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On blowing-ups of the projective plane
Néron–Severi group of a variety

Let X be a normal Q-factorial projective algebraic variety.

I Denote by CDiv(X) the group of Cartier divisors of X. Two
such divisors D1, D2 are numerically equivalent, denoted by
D1 ≡ D2, if D1 · C = D2 · C for any curve C of X.

I Let Num(X) be the subgroup of CDiv(X) consisting of divi-
sors numerically equivalent to zero. The Néron–Severi group
of X is:

N1(X) := CDiv(X)/Num(X).

The tensor product of this abelian group with the real num-
bers is denoted by N1(X)R, while its dual with respect to
the intersection form is N1(X)R.
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On blowing-ups of the projective plane
Cones of divisor classes

Via the perfect duality N1(X)R × N1(X)R → R the following
cones are dual to each other:

Divisors Curves

Eff(X) Mov(X)

Nef(X) NE(X)

where Eff(X) is generated by the classes of effective divisors and
NE(X) is generated by the classes of curves.
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On blowing-ups of the projective plane
Cones of divisor classes

Theorem (Cone theorem). Assume that X is smooth.

1. There are countably many rational curves Ci ⊆ X, with
0 < −Ci ·KX ≤ dimX + 1, such that

NE(X) = NE(X)KX≥0 +
∑
i

R≥0 · [Ci].

2. Given an ample divisor H and an ε > 0 there are only finitely
many Ci such that Ci · (KX + εH) ≤ 0.
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On blowing-ups of the projective plane
Surfaces

Observation. If X is a surface then the following hold.

I N1(X)R = N1(X)R so that Eff(X) = NE(X) and Nef(X) =
Mov(X). In this case the pseudoeffective and nef cones are
dual to each other.

I By the Riemann-Roch theorem the positive light cone

Q := cone([D] : D2 ≥ 0 and D ·H ≥ 0 with H ample}

is contained in Eff(X). If X has Picard number at least
three then Q is circular.
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On blowing-ups of the projective plane
Surfaces

Theorem. Let Xr be the blow-up of the projective plane at r
points in very general position. Then Eff(Xr) is polyhedral (i.e.
finitely generated) if and only if 0 ≤ r ≤ 8.
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On blowing-ups of the projective plane
Surfaces

Idea of proof.

Let H be the pullback of a line and let E1, . . . , Er be the excep-
tional divisors.

I If 0 ≤ r ≤ 8 then −KXr is ample and one concludes by the
Cone theorem.

I If on the other hand r ≥ 9 then D ∼ 3H − E1 − · · · − E9

generates an extremal ray of Eff(Xr), because OD(D) is non-
torsion. Since [D] ∈ ∂Q and Q is circular it follows that
Eff(Xr) cannot be polyhedral.
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On blowing-ups of the projective plane
Surfaces

Conjectures.

1. (SHGH). If D is effective with D ·E ≥ −1 for any (−1)-curve
E then h1(Xr, D) = 0.

2. The only negative curves of Xr are (−1)-curves.

3. (Nagata). The class of H − 1√
r

∑r
i=1Ei is nef.

The following implications hold: (1) ⇒ (2) ⇒ (3). Nagata con-
jecture holds when r is a square and a version of Nagata conjec-
ture for symplectic varieties has been proved by Biran [1].
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On blowing-ups of the projective plane
Surfaces

To prove (2) ⇒ (3) for r ≥ 9 assume C ∼ dH −
∑r

i=1miEi is
effective and irreducible.
I If C2 ≥ 0 then by Cauchy–Schwarz inequality we have

d2 − 1

r

(
r∑
i=1

mi

)2

≥ d2 −
r∑
i=1

m2
i = C2 ≥ 0.

I If C2 < 0, then C is a (−1)-curve so that

√
r d−

r∑
i=1

mi ≥ 3d−
r∑
i=1

mi = C · (−K) = 1.

In both cases H − 1√
r

∑r
i=1Ei is nef.
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On blowing-ups of the projective plane
Surfaces

The first two of the following pictures, taken from [3], show the
structure of the effective cone for r ≤ 9.

The second two pictures show that for r > 10 the inclusion
QK≥0 ( Eff(Xr)K≥0 is strict.
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On blowing-ups of the projective plane
Seshadri constants

Definition. Let x ∈ X, let D be a nef divisor of X and let
π : X ′ := Blx(X) → X be the blow-up with exceptional divisor
E. The Seshadri constant of D at x is:

ε(D;x) := max{ε ≥ 0 : π∗D − εE is nef}.

Observation. It is possible to show that

ε(D;x) = inf
x∈C⊆X

D · C
multxC

.
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On blowing-ups of the projective plane
Seshadri constants

Theorem ([4]). Let r ≥ 9. Then either Xr contains an ample line
bundle with irrational Seshadri constant or the SHGH conjecture
fails on Xr+1.
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On blowing-ups of the projective plane
Seshadri constants

Idea of proof.

Assume any ample divisor of Xr has a rational Seshadri constant
and the SHGH holds for Xr and Xr+1. Let E = E1 + · · ·+ Er.

I By Nagata D ∼ H − αE is ample for 1√
r+1

< α < 1√
r
.

I If the Seshadri constant ε of D at a very general p ∈ Xr is
rational, then there is a curve C of the form dH−mE which
computes it. Let C̃ ∼ π∗C − µEp be its strict transform.

I From ε = D·C
µ <

√
D2 and C̃ · (H− 1√

r+1
E) ≥ 0 one deduces

d ≥ 2m+ µ.

I This inequality, together with the SHGH conjecture, imply
that the expected dimension of the strict transform of C
is non-negative, but the above inequalities imply that it is
negative, a contradiction.
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On blowing-ups of the projective plane
Seshadri constants

Theorem. Let a, b, c be pairwise coprime positive integers, let
P(a, b, c) be the corresponding weighted projective plane, let p =
(1, 1, 1) and let H be a divisor of degree 1. If ε(H; p) = 1√

abc
then

the Nagata conjecture holds for r = abc.
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On blowing-ups of the projective plane
Seshadri constants

Ideal of proof. Let π : X → P(a, b, c) be the the blowing-up at p
with exceptional divisor E. In the following picture the shaded
region is the positive light cone Q with extremal rays generated
by R± = π∗H ± 1√

abc
E.

E

π∗H

R−

R+

If ε(H; p) = 1√
abc

then R− is nef.
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On blowing-ups of the projective plane
Seshadri constants

Let
f : P2 → P(a, b, c), (x, y, z) 7→ (xa, yb, zc)

and let Yr be the blowing-up of P2 at the r = abc points of f−1(p).
Since f∗R− is nef on Yr the same class is nef on Xr because

Eff(Xr) ⊆ Eff(Yr)

by the semicontinuity of the dimension of cohomology groups in
families.
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