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ABSTRACT. We study a variational problem for the Landau-Lifshitz energy
with Dzyaloshinskii—-Moriya interactions arising in 2D micromagnetics, focus-
ing on the Bogomol’'nyi regime. We first determine the minimal energy for
arbitrary topological degree, thereby revealing two types of phase transitions
consistent with physical observations. In addition, we prove the uniqueness
of the energy minimizer in degrees 0 and —1, and nonexistence of minimizers
for all other degrees. Finally, we show that the homogeneous state remains
stable even beyond the threshold at which the skyrmion loses stability, and we
uncover a new stability transition driven by the Zeeman energy.

1. INTRODUCTION
In this paper, we study the Landau—Lifshitz energy functional
(1.1) E.[n] = Dn] + rH[n] + V[n],

defined for sphere-valued maps n : R? — S2 C R?, where r > 0 is a given constant.
Here the three terms of the energy are defined by

1
Din] := f/ |Vn|?dz,
R2

2
2} n
H{n] :/(n—eg)-(Vxn)dx, Vxni=1[0| x [n2],
R? 0 ns

1 1
Vin] :== f/ In — e3|*de = f/ (1 — n3)?du,
8 R2 2 R2

where {e; };’:1 C R3 denotes the canonical basis. We consider
M:={n:R*—S*|D[n]+ V[n] < oo},
the natural energy space equipped with the metric
dp(n,m) = [[n—m|[pare) + [|[V(n — m)||r2ge).

All three terms in E, are finite on M and depend continuously on the metric
d ., including the helicity term H (see Section [2.1)). We note that our model also
encompasses the more general two-parameter family

Din] + kH[n] + uVn], k#0, p>0.
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Indeed, after the transformation n(z) — n(sign(x),/px), the energy reduces to the
normalized form above with parameter r = ||/ /1.

The model arises in micromagnetics and describes the variational structure
of thin chiral ferromagnetic films. The vector field n represents the normalized
magnetization and satisfies |n| = 1. The Dirichlet energy D encodes the Heisenberg
exchange interaction, while the helicity term H accounts for the Dzyaloshinskii—
Moriya (DM) interaction generated by spin-orbit coupling in noncentrosymmetric
crystals. The potential term V' arises as the critical combination V' = Z — A of the
Zeeman energy Z (due to an external magnetic field) and the magnetocrystalline
anisotropy A:

Zn] := /RZ(l —ng)dz, Aln] = %/W(l —n2)dz.

The DM interaction breaks spatial inversion symmetry and allows for the for-
mation of localized, topologically nontrivial spin textures known as chiral magnetic
skyrmions. These are two-dimensional vortex-like solitons stabilized by the com-
petition between exchange, DM, and anisotropy effects. Skyrmions were first pre-
dicted theoretically in the seminal works [4H7], and have since been experimentally
observed in a variety of chiral magnets [22,/28,361/37]. See also the review [29]. Their
stability, nanoscale size, and controllability make them central objects of interest
in both theoretical and applied micromagnetics |13}|14}31].

Since Melcher’s pioneering work [24], there are a variety of mathematical studies
of chiral magnetic skyrmions for the model , possibly with different potentials,
see e.g. [113},9,/11L12L{15L{17L{19H21L[23[26,27] and the references therein. Our choice
of the specific critical potential V', which follows [1}/11,|18], is motivated by the
important factorization property based on the Bogomol'nyi trick (see, e.g., |11}
Proof of Lemma 2]):

2
(1.2) E,.[n] — 47r*Qn] = % /]R2 |Din +n x Dyn|?dz + (1 — r?*)D[n].
Here @ denotes the topological degree
1
Q[n] := E/z n-oin x dyndx € Z,
R

and D} := 0; — %ej x - is the helical derivative for j7 = 1,2. As @ is well defined
and continuous on M (see Section [2.1]), we can divide the set M into a countable
family of connected components as follows:

M :={n e M| Qn] =k}, ke Z.

The case of degree Q = —1 is particularly well studied (even with more general
potentials) as this class is expected to contain isolated skyrmions. Let

x —2x9 2¢;  Jz)* -1
1.3 h'(z) = h (7) . h(zy, o) = , : .
(13) (=) o (w1, 2) <|x|2—|—1 2P+ 1 |22+ 1
Note that h" is a harmonic map and h" € M_;. In fact, the map h" is a critical

point of E, for all » > 0. Déring and Melcher [11] proved that if 0 < r < 1, then
h” is a global minimizer of F, in M_;,

inf E.[n]=E.[h"] =4 (1 — 2r?).
B[] = B[] = dn(1 - 2%)
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In particular, this implies that h” is a local minimizer in M; this supports that the
map h" corresponds to an isolated skyrmion. On the other hand, the first and last
author |18] showed that if > 1, then h” is not a local minimizer (unstable), and
moreover infyq_, B, = —oo. This result rigorously verifies the phase transition,
and how the stability of skyrmions is lost when the external force is weak.

In contrast, the case of general topological degree has been much less studied
from a mathematical point of view; apart from Melcher’s work [24, Section 3], the
authors are only aware of Muratov—Simon-Slastikov’s recent work [27] in a differ-
ent setting (see Remark . A broader consideration of arbitrary degree config-
urations, however, is meaningful for describing more complex pattern formations
observed in the physics literature.

In this paper we first determine the exact minimal energy for every topological
degree k € Z, extending previous work for k = —1 [11,[18].

Theorem 1.1. Letk € Z andr > 0. If 0 <r <1, then
Ar|k|(1 — 2r2 k

ot {02 <),
drk (k> 0).

If r > 1, then infuepm, Er[n] = —oo holds for each k.

inf g, By l inf g, By l

| |
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k= -2 | k=2 !
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F1GURE 1. Plots of the minimal energy for degrees —3 < k < 3.

Remark 1.2 (Two phase-transition thresholds). Theorem reveals two distinct
phase-transition thresholds at r =1/ V2 and r = 1, cf. Figure
e If0 < r < 1/v2, then
inf inf F,. > inf E, = inf E,. = 0,
E#0 My, Mo M
where the minimal energy is attained by the homogeneous state n = es.
This regime thus corresponds to the homogeneous phase. In addition, the
single skyrmion h" is also a local minimizer, so it may also be regarded
as the isolated skyrmion phase, where individual skyrmions may coexist
while remaining energetically independent.
e If 1/v/2 < 7 < 1, then the energy is bounded from below for each fixed
topological degree k, but decreases to —oco as k decreases,

co»>inf B, >inf B, > inf E.>--- —inf B, = —o0.
My Mo M_q M



4 SLIM IBRAHIM, TATSUYA MIURA, CARLOS ROMAN, AND IKKEI SHIMIZU

We expect that this case corresponds to the skyrmion lattice phase, where
skyrmions form a periodic array, creating a two-dimensional lattice struc-
ture of skyrmions. This is consistent with the fact that a single skyrmion
remains stable, while increasing their number reduces the total energy.

e Finally, if r > 1, then even for a fixed degree k € Z, the energy becomes
unbounded from below. In this regime, one can construct test configura-
tions whose energy diverges to —oo by stretching in one direction. Thus
we expect that this case corresponds to the helical phase, characterized by
one-dimensional helical spin configurations.

