NEGATIVE CONTINUED FRACTIONS IN BIRATIONAL GEOMETRY:
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INTRODUCTION

Our aim is to provide a guide in a single text about the theoretical framework regard-
ing specific degenerations of complex surfaces. We will be explicit about computations,
which are intricately governed by Hirzebruch-Jung continued fractions
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The exploration of these degenerations traces back to Jonathan Wahl [W1, W2], who
pioneered the study of singularities arising in the degenerated surfaces discussed in
this text (see also [LW]). Wahl [W1] focused on analyzing 2-dimensional normal singu-
larities that admit smoothings where the dual of the dualizing sheaf lifts. Cyclic quo-
tient singularities (1, na — 1) with ged(n,a) = 1 are examples [W1, (2.7) Theorem],
we call them Wahl singularities. In the subsequent article [W2], Wahl studied smooth-
ings using their Milnor numbers, and showed [W2, Examples (5.9.1)] that the above
smoothings of Wahl singularities had Milnor number 0, hence the Milnor fiber had the
rational homology of a disk. A relevant property is that these smoothings preserve the
self-intersection of the canonical class [LW]; more generally, the cyclic quotient singu-
larities of type -15(1,dna — 1), where ged(n, a) = 1 [LW, Proposition 5.9], are the only
ones which are quotients of smoothings of Gorenstein singularities. These properties
are key in the deformations employed by Kollar and Shepherd-Barron [KSB] to com-
pactify the moduli space of surfaces of general type. These authors called the ADE
singularities and the above cyclic quotients T-singularities [KSB, Definition 3.7], and
proved that they were the only 2-dimensional quotients admitting such "Q-Gorenstein
smoothings". Among them, the most important for deformations are Wahl singular-
ities. These singularities were also considered by Kawamata [K3, Section 10] in the
context of surface degenerations (see also [K2]). Important applications were obtained
in the thesis work of Manetti (see for example [M1, M2]). Concurrently, Fintushel and
Stern [FS], and Park [P2] developed the rational blow-down construction. This con-
struction is the diffeomorphic analogue of degenerations involving Wahl singularities
[SSW], and had a great impact on the construction of exotic 4-manifolds. Hacking’s
thesis work [H1] develops more on this theory of KSB deformations, and applies this to
the moduli of plane curves [H2]. Then we have the paper [LP1] by Lee and Park with
the construction of simply-connected Campedelli surfaces via singular rational sur-
faces with only T-singularities. This opened the door to many applications and further
development of the underlying theory of Q-Gorenstein smoothings. To exemplify, we
have [H5], [H4], [HP], [PPS1], [PPS2], [LN], [PSU1], [U4], [U3], [SU1], [RTU], [PPSU],
[ES], [RU1], [UV], [RU2], [DRU], [RU3], [TU], [EU], [FRU], [UZ1], [UZ2]. Behind the
KSB moduli space, we have Mori theory [KM1]. Continuing the study of semistable
extremal neighborhoods by Mori, Kollar, and Prokhorov [M4], [KM2], [M3], [MP] (see
also Kawamata [K3]) we have [HTU] which gives a way to explicitly run the minimal
model program to degenerations of surfaces with only log terminal singularities. Part
of the consequences mentioned above use this as a main tool. Pending is an explicit
birational theory for nonnormal degenerations with orbifold normal crossing singular-
ities [H3].

Degenerations with only Wahl singularities are related to various open problems,

for example:
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(1) Markov’s uniqueness conjecture (see [A1] as the main reference, [UZ1] with the con-
nections to Algebraic Geometry together with the Exercises §1.2 (7), (8), (9)). Markov
numbers are final outputs of the birational geometry of these degenerations, just as the
projective plane is for the classical birational geometry of algebraic surfaces.

(2) Horikawa’s famous problem (see [E] [MNU]). Horikawa [H9] provided a complete
classification of nonsingular projective surfaces with K% = 2p, — 4. We also know the
topological and diffeomorphism type, except for each of the families with K* = 16¢. In
this case, there are two connected components for the moduli space that parametrize
homeomorphic surfaces, but it is unknown if they are diffeomorphic (see the end of the
introduction in [H9]). One strategy is to construct a common degeneration with only
Wahl singularities as in [M2], which would prove that they are diffeomorphic. There is
only one degeneration in the literature [LP2] for one of the families. The problem was
recently studied in [MNU] from that point of view, showing that it cannot be addressed
through T-degenerations. A similar Horikawa problem is stated in [CP, Section 8] for
surfaces with K? = 2p, — 3 and p, = 4t + 1.

(3) Exotic blow-ups of CP? at few points (see for example [RU3] and Exercise §2.3(6)).
Given a closed smooth 4-manifold N, a closed smooth 4-manifold is exotic if it is
homeomorphic but not diffeomorphic to N. This phenomenon does not appear in
dimensions < 3, it is controlled in dimensions > 5, but is wild in dimension 4. Famous
examples are the spheres of dimension n and the corresponding work of Kervaire-
Milnor. There are exotic blow-ups of CP? at n points for any n > 2. Forn = 1is
an open question. For n = 8,7,6, 5,4 they can be constructed from singular surfaces,
where n = 4 has very few examples [RU3]. It depends on the existence of very special
configurations of rational curves.

(4) Kolldr conjecture (see [K2], [d]] and Remark 3.10). Kollar-Shepherd-Barron [KSB]
classified deformations of quotient singularities by means of P-resolutions. This is a
result that involves birational geometry. It is believed that a similar statement should
work for any rational singularity, although the new P-resolutions may not only have
T-singularities, and may not be normal. See [PS1,]S] for sandwiched singularities.

(5) Optimal bounds for T-singularities for rational surfaces (see [RU1, FRU] and Exercise
§2.3 (7)). By Alexeev’s boundedness [A2], there is a finite list of T-singularities for
all surfaces W with log-canonical singularities, big and nef canonical class, and K73,
smaller than a fixed constant. There are optimal bounds in [RU1, FRU] when the sur-
face is not rational. The rational case is open. See the bound in [RU1] for a rational
surface, which depends on the degree of configurations of rational curves.

(6) Existence of simply-connected p, = 0 surfaces of general type with K* > 5 (see [LP1,
RU3]). In [LP1, PPS1, PPS2] and other papers, the key to have complex smoothings is
not to have local-to-global obstructions to deform. When p, = 0, this implies K 2 <4,
Therefore, we need to deal with obstructions if K? > 5. In [RU3] there are candidates
for K% = 5.

