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His Moster's thesie

Onbinary quadratic fornswith
positive determinant
(Moth .

Ame
.

15 (1879) and 17 (1880))

introduces MorbovTriple
(a,

b
,c)[

such that

a+ b2 + c = 3abc

Andrey A .

Markov (1856-1922)



Symmetier and mutations (a,
b
,c) (a ,

b
,
sab- c)

degine the Markoo tee :
(1

,
1

,9)
· (1, 1

,2)(1,
2
,5) (1, 513) (13, 34) FiBONAci↓

·- --
-g

(2 ,
5

, 29)· % 15
,
13

,194)((5 ,
29

,433) !
I I 15

,
2897

,43261)/·I
Marbov's conjective : Is (a, b <C) and (a,

b<c) are Markov-(due to Frobenius 1913) Triples ,
then a = a and b= b

.



In 1887
,
he publishes a work

studying algelroic surfaces
d

of degree o in P .

Example :(Wwy+We= 3xyz} <P

Pascuale del Pezzo (1859-1936)



Is nondegenerated and nonsingular S these protiv
surfaces of degree d in po (d3) orthe soine as

nonsingular projective surfaces S with-Vs ample&

[AMPLE : some multiple of -ks is a hypeplone cre on S] V,3.

Ryerence : "Clasical Algeroic Geometry" chapter8
by Igor Dolgachev

we have that 1 = d = 459 .
-

degree of S



Therem : The list of del Pezzosurfaces is

(d =9)P

(d =0)= and Blp(E)= .

(14d(7) Blp ...,pq() where P....,Pad are pointe
in general position .

NoCor Scubic
No 3 on a No 6 on a

t
- conic posses nough 8

with

-line one of them being
the singular point



A relation between Markovand del Pezzo
appears when surfaces get singular ...

Today , a singularity is a complex 2-dimensional

germ (PEW) which
is not isomoplic to an

open
setof

2
at P .

Two waysto getrid of p :

w#
~

h
Resolution smoothing



Resolution : It is a birational mosphism D :

(1)X is nonsingular surface ,

(2) exceptional curves contract to p ,

13) Plxjpis isomosplism .

e
⑨

-11 ·-Z exceptional curves
-I -p

as represented bythe-4
-1 Resolution groph of I·

-5
-3
·

-Z



Cyclic quotient singularities . Gen 0q
<m coprime

([(2
,
T(x

,y) = (7x ,77y) :
where zm= 1

, 3 puntive root .

1
⑮En a - (pew) = ((0 ,0)ck())0 O

·

-X Mummal pt (1 ,9)-Resolution

- 2 -22 -Er
·...

Ei=P-2122 -

-

...
- 1

-

er



contined pactins are ke in all ofthis !

Hinzebruch- Jung me, ...-(1927 - 2012) (1876 - 1953)
... - 1

-

er

Examples :

1 = 3-2 =3=
3

,
4

, 2)=3 =
35

2

3

=3 ,
4

, 23)



Smoothing : It is amarphism W-> D = <te : it15]
such that

(1) Wo = W
,

w I kwE (2) W is nonsingular .

·
- L

2 ky is Q-Cartir thenE 2

P smoothing ofW we call it Q-Gorenstein smoothing.

or degeneration ofWe (++0)

Cyclic quotient singularities :
· They have in

--

smoothings , in partgeneral many dishuch
distinguistad by rank (HWe ,X)) = Milnos number ofthesmoothing .

· Kolla-Shepherd-Barron (1988) :.There is a wayto
control

every smoothing of (1 ,9) and dependson ...

(Christophesen-Steven 1991) m- q



· (peW) = (10,
0

,0)<(x+y2+z =04c(3) = +( , 1) = 4-Y2k
Il

C w

~

WWE = (x+y+z+ 3E=P &
< 43

1

- 2

pe
· Milnor = 1-

X minimal resolution smoothing

· (pew)= (1 ,
1) =/ WWEmilnor# = 0

C w
S

P &
< 43 ↳ smoothings

1 -

4
p ↑ WWE Milno# = 1X minimal resolution



Inthe 1980s
,
he studied singularities

that odint a Milnor = 0 smoothings .

(The mildest degenerations(

Jonathan Whl we call them QHA singularities .