These phase transitions are well known from physical studies of chiral magnets (|16,
35], see also |[4H6]). Our result provides a rigorous verification of these transitions
at a qualitative level, though it does not capture yet the detailed lattice or helical
structure. The transition at r = 1/ V2 was also formally suggested in [32], on the
basis of the observation that E,.[h"] becomes lower than E,.[es] at this value.

Next we address the existence and uniqueness of minimizers in a fixed-degree
class M. Although our framework allows for an explicit variational factorization
and leads to exact energy formulae, it has certain subtleties concerning the existence
of higher-degree minimizers. By Theorem[I.1] clearly there is no minimizer if r > 1,
so we only analyze 0 < r < 1. Recall that there are minimizers for degree £ = 0 and
k = —1, namely, the homogeneous state e3 and the single skyrmion h", respectively.
Here we establish the rigidity theorem that they are the only possible minimizers
(up to invariances), except at the endpoint case r = 1.

Theorem 1.3. Let 0 < r < 1. Then the unique minimizer of E, in Mg is ez,
and the unique minimizer of E, in M_q is h" up to translation; that is, n(z) =
h"(z — xg) for some xg € R%. Moreover, for any k € Z\ {0,—1}, the energy E,
admits no minimizer in M.

This result suggests that, in order to investigate higher-degree configurations
for this model, one needs to keep track of the precise quantitative behavior of
minimizing sequences. See also [104/33] for quantitative rigidity results for harmonic
maps of general degree.

The endpoint case r = 1 is indeed a borderline case, allowing a nontrivial family
of minimizers, see Appendix [A] for details.

Remark 1.4. Recently, Muratov—Simon-Slastikov |27] established an abstract ex-
istence theorem for higher-degree minimizers for a closely related micromagnetic
model. In their setting (translated into our conventions), the energy is defined on a
bounded Lipschitz domain € ¢ R? with Dirichlet boundary condition n = es, and
the potential V' is replaced by the purely anisotropic term pA with g > 0. The DM
interaction appears in a different form, but it is mathematically equivalent to ours
up to a rotation and the addition of a divergence term. Within this framework,
they proved the existence of minimizers for every degree Q < —1 under explicit
quantitative assumptions, requiring that r is small and the domain €2 is large.

Finally, we investigate the stability of critical points. The stability threshold of
the skyrmion n = h” with @ = —1 has been previously established in [18]. To the
authors’ knowledge, the only other known critical point of E,. is the homogeneous
state n = e3 with @ = 0, whose stability is analyzed in our work. Remarkably, we
find that the homogeneous state is strictly L2-stable for all » > 0, even beyond the
skyrmion stability threshold at r = 1.
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Theorem 1.5. Let r > 0. There exists 6 = 6(r) > 0 such that, for alln € M
satisfying 0 < ||n — es||L2r2) < 9, we have

E.[n] > E,[es].

Our proof strategy is entirely different from that for the skyrmion, which relies
on a second-variation analysis |18]. Here we directly estimate the total energy to
deduce the strict local minimality.

While the L2-stability in Theorem [1.5| might be physically acceptable, it is also
mathematically natural to ask for stability with respect to the canonical metric
da. However, this problem is subtle and remains open.

To clarify the subtlety of the stability issue for the homogeneous state, we further
add a perturbation by the Zeeman energy

(1.4) E.p,=D4+rH+V +hZ (h € R).

That is, the potential V = Z — A is perturbed to Vj, = (1+h)Z — A. We show that
our critical coupling h = 0 is indeed a borderline case.
A trivial difference is that, if h # 0, then the energy space becomes

(1.5) M :={n:R? - S?| D[n] + Z[n] < 00} C M,

on which both H[n] and V[n] are still well defined (see Section [2.1)), equipped with
the metric

dypy(n,m) == ||n —m|[z2gey + [V(n — m)||2r2).

Notice that day is stronger than daq due to Ladyzhenskaya’s inequality

(1.6) 1F |22y < ClF e IV F 1| oty

which is a special case of the 2D Gagliardo—Nirenberg interpolation inequality.

More importantly, we discover that the stability changes at h = 0 for the homo-
geneous state (as corollaries of slightly stronger stability and instability results; see
Theorem and Theorem for details).

Theorem 1.6. Let v >0 and h #0. If h > 0, then ez is a strict local minimizer
of Erp in M'. If h <0, then es is not a local minimizer of E,j, in M'.

This paper is organized as follows: In Section [2] we recall some fundamental
facts for our energy functionals and function spaces. We then prove Theorem [1.1]in
Section [3] and Theorem [I.3]in Section [@ Finally, in Section [§] we prove Theorems
and The paper is complemented by Appendix [A] where we discuss details
of counterexamples to Theorem [I.3]in the endpoint case r = 1.
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2. PRELIMINARIES

2.1. Properties of the functionals. We first recall a few important properties
of the functionals that we use.
First, recall that H is well defined on M in view of the inequality

(2.1) |(n —e3) -V xn| < Cln—e3)?|Vn| € L'(R?),

which follows from |(n —e3) -V x n| < ¢(1 —n3)|Vn|, obtained by Déring—Melcher
in [11, Equation (8)], together with the simple identity for sphere-valued maps

(2.2) 2(1 — n3) = |n — e3>

Then an integration by parts, whose validity is also ensured by Doéring—Melcher
[11, Section 1.2], yields

H[Il] = / (nlag’ng - nzalng)d.’ﬂ +/ (713 - 1)(81712 - 82n1)da;
R2 R2

(23) =2 42 (n; - 1)(81%2 - 82n1)dx.

The last expression together with further implies the continuity of H, and
thus of E,, on M. By M’ C M and Ladyzhenskaya’s inequality (L.6]), each term
of E.p in is also well defined and continuous on M.

