 − μ(σ^2_M + η^2_N ) = μ(μ^2 − (σ^2_M + η^2_N ))

if μ is bounded from above by a negative constant. For negative μ this requires μ ≥ − √ σ^2_M + η^2_N asymptotically for h → 0. Since σ_M and η_N are bounded from above the boundedness of μ_{−M} from below is proved. The bound on the number of iterations follows from Theorem 3. □

3.3 A simple numerical example

In the following we present a simple numerical example to demonstrate that Theorem 6 provides asymptotically sharp results in the case of bounded eigenvalues μ_{−M} and μ_{L+N} . More precisely, we choose matrices A_1, B_1, and B such that Lemma 1 holds. Then, provided λ_L is bounded, Lemma 2 and Theorem 6 coincide. The example is the following:

A_6 := h^2 0 0 0 0 0 0 h 0 h 0 0 0 0 h 0 √ h 0 0 h 0 0 0 0 0 0 √ h 0 0 1 0 0 0 0 1 0 ,

that means

A_1 = h^2 0 0 0 h 0 0 0 h , B1 = ( 0 h 0 0 0 √ h ) , B = ( 0 1 ) .

Therefore, one obviously has

λ_1 = h^2, λ_L = h, σ_1 = σ_m = h, σ_M = √ h, and η_1 = η_N = 1

with L = 3, m = 1, M = 2, and N = 1. In particular, Lemma 1 is satisfied. By Theorem 6 we expect the spectrum of A_6 to be asymptotically covered by the set [−a, −bh] ∪ [ch^2, d] (38) where a, b, c, and d are positive constants independent of h. Indeed, as shown by Figure 1, μ_{−2} and μ_4 are bounded for h → 0 whereas μ_1 and μ_{−1} tend to 0. From the structure of A_6 it is clear that h^2 is an eigenvalue and obviously, this is μ_1. However, the dependence of μ_{−1} on h is not directly clear. To check this dependence we consider Figure 2 where a double logarithmic scale is used. As said before, μ_1 = O(h^2) and it appears that −μ_{−1} = O(h). This underlines that the covering set (38) for the spectrum of A_6 is asymptotically sharp (for h → 0) and therefore Theorem 6 is sharp for this example as well.

-1.5 -1 -0.5 0 0.5 1 1.5 2

0 0.2 0.4 0.6 0.8 1 h μ_4

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇

+ + + + + + + + + + + + +

□ □ □ □ □ □ □ □ □ □ □ □ □ μ_{−2}

× × × × × × × × × × × × ×

×

Figure 1: The spectrum of A_6.

1e-06

1e-05

0.0001

0.001

0.01 0.1 1

0.001 0.01 0.1 1 h

−μ_{−1} □□ □ □ □ □ □ □ □ □ □ □ □

□ h μ_1 + + + + + + + + + + + + +

+ 2h^2

Figure 2: Testing the inner bounds for the spectrum of A_6.

4 Application to the exterior transmission problem

We now apply the abstract results of §3 to the Galerkin system (7) of the exterior transmission problem.

First let us recall the notation for this case. The operators A_1, B_1, B, and the functional H are defined by

[A_1(θ, ξ), (ζ, ϕ)] := ∫ Ω_1 (κθ) · ζ dx + ∫ Ω_2 θ · ζ dx + 2⟨ϕ, Wξ⟩_L2_{(Γ)}, [B_1(θ, ξ), τ ] := − ∫ Ω θ · τ dx + ⟨ξ, τ · ν⟩_L2_{(Γ)}, [B(σ), v] := − ∫ Ω v div σ dx, [H, v] := ∫ Ω fv dx for all ((θ, ξ), σ), ((ζ, ϕ), τ ) ∈ X_1 × M_1 and for any v ∈ M. Here, X_1 := (L^2(Ω))^2 × H^{1/2}_0 (Γ), M_1 := H_0(div; Ω), and M := L^2(Ω). The right hand side functionals F and G in (12) are 0. For the definition of the finite element spaces X_{1,h} = Xθ_{1,h} × X^ξ_{1,h}, M_{1,h}, and M_h see §2.2.

