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· W = normal projective surfoce) with Un Q-Catier and KB30.
Then kw or - kw is big .

· Assume that W has a smoothingWWinducingMilmor=
- and over D = Ste : ItIKE]

·smoothings at cach singulauty
Ithen on the 3-gold W-> I we have ky is Q-Catier]

WenWef



List or (minimal resolutions of) known RHD :
(due to Wohl , Stipsicy-Szolo-Wohl , Emphal-Stipsic)

-21-22-la-fr-er
·...

wohl chains

woll conjecture :Miis the complete bitof families of QHD.



WenWef
(R) -kw big (GT) kw big

H ↓

We is rational W is of genera type

#gool is to clossigg the sungaces W .

· when the singularities of Ware log-Terminal
y -

E they must be wohl singulautes &



· A cyclic quatientsingularity is the germ at 10,0) of
the quatient

2

of K by (x ,7) #S (4X,y) where
m

= 1
, - punutive ,

and 0 <9 < m coprime .
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Resolution (1 ,9) = [b ... be dualof-

· A T-singularity is a quatient singularity thatadmits
-

a -Gorenstein smoolling overD : [KSB) they are Du Vel on

-

↓ (1 , dna-1) where and (n,a) = 1 . [E) log-terminal admilling J
di QGoenstein smooling

· A wohl singularity is 1 (1 ,
na-1) where ged(n ,
a
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(GT) kw big [ => We in of general type in casethere is smoothingfotherwise
,
think of We as rational blow-down .

This is the hordest caseto classing .
Twoexamples :

(1) Ig KW < 2pg(w) - 3
,
then we can clossigy all og

them.

[This is the joint work with V.
Moreal and J . Negrete] .

Torm [MNU 2024] For pg 10 , the only USBA
-

degenerations of Horibsawa surfaces with only
Tsingularities (notall DuVal ! ) are Le-Park

examples , and only forthe nonspin component .

IQHD Horbowa sufaces will be classized soon : [Coredo-U ,
253]

For Pg= 3 ,
with J

.
Every and A .

Simonetti 2024 we clossigy all .

-

NEWS ! AKAIKE-ENOKIZONO-HATTORI-KOTO classigy all logican.

Q-Grenstemsmoothable (June25).



one ofthe newsingular Howkawa surgaces K= 16 (pe= 10) [MNU24] :

The cessification for KW = 2pg(W)- 3 will appear in [MNU 25-26]·
NEWS ! Cilberto-Pordini 2025 studied the case of kw = 2pg3
with minimal resolution of general type [New Horkawa problem !]



(2) surfaces with po= 0 (and so10)

Here we have worke by J .

Park
,
Y

.
Lee (2007)

,
D

.
Shin

,
H

.

Park
,
etc

and more recently joint with Javier Reyes (2021 and 2022) &

There is even a computer program to search forthem ,
but

No clossification get . By K2 :

↓
tenus

ofwoll singularities at least open : Doesthereexist

anyw ?
44508 2104 124628
- ↓ Ithastodowith

smoothable exotic Blow-ups
examples open : Doesthere exist of P at

a smoothable W ? 9 -k points.



(R) - kw big .

--global obstructions· We have no local-to
--

Todeformations og W .

(nottre when kwbig in general (

· So
,
we canthink of WWQ-Covenstein smoothing and

-

We is a deformation of a delPezzosurpace of degree= kW70.

· we can essume that W =W has one singularity and ask :

Question : Isthere a clasification of all possible W for a givent ?
Are there any

constrainte on thewall singularity in
W gor a givenl ?



After the work of Bodesku (1986) , Monetti (1991) , Hocking (2001),
we have Hacking-Prokharov's Therem (2010) :

Theorm : Let PW be a -Gorenstein smoothing ofW .

Then W is a portial Q-Corenstein smoothing og
P(a ,

b2
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zero continued practions are Hinzebruch-Jung cont. poc . Of 0.

( we now need to introduce 1s in the Cie ... )
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Definition : we say that [tic ..., fr] with 5: >2 admits
a zero continued praction of weight x is

[.... Fij dijg ..., Sidiz ..., tie-ding ...] = 0

for
some dis , diz ...,dire0 and

+1=ij

Example : [4 ,
3

,
3
,
2] admits [4-3 ,

3
,
3-2

,
2) = 0

end x = 3+2 - 1 = 4
.

T

observation : [Ss, - --

, Fr] admite a zewcontinedpaction
of weight O F) It is a dual woll chaic .



Theorem : (Hocking-Prokhorov combinatorial version [Uz23]]

The wall chain [e1 , ..., Cr] corresponde to a degeneration
of P

&

π
V

There is :41 , ..., ry such that Tes ,...,Cis] and [eite , ...
Cr]

-

admit zo continued prockons of weight 0 .