Next we discuss the topological degree @ (cf. [8]). It is easy to see that @ is well
defined on M C L N H'. Moreover @ is continuous on M, since any convergent
sequence in M has a subsequence that converges a.e. in R2, while if a sequence of

maps {n;}5; C H'(R?%; S?) satisfies
n; — n ae. in R?, Vn; — Vn in L*(R?) asj — oo

for some n € Hl(R2; S?), then Q[n;] — Q[n] as j — co. Indeed, triangle inequali-
ties yield

|Qn ] — Q[n]|

< / n; - 0in; x Ox(n; — n)dx
R2

+

/ n; - 0i1(n; — n) x dondx
R2

+

/ (nj —n)-0in x dyndx
R2

The first two terms are bounded by
Jj—o0
[0l 2 102(n; — )|l o + [|92m][ 2 |01 (0 — )| 2 —— 0.

The last term also converges to zero by the dominated convergence theorem (since
In; —n| < 2). Finally, this continuity of @ also implies that Q[n] € Z for n € M,
as it is known that the set of maps n : R? — S? with n — e3 € C°(R%;R?) is
dense in M (see the next paragraph) and all such maps satisfy Q[n] € Z (see, e.g.,
[30, Section 1.4]). Thus @ is well defined and continuous on M, and hence also on
M.

Finally, for the reader’s convenience, we briefly review how to derive the known
density property

(2.4) RSS2 n—e; € OX(RERH] ™ = M.
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We first use, for example, Doring—Melcher’s radial cut-off argument [11, Appendix
1] to show that the set of (possibly discontinuous) maps

M. :={n € M | n — ez has compact (measure-theory) support}
is dense in M. Then we can further show that M. N C(R?;S?) is also dense in
M. Indeed, using the averaging map n.(z) := fBe(z) n(y)dy for n € M., which is
continuous but may not be sphere-valued, we can define

n.
n, =

EM.NC(R*%;S?) forall0<e< 1

- n.|
such that n. — n in M as ¢ — 0. Note that we may view n. = n * p. for
De i= m XB.(0)- A key, nontrivial observation (going back to Schoen—Uhlenbeck
[34, Proposition 4]; see also |8, Lemma A.1}) is that

(2.5) 1=z =0

holds as € — 0 (although n. may not uniformly converge), which guarantees that
the division by |fi.| causes no issue in the regularity nor convergence. Convergence
(2.5) follows since Poincaré’s inequality

/ In(y) — ne(2)|dy < Ce / Vn(y)ldy
B.(x) B.(z)

and the Cauchy—Schwarz inequality yield

11— |f.(2)]| < ][Ba(w) n(y) — fie(z)|dy < C’(/Ba(z)

Now the density in follows easily since any map n € M, N C(R?;S?) can be
approximated by smooth maps n, := |2:ZZI € M. N C>®(R?;S?) with the standard
mollifier p. so that dy(n.,n) — 0 and ||n. — n|lo — 0.

We also remark that this density property can be understood more broadly

through the framework of VMO regularity, cf. [25, Theorem 2.1].

[Vn(y)2dy).

2.2. Equivariance. We say that a map n : R? — S? C R? is equivariant if
n(Rez) = Ren(z) holds for some m € Z and any 6 € R and 2 € R?, where
Ry (resp. Rp) denotes the rotation in R? (resp. horizontal rotation in R3).
In terms of the polar coordinates (p,1)) of R?, an equivariant map n is of the
form
cos ®(¢) sin B(p)
n(p,¥) = | sin ®(¢) sin O(p)
cos O(p)
for some @ () = mip+1g with m € Z and 1pg € R, and O : [0, 00) — R. Specifically
in this paper, two cases of ® appear: The case ® = 1)+ 7, which represents skyrmion
configuration of the Bloch type, and the case ® = 7 — ¢, which stands for anti-
skyrmion (see Figure .
Notice that, under the equivariant symmetry,
neM = 0O(0)enZ and O(c0) € 27Z.
Indeed, direct computation yields
sin? O(p)
2

Vaf = (@) +

; (1—n3)* = (1 - cosO(p))*,
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FIGURE 2. Schematic illustration of the skyrmion (left) and anti-
skyrmion (right) profiles.

which are integrable only if ©(0) € 7Z and ©(co0) € 27Z. For such a map, the
degree is computed as

27
477 / / sin ©(p)0' (p)®' () dpdy)
- 4W[cos@( ) — cos ©(c0)] - [&(21) — (0)],

(2.6)

where ®(27) = lims_, 1o P(27 — 9).
The skyrmion h" defined in (|1.3)) is an equivariant map, represented as

cos(¢ + §)sin 6" (p) drp
h" = | sin(y + §)sin6"(p) |, sinf”(p) = ———,
o p? +4r?
cos 0" (p)
with the boundary conditions §7(0) = 7 and 6" (cc) = 0. We write 6 := 0! for
simplicity. Note that h” € M with Q[h"] = —1, and that 0" satisfies

r sin 6" (p)
(") (p) = — :
P
For later use, we also introduce the anti-skyrmion

h'(z) := B(Qr) h(z1,z2) :=< —201 , 222 ,|$|2_1>.

Z|24+ 1" |22+ 1" |z|2+1

In polar coordinates,
y cos(m — ) sin 6" (p)
(2.7) h" = [ sin(r — ¢)sinb"(p) | .
cos 0" (p)
Note that h” € M and Q[h"] = 1.

3. MINIMAL ENERGY

In this section we prove Theorem dividing the statement into three proposi-
tions (Propositions and [3.4). We first address the bounded-energy regime
0 < r < 1 with negative degree (Proposition [3.1)), then nonnegative degree (Propo-
sition , and finally the unbounded-energy regime r > 1 (Proposiion .
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3.1. Negative degree case. Our first goal is to prove the following

Proposition 3.1. Let k < —1 be an integer. If 0 < r <1, we have

inf E,[n] = —4rk(1 — 2r%) = |k|E,[h"].
Jnf 0] = —dmk(1 — 20%) = [k|E,[h']

To prove Proposition and also for later use, we prepare Lemma [3.2] on ap-
proximations of (anti-)skyrmions by maps which are equal to e3 outside a large
ball. We remark that, in fact, the general density property will suffice to com-
pute the minimal energy in the bounded-energy regime (Propositions and .
However, in the unbounded-energy regime (Proposition we require additional
control on the approximating sequence. For this reason, we begin by constructing
explicit approximations of the skyrmion and anti-skyrmion, and use them through-
out this section.

Lemma 3.2. There ezists a family of C*-functions 0% : [0, 00) — [0,00) for R > 0
such that 65(0) = m and supp 0% C [0, R), and also such that for

cos(p + ) sin 0% (p) 3 cos(m — ) sin 0% (p)
h := | sin(y) 4 §)sin0%(p) | , hjy = | sin(m —¢)sinb%(p) |,
cos 0% (p) cos 0% (p)

the following properties hold:

(i) h € M_y and b}, € My for all R>0;
(ii) hl; - h” and h}; - h" in M as R — oo;
(iii) &1h%(+,0) — 8:h"(+,0) in L*(R) and h';(-,0) —es — h"(-,0) —e3 in L*(R)
as R — oo.

