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Scalar advection-reaction
Ù Find u ∈ Vβ;2(Ω) := {v ∈ L2(Ω) | β·∇v ∈ L2(Ω)} such that

β·∇u + µu = s in Ω,
u = uD on ∂Ω−.

Physical parameters β ∈ Lip(Ω) and µ ∈ L∞(Ω)
Data s ∈ L2(Ω) and uD ∈ L2(|β·n| ; ∂Ω)
Outflow/inflow boundary ∂Ω± := {x ∈ ∂Ω | ± β(x)·n(x) > 0}

The problem is well-posed in Vβ;2(Ω) if τ−1 := ess infΩ

(
µ− 1

2∇·β
)
> 0

Objectives
1) Low-order approximation using degrees of freedom at mesh vertices
2) Approximation on 3D general meshes (polyhedral/non-conforming)
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Why polyhedral meshes?
Ù Complex industrial geometries
• Multi-element mesh

• Reduced mesh cardinalities

3

Ù Non-conforming interfaces
• Mesh agglomeration

• Locally refined mesh
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Polyhedral meshes and CDO tools

Ù Let M a polyhedral mesh of Ω ⊂ R3 composed of
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Comparison of low-order approaches

τ−
1
2 ||·||L2(Ω) + Stab. + BCs
Stability norm

Stability norm +h 1
2 ||β·∇(·)||L2(Ω)

Stronger graph norm

P1-dG scheme O(h 3
2 ) in stronger norm Polyhedral meshes 4#C

CDO scheme∗ O(h 1
2 ) in stability norm Polyhedral meshes #V

P1-stabilized FE scheme O(h 3
2 ) in stronger norm Simplicial meshes #V

P1-polyhedral FE scheme O(h 3
2 ) in stronger norm Polyhedral meshes #V

In a nutshell, P1-polyhedral FE scheme consists of
• Introduction of condensable dofs attached to mesh cells
• Gradient jump penalty across cell sub-faces
• Quasi-optimal convergence rate in L2-norm of order 3

2
∗Cantin & Ern CMAM 2016, "Vertex-Based Compatible Discrete Operators Schemes on Polyhedral Meshes for Advection-Diffusion Equations".
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P1-polyhedral finite element: guideline
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¶ Additional unknowns attached to mesh cells: Dofs space P = V × C
Similar to VAG schemes for elliptic PDEs (Eymard & al. ’12 & ’14)

· P1-polyhedral finite element based on a simplicial sub-division

¸ Gradient jump penalty across internal sub-faces for each cell
Ù Cell-based dofs remain uncoupled

¹ Static condensation of C at modest marginal cost
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Geometric simplicial sub-division
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¬ Mesh cells c divided into 2#Ec tetrahedra (CEF,c)

Ù Nodal Courant shape functions

{θv, θf , θc} for all v ∈ Vc, f ∈ Fc

 Classical P1-reconstruction: 1 + #Vc + #Fc dofs

® Geometric P1-consistent elimination of face dofs

∀v ∈ P1(c;R), v(xf) =
∑

v∈Vf

|f ∩ c̃(v)|
|f| v(xv)

v =
∑

v∈Vc

v(xv)
(
θv +

∑

f∈Fv

|f ∩ c̃(v)|
|f| θf

)

︸ ︷︷ ︸
`v,c

+v(xc)θc

¯ Local dofs space Pc attached to Vc×{c}
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P1-polyhedral FE {P , LP ,RP}
H 1-conforming reconstruction
Pc (= Vc×Cc)→ P1(CEF,c;R) ∩ C0(c)

w 7→ LPc(w) =
∑

v∈Vc

wv`v,c + wc`c
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Consistency. For all v ∈ P1(c,R), LPc ◦ RPc(v) = v
RPc(·) point-wise evaluation at mesh cells and vertices

Stability. For all v ∈ Pc and p ∈ [1,∞],

|||v|||Pc,p . ||LPc(v)||Lp(c) . |||v|||Pc,p, with |||v|||Pc,p := h
3
p
c

(
|vc|p +

∑

v∈Vc

|vv|p
) 1

p

.