(7) Wahl conjecture (see [W3], [W4]). The claim is that a 2-dimensional normal surface
singularity that admits a smoothing with Milnor number equal to 0 must be in the list
of weighted homogeneous singularities [BS] (see also [SSW]). See the attempt in the
pre-print [PSS], and the recent pre-print [B2].
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(8) Classification of Uroburos (see §1.3 and Exercises (10) and (11)). This is related to the
wormhole conjecture [UV].

(9) Problems on semi-orthogonal decompositions of derived categories of p, = 0 surfaces (see
[TU] and §6). As an example, check the beautiful [LT, Conjecture 1.9].

(10) Coble-Mukai lattice for p, # 0 (see [U2]; Theorem 4.4). Although it works for any
py = 0 surface, the challenge is to describe it and find geometric applications in the
case of p, # 0.

In the exercises: x means challenge, xx means open question.
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1. HIRZEBRUCH-JUNG CONTINUED FRACTIONS

The negative continued fractions in this section appeared in the work of Jung [J] on
resolutions of two-dimensional cyclic quotient singularities. This was rediscovered by
Hirzebruch in [H8]. Negative continued fractions are, as we will see, closely related to
classical Dedekind sums. A nice account of this is [M6], with references as old as the
1895 paper [V1]. A beautiful book on Dedekind sums and geometry is [HZ].

1.1. Basics.

Definition 1.1. Let {ey, ..., e, } be positive integers. We say that it admits a Hirzebruch-
Jung continued fraction (HJ continued fraction)

le1,...,e) =g — ———,
€9 —

1

er

if [e;,...,e,] > Oforall ¢ > 2, and [ey,...,e.] > 0. Its value is the rational number
le1, ..., e, and its length is .

For example, {2,1,1,2} does not admit an HJ continued fraction since [1,1,2] <
0. Neither {1, 1,2}, but {1,2} does. The sequence {2,1,3,2} admits and its value is
2,1,3,2] = % The positive requirement on partial fractions allows us to operate with
blow-downs and blow-ups. These operations are defined and proved to be well defined
in the following lemma.

Lemma 1.2. Given an HJ continued fraction |... u,1,v,...] that is not [1, 1] or [1], we have
the blow-down HJ continued fraction |...,u — 1,v — 1,...], and conversely, given an HJ con-
tinued fraction [. .., u,v,...], the blow-up [... ,u+1,1,v+1,.. | is an HJ continued fraction.
(This includes the cases [1,v,...|and |..., u,1].) Moreover, we have equality on values

[.ou Lo ]=[..,u—1ov—1,..]

when the blow-down 1 is not in the first position.

Proof. Let [ey, ..., e,] be an HJ continued fraction with e; = 1. Say ¢ = 1. Then, by

definition, es > 1 and [ey,...,e,] > 1. Then [es—1, €3, ..., e, is an H] continued fraction.
The cases ¢ > 1 will follow from [...,u,1,v,...] = [...,u — 1,v — 1,...], and this last
property is a consequence of the identity
1 1
u——=u+1- -
v L= v+1
U
A sequence {ey,...,e,} with e; > 2 for all ¢ gives an HJ continued fraction whose
value is a rational number [e;, ..., ¢,] > 1. Forexample [7] = 7, [3,2,4] = &, [2,...,2] =
L where m is the number of 2s. In fact, this gives a one-to-one correspondence be-
tween [eq, ..., e,] with e; > 2 and rational numbers greater than 1. In this way, for any
coprime integers 0 < ¢ < m we can associate a unique HJ continued fraction
m
— =le1,... e

with e; > 2 for all 7.



Definition 1.3. An HJ continued fraction is said to be minimal if it is equal to [1,1], [1],
or [eq,...,e.] withe; > 2 for all .

Lemma 1.4. Any HJ continued fraction can be reduced via blow-downs into a unique minimal
HJ continued fraction.

Proof. Exercise §1.1(2). O

We note that for minimal HJ continued fractions, the possible values correspond to
[1,1] =0, [1] =1, and Q-;.

Remark 1.5. As an algebraic geometer reader might have guessed already, this is di-
rectly related with the Castelnuovo theorem in two-dimensional birational geometry:
[1] = 1 represents a (—1)-curve (or a nonsingular point after contracting), [1,1] = 0
represents a fiber in a P!-fibration, and Q-; represents the so-called two-dimensional
cyclic quotient singularities. All of this will be central in the next sections.

Definition 1.6. Let 0 < ¢ < m be coprime integers and 7' = [z1, ..., z,] with z; > 2 for
all 4. Its dual is
m
= [y1,-- -,y
m—q
with y; > 2 for all i.
Proposition 1.7. Let 0 < q < m be coprime integers. Consider 7+ = [z, ..., x| and its dual
mi_q =[y1,...,ys)]. Then [xq,..., 2, 1,ys,...,11] = 0.
Proof. Exercise §1.1 (3). O
Proposition 1.8. Let 0 < ¢ < m be coprime integers, and consider % = le1,...,e.]|. Then,

m  —q ! _|lea 1| e -1
g "= |71 0 1 0 |’

where 0 < ¢! < m is the integer that satisfies qg—* = 1(mod m).
Proof. Exercise §1.1 (4). OJ

Remark 1.9. Let 0 < ¢ < m be coprime integers. The (classical) Dedekind sum' associ-

ated to (¢, m) is . .
sam) =3 (()(G))

where ((z)) = = — [z] — 1 for any rational number z. (The symbol [z] is the integral
part of x.) There is a well-known relation (see for example [M6]) with H] continued
fractions. If % = le1,..., e, then

r -1

12s(q, m) = Z(ei —3)+ a+4q

- m
=1

This can also be proved using the Noether’s formula 12x(Og) = K% + xip(S) on a
suitable algebraic surface S [U1, Section 3]. Various identities between Dedekind sums

IRichard Dedekind (1831-1916) was the mathematician who introduced Dedekind sums to express
the functional equation of the Dedekind eta function.
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can be deduced via geometry. For example, the reciprocity law of Rademacher is implied
by the rationality of weighted projective planes P(a, b, ¢), or we have the formula [U5]
m — 1

S(Qam) = S(q + 17m> + S(qil + 17m) + Ta

which is also a consequence of rationality of a surface. The values of these Dedekind
sums have been studied by various authors, among them Girstmair [G1, G2]. He
proved a peculiar large-scale behavior that has been used in [U5, U1]. For a partic-
ular use of Dedekind sums and computations on surfaces, see [RU4], [U6], [UY].

Exercises.

(1) Show that HJ continued fractions [ey, ..., e,| with e; > 2 for all 7 are in one-to-one
correspondence with Q.; through their values.

(2) Prove that any HJ continued fraction can be reduced using blow-downs to a unique
minimal HJ continued fraction (Lemma 1.4).