Proof. Let (g : [0,00) — [0,00) be a C*°-function such that

Cr(p)=1lfor0<p<

=[5

R C
nl) =0 for p> 2 wp [l < .
p€[0,00)

with C' > 0 independent of R. We show that the function 0% := (r0" satisfies
the desired properties. Clearly, we have 6 € C2°([0,00)) with 0%(0) = 7 and
supp 0%, C [0, R), which also implies hﬁ,flTR € M. In view of we also have
Q[h}]) = —1 and Q[h}] = 1, thus confirming property (i).

For property (ii), we only argue the convergence of h’,, since the case of fl”R
follows by a similar argument. Then, it suffices to show

(3.1) V(b —h")[2 =0 and [[by —h"[,. =0

as R — oo. Since supp(h}, —h") C R? \ Bz (0) and supp(h}; — e3) C Bz(0), we
have

[V(h —h")| 2 e < ||Vhr||L2(R2\B%(O)) + ||Vh?%||L2(B%(O)\B%(O)) :
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Since Vh" € L%(R?), the first term clearly converges to 0. For the second term, it
follows that

R/2 sin? 67,
||Vh71’%|‘i2(BE(O)\BE(0)) = 27T/ <[(9;2)’]2 + 5 R> pdp
2 4 R/4 p

R/2
= 27T/
R/4

sin

[CRO™ + Cr(07)'] +

Similarly, we have
b —h"[| sy < (0" = esllLs@a 5, 0)) + DR —€sllLss , 05, ©) -
4 2 4

The first term converges to 0 as R — oo by h” —e3 € L*. For the second term, we
have
R/2

r 4 s
I = esllzs (s, 00\B L ©) = C/ (1= cos 0)* pdp
2 1 R/4

R/2
<C (CrO")*pdp
R/4

Hence follows. In particular, h; € M for R > 0, and h}; — h" in M as
R — oo.

To prove property (iii), we may restrict the domain onto {z; > 0} by symmetry.
Then, we can write

0 0
h"(z1,0) = | sin6"(z1) |, h;(z1,0) = | sinf%(x1)
cos 0" (z1) cos 0% (1)

Hence similar estimates as above yield
Cr
R3’

which converges to zero as R — oo. O

r r r r 4
19107 (-,0) = Db (-, 0) 2 (4, 50y + 107 (- 0) = BR( 01y, 50) <

Proof of Proposition[3.1. We first show that —4mk(1 — 2r?) is a lower bound of the
energy. We recall the following topological lower bound:

(3.2) Din] > 4x|Qn]|,

which follows from the well-known identity

(3.3) Dln] = %/ 00 T 1 x Fpn|?da + 47Q[n].
R2
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Since 0 < r <1 and k < 0, the factorization (1.2)) and (3.2) yield
En] > (1 —7?)D[n] + 47r’Q[n]
> 47(1 —1r?)|Q[n]| + 47r*Q[n] = —dmk(1 — 2r?).
Next we show the optimality of the above lower bound. Let R > 0, and denote
by h7, : R? — S?, the compactified harmonic map as in Lemma Define ng :

R? — S? to be a map created by gluing the constant map ez with k compactified
harmonic maps in disjoint regions, as in Figure |3} more specifically,

np(z) = {hR(CU —aj) ifx € Bgr(aj), j=1,2,..., |kl

(3.4) .
es3 otherwise,

where a; := (10jR,0) € R2. Since h}, — e is compactly supported in Bg(0), the
gluing is smooth and independent for each ball, so that ngp — ez € C°(R? : R3),
which implies ng € M, and

k
Qng] = L] h%, - 91hl, x dohhde = (—k) - Q[h%] = k.
4T JBr(0)

Since hf, = h" in M as R — oo by Lemma [3.2]} we obtain

E[ng] = |k|E[h}] 2222 |k|E[h7] = —4rk(1 — 2r?),
completing the proof. O
|k| vortices

O C

FIGURE 3. The construction of ng in 1.)

3.2. Nonnegative degree case. Next we prove the following

Proposition 3.3. Let k > 0 be an integer. When 0 < r <1, we have

inf E,.[n] = 4rk.
neMy

Proof. The lower bound follows from and (| .7 since
E,.[n] > 47r*Q[n] + 47r(1 —r?)|Qn]| = 4rk.

Thus it suffices to show the optimality of this bound. The case k = 0 is straight-
forward since E,[e3] = 0.

To see the case k = 1, we test the anti-skyrmion h*(z) := fl(%) with A > 0,
where h is defined in . By computation, we have

D[ = Db = 4x, Hb*] =0, V[b'] = V[h'] = 87A2.
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Note also that (2.6) implies Q[h*] = Q[h] = 1. Therefore,

inf E,.[n] < inf E.[b}] = 4x,
neM; A>0

which concludes the optimality when k& = 1.

In the case k > 2, for A, R > 0, let fl)}‘z be the map as in with h’, replaced
by 1?1}\% defined in Lemma Then, the same argument in the proof of Proposition
implies 0 € M and Q[n}] = k. Moreover, Lemma yields

. < i .. ~\
ik, P = G Tt B e

R—o0

. . 1D
= i@% liminf KE,.[h3]
= inf kE., [BA] = 4rk.
A>0
Hence the proof is complete. ([
3.3. Unboundedness of the energy. Finally, we address the remaining case

r > 1. The idea is based on the proof of [18, Theorem 2] for k¥ = —1, combined
with our approximation lemma (Lemma .

Proposition 3.4. When r > 1, for any k € Z, we have

inf FE,[n] = —oc.
neMy

Proof. We first consider the case when k < —1. For L > 0, we define

hlL/r(xl,O) in {—L <uzy,z9 <L},
h}:/r(xl,.ﬁg — L) in Br((0,L))N{xy > L},

(3.5) ny(z) = h)/"(z1,29+ L) in BL((0,—L)) N {zy < —L},
hy(z - bj) in Bi(by), 1<j<|k+1],
€3 otherwise,

where b; := (10(L+5),0) € R? (see also Figure[d). Then nj, —ej3 is continuous and
compactly supported on R?, and smooth with bounded derivatives on R? \ {zy =
+L}. Hence ny —e3 € C.NWhH> C L* N H!, and thus ny, € M.

