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We now come to the definition of an abstract no.nsingular curve. Let
K be a function field of dimension 1 over k (i.e., a finitely gcn.cratcd exten-
sion field of transcendence degree 1). Let Cx be the set of all dlSCl‘Ct:C valua-
tion rings of K/k. We will sometimes call ?hc c!ements of Cx points, and
write P e Cx, where P stands for the valuation ring Rp. Note that.thc set
Cx is infinite, because it contains all the local rings (?f any nonsingular
curve with function field K; those local rings are all distinct (6.4), gnd there
are infinitely many of them (Ex. 4.8). We make Cx into a topological space
by taking the closed sets to be the finite subsets qnd the whole space. If
U < Cx is an open subset of Cg, we define the ring of regular functions
on U to be O(U) = ()peu Rp- An element f € O(U) defines a function from
U to k by taking f(P) to be the residue of / modulo the maximal ideal of
R,. (Note by (6.6) that for any R € Ck, the residue field of R 1s k.) If two
elements f,g € O(U) define the same function, then f — g € mp for Infi-
nitely many P € Cy, so by (6.5) and its proof, / = g. Thus we can identify
the elements of @(U) with functions from U to k. Note also by (6.5) that
any f € K is a regular function on some open set U. Thus the function

field of Cy, defined as in §3, 1s just K.

Definition. An abstract nonsingular curve is an open subset U < Cg, where
K is a function field of dimension 1 over k, with the induced topology,

and the induced notion of regular functions on its open subsets.
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