(3) Let 0 < ¢ < m be coprime integers. Consider o= [1,...,2,] and its dual . =
[Y1,...,ys). Prove [z1,...,2,,1,ys,...,1n] = 0 (Proposition 1.7). (Hint: Use blow-
downs.) This defines the dots diagrams of Riemenschneider [R2]: For = [T1,. .., 2]
we draw rows of z; — 1 points, such that we draw the first point of a row below the
last point of the previous row. Then by adding the dots in the columns we obtain

y; — 1for ;= =[y1,...,y,]. For example, the dots diagram for 2 =[3,4,2]is

and so 13 = [2, 3,2, 3]. Therefore, we always have >/ z; — >, y; = r — s. In fact,
if we write
m

p =2, 2,602, 2be, 2 2, be 1,2, 2),

al a2 Ae—1 Qe

where a; > 0 and b; > 3 for all ¢, then

e +2,2, .2, 43,2, 2, a5+ 3, e 3,2, 2, a0 + 2.
b1—3 by—3 be_1-3
(4) Let 0 < ¢ < m be coprime integers, and consider 2= le1, ..., e.]. Show that

m —qt _|lea 1| e -1
g e |71 0 I

where 0 < ¢~' < m is the inverse of ¢ mod m (Proposition 1.8).

(5) Let 0 < ¢ < m be coprime integers, and consider T = le1,...,e]. Show that
q% = [er,...,el].
(6) Let 0 < ¢ < m be coprime integers. Consider 2= [1,...,2,] and its dual =
[Y1,-..,ys|. Show that mZL: =[x1,..., T + Ys,..., 1], and
2
m
— = Y1,y Ys, 2, Ty - - ., L.
m(m —q)+1 i Y 1
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(7) Let 0 < ¢ < m be coprime integers, and consider ™ = [ey, ..., e,]. Define the matrix
q

—€; 1
L —ein 1
M; = 1 —€it+2
1
1 —e,

Show that m = (—1)"det(M;) and g = (—1)"'det(My). In fact, we have —djf(tl(\ﬁ)l) -

leiy...,e [ foralli=1,...,r—1.

1.2. Wahl chains.

We now focus on special HJ continued fractions: Wahl chains. The word "chain" puts
an emphasis on the sequence of numbers whose negatives will be the self-intersections
of a chain of P's. This will be seen when we study resolution of singularities.

Definition 1.10. Let d, n, a be positive integers that satisfyd > 1,n > 1,and 0 < a <n

dn?

with ged(n, a) = 1. A T-chain is the sequence {ey, ..., e} in 5= = [e1,...,e,]. A Wahl
chain is a T-chain with d = 1. For d > 1, an A,_; chain is a T-chain with n = 1.

Remark 1.11. T-chains are the numerical data for the minimal resolution of T-singularities,
introduced by Kollar-Shepherd-Barron [KSB, Definition 3.7] (we are ignoring Du Val
singularities of type D and E). For example, T-singularities are used in [KSB] to un-
derstand all deformations of two-dimensional quotient singularities. As we shall see,
T-singularities are naturally dominated by Wahl singularities.

T-chains are well understood. When n = 1 they are [1], [2], [2,2], ..., [2,...,2] = 7%,
where we have d — 1 2s. For n > 1, we have the following algorithmic description for
all T-chains [KSB, Proposition 3.11], originally due to Wahl.

Proposition 1.12. The T-chains with n > 1 are
(i) either [4] (d = 1), or 524 = [3,2,...,2, 3] where 2 appears d — 2 times (d > 1),

2d—1
(ii) or, it is obtained by starting with one of the singularities in (i) and iterating the operations
2,e1,..., 61,6, + 1] or [e1 + 1, €9, ..., €, 2] many times.
Proof. Exercise §1.2(1). O
In Figure 1, we represent this algorithm for Wahl chains. If d;f;’il = le1,..., e, then

dn? _
dn(n—a)—1 [67», Tt

e1], and so we think of them as the same T-chain.
Corollary 1.13. If /%%~ =[e,... e, Jandn > 1, thenr —d+2 = 37_ (e; — 2).
Proof. Exercise §1.2(3). l

We will later talk about Markov’s uniqueness conjecture, whose "geometry" is very
much related to our purposes (see [UZ1]). A Markov triple is a positive integer solution
(a, b, c) of the Markov equation

v+ + 22 = 3wy,
8



F22,21<

[6,2 11/ _
/ T — [27(0)2)3] AN
N5, B
[35,521<

):Lll_ [gi Z]

FIGURE 1. The Wahl tree.

The coordinates are called Markov numbers. These solutions appear in various places
in mathematics, see the book [A1]. Note that permutations of coordinates in a Markov
triple is a Markov triple. Also the mutation

(a,b,c) — (a,b,3ab— c)

sends Markov triples into Markov triples. It turns out that symmetries and mutations
generate all Markov triples starting from (1,1, 1), and define the Markov tree in Fig-
ure 2. The 111 years old and famous Markov conjecture (known also as the Frobenius
Uniqueness Conjecture [F1]) states that in a Markov triple (a, b, c) where a,b < c the
integer c determines the integers a, b. Markov conjecture has been checked for Markov
numbers up to 10'°°% [P4]. In the exercises you can read about 3 equivalences.

(111) 112 (125 1,513) (1,13,34) gL
(2,529) 5 1
(5,29433) (551) —
(2,29,169) '

(i%%&@D _(%WV%§> ;g ~

216798
(449%) (52873241

PaL | \' (éaqa%ﬂes5%>

FIGURE 2. The Markov tree.
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Exercises.
(1) Prove Proposition 1.12.

(2) Show that ;% = [y, ..., e,] implies dn(gﬁz)_l = ler, ..., e
(3) Prove that if dggil =ler,...,e;Jandn > 1, thenr —d+2= > (e; —2) (Corollary

1.13).

(4) Show that the ns of the Wahl chains [4], [5,2], [2,5,3], [3,5,3,2], [2,3,5,3,3], ... are
precisely the Fibonacci numbers.

(5) Consider a T-chain for some (d, n, a) of length r. Show that

n S Fr—d
where F; is the ith Fibonacci number defined by the recursion F_, =1, F_; =1, and
Fi=Fi1+Fi»

for < > 0. Find a characterization for equality.

(6) Define Wahl-2 chains by the same algorithm as in (ii) Proposition 1.12 but starting
with [2]. Examples: [3,2], [2,4,2,3], [3,2,2,4,2,5,2]. Show that an HJ continued
fraction #* = ey, ..., ¢,] is a Wahl-2 chain if and only if ¢* = —1(modm). In this
way, for Wahl-2 chains, we have [ey, ... e, 1,¢1,...,¢e,] = 0. These Wahl-2 chains
are relevant for weights of Markov numbers [UZ1, §3].