Next, we compute the degree of ny,. Letting ¢(n) be the energy density of @ for
n € M, namely ¢(n) = ;-n-9d;n x don, we have

Q(ng) = / (0" (21,25 — L))dz
Br((0,L))N{z2>L}

N / q(b}/" (21,22 + L))dx
Br((0,—L))N{w2<—L}

k+1]
+ / q(hi(x —b;))dz
> o) (hy (2 = bj))

j=1

= / q(hlL/T)d:z: + (k- 1)/ q(h%)dx =—1+(k+1)=k.
Br(0) B1(0)

Hence np € M.
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Finally we show that the energy of ny, diverges to —oo as L — oco. Letting e,.(n)
be the energy density of F, for n € M, we have

L L
E.[ng] = /L/Ler(hlL/r(xl,O))dxlde
_|_

/ er(hlL/T(xl,xg — L))dx
Br((0,L))N{z2>L}
+/ er(hlL/T(xl,acg + L))dx
BL((0,-L))N{z2<~L}
|k+1]
+Y [ bl by
j; B1(by)

L
:L/ er(hlL/T(xl,O))dxl—F/ er(h)/")dz + Op o0 (1).
—L B(0)

Here, Lemma [3.2) implies that

/ e,«(h}:/r)dac = Or—00(1).
B (0)

Now we claim that

(3.6)
L 2
1/r L—o0 1/r — 2(1 -r )
/_L er(hL (.’E].,O))dl'l —>/]RL€T(h/ (xl,o))dl‘l —Awd$1 < 0.
First, noting that supp hlL/T(~, 0) C [-L, L], we have
L
/ er(h)/" (21,0))dz;
-L
1 1/r 2 1/r O 1/r
= [ 510y @ 0 + (b} (@00 =€) [ 0 ) b/ (a1.0)
0

11y
+ §|hi/ ((El,O) —e3|4dx1.
By Lemma we have

1 r Loy
[ 310um " ) + S 1,0) — el
R

0 1 T 1 T
2y [ SO 1, 0F + I (01,0) - eafden,
R
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On the other hand, integration by parts yields

01
/R(hlL/r(ﬂflaO)—eB)' 0 | x h)/"(z1,0)
0

N /R(hi/’“»(xl, 0) (=81 (hy/")a(x1,0)) + ((hy/")3(x1,0) — 1) (A} ")z (21, 0)dz:
— 2/ 81 (hy/ "o (21, 0)((hy")s(21,0) — 1)das
R

_ —/81(h1L/r)2(x170)\h1L/T(x1,O)—e3\2dx1,
R

where we used (2.2) in the last identity. The same formula holds for h'/" as well.
Therefore, Lemma (iil), together with the Holder inequality, implies

[ ot (o1, OB (20,0 — eafdas

R

H—OO> / alh;/r(l‘l,()”hl/r(.’lﬁl,()) — 63‘2(1331,
R

which concludes (3.6). Consequently, there exists C' > 0 such that for large enough
L, we have

L
/ er(hlL/T(th))da:l < -C.

Therefore,
L—oo

ET[IIL] < -CL+ OL*)OO(1> — —OQ.

When k > 0, we replace h! in the definition of ny by h!. Then ny € M, and
limy, 00 E[ng] = —oo follows in the same manner. O

hi/r(wl,l‘z - L)

|k + 1| vortices

hlL/r(wh O)

x9 = —L

hlL/T(xl,azz + L)

FIGURE 4. The construction of ny, in (3.5).

Proof of Theorem[1.1] It follows by Propositions and O
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4. RIGIDITY OF MINIMIZERS

In this section we prove the rigidity of minimizers in Theorem We begin
with a basic characterization in the non-endpoint case.

Lemma 4.1. Let0<r <1,k €Z, andn € My. Then n is a minimizer of E,. in
My if and only if n satisfies

[Din+n x Din| =0 and Din] = 47|Q[n]|.
Proof. Using (|1.2)) and (3.2)) we have

7"2

E.[n] = 3/ |Din +n x Din|?dx + 47r°k 4+ (1 — 72)D|n]
R2
> 4rr?k + (1 — r?)D[n]
> drr?k + 47 (1 — r?)|Q[n]|,

where the last term agrees with the minimal energy computed in Theorem [1.1
Hence n is a minimizer if and only if the two inequalities in the middle become
equality, yielding the desired identities. [l

The equation |[Din + n x Din| = 0 is often called the Bogomol’nyi equation.

4.1. Nonnegative degree case. We first address the case of nonnegative degrees.
In this case we give a fairly simple argument based solely on the following energy
identity.

Lemma 4.2. Let n € M satisfy |Din+n x Dyn| =0. Then
1
Din] — 47Q[n] = T—ZV[n].
Proof. By definition of the helical derivative, we have

1
on+nxdhn=-(eg xn+nx (eyxn)).
T

Computation using |n| = 1 yields

|0im +n x 92n|? = |[Vn|? — 2n-9in x don,

while
—nNing
e xnt+nx(eyxn)=|1-n3—n3|,
7’L2(1 —ng)

which implies
le; x n+n x (e x n)|? =nin3 + (1 —ng —n3)* +n3(1 — n3)?
1
=(1—n3)? +n3 (|n\2 -1) = Z|n —e3|t.

Comparing and integrating these norms completes the proof. ([l

Proof of Theorem [I_3 for nonnegative degrees. Suppose that 0 < r < 1 and n is a
minimizer of E, in My, for k > 0. Then Lemma together with Lemma [4.2] and
Q[n] =k > 0 yields

1

T—QV[H} = D[n] — 47Q[n] = 0,

which implies n = e3, and hence k£ = 0. (]
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4.2. Negative degree case. Now we turn to the negative degree case. Here we use
much more sophisticated tools, namely the regularity theory for harmonic maps,
and also a complex analytic approach inspired by Barton-Singer—Ross—Schroers’
classification theory for the Bogomol'nyi equation [1].

Proof of Theorem[1.3 for negative degrees. Suppose that 0 < r < 1 and n is a
minimizer of F,. in My with k& < 0. Then, the second identity in Lemma
together with and Q[n] = k < 0, as well as with the known regularity theory
for harmonic maps (see, e.g., [8, Lemma A.2]), implies that the map n is an anti-
holomorphic harmonic map from R? ~ C, where z = x1 + ix2, to the Riemann
sphere S? ~ C U {oo} (regarding the northpole as co).

Set X4 = {z € R? | n(z) = +e3}. Then U := R?\ |J_ X4 is a non-empty
connected open subset of R?; indeed, X4 consists only of at most isolated points
since n is nonconstant in view of Q[n] # 0.

