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Abstract

We present an extension theorem for polynomial functions that proves a quasi-optimal
bound for a lifting from L? on edges onto a fractional order Sobolev space on triangles.
The extension is such that it can be further extended continuously by zero within the trace
space of H'. Such an extension result is critical for the analysis of non-overlapping domain
decomposition techniques applied to the p- and hp-versions of the finite and boundary element
methods for elliptic problems of second order in three dimensions.

Key words: p- and hp-versions, finite element method, boundary element method, polynomial
extension, domain decomposition, additive Schwarz method
AMS Subject Classification: 46E35, 65N55, 65N30, 656N38

1 Introduction

This paper presents an extension theorem for polynomials from edges of triangles into its interior.
Quasi-boundedness (i.e. weakly depending on the polynomial degree of the data) is proved within
Sobolev spaces that are inherent to elliptic problems of second order in three space dimensions
(L? on edges and a specific fractional order Sobolev space on triangles).

Polynomial extension theorems are critical for the analysis of approximation errors and do-
main decomposition strategies when dealing with high order finite element (FEM) or boundary
element methods (BEM), in particular the p- and hp-versions. Non-overlapping domain de-
composition techniques rely on the stable splitting of different types of basis functions (nodal,
edge, interior functions), see, e.g., [18]. Associated with individual subspaces are specific bilinear
forms, e.g. L2-bilinear form for functions associated with the so-called wire basket and energy
bilinear form for local subspaces associated with elements and faces of elements. The analysis of
the L2?-part living on the wire basket of the mesh requires an extension of nodal and edge basis
functions onto elements, continuously in the energy norm. One way to do this is to first extend
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from the wire basket of elements onto faces, and then e.g. discrete harmonically onto elements.
For hexahedral meshes, where a tensor product structure of basis functions can be conveniently
employed, such extensions are well analysed, see [17, 11, 2, 13]. For tetrahedral meshes (or trian-
gular meshes when dealing with the BEM) this problem has not been adequately solved so far.
It is essential to find low energy extensions in order to get the best possible condition number
for corresponding additive Schwarz methods. Existing results show condition number bounds of
the order C(p)(log p)? (FEM, with an unspecified function C), see [7], or (logp)” (BEM), see [8].
Here, p denotes the polynomial degree of basis functions. (Here and in the following, we always
write log p for simplicity, meaning 1+ log(p+ 1) when p = 0 or p = 1. The extension results are
trivial for these polynomial degrees.) Both results mentioned before are not optimal and need
to be improved. In fact, for moderate polynomial degrees O(log p) is comparable with O(p) and
removing any unnecessary power of logp greatly improves the theoretical bound. A key tool
for the analysis is, as mentioned before, an appropriate extension theorem. Such an extension
theorem is the subject of this paper. Cao and Guo [8] avoided the use of an explicit extension
construction by assuming that basis functions are extended from the sides in a discrete harmonic
fashion (with respect to the hypersingular integral operator) to the elements. In contrast, Bica
followed a construction introduced by Maday [15] and analysed by Munoz-Sola for the approx-
imation theory of finite elements in three dimensions [16]. Mufnioz-Sola analysed an extension
from faces to tetrahedra and Bica considered the analogue in two dimensions, extending from
sides to triangles. In this paper we follow this construction and fill several gaps which were left
open in the theory.

Let us describe in some detail what the procedure is. Extensions can be defined locally on
patches of elements. For the extension of basis functions associated with edges (so-called edge
basis functions) the situation is as indicated in Figure 1(a). A polynomial f defined on the
edge I vanishes at the endpoints of I and needs to be extended to a piecewise polynomial U on
K := Ty UT) such that it can be extended continuously by zero onto an enlarged patch K which
contains K.

For three-dimensional elliptic problems of second order the right norm on K is HY/ Z(f( ), the
trace space of H'(Q) onto K, assuming that K is part of the boundary of a domain Q  IR®. The
corresponding intrinsic space on K is denoted by H'/2(K) (often used in the BEM literature) or

H0162(K ) (often used in the FEM literature). Any element of H'/?(K) can be extended by zero
to an element of H'/2 (f( ). With this notation, our above mentioned continuity of edge function
extensions renders like:

Given a polynomial f of degree p on I that vanishes at the end points of I, find a function
U on K =Ty UTy such that U|p, and Ul|p, are polynomials of degree p, Ul = f, U =0 on 0K
(the boundary of K ) and

10l sz 0y < C@) 1Lz 1)

For functions associated with nodes (nodal functions) the situation is analogous, see Figure 1(b).
In this situation let us denote K = U?:lTi. The task is as follows:

For a given continuous function f on UI; which is a polynomial of degreep on I; (i=1,... ,6)
and which vanishes at the endpoints of the edges I; that lie on 0K, find U on K such that



(a) (b)

Figure 1: Constructing edge and nodal basis functions by extension.