(7) »x (Markov’s uniqueness conjecture) Given an integer m, there are at most two
0 < ¢ < m coprime such that

m [mo 4 ml}

¢ Lo "o
where %, % and % are the fractions of Wahl-2 chains. *

(8) »x (Markov’s uniqueness conjecture) Given an integer m, there are at most two
0 < ¢ < m coprime such that

m?

= L 10.u]
for some Wahl chains W;, where W} is the corresponding Wahl dual.
(9) »x (Markov’s uniqueness conjecture) Given an integer m, then there are at most two
0 < g < m coprime such that
m m

57_727 17

TR I

for some Wahl chains Wy and W;, where 0 < ¢~! < mand ¢gg~! = 1 (mod m).
(10) Show that (a, b, c¢) is a Markov triple if and only if
s(a™'b,c) = s(b”'c,a) = s(cta,b) =0

where s(z,y) is the classical Dedekind sum for (z,y) (see Remark 1.9), and for
(z~ 'y, z) we mean z ! inverse of 2 mod z. See more in [HZ, p.160].

2There is an abuse of notation: [%, ...] means [ey,...,e,...] where % =le1,..., e
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1.3. Zero continued fractions.

HJ continued fractions with value equal to 0 will be called zero continued fractions.
They are key to work with deformations of cyclic quotient singularities and with the
birational geometry of the degenerations that we are going to study in these notes.

By Lemma 1.4, we find all zero continued fractions through blowing-up starting
with [1, 1], and so the list begins:

[1,1],

[172, 1], [2, 1,2],

[1,2,2, 1], [2, 1,3, 1], [1,3, 1, 2], [3, 1,2, 2], [2, 2, 1,3],
etc...

There is a well-known one-to-one correspondence between zero continued fractions
and triangulations of polygons [C2, S9, HTU]. A triangulation of a convex polygon Fy
P, --- P, is given by drawing some non intersecting diagonals on it which divide the
polygon into triangles. For a fixed triangulation, v; is defined as the number of triangles
that have P; as one of its vertices. Note that

vot+uvi+...+v =3(r—1).

Using an easy induction on 7, one can show that [k, ..., k.| is a zero continued frac-
tion if and only if there exists a triangulation of F, P, --- P, such that v; = k; for every
1 < ¢ < r. In this way, the number of zero continued fractions of length r is the Catalan

number
1/2(r—1)
r\r—1 /)
r 2345 6 7 8 9 10
Number of zero continued
fractions of lenght r 1 2 5 14 42 132 429 1430 4862
3 Z 2

2

{ z/;\/s 2\_3 3\‘_2 3_/

1
2 2 2 A 1
FIGURE 3. All the triangulations of a pentagon and the v;’s.

We will see that to know about the components of the deformation space of a cyclic
quotient singularity, we need to know about the zero continued fractions that its dual
HJ continue fraction admits.

Definition 1.14. We say that [ey, ..., e,] with e; > 2 admits a zero continued fraction of
weight ) if there are indices iy < iy < ... < %, for some v > 1 and integers d;, > 1 such
that

[...,6,‘1 —dil,...,em —diQ,...,ei, _dzu7] :O,
and A\ +1=>",_,d,.



Example 1.15. We have that 33 = [2, 3,2, 3] admits exactly 3 zero continued fractions:
edi=1,dy=1d;=2andso[2—1,3—1,2,3—2]=[1,2,2,1] = 0.
edi=1,d3=1,dy=1landso[2—-1,3,2—-1,3—1]=1,3,1,2] = 0.
edy=1,d;=1andso[2,3—1,2—-1,3=[221,3 =0.

Example 1.16. Each * = l[ey,.. . ¢,] admits at least one zero continued fraction of

weight A = Y77 (e; — 2) — 1. This is because we can subtract to obtain [1,2,...,2,1].

Sometimes, this is the only one. For example, for every fraction -, except for 3 =

2,2, 2] which admits two: [1,2, 1] and [2, 1, 2].

Remark 1.17. The set of admissible zero continued fractions of [ey, .. ., e,] is a subset of

all zero continued fractions of length . Hence, if e; > r — 1 for all i, then the number

of admissible zero continued fractions is the corresponding Catalan number %(2(“1)).

r—1
Proposition 1.18. The HJ continued fraction [es, ..., e, admits a zero continued fraction of
weight 0 if and only if [eq, . . ., e;] is the dual of a T-chain.
Proof. This follows from Proposition 1.7 and Exercise §1.1(6). O

We now analyze HJ continued fractions that admit zero continued fractions of weight
1. It turns out that they are central to the birational geometry of degenerations.

Proposition 1.19. Let 0 < ¢ < m be coprime integers. If . = b1, ..., bs] admits a zero
continued fraction of weight 1, then the HJ continued fraction of %' is a T-chain with d = 2 and
n>1,or

m
- = [W07Ca Wl]
q

where ¢ > 1 and W; are Wahl chains (including one or both empty).
Proof. Exercise §1.3(4). O

After we interpret this geometrically, this last proposition can be a sufficient and nec-
essary characterization when the weight is 1 under a positive condition on the canoni-
cal class. (This will correspond to extremal P-resolutions.) It would not be true without
that positive condition. Also, there may be infinitely many ways to write * = [Wo, ¢, W],
but there is only one that is "positive", in the sense of birational geometry. This will be
a flip.

Definition 1.20. Givena ' = [ey, ..., ¢,] that admits a zero continued fraction of weight
1 for indices i; < is (and so d;, = d;, = 1), we define § = 1if iy =41 + 1, or

4]

- = [€i1+1> SRR eizfl]-

€

This is, § is the numerator of this "intermediate" HJ continued fraction.

In principle § depends on i; < iy and 7, but soon we will see that it only depends
on .

As we saw above, a zero continued fraction of length r defines a triangulation of
a polygon with 7 + 1 sides. Say that *? admits the zero continued fraction [..., e; —
1,...,e, —1,...] = 0. For the corresponding triangulation, we have v; = e; except for
v, =€, — 1,0, =e€;, —1,and

U0:3T—3—XT:€Z+2:Z<3—€Z)—121

i=1 i=1
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(Hence, we must have Y _, e; < 3r — 2.) We have two types:

(non-minimal type) v, = 1: In this case, we must have v;, v, > 2 unless the polygon
is a triangle (i.e. » = 2). Therefore, if r > 2, then i;, 4, cannot be 1, r since one of the
v;, must be equal to 1. Choose the vertex P from P, P, that does not correspond to
i1,72. We now remove the triangle P,, ), P;, and in this new polygon, we choose as
new F, the vertex P. We have a new triangulation and a new continued fraction of
length r — 1 that admits a zero continued fraction of weight 1. We continue with this
algorithm until we reach a triangulation with vy > 1.