Following [1], we define v: U — C by

1+ ng
vi= ————

n1 + 1o
a stereographic projection from the northpole. Then the Bogomol'nyi equation
|DIn +n x Din| = 0 is transformed into dzv = —i/2r, from which we can write

i
4.1 vV=——2 z
(4.1) 5.2 T f(2)

for some holomorphic function f on U. On the other hand, since n is anti-
holomorphic, it follows that f is a constant map. Noting that
2v lv]2 — 1

4.2 ing — — S
( ) n1+71n2 |v‘2+17 ns |’U|2+1

we can write, for some g € R?,
n(z) =h"(z —z9) onU.

Since n is anti-holomorphic, this identity extends to the whole R?, and thus in
particular Xy = () and X_ = {z0}. If kK = —1, this implies the uniqueness of the
minimizer of infr_, E,, while a contradiction follows when k£ < —2. (|

Remark 4.3. The above approach also works for nonnegative degrees, but our proof
based on Lemma [£.2]in the previous section is completely self-contained and much
simpler.

5. STABILITY OF THE HOMOGENEOUS STATE

In this section, we analyze the stability of the homogeneous state n = eg for the

energy functional E, j in (1.4). By (2.2) we have
1
(5.1) Z[n] = / (1 —ng)de = f/ In — e3|?dz.
R2 2 Jgr2

Recall that, when h # 0, the natural space for E, j, is M’ in , which is a proper
subset of M.

We proceed to the stability analysis: first the critical A = 0, then supercritical
h > 0, and finally subcritical case h < 0.
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5.1. The critical case. In order to address the stability in the critical case h = 0,
we adopt a direct variational approach. We estimate the total energy of config-
urations that are close to es with respect to the L?-norm, and show that any
L?-perturbation leads to a strict increase in energy.

Proof of Theorem[1.5 Let us write n = e3 + ¢. A straightforward computation
yields

_1 2 . 1 4
(5.2) E.[n] — E.[e3] = 2/11@? Vo dm+r/R2qb V X ¢pdr + S/Rz |o|*dx.

Note that

(53) L= =G+ R+ 4e) = 5= [of
Then
IRAE ¢dm‘ o ‘/R 63(012 — Do)
< 2r ¢l 2 10102 — Dodhrl
o508 190l
(5.4 AN

z
< Crl@ll= Vel -

Inserting this estimate into (5.2)), we obtain

1 1
Bulnl - Blea] = (5~ Crlols) [ (VoPaos g [ lafias

Now, if we take § = 55-, the assumption ||n — es| 2 = ||¢]| > < § yields

1 2 1 4
Er[n] - Erles] = 7 [[V(n —es)lz2 + ¢ |n —es] s,
which implies the desired strict local minimality of n = eg. ([l

5.2. The supercritical case. We now address the stability in the supercritical
case h > 0. We follow a similar strategy as in the critical case. We estimate the
total energy of configurations that are close to es with respect to the L*-norm
(instead of the L2-norm), thus showing that any admissible perturbation leads to
a strict increase in energy.

Theorem 5.1. Let r > 0 and h > 0. Then there exists 6 = 6(r,h) > 0 such that
Er,h[n] > Er,h[eS]
holds for alln € M" such that 0 < |[n — es||pa(g2) < 9.
Proof. Let us write n = e3 + ¢. Recalling (5.1]), a straightforward computation
yields
1
(5.5) Epnn] — E,ples] = 5/ IV|*dz
R2

1 h
+7r | ¢ -Vx ¢da:+f/ |¢|4dx+—/ |p|%dz.
R2 8 ]RQ 2 R2
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Arguing exactly as in the proof of Theorem [1.5] we find that (5.4) holds. By Sobolev
embedding, we have ||¢|; 1+ < C| @]l and hence

@V xede) < (gl V8] e < Crlila 9

Inserting the above estimate into (5.5)), we obtain

r

1 1
Ernlnl = Boae] 2 (min{1,0) = Cr 61,0 ) 101+ § [ o'
R2

min{1,h}

Now, if we take § = =5, the assumption |[n — e3||, . = [|@[| 4 < § yields
min{l, h 1
N o P L N TR Y
which implies the desired strict local minimality of n = eg. (Il

A direct consequence of Theorem [5.1] and (I.6)) is the following

Corollary 5.2. Let r > 0 and h > 0. Then e3 is a strict local minimizer of I, p,
imn M.

5.3. The subcritical case. We finally address the instability in the subcritical
case h < 0. Here we construct a one-parameter family of smooth, compactly
supported perturbations of e3 whose energy is strictly lower.

Theorem 5.3. Letr > 0 and h < 0. Then there exists ¢ € C°(R? : R3) such that

|: es +tp
" |Jes + 1l
for all sufficiently small t € R with t # 0.

Proof. We first claim that there exists ¢ € C°(R? : R3) such that

} < E,ples] =0

(5.6) o(z)-e3=0 (VrcR?) and / |Vo|* + h|p|*dx < 0.
RZ

To see this, let ¢p € C2°(R? : R?) be a nonzero vector field with ¢ - e3 = 0. For
A > 0, define

or@) = o (5) (Vo R,

Then ¢y - e3 = 0 for every A > 0, and by a change of variables we obtain
/ VAl + hlgaf*de = / [Vl + hA2|p 2z 22 —co.
R2 2

Thus, by choosing ¢ = ¢, with A sufficiently large (and fixed), we obtain a vector
field that satisfies (5.6]).
Now fix such a vector field ¢ and, for small ¢ € R, define
ez + to
les +tep|
We note that n; € M’; since |n;| = 1 and n; — e3 is smooth with compact support.
The first condition in (5.6)) implies that, for sufficiently small ¢, we have
1 p—
les + to|

n;

t2 2 3
- ZIgP +00°),
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which in turn yields
tQ
n, =e3+tp— §|¢|293 +O0(#).

A straightforward computation then shows that, for sufficiently small ¢,
2

Boald = [ (0 +Hof) do + ().

Therefore, in view of the second condition in ([5.6]), we conclude that
Er,h[nt] < Er,h[eii} = 07
for all sufficiently small ¢ with ¢t # 0. The proof is thus complete. O

The following result is a direct consequence of Theorem and the fact that
dET}h[eg] =0.

Corollary 5.4. Let r > 0 and h < 0. Then e3 is an unstable critical point of E, p,
m M.