Exemple : Among all queintsingulonitie , the RHD

quot. sing.
ar (1 , na-1) , ad(na) = 1 .

II
· log-terminal

we call them Wohl singulartier .



List or (minimal resolutions of) known RHD :
(due to Wohl , Stipsicy-Szolo-Wohl , Emphal-Stipsic)
-21-22-la-fr-er
·...

wohl chains

woll conjecture :
This is the complete list
of families of QHD.



The wohl chaine ane

[7 ,
2

,
2
,23 ..

[6,
2

,2] [2,
6

,
2

,3] : :
[4] [5 ,2]

[2,
5

,3] [3,
5
,
3
,2] :

[2,
2

,
5

,4] :

Symmetry : Es , ..., er] end Ter , ..., [1] represent the some .

wohlalgoritm : [9 ,2 , .... Er] wohl - Tart
,
22

, ...,
Er

,
2] wohl

.

Example : [2 ,
2

,
2

,
2

,
3

,
3

,
2

,
2

,
7

,
3

, 6] is wohl ; [2 ,
2

,
7

,
6

, 5] is not



So for :

Makov Triples (a ,
b

, c) , a+
b+c = sab

Del Perso surfaces PL Bli ...P) where 14148 .

wohl singularities ↓ (1 ,na-1) E.., en]
es
?

Wohl chain

(minimal resolution)
and degenerations (or smoothing ! )



The mild once

-

Are there degenerations of del Pezzosinfaces
with only wohl singularities ?

Are there constraints on wohl singularties
ester we sir the degree of del Pezzo surfaces ?

Let me do the case of D (degue 9) ...



After the work of Bodesku (1986) , Monetti (1991) , Hocking (2001),
we have Hacking-Prokharov's Therem (2010) :

Theorem [HP10] : Let 1PW be such a degeneration 6

Then W is a partid Q-Corenstein smoothingog
Pla ,
b

, c) so that a+b+ ch = 3abc .

113)
/34)FiBONAT

Pla,c)
,w

↓

(2 ,
5

,
29) %
((5 ,

29
, 433) !(2,

29
, 169) ⑧

I ··↑ :
I ... Wi1) ,bW

::
⑧ C

MUTATION

& D... -p
--

·
--

-

.../la() Plabc



observations ·
-

(1) In general , This type of degenerations are the allowed
owr in the Kollán-Shepherd-Bonon-Alex moduli

&

space ofsurfaces of general type .

(The analogue to Mg for curves(
(2) Hocking-Problowo's "moduliof P" is a final output of

-
the binational geometry (MMP) of C.

t. degenerations 9

taking the role of P in the clossical MMP .

13) However
,
there is a rich MMP on these degenera

Tiome of P : see [U-Zünige , 2023) :

The binational geometry ofMarkovnumbers



(4) one byproduct of [U-Zúniga , 2023) was to sind
equivalences to the MackovConjecture .

Moboconjecture .
Gieneninteren

e
there is

&

A

Z·estapin[5

where -Cr] end= [ ,,...,b)

There are more equivalences in the oticle ...



m = 29



Are there any analogues of HackingProbliavistheorem

for del Pezzo surfaces ?

p Blis ...,PP) where 14148

Yes and for any fied degree ; This is [U-Ziniga, 2025].

To explain this , Ineed to define some combinatorial
artefacts : mockings on wohl chains

.



zero continued fractions ore Hinzebruch-Jung for O

( we now need to introduce 1s in the Cie ... )

[1 , 1)

[1 ,
2

,
1]
,
[2
,
1
,
2]

[1 ,
2

,
2

,
1]
,
[2
,
1
,3g1) , [1 g 3g1 ,2] , [3 ,

1
,
2
,2) , [2 ,

2
,
1
,
3]

·
itc using blow-up -1=+-1 -1

V+ 1



Definition : we say that [tic ..., fr] with 5: >2 admits
a zero continued praction of weight x is

[.... Fij dijg ..., Sidiz ..., tie-ding ...] = 0

for
some dis , diz ...,dire0 and

+1=ij

Example : [4 ,
3

,
3
,
2] admits [4-3 ,

3
,
3-2

,
2) = 0

end x = 3+2 - 1 = 4
.

T

observation : [Ss, - --

, Fr] admite a zewcontinedpaction
of weight O F) It is a dual woll chaic .