Ulr, = fl1,, Ulr, is a polynomial of degree p (i=1,...,6), U =0 on 0K and
1072000, < C) 1 2001 @)

In this paper we show that both (1) and (2) can be satisfied with C' = O(log p)'/2. This result
is only quasi-optimal since the constant grows (very moderately) with p. But it is better than
any existing result we know of.

In order to prove (1), (2) we estimate separately the H'/?(K)-norm of an extended function
U, and the part of the H'/2(K)-norm that makes H/?(K) a subspace of H'/2(K). The latter
part is a weighted L?-norm. In fact, our technical results estimating the weighted LZ2-term
follow the lines given [7] where, however, several gaps had to be filled. Our estimate of the term
Ul 172 (k) is new.

We do not try to give a complete overview of existing extension theorems as the one presented
here is very specifically designed towards p- and hp-FEM and BEM theory for three-dimensional
problems. More “standard” extension theorems, i.e. dealing with the Sobolev spaces L2, H/?
and H', are given, e.g., in [5, 16, 1]. In particular in [1], Ainsworth and Demkowicz recall existing
literature on extensions and we refer the reader to that paper for a more detailed discussion.

In the next section we recall definitions of the needed Sobolev spaces and state the main
extension theorem (Theorem 1). All the technical details and proofs are collected in Section 3.
An overview of that section is given there (before giving proofs in subsections).

Throughout the paper, C' denotes a generic constant which may take on different values at
different occurrences, but which is independent of polynomial degrees p, if not otherwise stated.

2 Sobolev spaces and the main result

We define several Sobolev spaces and formulate our main extension theorem.



We use standard Sobolev spaces where the following norms are needed: For Q C IR"™ and
0 < s <1 we define

|’UH12H5(Q) = HUH%%Q) + ’Uﬁ{s(ﬂ)

with semi-norm
5 u(z) — u(y)?
]u\Hs(Q) = /Q o o — g dx dy.

For a Lipschitz domain Q and 0 < s < 1 the space H*(f) is defined as the completion of C§°(€)
under the norm

2y o u@)”

For s € (0,1/2), ||- Hﬁs(ﬂ) and || -[| rs () are equivalent norms whereas for s € (1/2,1) there holds

H*(Q) = H§(), the latter space being the completion of C§°(€2) with norm in H*(Q). Also we
note that functions from H #(Q) are continuously extendible by zero onto a larger domain. For
all these results we refer to [14, 9].

For s > 0 the spaces H*(€2) and H—*(Q) are the dual spaces of H*(Q) and H*(f2), respec-
tively. For a Lipschitz domain (or bounded interval) Q with boundary 9 and subset I' C 92
we also define the space H® (Q,T) by completion of C§°(€2) and using the norm

||| % = |ul%, +/ Lx)zdm (0<s<1).
*(Q.0) 2@ T Jo (dist(x,T))28

There holds H*(Q) ¢ H*(Q,T) c H*(R). Fractional order Sobolev spaces can be equivalently
defined by interpolation. We will use the real K-method, see [6].
Our main result is as follows.

Theorem 1. Let T be a triangle and let T be one of its sides or the union of two. Then, for a
given continuous function f on T which is a polynomial of degree up to p on each of the sides
and which vanishes on T, there exists an extension U on T such that U is a polynomial of total
degree up to p, U = f on T and

10l /2y < C 10820 1l 2 o 3)
Here, the constant C > 0 is independent of f and p.