(minimal type) vy > 1: In this case v;, = 1 = v;,. They are the only v, = 1.

In this way, any 7 that admits a zero continued fraction of weight 1 can be con-
structed from a minimal type fraction.

Is it possible that a fraction *3 admits more than one zero continued fraction of weight 17

Theorem 1.21. Let 0 < g < m be coprime integers. Then ™ admits at most two zero continued
fractions of weight 1. If it admits two, then the corresponding és are equal.

Proof. See Theorems 4.3 and 4.4 in [HTU]. See also [UV, Section 2]. O

Example 1.22. We have that ** admits two, as £ = [3,2,2, 3] and so the indices 1 < 3
and 2 < 4 are two pairs. Similarly with ;‘—‘1] =[2,2,2,4,2,2,2] and the pairs 1 < 5,3 <7
work. The situation can also be non symmetric. For example, 33 = [2,3,2,2,4] works
for2 <4and 3 < 5.

Definition 1.23. A fraction % that admits two zero continued fractions of weights 1 is
called wormbhole fraction. °

Proposition 1.24. (Crossing property) A wormhole fraction whose pairs of indices are i; < j;
and iy < jo satisfies iy < iy < jo < j1 0t iy < iy < ji < Jo.

Proof. See [V3, §3.4]. O

In particular, there are no wormholes with § = 1.

A wormhole fraction 7+ can be reduced to a minimal wormhole fraction. First we
note that the corresponding v, are equal for both zero continued fractions. So, if it is
equal to 1, then we reduce it to a wormhole fraction with v, > 1. Therefore, minimal
wormhole fractions are the main blocks to construct any wormhole fraction. They are

peculiar; we name them as Uroboros * since one can express them with pictures that
look like Uroboros.

Picture of an uroboro: Consider a wormhole fraction 2+ = [ey, ..., e,] with indices
i1 < iy < j1 < jo and corresponding vy > 1. Let ¢y := vy. (Recall that we must have
e, = €, = ¢e;, = e, = 2.) We now draw in a circular way the consecutive numbers
e; > 2, and for chains of ¢; = 2 we draw an arc label by the numbers of 2s. If it
is just one 2, then we draw 2. Finally, we draw four dots indicating the positions of
e, = €, = €j, = €, = 2, and we join by a segment the dots of 7; < j; and the dots of
19 < jg.

3The reason for the name can be found in [UV,V3].

4The name and pictures were created by Jonny Evans.
13
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FIGURE 4. Examples of uroboros.

In Figure 4 we have uroboros corresponding to: For n > 2,
2,...,2,1,2,...,2]

(n—12s both sides; vy = n), [4,2,2,2,4,2,4,2,2,2,4] (vo = 2),and [2,2,5,2,2,2,2,5,2, 2]
(vg = 3). Of course, these uroboros are also uroboros for other HJ continued fractions,
just by choosing another v, in the circle (not for the distinguished indices). The corre-
sponding ds are n® — 2n + 2, 58, and 30. There are also less symmetric uroboros, as in
Figure 5.

3‘/5 L 3
3
‘1\/5 z(o7z

2

FIGURE 5. Less symmetric uroboro with § = 350. There are 3 distinct
uroboros for § = 350.

We note that for some ¢, there may be more than one uroboro. The first § with this
property is 130, where there are two. For § = 4930 there are 8 distinct uroboros. Using
a computer, one can show that the list of Js less than or equal to 1000 is:

5101317 26 30 34 37 50 53 58 65 68 82 89
101 122 130 145 170 178 185 197

219 222 226 233 257 290

317 325 327 338 350 362

401 442 457 466 485

520 530 577 578

610 626 677

730738 785

842 853

901 962 964 986 997.
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Exercises.
(1) Confirm that there is a bijection between zero continued fractions and triangula-

tions of polygons.
(2) Let 0 < ¢ < m coprime integers, and % = le1,...,e;] withr > 2and e; > r — 1.

r—1
(3) Prove Proposition 1.18.
(4) » Let 0 < ¢ < m be coprime integers. If " admits a zero continued fraction of

weight 1 and indices iy < iy, then

Show that 7+ admits %(2(7"_1)) zero continued fractions.

m
- = [w07 ¢, wl]
q

where ¢ > 1 and W; are Wahl chains (including one or both empty) (Proposition
1.19). Show that if ”727 =W,, then

nia;—1
m = ng + ni + dngn;.
(5) * Assume that % admits a zero continued fraction of weight 1 and indices 7; < 45,

2
and so % = [Wo, ¢, W1, where —“— = W; are Wahl chains, and ¢ > 1. Show that

nia;—1

0= ‘(C — 1)”0%1 + niag — noal\.
(6)  Let {ey,...,e,} be integers with e, > 2. Prove that there are at most two pairs of
indices 7 < j such that
[...761'—1,...,6]'—1,...] =0.
This shows that *? admits at most two zero continued fractions of weight 1.

(7) Prove that a wormhole fraction whose pairs of indices are iy < j; and i» < j
satisfies either iy < i; < jo < j; ori; < iy < j; < jo (Proposition 1.24).
(8) Use Figure 6 to classify all wormhole fractions with § = 2.

btA

FIGURE 6. Wormbholes for § = 2.

(9) Show that § = 3 is not possible for wormholes. Same for § = 4,6,7,8,9.
(10) ** Find a classification for Uroboros.
(11) »x Find a classification for the deltas of wormhole fractions. What can be said about
the denominator €? (See Definition 1.20.)
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This is Exercise §1.2 9 about the Markov conjecture when m = 29.

We list ¢, and m/q, m/(m — q~') between 5 2 5.
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2. SINGULAR AND NONSINGULAR ALGEBRAIC SURFACES

In this section, we collect all the definitions and basic properties for working with
singular and nonsingular algebraic surfaces. In particular, we introduce the main sin-
gularities for this text. A standard book for learning the basics of nonsingular complex
surfaces is [B1].

2.1. Generalities on surfaces and singularities.

Our ground field is C. A surface is a normal irreducible variety of dimension 2.
Sometimes projective, sometimes quasi-projective, sometimes an analytic germ using
the induced complex topology.

If the surface X is locally defined in C” by its ideal (fi,..., f.), then € X is non-
singular if and only if the rank of the matrix (0f;/0z;); ; at « is equal to n — 2. As we
require that X is normal, we have that singular points are finitely many.

Let Ox be the structure sheaf of X (or sheaf of regular functions on X). Then we
have local rings Ox . for each point z € X, and let m, be their maximal ideals. The
Zariski cotangent space is m,/m?2 (over C) (the tangent space is its dual). This is a C-
vector space of dimension greater than or equal to 2, and we have equality if and only
if x is a nonsingular point, which is equivalent to Oy , being a regular local ring. The
multiplicity of v € X is the multiplicity of m, in Ox .