Interpolation. For all p ∈ ( 3
2 ,∞] and for all v ∈W 2,p(c),

||v − LPc ◦ RPc(v)||Lp(c) + hc |v − LPc ◦ RPc(v)|W 1,p(c) . h2
c |v|W 2,p(c)
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Bilinear forms
Ù Bilinear form on Pc×Pc APβ,µ;c(u, v) = gβ,µ;c(u, v) + sβ;c(u, v)
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• Galerkin formulation

gβ,µ;c(u, v) =
∫

c
β·∇LPc(u) LPc(v) +

∫

c
µLPc(u) LPc(v)

• Gradient jump penalty (Burman & Hansbo ’04, Burman ’05)

sβ;c(u, v) = h2
c |βc|−1 ∑

f∈FEF,c

∫

f

(βc·[[∇LPc(u)]])(βc·[[∇LPc(v)]])

Ù We only penalize jumps across inter-cell sub-faces and not across faces
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P1-polyhedral finite element scheme

Find u ∈ P s.t., for all v ∈ P,

APβ,µ(u, v) = S(s, uD; v)

A
P
β,µ(u, v) =

∑

c∈C

APβ,µ;c(u, v) + BCs

S(s, uD; v) =
∫

Ω
s LP(v) + BCs

Stronger graph norm For all w ∈ P

|||w|||2P,]a :=
∑

c∈C
τ−1|||w|||2Pc,2 + hc |βc|−1 ||β·∇LPc(w)||2L2(c) + Stab. + BCs

Quasi-optimal local estimate
Let u ∈ P the discrete solution and let u : Ω→ R the exact solution.
Assume that u ∈W 2,p(C) with p ∈ ( 3

2 , 2]. Then

|||u− RP(u)|||P,]a .
(∑

c∈C
ω

p
2c h3(p−1)

c |u|pW 2,p(c)

) 1
p

Reference velocity ωc :=
(
|βc|

p
2 + h

p
2c |β|

p
2
W 1,∞(c)

) 2
p
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Stability analysis

Inf-sup stability under (H)

Assume τ−1 := ess infΩ

(
µ− 1

2∇·β
)
> 0 . Then, for all v ∈ P

sup
w∈P

APβ,µ(v,w)
|||w|||P,]a

& |||v|||P,]a

• Test function: discrete bubble w ∈ P attached to mesh cells :
wv = 0 for all v ∈ Vc

• Bubble intensity: average advective derivative in mesh sub-cells

wc := hc |βc|−1 1
#CEF,c

∑

c∈CEF,c

βc·∇LPc(v)|c for all c ∈ C

(Burman & Schieweck ’15)
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Test case
Physical parameters

β =




y − 1/2
1/2− x
z + 1


 , µ = 1

Friedrichs tensor σβ,µ = µ− 1
2
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Smooth solution

u(x, y, z) = sin(πx) sin(2πy) sin(πz)
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Computational setting

Regular
mesh

#V ∼ 280k

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

K8 729 1 944 1 728 512
K16 4 913 13 872 13 056 4 096
K32 35 937 104 544 101 376 32 768
K64 274 625 811 200 798 720 262 144

Table 8: Features of Kershaw meshes

(a) K8 Mesh

(b) K16 Mesh

5.3 Linear Pressure and Linear Velocity

This first test case enables us to check the correct implementation of the CDO scheme. The analytic

solution of the problem is p = x + y + z ≠ 3
2 and u =

S
WWWU

x + y + z

≠(x + y + z)

0

T
XXXV.

Two sets of BCs are tested: (UnWt) and (UtPr). It is worth mentioning that these BCs are non-
homogeneous.

Expected Results. From the error analysis performed in [9], we expect that the pressure has a second-
order convergence rate, and that the pressure gradient, the velocity and the vorticity have a first-order
convergence rate. Thus, we should capture exactly the pressure field, its gradient and also the vorticity.
By exactly, we mean up to machine precision (MP). The velocity should be approximated with a first-order
convergence rate.

Numerical Results. The numerical results are in accordance with the theoretical results derived in [9].
For the two sets of BCs, the vorticity, the pressure and its gradient are exactly captured by the numerical
scheme. The error on the velocity field decreases at least with a first-order convergence rate. Except
for the tetrahedral and checkerboard sequences, we observe a superconvergence. In the specific case of
(UtPr) BCs and uniform meshes, the velocity is exactly captured. Table 9 summarizes these numerical
results. The most accurate results are obtained with the Cartesian sequence and the less accurate with
the Kershaw sequence (see Figure 14).