Proof of Theorem[I1.g. It follows by Corollaries [5.2] and O

APPENDIX A. COUNTEREXAMPLES IN THE ENDPOINT CASE

Here we rigorously verify that substantially new minimizers emerge in the end-
point case r = 1, in stark contrast to the case 0 < r < 1 treated in Section [d] In
particular, they give counterexamples to the uniqueness for degrees () = 0, —1 and
also the nonexistence for @ > 1 in Theorem [I.3] We stress that the non-uniqueness
in this context means that two maps in M do not agree even up to the natural
invariances; translations and rotations in the domain, and horizontal rotations in
the codomain. Most of the arguments are strongly inspired by the complex analytic
approach developed in [1].

We first observe that the same computation as in Lemma[4.1] yields the following
characterization, the proof of which can be safely omitted.

Lemma A.1. Let k € Z and n € My,. Then n is a minimizer of By in My if and
only if
(A1) |Din+n x Din| = 0.

ni+ing

then a family of a.e. solutions to the Bogomol'nyi equation is given by (
with meromorphic f, as discovered in [1]. Recall that if v is smooth up to isolated
singularities, then so is the resulting map n, see . Therefore, inserting any
nontrivial meromorphic function f into yields a new minimizer, whenever n
has the integrability D[n] + V[n] < co. Note that the integrands of D and V are
re-expressed as

In addition, if we let v = 2% with variable z = z1 + iz2 as in Section
1)

2|Vol? 1 ) 2
S I N
TrppE 20 7™ = Gree

In what follows, we consider a special class of meromorphic f, namely f(z) = az
with k € Z and a € C, as well as the associated map as in (4.2)), i.e.,

2Re(v) —2Im(v) |v]? —1 i_ &
A. o= - _
(A.3) n <112+1’ ETl pET) v 52 T az

1
(A.2) 5IVnl® =

k
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Note that the power k of f will be strongly related to the topological degree of
n®, but generally they do not agree exactly. One may generate other examples
by considering general meromorphic functions, which is omitted in the present
argument. Readers interested in this direction can refer to [1].

A.1. The case k = 1. As observed in [1], the integrability issue is more delicate
when the meromorphic function f has linear growth at infinity. Therefore, we first
address the delicate case k = 1, i.e., f(2) = az with a = a1 + iay € C. Then v in

(A.3) can be written as

_ a - va a __ Xil _ aj _% — az 1
cxpenn e ()= (L, Ee) ()
and the associated map n® can be expressed by the distorted skyrmion (cf. [1])
2X¢ —-2X$ X2 -1
A4 “= ! - :
A = (e pe T e

Note that the a = 0 case corresponds to the standard skyrmion h!, while for a # 0
the map n® is clearly distinct from h' as the domain coordinates are linearly dis-
torted. In particular, the anti-skyrmion h! can formally be approached by na(l%)
with @ = (a1,0) as a1 — —o0.

These maps n® provide new minimizers for degrees Q = +1.

Proposition A.2. Let a € C and n® be the map defined in (A.4). If |a| < %, then
n® € M_q, and if |a| > %, then n® € M. In particular, all members of the family
{0} 1 (resp. {n®} o5 1) are minimizers of Ey in M_y (resp. My).

Proof. Since |Vv[? = 2(]0.v]? + |0zv|*) = 2|a|? + 3, the integrands in (A.2) are
given by

2/Vol?  4faP+1 2 - 2
L+)?  A+[xa)?2 (1 +[p)? (1+]Xe)
The transformation z — X* is linear with det % =la|® — § # 0 (since |a| # ).

Hence these terms are integrable in x if and only if they are integrable in X,
implying that n® € M.
Moreover, direct computation gives

110.v|* — |0zv]? 1 4la?> -1
] N (Rl Lol M ol Y e L Y )
Qln) / - @repr / In (1 xR ™

Using dz = |det(0X?/0x)|~! = W"’—l\’ we obtain
4lal? —1 1 1 -1 1
Q) = Al 1 _dxe - (jal <)
[4lal®* = 1] Jgo (1 +[X[?) L (la[ > 3).
Since the minimality of n® follows from Lemma[AT] the proof is complete. O

A.2. The case k # 1. Now we turn to the case k # 1. In this case we have the
following general result.

Proposition A.3. Let f = p/q be a meromorphic function with coprime polyno-
mials p and q such that deg(p) # deg(q) + 1. Let n be the associated map with

— i = ; _ 1+
v=—3Z+ f(2) viav =T

o Ifdeg(p) > deg(q) + 1, then n € Mgeg(py and E1[n] = 4w deg(p).
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e Ifdeg(p) < deg(q) + 1, then n € Mgeg(q)—1 and Ey[n] = 4m(deg(q) — 1).

Proof. This follows almost directly from [1, Lemma 4.2] up to considering the cor-
rection term in the helicity H. For the reader’s convenience we sketch the argument.

To show the integrability of , we first note that as f is meromorphic, the is-
sue is reduced to the behavior at infinity; indeed, although v may have finitely many

poles, in terms of the projection from the southpole w := %, the associated
map n is clearly smooth around the poles of v (where w = 0) since
iy 2w 1 — |w|?
ny +ing = ———, ng = ——-.
U TP T T

Let m := deg(p) and d := deg(q). As |z| = oo, we observe that
2

~ |Z‘max{2,2(m—d)}

of = |57+ 1

thanks to m — d # 1, while
1
Vol = 2(10:0/ + [9z0]?) = O(|=" =) +- 2.
Hence the integrands in (A.2)) always have the decay O(|z|~%), yielding the desired
integrability n € M.
The integrability together with Lemma [A]] implies that n is a minimizer of F;
in the class Mg, i.e., E[n] = 47Q[n].
The remaining task is to compute the energy E; of n, which also determines the
topological degree of n through the relation E[n] = 47Q[n]. Now, let Egrs denote
the total energy in [1] with @« = 0 and x = 1. This energy agrees with our total

energy F,. with r = 1 up to the correction term in the helicity H; more precisely,
forn e M,

(A.5) Eprsn] = F4[n] +/ es - (V x n)dz,

R2
whenever the last term is well defined (as an improper integral). In addition, in
[1, Lemma 4.2] the energy Epgrg for the map n under consideration is computed as

Eggrs[n] = 47 max{m, d + 1}.
Therefore it suffices to show that
1
/eg-(Vxn)dx: 0 (m>d+1),
R2 8t (m<d+1).

This follows since we compute
2v
. dr = li d dze) = 1i —d
/]RQ es- (V xn)dz Aim |w|:R(n1 21 + nadzs) Rl_{réoReylgﬂ_R T3 o2 z,

and if m > d + 1 then the integral vanishes as O(R~(m=9) . R) — 0, whereas if
m < d+ 1 then the term —5Z is dominant and hence the integrand is given by
1-1-3%2/4 up to a small error term, yielding the limit ﬁ - 2T R — 8. O
The above proposition yields the following direct corollaries.