Example 2.1. Let n > 1 be an integer. The affine surface X = {z" = zy} C C?is
singular only at z = (0,0,0). It has multiplicity 2. It is called A,_;, and is part of the
Du Val singularities. In the following, we elaborate more on these singularities.

By definition, two singularities are isomorphic if the completion of their local rings
are. By [A3, Corollary 1.6], we know that this is equivalent to the existence of analyti-
cally isomorphic neighborhoods (as stated in Artin’s paper [A3], for our case this was
known by Hironaka and Rossi 1964).

Remark 2.2. Let (z € X) be a singularity. The embedding dimension of (z € X) is the
smallest dimension of any higher dimensional smooth germ (2 € Z) such that we have
embedding of germs (z € X) C (z € Z). We have that the dimension of (z € Z) is
greater than or equal to 3. The embedded dimension is the dimension of the tangent
space of (z € X).

A germ of a surface singularity will be denoted by (z € X). Let
X =X

be a proper birational morphism which is a resolution of (z € X), and so X is nonsingu-
lar and outside of Exc(rw) := 7~ !(z) the morphism is an isomorphism. It is a minimal
resolution if there are no (—1)-curves in Exc(7) (they always exist and are unique).

The singularity (z € X) is said to be rational if R'7.Ox = 0 (One can prove that it
does not depend on the chosen resolution). Hence X and X share the same irregularity
and geometric genus.

Remark 2.3. Let X be projective. In general, the geometric genus of the singularity is
defined as
py(r € X) := dime H*(X, (R'm.Ox),).
We have 7,.0x = Oy since X is normal, and so we have from the five term Leray
spectral sequence
0— H (X,0%) = H'(X,0x) — H'(X,R'1.0x) = H*(X,0%) — H*(X,0x) — 0.
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In this way, we have
X(0%) = x(0x) + Y _ py(z € X).

reX
For the proof, it is used the seven-term Leray spectral sequence and that

HY(R*m.Ox) = H'(R'7,0Ox) = 0,

as R'm,Ox is supported only at points (the singular points). In [A4, Lemma 2.2], it is
shown that for any positive cycle Z = ) _ Z, supported on the exceptional divisor
we have

X(0x) = x(0x) = pylw € X) > pa(Za),

rzeX reX

where p,(Z,) =1 — x(Z,) is the arithmetic genus of Z,.

Remark 2.4. (Intersection theory on surfaces) For a smooth projective surface X, we
have an intersection theory; cf. [B1]. Mumford [M5, p.6] showed that the intersection
matrix of Exc(7) is negative definite over any singularity. Mumford also worked out
in [M5] an intersection theory for Weil divisors on a normal projective surface. All of
this will be used throughout this text. A curve C' on a nonsingular surface such that
C? = —mand C ~ P! is called a (—m)-curve.

Artin [A5] studies equivalent conditions to be a rational singularity in terms of
Exc(m) = ), E;. He studies the cohomology of the schemes Z := ) r,E; (where
r; > 0), showing that rationality holds if and only if p,(Z) < 0 for all such Z. (This
useslim  H '(Exc(m), Og,,) = R'7.Ox.) He goes further to define the fundamental

cycle.

Definition 2.5. The fundamental cycle Z = ), r;E; is the unique smallest effective Z
such that Z - E; < 0 for all 4.

In the case of a singularity and to make it unique with respect to the singularity, we
choose the fundamental cycle of the unique minimal resolution, i.e. the resolution where
no E;isa (—1)-curve.

Proposition 2.6. Let Z be the fundamental cycle of (x € X).

e We have p,(Z) > 0, and p,(Z) = 0 if and only if (x € X) is rational.

o If (v € X) is rational, then Exc(r) is a tree of smooth rational curves, —Z? is the multi-
plicity, and —Z* + 1 is the dimension of the tangent space at x.

o The determinant of (E; - Ej) is the torsion group of Hy(L,Z), where L is the link of the
singularity (x € X) (see [M5]).

Proposition 2.7 (Artin contractibily theorem). [A4, Theorem 2.3] Let Exc := ), E; be a
connected collection of curves in a normal surface X. The following are equivalent:

(a) Exc is contractible and if m: X — X is the contraction then x(Ox) = x(Ox).
(b) — The intersection matrix of Exc is negative definite.

— For every cycle Z > 0 with support in Exc we have p,(Z) < 0.
(c) — The intersection matrix of Exc is negative definite.

— The fundamental cycle Z satisfies p,(Z) = 0 (see [A5, Theorem 3]).

Moreover, if X is projective and (a) holds, then X is also projective.
18



Remark 2.8. In [H6, Example 5.7.3] an example is shown (due to Hironaka) starting
with a smooth plane cubic and 10 linearly independent points in its group law. Blow
them up to obtain an uncontractible smooth curve of self-intersection —1. It can not
be contracted to an algebraic surface, but it can be contracted to an analytic singular
surface.

Example 2.9. Let {E;,...,E,} be a negative definite chain of nonsingular rational
curves in X. Let us assume that it is minimal, that is, F; = —e; < —2. Then, the
associate fundamental cycle is Z = >, E;. One can check that h'(Oz) = 0, and so
pa(Z) = 0. The intersection matrix

—e; 1
1 —e 1
1 —es (2.1)
. 1
1 —e,

which is indeed negative definite (induction on principal minors). Hence we can con-
tract this chain into a rational singularity. We have that its multiplicity is —Z* =
Soi_i(ei — 2) + 2, and its embedded dimension is —Z% +1 = >0 (e; — 2) + 3. We
will see later that this singularity is isomorphic to a cyclic quotient singularity (which
is the same as toric singularity in dimension 2), and the resolution can be constructed
using toric methods. The order of the quotient is the absolute value of the determinant
of the intersection matrix.

A very relevant equation is the relation of the canonical classes in the minimal reso-
lution7: (3, E; C X) = (z € X), namely

KX E’]T*(KX) +ZdlE7”

where the d; = d;(E;) are the discrepancies of Exc(r). They are uniquely determined. As
it is minimal, we have d; < 0 for all ¢ (see [KM1, Corollary 4.2]).

o If d; = 0 for all 4, then x € X is called canonical. Important in canonical models of
surfaces of general type.

e If -1 < d; <0, thenx € X is called log terminal. They are all quotient singularities
by Kawamata, that is, there is a finite group G acting on C? such that (z € X) is
isomorphic to the quotient C*/G at (0, 0).

o If -1 < d; <0, then z € X is called log canonical. Important for singularities in
Kollar-Shepherd-Barron-Alexeev surfaces which compactify the moduli space of
surfaces of general type [KSB].

