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Vector advection-reaction

— Find u € Vgo(Q) = {v € L*(Q) | V(B-v) + (Vxv)xB € L*(Q)} s.t.

V(Bu)+ (Vxu)xB+pu=s in Q
u = u, on OS2 .

Physical parameters 3 € Lip(Q2) and pp € L% ()

T}

c

£| Data se L*(Q) and u,, € L*(|B-n|;0Q)

D | OQutflow/inflow boundary 90 := {z € 0Q| £ B(zx)-n(x) > 0}
Objectives

1) Low-order approximation using scalar degrees of freedom at mesh edges
2) Approximation on 3D general meshes (polyhedral /non-conforming)
3) Extend the discrete stability under new assumptions
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Why polyhedral meshes?

=> Complex industrial geometries => Non-conforming interfaces
e Multi-element mesh e Mesh agglomeration

e Reduced mesh cardinalities e Locally refined mesh

,,,,,,,,,,,,,,,,,,
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Numerous formulations

Lpgu(v) =V(B-v)+ (Vxv)xB+ pv

=> Four advection operators up to the O-th order operator 1

[ K Lgu(v) ]

e R3-proxies of the Lie derivative of a 1-form and a 2-form

[ 0 V(B-v) + (Vxv)xp ]
{ (V-8)Id — (VB + V3") B(V-v) + Vx(vxp) J

e Non-conservative and conservative Oseen-like operators

[ Vg (B-V)v ]
{ (V-8)Id — va* V- (v&B) J
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Well-posedness

VB+VB" B
R3*3-valued Friedrichs tensor [aﬁ’u = ’8—'_2 p +”+2”

- %(V-ﬂ)Id]

Minimal eigenvalue N:=min{{og ,Y,y) | y € R3st. |yl =1}

The problem is well-posed in Vg.5(Q) if (H) or (H') holds:
(#) (Heumann & Hiptmair '15) 771 :=ess infg R > 0.

(') (Cantin '16) ess infq X < 0 and 3¢ € Lip(Q) s.t.

(>0 and 77! :=essinfq ((N — %,B-VC) > 0

o Let a(v,w) = / (V(B-v) + (Vxv)xB) w+ / B w
Q Q
Uniqueness For all v € Vp,2(Q2) s.t. vjpq- =0,

H _
a(v,v) > / V-0g,, U B, a(v,v) > 1 1||v||%2(9)
Q

a(v, w)

a(v,(v) > / v- (Caﬁ,“ - %(ﬂ-VC)Id) v ﬂ) sup
Q

e [ L/ P2
weL2(Q) ||’w||L2(Q) =@ @
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Polyhedral meshes

= Let M a polyhedral mesh of Q C R3 composed of

//0/ Cells ceC
Faces feF

Edges eckE E

N
J

Vertices v eV
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Non-conforming edge reconstruction

—> Edge-based scheme with one dof per mesh edge

Piece-wise constant reconstruction [ 1 — Py ({Ce c}eeE ; 3) ]

For all w € &, (Codecasa & al. '09)

=> Polyhedral edge reconstruction Lge_(w E wWele o with shape functions
eck,
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Properties

e Edge diamonds ¢ = [J cc. Cec

e Patch-cell ¢ = [ J ¢, ce

Quasi-local consistency. For all v € Py(¢;R?), Lg_ o Rg (v) = v|c where

Ve € E, /F\;gc’l]|et ‘c‘/ve
®

— Stability of Re, in L*(&)

Local consistency. For all v € Py(c;R?), Lg, o Re_(v) = v where

Ve € E., Rg (v |e: |e| /ve
=> Stability of Rg, in W*%(c) is sp > 2

Stability. For all ¢ € C, L¥(c)-stability of Lg_ for all p € [1, 00]
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Bilinear forms

=> Bilinear form A‘gﬂgu on £X&

[%,Mw,v):ijgﬂ,u;c(u,vw 3 ng,mxw,v)+sﬂ,mx<u,v>}

ceC xe{F°,C}

e Galerkin formulation

e () = [ (V(Le,(01B)+(VxLe, ()X B) Le () + [ e (w)Le, (v

e Consistency with x =f or c:
o) == Y [EnlLe@]-{Lev)
fETE,x f
e Stabilization with x =1 or c:

Sp(uv) = 3 / Bon [Le(w)] [Le (V)]

feFmx )

=> Jumps across inter-cell sub-faces are also penalized
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Scheme and stability

Find u € € s.t., for all v e €&, A, (u,v) = A5 . (u,v) + BCs
(AR) %,M(UaV) = $(s, up;v) S(s, up;v) = / s-Le(v) + BCs

Q

Stability norm  lw||z , ;=771 ||;T2| \we|” + Stab. + BCs

eckE

(H) 771 i=essinfa X >0 (X the minimal eigenvalue of og )

Coercivity under (H)

Buvv) 2 IVIE L forallve s
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Inf-sup stability

(Hy) —Cy < ess infg X < 0 and there exists ¢ € Lip(£2) such that ¢ > 0 and

771 =ess infq <—%B'VC) > —ess info (CR)

~1
Reference length hg ~ (\C|W1,OO(Q) T|VB" + ,UHLoo(Q))

® hp =+4o0if u=-VB" (Non-conservative Oseen operator)

Inf-sup stability under ()
Assume h < ho(1 + Cytess infg R). Then

A% (v,w
sup B,M< )

R Ivlle.ar Vv &
wee  [wle.a
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Error estimates
Lebesgue exponent p € (%, 2]

—> Let u € & the discrete solution and let u : 2 — R3 the exact solution

Quasi-local a priori estimate

Assume that u € WP (Q). Then,
lu—Re(u)llea S (Zwm heP =2 [l )

ceC
) e Retwi =g |
u-e an € u-e
= el “ " el o
Quasi-optimal local estimate

Assume u € W'P(C) and Vxu € LP(Q) with p = 25 € [2,4). Then,

3p 1)
< <ng/2 hgp—3(|’u,‘ 1p(C) +h 2 VX'U/”LP(C))>

3 =

Reduction map for all e € E, Rg U)e

|

lu—Re(u)

ceC
—> See also Amrouche & al. '98

SN

P )
Reference velocity w. = (||V,8 +pt— V'IB”II);OO(C)Tghg + H,3||foo(c)>
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Test case

Physical parameters
1 T — 2y
B =- y— 2z and pu = pld
—2(z+1)
p—=2 0 0
OB,u ™ 0 1% 0
0 0 pu+2

—> Well-posedness under () if 1 = & with (e.g.) {(z) = (z +1)?

sin(7z) cos(my/2) cos(mz/2)
Smooth solutions  u(z,y,2) = | cos(mz/2) sin(my) cos(mz/2)
cos(mz/2) cos(my/2) sin(mz)
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Computational setting
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Computed quantities
Discrete relative L*-error w.r.t. the exact solution = : ) — R3
) 2 1/2
> vev lcel le] ™ Jue — Re ()|

with Re(u)e ::/u-te.
ey leel lel % [Re(w)jo] S A

Erg(u) :=

Mean stencil St = NNz/#E and Max stencil St.max
v
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