Remark 1. An application of this theorem provides the extension results for the construction
of low-energy basis functions, as discussed in the introduction. To this end one applies it locally
on elements. For instance, for the construction of an edge basis function, a polynomial f is
given on I with f(0) = f(1) = 0. Using a piecewise affine transformation we can assume that
I, =[0,1] x {0} and that Ty is the reflection of Ty at I;. Then, applying the theorem twice, one



defines Uy on Ty and Uy on Ty yielding a continuous function U by setting Ul :=U;, i = 1,2.
The result (1) then follows with C(p) = log"/? p by noting that (with K =T, UTy)

2
2 N 2 (Ur(z,y) — Us(x, —y))?
HUHﬁlﬂ(K) - ; HUZHﬁl/Q(Ti,aTiﬁaK) + /Tl diSt((.’E,y),Il) d(%,y)

2
= Z HU@Hglm(Ti,aTmaK)’
1=1

see [14, 9].

3 Proof of the extension theorem

y
(0,1)
I
I3
(z,y)
I
0,00 T4y (1,0

Figure 2: The reference triangle T'.

Without loss of generality we assume that the triangle 7" under consideration is the reference
triangle T' := {(z,y) : 0 < z,y; x +y < 1}. The edges of T" are denoted by I;, i = 1,2, 3, see
Figure 2. The edges I; and I3 will be identified with the Interval I :=[0,1], and I = I; will be
used without further notice. We also need the polynomial spaces

P,(I) := span{z’, 0 < i < p}, P,(T) :=span{z’y’, 0 < i+ j < p}.

For the proof of the main theorem we need two extension operators, the operator F' frequently
used in finite element analysis (see [5, 4]), and the operator E used for problems in three
dimensions (see [15, 16]). The operator E is needed for the actual construction of polynomial
extensions whereas F' is required only for the analysis of FE.



The operator F' is defined by

F(f)(z,y) = é/ﬁyf(t) dt.

It extends polynomials of degree p on I to polynomials of total degree p on T'. It cannot be used
to construct the extension needed for Theorem 1 since, e.g., a root of f in 0 does not extend to
a zero trace of F'(f) on I3. This is precisely the property of E which is defined by

x [T
B =2 [ a0 -0

More generally, for f € P,(I) we define extension operators from I; by

N
BN =B == [ a0 -0
gy [T
B == [ a0,

z(l—x— S
EY(f)(z,y) ::¥/x yt({(f)t) dt i £(0) = f(1) = 0.

We note that there holds

E'(f)(z,y) = (1 -z = y) Bi(f)(z,y) + 2E5(f)(z,y).

Moreover, E3(f) =0 on Iy and E'(f) =0 on I, U 3.

Extension operators E$ (for f € P,(I3) with f(1) = 0), E (if £(0) = 0) and E? (if f(0) =
f(1) =0) from I3 onto T are defined analogously.

For a polynomial f € P,(I) we define

2y f(t,1 — 1)

a9 dt,  if £(1,0) =0,

B3 (D) =2 |

x 1= —
E3(f)(x,y) f:m/ ’ M dt, if f(0,1) =0,

T 1-y —
E?f(x,y)::ﬁy_y/m %dt, if £(1,0) = £(0,1) = 0.

There holds

E*f(z,y) = zE3(f) + yE3(f)

and E5(f) =0on 1, E3(f) =0on I3, E*(f) =0on I U L.

It is easy to see that all the extensions are polynomials of degree p on T'. Furthermore, all the
operators which deal with polynomials that vanish in only one vertex are linear transformations
of the operator E = E{. Therefore we only have to analyse the operator E. The main results
concerning this operator are given in the next theorem.



Theorem 2. For f € P,(I) with f(0) =0 there holds

1B g1/27,,) < € log' 2 p 1 fll2(ry- (4)
For f € Py(I) with f(1) =0 there holds

VES (Dl saqrzyy < € 108Y2p | fll2qry 5)
For f € Py(I) with f(0) = f(1) =0 there holds

HEl(f)”Hl/2(T,IQU13) < Clog'?p 1Nl z2(1)- (6)

The proof of this theorem is divided into three parts. In Section 3.1 we analyse E as a
mapping H'/2(1,0) — H(T) and in Section 3.2 from H~/2(I) onto L?*(T). These results are
then used in Section 3.3 to prove the theorem. The proof of the main theorem (Theorem 1) is
given in Section 3.4.

3.1 Boundedness of F: P,(I) N HY*(I,0) — HY(T)
Lemma 1. Let 0 <z <1 and f € L?(x,1). Then there holds

11—z 1 r+y 2 1 )
[ ( [ dt) w1 Poa 7)
Proof. Recall Hardy’s inequality (p > 1, r # 0):

/0°° y ()" dy < <‘rf;1,>p/ooo y " (yf ()P dy,

where F(y) = fyoo f(t)dt for r < 1, and F(y) = [ f(t)dt for r > 1, see [10, Theorem 330].
We use this inequality for r = 2, p = 2 and with

x+
F(y) ::/Oyf(x+t)dt:/ yf(t)dt.