Theorem : (Hocking-Prokhorov combinatorial version [Uz23]]

The wall chain [e1 , ..., Cr] corresponde to a degeneration
of P

&

π
V

There is :41 , ..., ry such that Fer ,...,Cis] and [eite , ...
Cr]

-

admit zo continued prockons of weight 0 .

Observation : Es ---,21] endor [it ,...,Er]may
be empty.

(i) Igboth are notempty = C: = 10 ·

(i) Ig one is empty => 2=- ·

(ii) Is both ore empty > C:= 4 .



&

↑=EnSe =>
2- => [2 ,

2
,
2

,
10
,
2

,
2

,
2
,
2
,
2

,
5] =

- eim
29 .22-1

[2
,
1

,2]= 0

↑

12,
2

,
2

,
2

,
1

,
53 =0

4332
= [5 ,

2
,
2
,
2
,
2
,
2
,
10

,32,
2
,
2
,
2
,
2
,
2
,
8

,
2
,
2
,
2]

433 . 104 -1 - ↑
[5

,
1

,
2

,
2

,
2

,27 = 0 ei [5
,
2
,
2, 2,

2
,
2
,
2
, 18,

2
,
2
,2= 0



Enough about Mabov and P , nowdel Pezzo ...

Definition : A Wohl chain [1 ,...,Er] is del Pezzo if

(5) [es
, ...,
[1] or Te2

, ...,Cr] admit zenr continued

paction of weight X8 .

(I) [es , ..., Ci1] end [Cits , ...,
er] admit zer

continued

pactions of weights X2 ,
72 with2+428 .

Degre : 9-1 or 9-11-12.

Marking : [k1 ,
---

- ki1 , Eiglitg--. r].
---

x

coresponding zercontinued factions



g DelPezzo wohl chains define DelMessosingular surpaces

!
> Wam
Contraction II

ofthe &wohl
chain (

a

Marked surgal
↓ 1
Fei = = Hinzebruch surface

- ei



Theorem [U-Zúniga 25]
A wall singularityoppears in a Q-Gorenstein degeneration
of delPezzo surfaces of degree I

#
The coresponding wohl chain is del Pezzo of degue l', 1 .

· This is exactly Hacking-Proklov when 1= 9.

· C'21 is needed since for 18 wemay have blow-ups
T

at nonsingular points (Floding curves).
· A given wohl chain may be del Pezzo for many
distinctmarkings and vanious degrees computer C .

Program



Input n of a Wahl fraction: 29
Input q of a Wahl fraction: 22
Wahl chain:  [2, 2, 2, 10, 2, 2, 2, 2, 2, 5]
No divisorial contractions on the chain

Type I: 
════════════════════════════════════════════════════════════
Marking                        |  K^2
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10, 2, 2, 2, 2, 2] 5

[2, 2, 1, 4, 2, 2, 2, 2, 1]    |   2
[1, 2, 2, 6, 1, 2, 2, 2, 2]    |   4
[2, 2, 1, 8, 1, 2, 2, 2, 2]    |   6
────────────────────────────────────────────────────────────
Partition:  2 [2, 2, 10, 2, 2, 2, 2, 2, 5]

[1, 2, 7, 1, 2, 2, 2, 2, 2]    |   2
[2, 1, 8, 1, 2, 2, 2, 2, 2]    |   3
[2, 2, 6, 1, 2, 2, 2, 2, 4]    |   4

Type II:
════════════════════════════════════════════════════════════
Markings                       |  K^2
────────────────────────────────────────────────────────────
Partition:  [2] 2 [2, 10, 2, 2, 2, 2, 2, 5]

[0] [1, 7, 1, 2, 2, 2, 2, 2]   |   1
[0] [2, 6, 1, 2, 2, 2, 2, 3]   |   2
────────────────────────────────────────────────────────────
Partition:  [2, 2] 2 [10, 2, 2, 2, 2, 2, 5]

[1, 1] [6, 1, 2, 2, 2, 2, 2]   |   1
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2] 10 [2, 2, 2, 2, 2, 5]

[1, 2, 1] [1, 2, 2, 2, 2, 1]   |   4
[2, 1, 2] [1, 2, 2, 2, 2, 1]   |   5
[1, 2, 1] [2, 2, 2, 2, 1, 5]   |   8
[2, 1, 2] [2, 2, 2, 2, 1, 5]   |   9
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10] 2 [2, 2, 2, 2, 5]