H TU T PrT PrG CB K

ErHfl(u)
(UnWt) 1.9 2.6 1.1 1.9 1.6 1.0 1.9

(UtPr) MP MP 1.0 2.0 1.6 1.0 1.9

Table 9: Convergence rate for the finest mesh of each mesh sequence.
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Kershaw
mesh

#V ∼ 280k

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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Checkerboard
mesh

#V ∼ 260k

Hexahedral structured meshes

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

H4 125 300 240 64
H8 729 1 944 1 728 512
H16 4 913 13 872 13 056 4 096
H32 35 937 104 544 101 376 32 768

Table 2: Features of Cartesian meshes

(a) H4 Mesh

(b) H8 Mesh

M #V #E #F #C

TU1 27 98 120 48
TU2 125 604 864 384
TU3 729 4 184 6 528 3 072
TU4 4 913 31 024 50 688 24 576
TU5 35 937 238 688 399 360 196 608

Table 3: Features of uniform tetrahedral meshes

(a) TU3 Mesh

(b) TU4 Mesh

M #V #E #F #C

T0 80 364 500 215
T1 488 2 792 4 308 2 003
T2 857 5 206 8 248 3 898
T3 1 601 10 037 16 148 7 711
T4 2 997 19 421 31 691 15 266
T5 5 692 37 998 62 787 30 480
T6 10 994 74 929 124 988 61 052

Table 4: Features of tetrahedral meshes

(c) T2 Mesh

(d) T3 Mesh
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Tetrahedral
mesh

#V ∼ 210k

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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Triangle
prismatic

mesh
#V ∼ 70k

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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Polygonal
prismatic

mesh
#V ∼ 140k

Polyhedral unstructured meshes

Discrete relative L2-error

ErV(u) :=
(∑

v∈V |c̃(v)| |uv − u(xv)|2
∑

v∈V |c̃(v)| |u(xv)|2

)1/2
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P1-polyhedral finite element scheme

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

K8 729 1 944 1 728 512
K16 4 913 13 872 13 056 4 096
K32 35 937 104 544 101 376 32 768
K64 274 625 811 200 798 720 262 144

Table 8: Features of Kershaw meshes

(a) K8 Mesh

(b) K16 Mesh

5.3 Linear Pressure and Linear Velocity

This first test case enables us to check the correct implementation of the CDO scheme. The analytic

solution of the problem is p = x + y + z ≠ 3
2 and u =

S
WWWU

x + y + z

≠(x + y + z)

0

T
XXXV.

Two sets of BCs are tested: (UnWt) and (UtPr). It is worth mentioning that these BCs are non-
homogeneous.

Expected Results. From the error analysis performed in [9], we expect that the pressure has a second-
order convergence rate, and that the pressure gradient, the velocity and the vorticity have a first-order
convergence rate. Thus, we should capture exactly the pressure field, its gradient and also the vorticity.
By exactly, we mean up to machine precision (MP). The velocity should be approximated with a first-order
convergence rate.

Numerical Results. The numerical results are in accordance with the theoretical results derived in [9].
For the two sets of BCs, the vorticity, the pressure and its gradient are exactly captured by the numerical
scheme. The error on the velocity field decreases at least with a first-order convergence rate. Except
for the tetrahedral and checkerboard sequences, we observe a superconvergence. In the specific case of
(UtPr) BCs and uniform meshes, the velocity is exactly captured. Table 9 summarizes these numerical
results. The most accurate results are obtained with the Cartesian sequence and the less accurate with
the Kershaw sequence (see Figure 14).

H TU T PrT PrG CB K

ErHfl(u)
(UnWt) 1.9 2.6 1.1 1.9 1.6 1.0 1.9

(UtPr) MP MP 1.0 2.0 1.6 1.0 1.9

Table 9: Convergence rate for the finest mesh of each mesh sequence.
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Poly. FEM

EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

H4 125 300 240 64
H8 729 1 944 1 728 512
H16 4 913 13 872 13 056 4 096
H32 35 937 104 544 101 376 32 768

Table 2: Features of Cartesian meshes

(a) H4 Mesh

(b) H8 Mesh

M #V #E #F #C

TU1 27 98 120 48
TU2 125 604 864 384
TU3 729 4 184 6 528 3 072
TU4 4 913 31 024 50 688 24 576
TU5 35 937 238 688 399 360 196 608

Table 3: Features of uniform tetrahedral meshes

(a) TU3 Mesh

(b) TU4 Mesh

M #V #E #F #C

T0 80 364 500 215
T1 488 2 792 4 308 2 003
T2 857 5 206 8 248 3 898
T3 1 601 10 037 16 148 7 711
T4 2 997 19 421 31 691 15 266
T5 5 692 37 998 62 787 30 480
T6 10 994 74 929 124 988 61 052

Table 4: Features of tetrahedral meshes

(c) T2 Mesh

(d) T3 Mesh
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EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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EDF R&D Compatible Discrete Operator Schemes for Stokes Problem: Principles and First Results H-I83-2013-03326-EN