The discrete Galerkin solution to (5) is given by the solution of the linear system (7) which is [A_1(θ_h, ξ_h), (ζ, ϕ)] + [B^∗_1(σ_h), (ζ, ϕ)] = 0, [B_1(θ_h, ξ_h), τ ] + [B^∗(u_h), τ ] = 0, [B(σ_h), v] = [H, v]

(39)

for all (ζ, ϕ, τ , v) ∈ Xθ_{1,h} × X^ξ_{1,h} × M_{1,h} × M_h. First let us deal with the case when no preconditioner is in use. Then, P_1 = I ∈ IR^{L×L}, P_2 = I ∈ IR^{M×M} , P_3 = I ∈ IR^{N×N} in (18), and from (19), (20) and from the definition of λ_1, . . . , λ_L as the eigenvalues of Ã_1 = P^{−1/2}_1 A_1P^{−1/2}_1 = A_1 it is clear that the scaling of basis functions influences the convergence of the MINRES. We choose the scalings such that the outer bounds of the spectrum of A are independent of h. Then, Theorem 3 is directly applicable giving a bound for the number of iterations of the MINRES.

The scalings are taken as follows.

• Xθ_{1,h}: the space is piecewise of the Raviart-Thomas type of order zero. Taking the basis functions as given in (6) on the reference element, we scale such that the L^∞-norm of the basis functions is O(h^{−1}).

• X^ξ_{1,h}: this space consists of piecewise linear functions with respect to the uniform partitions of [0, 2π]. We scale to O(1).

• M_1: this is the Raviart-Thomas space of lowest order. We scale to O(1).

• M: the space of piecewise constant functions on Ω. We scale to O(h^{−1}).

We obtain the following result.

Theorem 7 The eigenvalues of the stiffness matrix in (39) are covered by the set [−a, −bh^3] ∪ [ch^3, d] where the positive constants a, b, c, and d do not depend on h. The number of iterations of the minimum residual method which are required to solve (39) up to a given accuracy is bounded by O(h^{−3}).

Proof. First we note that B_1 and B are bounded, cf. [13]. Further, A_1 is bounded since κ and W are bounded, and A_1 is also positive definite by assumption on κ and since W is, cf. (2). Here, all the bounds are independent of h. From [13, Lemmata 5.6, 5.8] we know that B and B_1 both satisfy the required inf-sup conditions. More precisely, there holds sup σ∈M_{1,h}\{0} [B(σ), v] ‖σ‖_{M1} ≥ β‖v‖_M for all v ∈ M_h where β > 0 does not depend on h. Moreover, the kernel of B|_{M1,h→Mh} is

M̃_{1,h} = {τ ∈ M_{1,h} : div τ = 0 in Ω}

(see [13, Lemma 5.7]) and there exists β_1 > 0, independent of h, such that sup (θ,ξ)∈X_{1,h}\{0} [B_1(θ, ξ), τ ] ‖(θ, ξ)‖_{X1} ≥ β_1‖τ ‖_{M1} for all τ ∈ M̃_{1,h}.

We also need to prove the inf-sup condition (16) of B_1 on the whole space M_{1,h}. This condition was used to count the numbers of positive and negative eigenvalues of the stiffness matrix A. There holds sup t=(θ,ξ)^T ∈X_{1,h}\{0} [B_1(t), τ ] ‖t‖_{X1} ≥ sup θ∈Xθ_{1,h}\{0} − ∫ Ω τ · θ dx ‖θ‖_{(L}2_{(Ω))}2

= ‖τ ‖_{(L}2_{(Ω))}2 for all τ ∈ M_{1,h},

see also [13, Lemma 5.8]. By the inverse property we can estimate

‖τ ‖^2_{M1} = ‖τ ‖^2_{(L}2_{(Ω))}2 + ‖div τ ‖^2_{(L}2_{(Ω))}2 ≤ (1 + ch^{−2})‖τ ‖^2_{(L}2_{(Ω))}2

where the constant c does not depend on h. Therefore, sup t=(θ,ξ)^T ∈X_{1,h}\{0} [B_1(t), τ ] ‖t‖_{X1} ≥ (1 + ch^{−2})^{−1/2}‖τ ‖^2_{M1} for all τ ∈ M_{1,h},

i.e., the inf-sup condition (16) holds with a number β_0 = O(h).