Example 2.10. A Du Val singularity (also known as rational double points or ADE sin-
gularities) is a rational singularity (z € X) which has multiplicity 2. Thus we have
—7%* =2and p,(Z) = 0, where Z is the fundamental cycle. Thus Kx - Z = —-Z*—-2=0
and so 0 = (>, d;E;) - Z. On the other hand, since the E; are smooth rational curves,
we have Ky - E; = ¢; — 2 > 0. Therefore, d; = 0 for all i, and the E; are (—2)-curves.
One can classify the minimal resolution diagrams as the Dynkin diagrams A,, (this is
a chain as above), D,,, Egs, E7, and Es. This and rational triple points are described
in [A5], see Figure 7. Du Val singularities are also called Kleinian singularities (from
quotients of the 2-sphere S? by finite groups (equivalently finite groups of Aut(Pt))),
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and also canonical surface singularities (just get the above by assuming d; = 0 for all
i). Local models in (0 € C?) for ADE singularities are:

Ay(n>1): 22422+ =0  D,(n>4): 2 +y@+y" ) =0
Ee: 22+ +yt=0 E;:22+2@®+9°)=0 E:2>+2°+y°=0.

In particular, any Du Val singularity can be seen as a branched double cover and as
a quotient singularity.

Rational double points. (0?>=—R)

O« » «0 (o)
l |
O¢ e :0—X—0+ -+ :0 0+ ++0—X—0—0—0—0
0 0
l |
0+« +0—X—0—0—0-+ +0 0+++0—X—0—0—0—0—0
0 X
I |
0 0—X—0 0—0—0—0 0 0—0—0—0—0—0
0 0 0

Rational triple points. (0?=—2, x?=—3)

FIGURE 7. Classification of double and triple rational points via their
resolution graphs (from Artin’s article [A5]). See Remark 2.13.

Exercises.

(1) You can resolve each Du Val singularity by blowing up over the singularity of the
branched plane curve and then taking the double cover. For example, for A, we
blow-up over the singularity of {z* + y"™! = 0} and their pull-backs, until its pull-
back has only disjoint curves with odd multiplicities. Then take the double cover
branched along these odd curves, and obtain a resolution for A4,. Do this for as
many Du Val singularities as you can.

(2) Consider the surface of cuboids, related to the famous perfect cuboid problem, de-
fined in P{ by the equations 23 = 2 + z7 + 23, 27 = 23 + 2}, 22 = 23 + 23, and
r§ = 27 + 3. Show that it has 48 singularities, and each of them is of type A;.

(3) Verify that the fundamental cycle Z in Example 2.9 is indeed )., E;. Then use
Proposition 2.7 to show that it is contractible to a singularity. Then use Proposition
2.6 in the formulas for multiplicity and embedded dimension.

(4) As you know, a finitely generated C-algebra A corresponds to an affine variety. In-
deed, it is defined by the zero set of the corresponding kernel of the surjective mor-
phism Clz,..., 2, — A. Given a finite group G acting on C™ by isomorphisms
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fixing (0,0), you can consider the C-algebra Clzy,...,z,] of polynomials invari-
ants by G. Show that it is finitely generated and normal. The corresponding vari-
ety is, by definition, C™/G. (It could be nonsingular too.) For example, show that
(z,y) — (—x—vy)isaZ/2 action on C? such that C*/(Z/2) = {z*+y*+2* =0} C C°.

(5) Any Du Val singularity is a quotient singularity. Find all finite actions on P' (two
times two invertible matrices), and quotient C* by them. Those are the Du Val
singularities. Compute some.

(6) Find an action on C? by the dihedral group such that the quotient is again C>.

2.2. Cyclic quotient singularities.

Definition 2.11. Let m > 1 be an integer and let © be an mth primitive unit of 1. Let
a; > 0 be integers coprime to m. Consider the action C* — C? of Z/m given by

T(xy,...,2q) = (W@, ..., u"zy).

A cyclic quotient singularity (c.q.s.) is a singularity isomorphic to the germ at zero of
C*/(T) for some m and a;s. See Exercise §2.14. The notation will be L (a4, .. ., aq).

If d = 1, then quotients are nonsingular. If d = 2, then we can restrict ourselves
to 1/m(1,q) where 0 < ¢ < m is coprime to m. These are called Hirzebruch-Jung sin-
gularities [BHPVdAYV, IIL5]. For d > 3 these singularities are rigid, which is a result of
Schlesinger [S3] °. Therefore, only in dimension two we may have nonrigid quotient
singularities. In fact they are non rigid and their nontrivial deformation theory is key
for what follows.

Let 0 < ¢ < m be coprime integers. The action (z,y) — (uz,ufy) on C? induces
an action on C[z, y|, and by definition, the c.q.s. is defined as the germ corresponding
to the variety associated with C[z,y]%/™. We have the inclusions of finitely generated
C-algebras

Cla"™,y™] € Cla™,y™, 2™ %] C Cla,y|*™ C Clz,y),
which translates into the diagram in Figure 8, where v = 2™, v = ¢y, w = 2™ .

Figure 8 also includes the minimal resolution ¢: X — X := %(1, q), which can
be done through standard toric methods (subdivision of the cone corresponding to
Clz, y]*/™ as in Figure 8). It turns out that the exceptional divisors E; are (—e;)-curves
forming a chain, where the e; are computed through the Hirzebruch-Jung continued
fraction % = [ey, ..., e,]. This is the connection with the previous section!

Definition 2.12. The continued fraction ? = [e1, .. ., ¢,] defines the sequence of integers

0=0Fn<l=4<...<qg=p<m=05

Bi—1

where 3,1 = €;5,—B;_1. In this way, 5

are computed through the sequences

= le;, ..., e,]. Partial fractions % =ler,...,€_1]

0:a0<1:o¢1<...<q71

=q, <M= Qpy1,
®More precisely: If a finite group G acts on an affine scheme Y, smooth over a field k, with a single
fixed point y € Y, then the quotient scheme X = Y/G has an isolated singularity at the point z € X
under y, and this singularity is rigid, provided dim(Y") > 3 and the order of G is not divisible by the
characteristic of k.
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FIGURE 8. The trilogy: quotient, covering, minimal resolution.

where o1 = e;o — j—,and v = =1, 1 = 0, Vi1 = €% — V1. We have a; 17 —
Y1 = —1,and 3; = qa; — myy;.
These numbers appear in the pull-back formulas

r+1 r+1

S(=0)=D 25, s (@=0)=) %5,

and
Bi +
m

Ky =¢"(Kg)+ > (—1+
=1
Here E and E,; are the proper transforms of (y = 0) and (z = 0) respectively.