Version 1.0

M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
PrT30 29 791 114 390 138 600 54 000
PrT40 68 921 267 320 326 400 128 000

Table 5: Features of prism meshes

(a) PrT10 Mesh

(b) PrT20 Mesh

M #V #E #F #C

PrG10 3 080 7 200 5 331 1 210
PrG20 20 160 48 600 37 261 8 820
PrG30 63 240 154 200 119 791 28 830
PrG40 144 320 354 000 276 921 67 240

Table 6: Features of prism meshes with polygonal basis

(a) PrG10 Mesh

(b) PrG20 Mesh

M #V #E #F #C

CB2 97 216 156 36
CB4 625 1 536 1 200 288
CB8 4 417 11 520 9 408 2 304
CB16 33 025 89 088 74 496 18 432
CB32 254 977 700 416 592 896 147 456

Table 7: Features of checkerboard meshes

(a) CB4 Mesh

(b) CB8 Mesh
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M #V #E #F #C

PrT10 1 331 4 730 5 400 2 000
PrT20 9 261 34 860 41 600 16 000
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Table 5: Features of prism meshes
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M #V #E #F #C

K8 729 1 944 1 728 512
K16 4 913 13 872 13 056 4 096
K32 35 937 104 544 101 376 32 768
K64 274 625 811 200 798 720 262 144

Table 8: Features of Kershaw meshes

(a) K8 Mesh

(b) K16 Mesh

5.3 Linear Pressure and Linear Velocity

This first test case enables us to check the correct implementation of the CDO scheme. The analytic

solution of the problem is p = x + y + z ≠ 3
2 and u =

S
WWWU

x + y + z

≠(x + y + z)

0

T
XXXV.

Two sets of BCs are tested: (UnWt) and (UtPr). It is worth mentioning that these BCs are non-
homogeneous.

Expected Results. From the error analysis performed in [9], we expect that the pressure has a second-
order convergence rate, and that the pressure gradient, the velocity and the vorticity have a first-order
convergence rate. Thus, we should capture exactly the pressure field, its gradient and also the vorticity.
By exactly, we mean up to machine precision (MP). The velocity should be approximated with a first-order
convergence rate.

Numerical Results. The numerical results are in accordance with the theoretical results derived in [9].
For the two sets of BCs, the vorticity, the pressure and its gradient are exactly captured by the numerical
scheme. The error on the velocity field decreases at least with a first-order convergence rate. Except
for the tetrahedral and checkerboard sequences, we observe a superconvergence. In the specific case of
(UtPr) BCs and uniform meshes, the velocity is exactly captured. Table 9 summarizes these numerical
results. The most accurate results are obtained with the Cartesian sequence and the less accurate with
the Kershaw sequence (see Figure 14).

H TU T PrT PrG CB K

ErHfl(u)
(UnWt) 1.9 2.6 1.1 1.9 1.6 1.0 1.9

(UtPr) MP MP 1.0 2.0 1.6 1.0 1.9

Table 9: Convergence rate for the finest mesh of each mesh sequence.
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M #V #E #F #C

H4 125 300 240 64
H8 729 1 944 1 728 512
H16 4 913 13 872 13 056 4 096
H32 35 937 104 544 101 376 32 768

Table 2: Features of Cartesian meshes

(a) H4 Mesh

(b) H8 Mesh

M #V #E #F #C

TU1 27 98 120 48
TU2 125 604 864 384
TU3 729 4 184 6 528 3 072
TU4 4 913 31 024 50 688 24 576
TU5 35 937 238 688 399 360 196 608

Table 3: Features of uniform tetrahedral meshes

(a) TU3 Mesh

(b) TU4 Mesh

M #V #E #F #C

T0 80 364 500 215
T1 488 2 792 4 308 2 003
T2 857 5 206 8 248 3 898
T3 1 601 10 037 16 148 7 711
T4 2 997 19 421 31 691 15 266
T5 5 692 37 998 62 787 30 480
T6 10 994 74 929 124 988 61 052

Table 4: Features of tetrahedral meshes

(c) T2 Mesh

(d) T3 Mesh
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Computational efficiency
Computational cost Co = nnz × nite

nnz Total number of non-zeros in the final matrix
nite Number of iterations for a residual ε = 10−12 using a biCG/LU solver
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"A vertex-based scheme on polyhedral meshes for advection-reaction equations with
sub-mesh stabilization", Computers and Mathematics with Applications, 2016.
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