Observation : Es ...,21] endor [i ,...,Er]may
be empty.

(i) Igboth are notempty = C: = 10 ·

(i) Ig one is empty => 2=- ·

(ii) Is both ore empty > C:= 4 .

[Uz23] = "The binational geometry of Makov numbers"
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Definition : A Wohl chain [1 ,...,Er] is del Pezzo if

(5) [es
, ...,
[1] or Te2

, ...,Cr] admit zenr continued

paction of weight X8 .

(I) [es , ..., Ci1] end [Cits , ...,
er] admit zer

continued

pactions of weights X2 ,
72 with2+428 .

Degre : 9-1 or 9-11-12.

Marking : [k1 ,..., ki1 , Eiglitzg-- .gr].
- -

x

coresponding zercontinued factions



g DelPezzo wohl chains define DelMessosingular surpaces

!
> Wam
Contraction
ofthe
Wohlchain

↓ P
Fei = = Hinzebruch surface

- ei



Theorem [U-Zúniga 25]
A wall singularityoppears in a Q-Gorenstein degeneration
of delPezzo surfaces of degree I

#
The coresponding wohl chain is del Pezzo of degue l', 1 .

· This is exactly Hacking-Proklov when 1= 9.

· C'21 is needed since for 18 wemay have blow-ups
T

at nonsingular points (Floding curves).
· A given wohl chain may be del Pezzo for many
distinctmarkings and vanious degrees computer C .

Program



Some ideas in [U-Zúniga (5] :

1. Control of the exceptional divisor of XimsW , where
Whos Wohl singularities , -Kn big and K >0 ((Kx) 2.
[This is alongthe lines of Monetti's approach I

2. It uses some binational geometry of degenerations
of surfaces to identigy the most general degene
ration Wm · [Hocking-Terelev-U

,
2017]

3. To find a certain toric "Cononicaldegeneration
of Wam we use slidings of Marbov and Mori

m
-

cype · -1 T

Wm2 Wa-W-> P(x2
,
m
,ma)M M

Toric Toric Fake weighted
wohlsing T-sing projective plane



↓ ↓
-

( ,9968-1) eW e Wam
En del Pezzo

T

of degree 7



Theorem [V-Zimiga25) : There is corespondence

E Wemmared delPezzo & 47 1
P(n2,m ,M2) Fabe Weighted Planes

&suface of degree I e (1) qm2+mith
=
= amima

some d2
(2)m, +me= n (m,a

-uq)=n(miln-a)-uq)

(, (1 ,92) admit(3) (1,91) ende
T

zecontinued prockoms 2= 9-x5X270.

For 1 = 9 this is :

↳ wmakeddelPe where a 3
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of degree 1= 6



Interms of wohl singularities , for= 0 we shows

Theorm : (na-1) e Wem of degre 8 .
We have :

10) # Wembor somek) nodd and nr. Kw even for
all

marking come r.

(1) En Wem forsometWemu Markov ar

· n is even or

· n is odd and Imakingcre
M with Ur . Knm odd .



2 consequences of aur results .

(First) Arethere constantes for woll chaine in agiven
degre ??

Theorem (obs .): In degrees 14 , every woll chain
-

[UE25] is possible ·

Reason : There is a cononical marking in degree 4 .

Theorem wZ25] : In degee 15 , there are infinite
families of wohl chains that are not
realizable.

(This depends on our clasification !
Examples · [2, ..., 2 , A+4

,
2

, ...,
2
,
B+2]

gor By A+35 ·

- -
B A



Input n of a Wahl fraction: 29
Input q of a Wahl fraction: 22
Wahl chain:  [2, 2, 2, 10, 2, 2, 2, 2, 2, 5]
No divisorial contractions on the chain

Type I: 
════════════════════════════════════════════════════════════
Marking                        |  K^2
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10, 2, 2, 2, 2, 2] 5

[2, 2, 1, 4, 2, 2, 2, 2, 1]    |   2
[1, 2, 2, 6, 1, 2, 2, 2, 2]    |   4
[2, 2, 1, 8, 1, 2, 2, 2, 2]    |   6
────────────────────────────────────────────────────────────
Partition:  2 [2, 2, 10, 2, 2, 2, 2, 2, 5]

[1, 2, 7, 1, 2, 2, 2, 2, 2]    |   2
[2, 1, 8, 1, 2, 2, 2, 2, 2]    |   3
[2, 2, 6, 1, 2, 2, 2, 2, 4]    |   4

Type II:
════════════════════════════════════════════════════════════
Markings                       |  K^2
────────────────────────────────────────────────────────────
Partition:  [2] 2 [2, 10, 2, 2, 2, 2, 2, 5]

[0] [1, 7, 1, 2, 2, 2, 2, 2]   |   1
[0] [2, 6, 1, 2, 2, 2, 2, 3]   |   2
────────────────────────────────────────────────────────────
Partition:  [2, 2] 2 [10, 2, 2, 2, 2, 2, 5]