We now check the eigenvalues of the stiffness matrix A. Obviously, A_1 is a 2-block diagonal matrix with one block belonging to the space Xθ_{1,h} with (L^2(Ω))^2-inner product and the other block belonging to the space X^ξ_{1,h} with inner product given by the hypersingular operator W. The first block is well-conditioned and has, due to the scaling O(h^{−1}), a positive spectrum with bounds not depending on h. On the other hand the spectrum of the latter block is asymptotically covered by (O(h), O(1)). This estimate can be seen as follows. By the inverse property of the basis functions in X^ξ_{1,h} we obtain

‖ξ‖^2_L2_{(Γ)} ≤ ‖ξ‖^2_{H1/2 (Γ)} ≤ ch^{−1}‖ξ‖^2_L2_{(Γ)} for all ξ ∈ X^ξ_{1,h}.

By the scaling of basis functions in X^ξ_{1,h}, ‖ξ‖^2_{L2 (Γ)} is equivalent to h times the l_2-norm squared of the corresponding coefficient vector. We conclude that there holds ch ≤ ⟨ξ, Wξ⟩_L2_{(Γ)} ⃗ξT ⃗ξ ≤ C ∀ξ ∈ X ξ 1,h for constants c, C > 0 which are independent of h. This gives the required estimate for the spectrum of the stiffness matrix for the hypersingular operator. Of course, this estimate is well-known. We have given it for completeness here. Therefore, λ_1 = O(h) and λ_L = O(1).

Now we make use of the chosen scalings to estimate the numbers c_0, c_1, C_0, and C_1 in (19) and (20). In the following c and C are generic positive constants that do not depend on h. By the scaling O(1) in M_{1,h} and the inverse property we obtain

ch^2⃗τ^T ⃗τ ≤ ‖τ ‖^2_{(L}2_{(Ω))}2 ≤ ‖τ ‖^2_{(L}2_{(Ω))}2 + ‖div τ ‖^2_L2_{(Ω)} = ‖τ ‖^2_{M1} ≤ (1 + Ch^{−2})‖τ ‖^2_{(L}2_{(Ω))}2 ≤ C⃗τ^T ⃗τ for any τ ∈ M_{1,h}, (40)

and by the scaling O(h^{−1}) in M_h there holds

c⃗v^T ⃗v ≤ ‖v‖^2_L2_{(Ω)} = ‖v‖^2_M ≤ C⃗v^T ⃗v for any v ∈ M_h,

i.e.

c_0 = O(h^2), c_1 = O(1), C_0 = O(1), and C_1 = O(1).

By Lemma 1 we obtain the following bounds for the singular values of B_1 and B:

O(h^{3/2}) ≤ σ_m ≤ σ_M ≤ O(1), O(h) ≤ η_1 ≤ η_N ≤ O(1).

The assertion of the theorem concerning the bounds for the eigenvalues μ_{−1}, μ_1, and μ_{L+N} then follows from Theorem 5. However, as already mentioned in the proof of Theorem 6, the bound for μ_{−M} given by Theorem 5 is not sharp if λ_1 → 0. Instead, in this case, there holds the asymptotic bound μ_{−M} ≥ − √ σ^2_M + η^2_N which is bounded from below since σ_M = O(1) and η_N = O(1), as we have seen above. Therefore, the assertion on the spectrum of A is proved and the bound on the number of iterations of the MINRES follows from Theorem 3. □ From the previous theorem it is obvious that an efficient solution of (39) by the MINRES requires a preconditioner. Otherwise, the convergence of the MINRES deteriorates with decreasing mesh size. From the theory of §3 it is also clear that the block of the stiffness matrix corresponding to the hypersingular integral operator needs to be preconditioned and that we need to consider, instead of a pure scaling, a preconditioner for the space M_{1,h} which is equivalent to the H(div; Ω)-inner product. Then, provided the basis functions in the spaces Xθ_{1,h} and M_h are properly scaled as indicated before, the preconditioned MINRES for the solution of (39) can be very efficient.