Extending f by zero from (z,1) onto (z,00) we then obtain

I R I

0 2 -z 1
</ %(/Oyfumdt) w<a | Patniy=1[ o



Lemma 2. There exists a constant C' > 0 such that, for any f € HY2(I), there holds

IE ey < ClF gz, (8)
|F(f HL2(T) < Clla'?f(x )| 21y 9)
Proof. The bound (8) is [4, Lemma 7.1]. To prove (9) we use Lemma 1 to conclude that there
holds
11—z 1 z+y 2
D= [ [ ([ o) aa
1 t
<4 / / foRdtds =1 [ fep [ dede=alt? 1],
0 Ja 0 0
This proves the lemma. O

The following lemma states the main result of this subsection.

Lemma 3. There exists a constant C' > 0 such that

IEU ey < Cllfll gy V€ B), f(0) =0.

Proof. The proof follows the techniques from [16, Lemma 6] where the three-dimensional case
is considered. Using (9) we estimate

V) ey < IFUD e < C 22 £@) 220y < ClIF 1220 (10)
To estimate the H'(T)-semi-norm we calculate the first order derivatives of E and F.

OB 1[I0 g 2 (Hatn) S,

oz Yy z+y T
OE() = /“yf_ v f(e+y)

Oy t y r4+y '
OF(f)

S = fa ) = f(@),

ag;f) :——/ t) dt + f(a:+y)

By (8) there holds [|[F'(f)|[ 1y < C|[f|lg1/2(r) such that it is enough to bound the differences

of E and F in the H'(T)-semi-norm.
Calculating

z+ T T
D O 1[I0y Sere) (=) "

y ) T +y



let us denote the two terms on the right-hand side by

1) _ Sty (.
M [P0 gt (2

A [ (22)

Using (9) we find that

It is clear that

t x _
Rl < |7 (L)) <o ol 2@,
t L2(T) T2
Next we estimate Ry. Since 0 <1 — xLer < 1 we obtain
flz+y) ( z ) 1
R - — 1 = —
= e (- e
1 Y f(@)] _ 1 |f ()]
< = - A CA el N g - LS4l
< 1f+y) — f@I < ) - @)+ T

The first term on the right-hand side can be bounded by

I f”’@m

2

// z—nJ:? dzd“// f VO T o= 1210

For the second term we obtain

1 11—z T 2 1 . 9
/0 /0 (;S— ;)2 dydzr < /0 f(x) do — fol/Qf(x)H%Q(I).

Combination of the last three estimates yields

Hl(f(x+y)

1Bty < € (17 By + ™21 @) g -

Now we examine the derivatives with respect to y. There holds

OE(f) OF(f) _ 1 [ x faty) (= _
dy Oy _E/x $o) (1= 7) e+ y <x+y_1>_R3+R2

with

(12)



The term Ro has already been estimated. It remains to bound R3. Since 0 < 1 — % < % for
t €z, z+yl, we get
1 [TV |f(t t
<2 [0 (110,
(e t t
This can be estimated like R; and it follows that
R3]l 2y < Clla™ 2 (@) r2ry- (14)

Eventually, using (8), the triangle inequality and estimates (10) and (12), (13), (14), the lemma
is proved. O

3.2 Quasi-boundedness of E : P,(I)N H~Y2(I) — L*(T)

Lemma 4. There exists a constant C > 0, independent of p, such that for any f € Pp(I) and
e € (0,1/2) there holds
C
< — — (7).
| poiry S e s

Proof. Yor y € [0,1] the function || f|| g-1/2+< (4 44, is continuous with respect to z € [0,1 —y].
This can be seen by estimating

Tl V] PRV

1124 ey ) = I r-120e )|
= |1F @1+ Mar-riaveo) = 17 @2+ =120
<@+ = flaz+ oy < I @1+ = @2+ 2oy

and using the uniform continuity of f.
Therefore, || f[|7-1/2+<(4,51) is Riemann integrable in = and we can calculate the integral as
the limit of Riemann sums. To this end we define a partition of [0,1 — y] into N}, intervals:

We obtain

lfy Nh—l
2 : 2
L I ey = B S s
=0

Every interval (z;,z; +y) = (ih,ih+y), i =0,... , N, — 1, overlaps with at most O(#) intervals.
Therefore, we can use a colouring argument together with the estimate

10



(see, e.g., [3]) to obtain

Nj—1
hm Z thHH 124 (2, 2i4+y) <C hHl h _HfHH 1/2+e(0,1) — CnyHH 1/2+¢(0,1)"

We finish the proof by calculating

1 1—y
_ 2 _
Hya 1 Hf||H,1/2+e(x7x+y)HLQ(T) = /0 yQa 2 /0 Hf”?{—l/?‘Ff(x,ery) dx dy

1 1
_ _ 1
<C A y2€ 2 y||f||?{—l/2+6(071) dy =C ||f||?{—1/2+6(071) A y2€ ! dy =C 2% ||f||?q—1/2+g([)-

O

The next lemma is the main result of this subsection. It represents the key ingredient for
the proof of our extension theorems (Theorems 1 and 2).

Lemma 5. There exists a constant C > 0, independent of p, such that

IEU 2y < Clogp | fllg-1/2y Vf € B(I), f(0)=0.
Proof. Let ¢ € (0,1/4) and (z,y) € T, x > 0. Making use of the duality between the spaces
H=Y/?%(z 2 +y) and HY/?>7%(z,z + y) we obtain

4y f
/ ; )dt SN /e @iy 1 L1200 (15)

We bound the first term on the right-hand side:

-ty t_2
”t 1”H1/2 E - ‘t71’21/27€ +/ .
(zz+y) (z,z+y) . dlst(t; T, r+ y)2(1/2_5)

» Tty +2 z+y =2
s £ ([ g | )

(16)

dt

To estimate the H'/?>7%(z, 2 + y)-semi-norm we calculate

1 e gy =
=) = oz +y)

and

- 112 x2y + a:y2 + %y?’ < Y
H'(z,a+y) — Bx+y)P T Bx+y)

11



Then interpolation yields (see, e.g., [6])

_ —11/2 —1111/2—
[t b1/ ooy S 1 o 1 T o)
1/2+4¢ 1/2—¢ 1/2 1/2 1/2
S 212 (g + y)L/2te £3/2-32 (1 + y)1/2¢ - 2(z + y)1/2 < 232 (17)

The second term on the right-hand side of (16) can be estimated by

z+y t_2 1 Tty 1 1 y25
_ _at< = - a==7 18
/m it — x| " = g2 /m (t—xz) % 22 9% (18)

and the second term by

Tty $—2 1 ¥ty 1 1y
/ — . l-2 dt < _2/ — 1—2¢ dt = — >~ (19)
«  |t—z—yl 2 ), (@t+y—t) z? 2e

Thus we get from (15), together with (16), (17), (18) and (19), the bound
Tf)
J Tt [l PR i T,

1/2 15 1 >
y'r Y
< ¢ ( x3/2 + %;) ||f||H*1/2+a(m7m+y).

Using this bound we start estimating [|E(f)l|z2(r)

_ _ 1 __
VB 2y < C ( s ) TP

‘ L(T)

< C |52y 2 £ - (20)

g 11 PRV

L2(T)

To bound the factor ||f|[-1/2+¢(y 54y In the first term on the right-hand side of (20) we use
scaling properties of the norms involved together with a linear transformation forward and
backward to the interval (z,z + 1), see, e.g., [12, Lemma 2|. Denoting by f the correspondingly
linearly transformed polynomial f, this gives
1-2(—1/2 2, 2—4eN || 71|12
HfHH 1/2+5(x z+y) — Cy (=1/2+e) ”f”H 1/2+6(J; z+1) — = Cy E(y E)Hf”H—l/Q-FE(J;J;_Fl)
< Cy2€(y2 4€)HfHH*1/2+2a(x7x+1)

1
2 2—4 2
< CZ/ s(y E)y1—2(—1/2+28) ”f”H—l/Q-FQE(x z+y)

= Cy%”fHH 1/242¢ (g gpty) = CyZEHfHH 1/2+2¢ ()"

12



Hence

(e

2R s < Clas /2y

2y - 1f 1l r—1/22e 1y

<C ||$6_1/2HL2(1) : ||y€_1/2\|L2(1) S r-1r242e

c
< I l-vzsaegry.