[2, 2, 1, 3] [2, 2, 2, 1, 4]   |   1
────────────────────────────────────────────────────────────
Partition:  [2, 2, 2, 10, 2, 2, 2, 2] 2 [5]

[2, 2, 1, 7, 1, 2, 2, 2] [0]   |   1
────────────────────────────────────────────────────────────

*

a
Toke a wohl chain

[2,
2

,
2

,
10

,
2
,
2
,
2
,
2

,
2
, 5]

-
run the computerprogram

-> cubic
· Cononical markings

· PEx

=P



Some ideas around the study :

1. Control of the exceptional divisor of XimsW , where
·

T

- -Kwbig and K >0 ·Whas Wohl singelanbes
-

-

2. It uses some binational geometry of degenerations
of surfaces to identigy the most general degene
ration Wm · [Hacking-Teveler-r,2017]

3. To find a certain toric "Cononicaldegeneration
of Wam we use slidings of Marbov and Mori

m
-

Cype : -1 T
->

IWm WM Wm
-> P(x2

,
m
,ma)

&
in

Toric Toric Fake weighted
(1

,
na-1) wohlsing T-sing projective plane



Theorem [V-Zimiga25) : There is corespondence

E We mared delPezzo & 1
P(n2,m ,M2) Fabe Weighted Planes

&M 47

suface of degree I e (1) qm2+mith
=
= amima

some d2
(2)m, +me= n (m,a

-uq)=n(miln-a)-uq)

(, (1 ,92) admit(3) (1,91) ende
T

zecontinued prockoms 2= 9-x5X270.

For 1 = 9 this is :

↳ wmmakeddelPe where a 3



Interme of wohl singularities , for 1= 0 we find :

⑧
⑧ ⑧

1(1 ,Ma1-1)1(1,02-1)1(1 ,UA-1) 1(1 ,Man-1)--

2n U2 n? Nu

22 +E +4 +h = Su
, 22 + En m
T

M , 21 + 12z +UzaztUyly = Shac + SaghyAwhere 5 = maz-N>1 and S = Uzan-Kylz ·

Observation : For 1= 0
,
we have two del Pezzo

nonsingular surfaces =PK and F -

we can distinguish amongthe Wm ·



2 consequences of aur results .

(First) Arethere constantes for woll chaine in agiven
degre ??

Theorem (obs .): In degrees 14 , every woll chain
-

[UE25] is possible &

Reason : There is a cononical marking in degree 4 .

Theorem wZ25] : In degee 15 , there are infinite
families of wohl chains that are not
realizable O

This really depends on our clasification .

Examples : [2 , ...,
2

, A+4
,

2
, ...,

2
,
B+2]

go By A+35 ·

- -
B A



Open : Is it possible to write down a precise List

of wohl chains for each 1= 5
,
6

,
7

,
8 ?

There are Markov and Mori mutations which allow
to create infinite lists ...

(second) Exceptional vector bundles on del Pezzosunfaces .

-

There is a parle world of exceptional collections on
pg= q = 0 sufaces (e. g . del Pezzos) , and via

-

our work we can prove gomelially some recent

2024 results of Polishchub and Rains ...



From Markov = P to delPezzosurfaces through
degenerations with only wohl singularities .

Formore see the book/guide
~ Negative continued practions in binational geometry :

1)

Aguide to degenerations of singaces with holl singulantes
(Checkmy webpage and/or 35 Coloquio BrasileniodeMatemática)



...X *= 8 ,
2

,
2,,

( . Mori
-- and Markov

..
Y

...+ -
Mulations P(272

,
5

, 22)
T --

*
⑨ Ex #⑧

CONTRACTION
x ⑧

->

-
->L( ( (+5 = #

= Toir weekdelPezzo
- ↑ - [O #m

Morihom x - · surface
S= 6

~
EX x [5] x↳

.. · S L ↑ SUDINGS
O ↑

= Marked del- Wem1] Pero sensac...x · FT(( a ↑8-1 - - DEGENERATION

↑ ↑ ·S % Wi .= delPezzosurfoce:
of degree 1= 6

Theend


