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Scalar advection-reaction

e ) be a domain of R3 with Lipschitz-continuous boundary 9

B-Vu+ pu=s ae. in €,
Find u: — R solving w—0ae. on o0

Inflow /Outflow Boundary 007 := {x € 0Q| + B(z)-n(z) > 0}

Advection field 8 :Q — R3 € Lip(Q)
Reaction field pu:Q — R e L°(Q)
s:Q — R e LP(Q) with p € (1, 00)

Settings

Data

Hilbertian analysis Bardos (1970), Beirdo da Veiga (1988),
DiPerna & Lions (1989), Ern & Guermond (2006)

Wr(Q)-regularity Girault & Tartar (2015)
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Vector advection-reaction

V(B-u)+ (Vxu)xB+ pu = s ae. in , J

. . 3 .
Find u: Q — R” solving w—0ae ond0.

Inflow/Outflow Boundary 9QF := {x € 90| + B(x)-n(x) > 0}

Advection field 8 :Q — R3 € Lip(Q)
Conductivity field p: Q — R3%3 € L™(Q)
Data s:Q — R? e LP(Q) with p € (1,00)

Settings

Physical modelling Static advection of a magnetic field
e.g., Heumann & Hiptmair (2013)
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Numerous formulations
L u(v) =V (Bv)+ (Vxv)xB + pv

=> Four advection operators up to the O-th order operator 1

[ K Eﬂ#("’) ]

e Non-conservative and conservative Oseen-like operators
(B-V)v
V- (v®p)

o
{ (V-8)Id — VA"

— |

e R3-proxies of the Lie derivative of a 1-form and a 2-form
[ 0 V(B-v) + (Vxv)x 8 ]
B(V-v) + Vx(vxp) J

| (V)1d— (VB + V8
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Generalization

Lie derivative

e () be a d-dimensional manifold
o A*(Q) collecting the k-differential forms on Q with & € [0, d]

o Let B:Q — TQ be a given vector field, isomorphic to A*(Q)

Exterior derivative Interior product
d: A%(Q) —» AFTHQ) 1g s AR(Q) — AFLH(Q)
"Classical differential operators" "Multiplication with 8"

=> Lie derivative: Cartan homotopy formula

Lg: A*(Q) =A%), Lgw" = (dig +i1ad)w, Vw" e A¥(Q)
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Scalar graph space

Find u:Q — R solving

B-Vu+ pu=s ae. in €,
u =0 a.e. on 992"

LetpE(l,oo)and%Jr%:l

Vep(Q) :={v € LP(Q)| B-Vv € LP(Q)}

_ _ 1/p
—> Reflexive Banach space with vy, ) = (Hv”zjip(m + H,B-VUHZP(Q))

e 3-Vuv € LP(Q2) means that the linear form
Tg:CX(Q) 5 ¢ —/QUV'(,BQO)

is bounded in L¥ (Q), and 8-V is the Riesz representation of T(B) in LP(Q).
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Existence of trace in V3.,(£2)
LP(|B-n|;00) = {1} : 00 — R | v is measurable on 02 and / 1B-n| v’ < oo}
o9

o] ir(men = ( [ lgn |v|p)  vue 1(|Bn]:0%)

Continuity of the trace
The trace map v : Vg.,(Q2) — LP(|B-n|;0) is continuous if and only if

dist(0Q1,0Q7) > 0.

V.

CNS (From Jensen '04) B = (1,0)"and Q = {(z,y) e R? |0 < y < 1 s.t. |z| < y}

e Define u(z, y) = y* with —2/p < a < —1/p. 4

u € Vs,(Q) and u & LP(|B-n|;090) 5 0
—
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Integration by parts

Integration by parts
For all u € V3.,(£2) and v € Vg.,/(£2), we have

/Q(,B-VU)M—/Q(B-Vv)u—l—/g(v-,@)uv:/aQ(,B-n)uv

It follows from the dense inclusion C*>°(2) — Vjg.,(£2) for all p € (1,00) and
Vel = pelel”* Ve, Ve e C®(Q).

Corollary
For all u € Vg.,(Q2) and z € W1 (Q), we have

. p—2 1 . p, 1 . p,_ 1 . p
/Qwvwmm z+p/9<ﬁw>\u| +p/ﬂ<w>|u| 2 p/mwmw .

.

BV (plpl" 2 2) = ¢l BVt (p—1) P2 28V, Yepe C®(Q), z€ WHe(Q).
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Weak-formulation

Scalar problem in Banach graph space

= Strong enforcement of BCs Vg, () := {ve Vgp()| vpa- =0}

Bilinear form ag ,,., € £(Vg;p(Q)XLp/(Q)), ag,u;p(u, v) = /
Q

(B-Vu)v —I—/ [ uv

Q

Find v € Vg (Q) s.t.