[1, 1] [6, 1, 2, 2, 2, 2, 2]   |   1
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2] 10 [2, 2, 2, 2, 2, 5]

[1, 2, 1] [1, 2, 2, 2, 2, 1]   |   4
[2, 1, 2] [1, 2, 2, 2, 2, 1]   |   5
[1, 2, 1] [2, 2, 2, 2, 1, 5]   |   8
[2, 1, 2] [2, 2, 2, 2, 1, 5]   |   9
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10] 2 [2, 2, 2, 2, 5]

[2, 2, 1, 3] [2, 2, 2, 1, 4]   |   1
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10, 2, 2, 2, 2] 2 [5]

[2, 2, 1, 7, 1, 2, 2, 2] [0]   |   1
────────────────────────────────────────────────────────────

[(22)] = [2,
2

,
2

,
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,
2
,
2
,
2
,
2

,
2
, 5]
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Byproduct on exceptionalvector bundles on del Pezzosupaces .

This was motivated by recent results ofPolishchuk and Rami 2024 .

Theorem [PR24] : X =
delPezo nousingular projective sinface
of degree H .

dor coprime integer
with r > 0.

=> 7 exceptional poir (E ,P) on X with Eexceptional vector bundle
of rank v and degree = <(E) .

- Kx = d.

Theorm [PR24] : Let 135 ,
and d

,
r copime integr witho suchthat

-ed+ 1rd + 1r2X- 1 .

Let Xbe delPezzo degresl .

=> (i) for 55157 ,
7 e . pair (E ,0X) rank(E) = v

, deg(E) = d
.

(i) for 1 = 0 end X= = % · and X=# deven %
-

[sir) gor 1-9 we have the Filonaccistuation ; known]



Also they observed that -Id+ Crd +
Irris always true

because of RimanRock
and todge index theorems E

Therore , for 15 as many slopes A ore impossible .

Hacking's philosophy says : X suce with pg
= q = 0

S exceptional
vector 3 - S XmWz1(1 ,ma-1) 3bundles a X I( ronk =N CKy=ta(n)( tockingv.

b
. &-Gorenstemsmoothing

and works perjectly for delPezzos .

Moreover
,
cutain configurations of rational anves

&
po .. c produce E, Hockin

⑧ IS Us-1 No

Pi= (1,nal
Pr

exceptional coll. on We [Twelev-U,22]



Grollong 8 .9 [U-Ziniga 25] : Let Wem be a marked del Pezzo

and consider W+ Wem with We delPezzo .

Then We admite a H
. e

.
c

.

that is full and strong .

Pe
3 = 11

= kw H . e
. c

.
Es ,
Es-1 , ..., to

Ext(Ej ,
Em)= 0 = Hom(Ej ,Fi)

..
⑧ o Fi1 , jk jsi

hom(Ej ,Ei) = rk(j) . rk(Ei) · (wit ...
+M) . 7 k

P

Theorem D .
11 [U-Zimiga25] : Given coprime integroasn ,

-

there is a full and strong H
.e.c

. Ex , ..., Es ,Op on de

Pezzo sungaces Y of degree 4 , rk(Es) =CE)·K =ta (n).



Theorem 8 .14 [UZiniga 25] : Let I ,n be coprime integers with Lo.
Then I an e

.

c
.

E
, by on delPezzo of degree 4 with

ronk (E) = 1 and G(E) . - Ky = 8 ·

proof .1 : Letdo ,

⑳ IP=Ein
-d k= 4

=> wehove Hec
.

E
, Or with P(E) .

-Ky = a + 12-d)u
·

For [/a)] get E , Or with CE) :

- Ky =
- a +13 - d) n

.

apply (E ,0) + (P ,
EY re (E

, Ptky) re (EPy(ki) ,
04)

and get degree-a + r(d-b) and a + n(d-7)
·



Theorem 8
.
15 [U.Ziniga25] : There are as many slopes&

that are not realizable by an e .
v.
b

.
on del Pezzo

surfaces of degree 5 .

we can also reproduce all (E ,C) in [PR24] where
- exj2 + 12n + 1424 -1

.

we can show in general that :

(F) ((an - 1) < (n+a)
.

(1) Cumme (n2 +m +mz)2



The idea of [PR24] wasto look at solutions of
d + (dn + 1x2 = - e

gar 241 ...., 13 and fixd 15 .

One can find all possible C and all possible
solutions

(n
,d) vie recursions :

Ur = (l-2) Pr-1-Ur-2 Ga = (l-2)Gre- Urrz

with certain mitia conditions .
Then

22 =
- np - 4k- 1

and the woll sugulauty is (1,Mr-2-1)

we clossigythis geometric situctions vietheir
maked wohl chains :



Theend