Corollary A.4 (Case k > 2). Let a € C with a # 0 and k € Z with k > 2.
Let n® be the map defined in (A.3)). Then all members of the family {n®} >0 are
minimizers of By in M.
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Corollary A.5 (Case k < 0). Let a € C with a # 0 and k € Z with k < 0.
Let n® be the map defined in (A.3). Then all members of the family {n®} 4 >0 are
minimizers of By in M_j_.

Now we gain insight into the geometric structure of the map n® = (n{,ng,n3)
defined in (|A.3)), focusing on the preimages of the southpole and the equator. More
precisely, we consider

Zo={ns=-1}={z€C||v|=0}, Z1={n5=0}={z€C||v|=1}.

(The northpole is not attained for £ > 0 and is attained only at the origin for
k < —1.) In what follows we will often use the formulae

(A.6) U(reie) = —%Te_ie + arkeikg,

, 1
(A7) lo(re'®)|? = Zr2 + |a|*r® — |a|r*** sin ((k 4+ 1)0 + arga).

Since the case k = 0 corresponds to translated skyrmions (as already discussed
in Section {4)), we only discuss k > 2 and k < —1. We first discuss the special case
k = —1 and then address the general case |k| > 2, assuming a # 0 throughout.

A.2.1. The case k = —1. In this special case, the geometry of the sets Zy and Z;
is rather simple. Let a = a1 + iag # 0. By (A.6) we have z € Zj if and only if
2a = i|z|?. Hence
P {Iz|? = 2a2} (a1 =0, ay > 0),
7o (otherwise).

By we have z € Z; if and only if §|z|* — (Ima+ 1)|z[? + |a|> = 0. Solving the
equation yields

{2 =22 + 1+ 20, FT—aD)} (a2 > Jaf ~ ),
Z1 = {]2)? = 2(az + 1)} (QQZ%G%_%%
0 (ag < %a% - %)

Thus the set Zy U Z; consists of at most three concentric circles. In particular, if
the circle Zj is present, then Z; always has two circles surrounding Zj.

A.2.2. The case k > 2. By (|A.6) the set Zy is computed as
Zo = {0} U {e 5T | j = 0,1,...,k},

where 7y := (2|a|)_ﬁei7r/2';7ﬁw € C. The nonzero part of Zy consists of k + 1
points uniformly distributed on the circle {|z| = (2|a\)_ﬁ}. On the other hand,
by the set Z; turns out to be a nontrivial planar curve with (k + 1)-fold
rotational symmetry given by

T_k+1 T_k_l

4fal lal
The set Zy U Z; exhibits qualitatively distinct shapes depending on the parameter
a, see Figure [f] for k = 2 and Figure [f] for k£ = 5.

In particular, the figures suggest that for each k > 2 there is a critical value
as > 0. If |a| = a, then the set Z; is a single immersed closed curve. For |a| > a.
the curve Z; transforms into an embedded closed curve, whereas for |a| < a, it

|a|rk_1 +

(A8) Z; = {rew e Ccx

=sin ((k+1)6 + arga)} ,
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%
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(A) a=1/20 (B) a =14/16 (= ia) (¢) a=1i/10

FIGURE 5. Plots of Z (blue) and Z; (red) for v = —4Z+az? with
different values of a.

of Q 0 ]t \ ’ of

Pl © o {1 © < i

. 19, Q . .
(A) @ =i/1000 (B) a = 8i/3125 (= ia.) (¢) a=1i/50

FIGURE 6. Plots of Zy (blue) and Z; (red) for v = —£Z+az® with
different values of a.

bifurcates into k + 2 embedded closed curves, each of which encloses one point in
Zy. The threshold is explicitly given by
(k _ 1)k—1

(2k)%
which can be computed by considering when ,.|v|? = 9g|v|?> = 0 holds at some point
in Z;. As |a] — 0, the unique central closed curve converges to the circle {|z| = 2}
and all the others escape to infinity, which agrees with the formal observation that
n® converges to the standard skyrmion h'. As |a| — oo, the sets Zy and Z;
concentrate on the origin, and elsewhere n® converges to the homogeneous state
€es.

A.2.3. The case k < —2. By (A.6) the set Zy is similarly computed as
Zo = {ye' ¥ | j=0,1,.... k| — 2},

(A.9) ay =

—arga

with the same radius v = (2|a|)_ﬁeiﬂ/2k7+1 € C as before. Here the origin
corresponds to the northpole, thus not included in Z; as opposed to the case k > 2.
The set Z; is given in the exactly same form (A.8), which possesses (|k| — 1)-fold
rotational symmetry. See Figure [7] for & = —2, Figure [§| for ¥ = —3, Figure [9] for
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k = —4, and Figure [I0] for ¥ = —5. In this case the threshold value a, can be

computed as
_ L (k=
7o\ 2k '

Here, if |a| = a. then Z; consists of either a single immersed closed curve (for k
even) or two intersecting closed curves (for k odd). For |a| < a. the set Z; branches
into two nested curves, while for |a| > a, it bifurcates into |k| — 1 non-nested closed
curves. Notice that the above expression of a., agrees with if k> 2.

S T T T T T | Nu T T T T T | Nu

2 1 2 1 2f

1 4 1 4 1

im(z)
Imz)
Im(z)

3 =) = o 1 2 3 3 -2 = o 1 2 3 3 =) = o 1 2 3
Re(z) Re(z) Re(z)

(A) a = 8i/27 (B) a = 16i/27 (= iax) (C) a=8i/9
FIGURE 7. Plots of Z, (blue) and Z; (red) for v = —4% + az 72
with different values of a.

(A) a = 27i/64 (B) a = 27i/32 (= ia.) (C) a = 81i/64

FIGURE 8. Plots of Zy (blue) and Z; (red) for v = —%z + az™3
with different values of a.
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Im(z)
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| | O

3 ) ) o 1 2 3 3 -2 1 o 1 2 3 ] -2 1 2 3

(A) a = 2048i/3125 (B) a = 4096i/3125 (= ia.) (C) a = 6144i/3125

FIGURE 9. Plots of Zy (blue) and Z; (red) for v = —4%z + az™*
with different values of a.

2 4 2 - 2

Im(z)
Im(z)
Imz)

D
| " 1 0_0

=3 ) ) o 1 2 3 =3 ) ) o 1 2 3 -3 -2 E 0 1 2 3

(A) a = 3125i/2916 (B) a = 3125i/1458 (= ia.) (C) a = 46875i/972

i -5

FIGURE 10. Plots of Zy (blue) and Z; (red) for v = —£Z + az

with different values of a.
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