For the second term on the right-hand side of (20) we apply Lemma 4. We then conclude, using
the inverse property of polynomials (see [12, Lemma 4]) that for f € P,(I) there holds

1 1
B lzary < C (fllg-saciy + Tl
1
<C- (" + ) 1 | =12y < C logp | £l 1721
Here we have chosen ¢ := log™! p. This proves the lemma. O

3.3 Proof of Theorem 2
Proof of (4). Lemmas 3 and 5 yield two bounds for E:

IEH Iy < ClUF gz

and

IE()r2er) < Clogp I fllg-121)

for all polynomials f € P,(I) with f(0) = 0. Interpolation thus proves the boundedness

IEA | zery < C log 2 p 1 fll 2 (21)

In order to finish the proof of (4) it is therefore left to bound the weighted LZ-norm that
contributes to ||E(f)||g1/2(T I5)- Here we use Lemma 1 and obtain

2= 2E ()12 1 //M (/Hyf()dt)Zdyd:n
<4/Ox</$ ft—2dt> dx:4/01f(t)2

This finishes the proof of (4).

t
/0 xdxdtz?”f”%zm. (22)

Proof of (5). This can be obtained by a linear transformation to the previous case.

13



Proof of (6). For this estimate we use techniques that had been proposed in [7]. Recall
that there holds

E'(f)(z.y) = (1 -z — y) E(f)(z,y) + 2E5(f)(z,y).

We consider only the first term. The second can be bounded analogously. In order to bound
the H'/?-semi-norm we need the following estimate: For (z,y) € T and (z’,y') € T there holds

1=z =y E(f)(z,y) — (1 —2' —y)E(f)(,y)]
=1 -2 -y E(f)(z,y) - 1 —z—y)E(f)(=,y)
+(1—z—y)E(f),y) - (1 -2 =y B,y
<2(1—z—y)’|E(f)(z,y) — BE@,y)? +2(2' — 2z +y —y)*|E()(,y)
<|E(f)(@,y) — B(N)(",y))? +2(2" —x + ¢ —y)’|E(F) (@, )

Then, using the definition of the H'/?(T)-norm and the estimate (21), we obtain

(1 =2 = ) B(F) G172y

ey 1Y (o — oy — )2 (B Y))E
<C<\E \Hl/g // // m—m)2+(y’—y)2)3/2 dz' dy dxdy>

C (1B sz + IEWN2) = CIUEW G20y < Clogp 122

Eventually we estimate the weighted L?-norm corresponding to the edge I3 (the one for I is
straightforward):

U=y (] — o — )2 T4y 2
H3U71/2(1_x_y)E(f)H%2(T) :/0 /0 x(y# (/x f(t)dt> dx dy
B )\ 2
<[ ( / Tdt> da dy < C 1|2

The last step is (22). This finishes the proof of Theorem 2.

3.4 Proof of Theorem 1

As mentioned at the beginning of this section we consider, instead of T, the reference triangle
T. We define f; := f|;, € P,(I;), i = 1, 2, 3. It is enough to consider the two cases I' = I (i.e.
f2—0) and I'=I, U3 (16 fo=0, fg—O)

Case I' = I, U I3. This case is covered by Theorem 2.

Case I' = I5. We have to show that there exists U € P,(T") such that U = f on 0T and
1 g172(1,1) < C g I fll 2oy

14



To this end define Uy := FEi(f1). By Theorem 2 there holds
10l 2721,y < € log'/?p £l 2 (1) (23)
Further let g3 be the trace of U; on I3. Making use of Lemma 1 we can bound

1 2 2
2 1 2 (1-y) Y f1(t)
H93HL2(]3) = || E3 (fl)HL2(13) = /0 Y2 (/0 1—t¢ dt ) dy

1 1 Yy 2 2
< / — </ ‘fl(t)‘dt> dy < 4Hf1HL2(I)'
oY 0

Due to the continuity of f there holds (g3 — f3)(1,0) = (g3 — f3)(0,1) = 0. Using E? we extend
g3 — f3 to a polynomial Us € P,(T) with Us = 0 on I; and I, and applying the case before (i.e.
Theorem 2) and the previous estimate we obtain

10l /2 < 10302 oy < € 1082 pllgs — Fall iz < € 10872 pl|fllogory- (24)

Finally, setting U := U; — Us and combining the estimates (23) and (24) we finish the proof.
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