Here we do not go into details concerning special preconditioners for the hypersingular operator. We only mention that there are several possibilities, e.g., multigrid methods [27, 28], two and multilevel additive Schwarz methods [24], and wavelet-based techniques [8, 9, 25, 26]. Therefore, there are different efficient techniques which yield a bounded spectrum for the discretization of the hypersingular operator. Then, recalling the proof of Theorem 7, our main result is the following.

Theorem 8 Let

P :=

I 0 0 0 0 P^ξ_1 0 0 0 0 P_2 0 0 0 0 I

be a preconditioner for A, yielding the preconditioned symmetric matrix Ã, where P^ξ_1 ∈ IR^{l×l} with l = dim X^ξ_{1,h}, P_2 ∈ IR^{M×M} and the remaining blocks I = diag (1, . . . , 1) are of the correct size. Further, assume that P^ξ_1 is uniformly spectrally equivalent to the block of A which belongs to the hypersingular operator, and that P_2 is uniformly spectrally equivalent to the H(div; Ω)-inner product in M_{1,h}. We choose the basis functions in Xθ_{1,h} and M_h to be scaled to O(h^{−1}). Then, the spectrum of Ã is covered by the set [−a, −b] ∪ [c, d] where the positive constants a, b, c, and d do not depend on h. Moreover, in that case, the number of iterations of the preconditioned minimum residual method for the solution of (39) is bounded.

Proof. The proof of Theorem 7 with some modifications holds in this case as well. We only have to mention that, due to the preconditioner for the block belonging to the hypersingular operator, there holds λ_1 = O(1) and λ_L = O(1) and, instead of (40), we now have for generic positive constants c and C c⃗τ^T P_2⃗τ ≤ ‖τ ‖^2_{M1} ≤ C⃗τ^T P_2⃗τ for any τ ∈ M_{1,h}.

Therefore, the number c_0 in (19) is bounded. The boundedness of the numbers c_1, C_0, and C_1 in (19) and (20) has already been checked in the proof of Theorem 7. Thus, the proof of the theorem is finished by Theorem 6. □

Acknowledgement. This research was done while N. Heuer was visiting the Departamento de Ingeniería Matemática of the Universidad de Concepción, Chile, during the period April - September, 1999. This author expresses his gratitude to the colleagues of that Department for their great hospitality.

References

[1] V. I. Agoshkov, Iterative methods for solving operator equations with a spectrum contained in several intervals, USSR Comput. Math. and Math. Phys., 9 (1969), pp. 17–24.

[2] S. F. Ashby, T. A. Manteuffel, and P. E. Saylor, A taxonomy for conjugate gradient methods, SIAM J. Numer. Anal., 27 (1990), pp. 1542–1568.

[3] G. R. Barrenechea, G. N. Gatica, and J.-M. Thomas, Primal mixed formulations for the coupling of FEM and BEM. Part I: Linear problems, Numer. Funct. Anal. Optim., 19 (1998), pp. 7–32.

[4] U. Brink, C. Carstensen, and E. Stein, Symmetric coupling of boundary elements and Raviart-Thomas-tupe mixed finite elements in elastostatics, Numer. Math., 75 (1996), pp. 153–174.

[5] R. Chandra, S. C. Eisenstat, and M. H. Schultz, The modified conjugate residual method for partial differential equations, in Advances in Computer Methods for Partial Differential Equations II, R. Vichnevetsky, ed., IMACS, New Brunswick, 1977, pp. 13–19.

[6] M. Costabel, Symmetric methods for the coupling of finite elements and boundary elements, in Boundary Elements IX, C. A. B. et al., ed., vol. 1, Berlin, 1987, Springer–Verlag, pp. 411–420.

[7] , Boundary integral operators on Lipschitz domains: Elementary results, SIAM J.

Math. Anal., 19 (1988), pp. 613–626.

[8] W. Dahmen, S. Prössdorf, and R. Schneider, Wavelet approximation methods for pseudodifferential equations II: Matrix compression and fast solution, Adv. Comput. Math., 1 (1993), pp. 259–335.

[9] , Wavelet approximation methods for pseudodifferential equations I: Stability and convergence, Math. Z., 215 (1994), pp. 583–620.