(P) apun(u) = [ 50, Ve 1”@
Q

e Weak enforcement of BCs aﬂﬁvmpﬁ(Vg;p(Q)pr/(Q))

ag,ﬂ;p(u,v):L(B-VU)U+LMUU+AQ_(ﬂ-n) uv.
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BNB theorem

=> Let a € L(Ux V;R) with U, V two reflexive Banach spaces

=> Let s € V' and consider the abstract problem

Find w e U st a(u,v) = (f,v)vxy, VveTV. (Po)

Banach-Necas-Babuska Theorem
(Pp) is well-posed if, and only if

o There exists 7 > 0 such that  inf sup M >
weU ey |ulufvlv

o {ve V|a(u,v)=0Vue U} ={0}.
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Positive well-posedness

1
R-valued Friedrichs tensor [ OB, up *— U — ;V'B ]

The problem (P) is well-posed in Vg;p(ﬂ) for all p € (1,+00) if

(H,) 7 ':=essinfqogup >0

Uniqueness Owing to integration by parts for all v € Vg;p(Q)

1 (Hp)
-2 —
aasin(v 0l 2 = [ (0= 290 ) s [ Bmlal = [ opn il 2 T ol
Q p 0 Q
a p\U, W
[v] Loy <7 sup M
weLr (Q) |w] ()
ag. y:pl vV, W
8ol < sup L2l (g o)
weLY (Q) ”w”LP’(Q)
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Extended well-posedness

1
[ OB,up = 1 — EV'IB ]

=> The analysis fails down if e.g. £ =0 and V-8 = 0.

The problem (P) is well-posed in Vg. (Q) for all p € (1,+00) if there
exists ¢ € Lip(Q2) such that

1
(1) 77 ':=essinfq e (ag,u;p = §B-V§> >0

Existence of ¢ Every solution ¢ — x(t) solving d;x(t) = B(x(t)) with
xo = x(0) € Q remains in  for a finite time.

Example If B has no stationnary point and closed curves.
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Extended well-posedness 1
P [ OB,up -— KN — EV'IB ]

Proof

The problem (P) is well-posed in Vg. () for all p € (1,+00) if there
exists ¢ € Lip(Q2) such that

1
(7—[;) 771 :=ess infq € (O'Ighu;p — Ef)’-vg) >0

IPP For all v € LP(Q) and z € WH°(Q),
[@vatar2e=2 ([ @nprs- [0~ [@valr)

p

Owing to integration by parts for all v € Vg;p(Q)
(Hy,)

_9 1 1 )
ag up (v, € [0]"%) = / et (vﬂ,u;p——ﬁ-vc WP+= [ (Bl = Tl
Q p P Joo+

=> We conclude as in the positive case.
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Vector advection-reaction

Find u: 0 — R® solvi V(Bu)+ (VXu)xB + pu = s ae. in
na e SONIng u =0 a.e. on 00)".

Inflow /Outflow Boundary 007 := {x € 0Q| + B(z)-n(z) > 0}

Advection field 8 :Q — R3 € Lip()
Conductivity field p: Q — R3%3 € L*™(Q)
Data se LP(Q) with p € (1,00)

Settings

Vector graph space Vg, () :=={v e L*(Q)| (B-V)v € L"()}
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Weak-formulation

Vector problem in Banach graph space
=> Strong enforcement of BCs Vg;p(Q) = {v e Vg,p(Q) | vjpo- =0}
Bilinear form ag ., € E(Vg;p(Q)pr/(Q)) defined as

@ppn(0) = [ V(Bwvt [ (Txwxp)vt [ puo
:/Qv-(ﬂ-V)uvL/Qv- (VB +pn)u
Find u € Vﬂo;p(Q) s.t.

(P) apppl(u,0)= [ s, Yo ¥ @
Q
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Positive well-posedness

VB+VE' p+p' 1
R3*3-valued Friedrichs tensor [O',B,p,;p = B B +ETH —E(V‘IB)Id]

2 2

Minimal eigenvalue Vo € Q, Ny(z) := min { \95.1ur(2)Y, Y) ‘y S R3}

2
|y|g2

The problem (P) is well-posed in Vg;p(ﬂ) for all p € (1,+00) if

(H,) 7' :=essinfq R, >0

Uniqueness For all v € Vﬁo;p(Q) and owing to integration by parts

Hy)

—92 —92 1 (H, _
ag up(v,v|v|" ") = / 0" vog v+~ (Bn)|v]" > 7 1”””%’(9)
Q D Joq+
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Extended well-posedness VB +VB" T
P [ OB,up "= IB—; & +u4—2u _;(V'IB)Id

The problem (P) is well-posed in Vﬁo;p(Q) for all p € (1, +00) if there
exists ¢ € Lip(Q2) such that

_ 1
(7—[;) 771 :=ess infq € (Np — Eﬂ-VC) >0

Uniqueness For all v € Vfg;p(Q) and owing to integration by parts

—2 —2 —2 V{®B + BRV(
@ pip(v, €0 |0]") = aﬁ,ﬁ;p(v’ vl - /Q e Jv]" " v- ( 2 v

Z/ |’v|p—2 Vo~ ~ .,U_/ 6C|,v|p—2 ». <VC®,3+,3®VC> .
Q B,;p O

) 2

with B8 = ¢¢8 and [t = eSp. Conclude with the identity

1 V(B + BRVC
o = 6 Ll ¢
O3 mp € (Gﬂau;p pﬂ VCId> +e ( 5
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Conclusion et perspectives

—> Extension de |'analyse des problemes d’advection réaction scalaire et vectoriel
e Dans les espaces du graphe de Banach

e Sous des hypotheses sur les champs physiques plus générales

=> Généralisation de cette analyse en géométrie différentielle (dérivée de Lie)

=> Traitement des conditions a la limite non-homogenes, surjectivité de la trace
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Merci pour votre attention

e P. Cantin, "Well-posedness of the scalar and the vector advection-reaction
problems in Banach graph space”
Compte-rendu de I'Académie des Sciences, 2017.
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