[10] G. N. Gatica, Solvability and Galerkin approximations of a class of nonlinear operator equations. Technical Report 99-03, Departamento de Ingeniería Matemática, Universidad de Concepción, Chile. http://www.ing-mat.udec.cl/inf-loc-dim.html

[11] , Combination of mixed finite element and Dirichlet-to-Neumann methods in nonlinear plane elasticity, Appl. Math. Lett., 10 (1997), pp. 29–35.

[12] G. N. Gatica and G. C. Hsiao, Boundary-Field Equation Methods for a Class of Nonlinear Problems, vol. 331 of Pitman Research Notes in Mathematics Series, Longman, 1995.

[13] G. N. Gatica and S. Meddahi, A dual-dual mixed formulation for nonlinear exterior transmission problems. Technical Report 99-04, Departamento de Ingeniería Matemática, Universidad de Concepción, Chile. http://www.ing-mat.udec.cl/inf-loc-dim.html

[14] G. N. Gatica and W. L. Wendland, Coupling of mixed finite elements and boundary elements for linear and nonlinear elliptic problems, Appl. Anal., 63 (1996), pp. 39–75.

[15] , Coupling of mixed finite elements and boundary elements for a hyperelastic interface problem, SIAM J. Numer. Anal., 34 (1997), pp. 2335–2356.

[16] H. Han, A new class of variational formulations for the coupling of finite and boundary element methods, J. Comput. Math., 8 (1990), pp. 223–232.

[17] N. Heuer, M. Maischak, and E. P. Stephan, Preconditioned minimum residual iteration for the h-p version of the coupled FEM/BEM with quasi-uniform meshes, Numer. Linear Algebra Appl. To appear.

[18] N. Heuer and E. P. Stephan, Preconditioners for the p-version of the Galerkin method for a coupled finite element/boundary element system, Numer. Methods Partial Differential Eq., 14 (1998), pp. 47–61.

[19] G. C. Hsiao, The coupling of boundary element and finite element methods, Z. Angew.

Math. Mech., 70 (1990), pp. 493–503. A plenary lecture at the GAMM-Tagung 1989.

[20] S. Meddahi, J. Valdés, O. Menéndez, and P. Pérez, On the coupling of boundary integral and mixed finite element methods, J. Comput. Appl. Math., 69 (1996), pp. 113–124.

[21] C. C. Paige and M. A. Saunders, Solution of sparse indefinite systems of linear equations, SIAM J. Numer. Anal., 12 (1975), pp. 617–629.

[22] T. Rusten and R. Winther, A preconditioned iterative method for saddlepoint problems, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 887–904.

[23] E. P. Stephan and A. J. Wathen, Convergence of preconditioned minimum residual iteration for coupled finite element / boundary element computations, University of Bristol, Mathematics Department Report No. AM-94-03, (1994). To appear in SIAM J. Numer. Anal.

[24] T. Tran and E. P. Stephan, Additive Schwarz method for the h-version boundary element method, Appl. Anal., 60 (1996), pp. 63–84.

[25] T. Tran, E. P. Stephan, and S. Zaprianov, Wavelet-based preconditioners for boundary integral equations, Adv. Comput. Math., 9 (1998), pp. 233–249.

[26] T. von Petersdorff and C. Schwab, Wavelet approximations for first kind boundary integral equations on polygons, Numer. Math., 74 (1996), pp. 479–516.

[27] T. von Petersdorff and E. P. Stephan, On the convergence of the multigrid method for a hyper-singular integral equation of the first kind, Numer. Math., 57 (1990), pp. 379– 391.

[28] , Multigrid solvers and preconditioners for first kind integral equations, Numer. Methods Partial Differential Eq., 8 (1992), pp. 443–450.

[29] A. J. Wathen, B. Fischer, and D. J. Silvester, The convergence rate of the minimum residual method for the Stokes problem, Numer. Math., 71 (1995), pp. 121–134.

[30] , The convergence of iterative solution methods for symmetric and indefinite linear systems, in Numerical Analysis 1997, D. F. Griffiths and G. A. Watson, eds., Pitman Research Notes in Mathematics, Harlow, England, 1997, pp. 230–243.

[31] A. J. Wathen and D. J. Silvester, Fast iterative solution of stabilised Stokes systems, Part I: Using simple diagonal preconditioners, SIAM J. Numer. Anal., 30 (1993), pp. 630– 649.