)E,

Remark 2.13. It turns out that a singularity whose resolution is a chain of P! can be
characterized by the information of its dual graph. In general, given a minimal res-
olution with simple normal crossings, the weighted dual graph of Exc(r) is the graph
whose vertices represent the curves E;, the edges represent the intersections between
curves, and for each vertex we associate the genus and the self-intersection of the cor-
responding E;. If the genus is 0, then we do not write it. A singularity (z € X) is
said to be taut if given a singularity (z' € X’) with the same weighted dual graph we
have (v € X) ~ (2 € X’) (see [L1], [L2]). Particularly see [L.1, Theorem 6.20]. Laufer
[L2] classifies taut singularities, in particular c.q.s. are taut and so they depend only on

their HJ continued fraction.
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The equations for X can be described by means of the extended Riemenschneider
2 x 2 minors. For that, we need to use the dual H-J continued fraction

m
——— = [b1,..., b4
m—q

One can give the following presentation to the C-algebra of C*/(Z/m):

bi_1—2 biy1—2 ) S
(C[Z(),Zl,...,Zs,Zerl}/(ZiZj _ijlzjj—l ”'zi—l—l Zit1 - for 0 <z <J- 1 < S).

Therefore the embedded dimension of 1/m(1,q) is < s + 2, but one can easily show
that it is s + 2 because by the Riemenschneider’s dot diagram we have

T

S (ei—2)+3=s+2

i=1
Note that the multiplicity of C?/(Z/m) is then s + 1.
Example 2.14. Say ¢ = 1,and so § = [m] and -+ = [2,...,2]. Then the C-algebra is

m—1
m—1
(C[ZO7 AR Zm]/(ZiZj - Zj7121+1)
for 0 <i < j—1 < m—1. Thus, this is the cone over the rational normal curve of degree
m (Veronese embeddings of P'!). For example, for m = 1 this is {zg22 = 2} € C3. On
the other extreme, if ¢ = m — 1, then the dual fraction is T = [m], and so we obtain as
C-algebra
(C[Zm 21, 22]/(2’022 - Z{”)y
and these are the A,,_; Du Val singularities.

Definition 2.15. Let (x € X) be a normal surface singularity. Assume that K is Q-
Cartier. The index of (z € X) is the smallest integer n such that nK s is a line bundle.

Lemma 2.16. The index of (x € X) = L(1,q) is T
Proof. Consider the minimal resolution 7: X — X. We have

Bi +
m

Ksz*(K)—()+i(—1+

i=1

)E,

with the notation above. For a fixed i, one sees (from the recursion formulas for g; and
;) that ged(m, o; + 3;) divides «; + j3; for all j. Seti = 1. (Precisely when ¢ = m — 1
the discrepancies are zero, so the index of X is one.) O

Exercises.

(1) Let o be an mth primitive root of 1, and let a, b be integers coprime to m. We have
the action T'(x,y) = (u%, uby) on C% Show that there is 0 < ¢ < m such that
L (a,b) :== C?/(T) is isomorphic to =(1, q).

(2) Let i be an mth primitive root of 1, and consider the action 7'(z,y) = (uz, pfy) on
C? where ged (g, m) = d. Find 0 < ¢’ < m’ such that -1 (1,¢) = C?/(T).

(3) Let a, b, c be positive integers and pairwise coprime. Show that the weighted pro-
jective plane P(a, b, ¢) has precisely 3 singularities: 1 (a,b), (b, ¢) and ;(c, a).
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(4) Evaluate Figure 8 for m = 19 and ¢ = 7, finding in particular the subdivision that
resolves the singularity, and the «;, 3; and discrepancies.

(5) Show that 5(1,7) is isomorphic to 15(1,11), but is not isomorphic to #(1, 12).

(6) Show that indeed %(1, q) is the normalization of {w™ = u™ 9v} C C? (Figure 8).

(7) Consider the surfaces

Sy ={(z,y,2) € C*: 2™ =z%’Yand S, = {(z,y,2) € C*: 2™ = 2™ %}

with the condition a + bg = 0(mod m) and «a, b coprime to m. Show that the normal-
izations of S; and S, are isomorphic.
(8) Let 0 < ¢ < m be coprime integers. Consider the minimal resolution X of the
normalization X of the mth cyclic cover of P? branched along {zy?:™ %1 = 0}.
(a) Show that X is the Hirzebruch surface F,, when ¢ = m — 1.
(b) Find the singularities of X for any fixed pair ¢, m.
(c) Show that X is a rational surface.
(d) Thus, we have x(Ox) = 1. Compute in another way x(Ox) and use that to find
some equation which involves the Dedekind sum s(g, m) (see Remark 1.9).

2.3. T-singularities.
Something bizarre as a presentation (see Exercise §1.1(6)).

Lemma 2.17. Let 0 < a < n be integers with gcd(a,n) = 1. Let

n/(n—a)=x1,...,xp] and nja =y, ...,y
Then for any d > 1, we have #’ia_l) = [21,...,2p, 1 +d, Yy, ..., y1]. Moreover its dual is
dn?
dTLCL—l = [y17"'7yq717yq+1727"'7273:])_'_17Ip717"'71;1]7
for d > 1, where we have d — 2 2s in the middle, or #: = [Y1s oy Yg1, Yg + Tpy Tp—1, - - -, T1).

Proof. See [HP, Lemma 8.5] or [PSU2, Corollary 2.1 and 2.2] or prove it yourself using
Section 1. 0

The c.q:s. 75(1,dna — 1) with 0 < a < n and ged(a,n) = 1 together with Du Val
singularities form the important class of T-singularities.

They were first introduced by Kollar-Shepherd-Barron as the quotient singulari-
ties that admit a Q-Gorenstein one-parameter smoothing [KSB, Definition 3.7]. These
smoothings will be discussed later, but this roughly means the existence of a 3-fold
germ over a disk, so that one fiber is the T-singularity, all other fibers are smooth, and
the canonical class of the 3-fold is Q-Cartier. An example is the node 4; = 1/2(1,1)
taking the 3-fold {z? + y? + 22 = t} C C?® x D with the projection into the disk
D := {t € C: |t| < 1}. (We do not care about the radius here, our disks will always be
just analytic germs of nonsingular curves.)

Among T-singularities, we have the key Wahl singularities, which are the 1/n?(1, na —
1) with 0 < @ < nand ged(a,n) = 1.

Lemma 2.18. Let (z € X) = L(1,q) be a cyclic quotient singularity. The following are

equivalent
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(1) m = dn? and ¢ = dna — 1 with gcd(n, a) = 1.
(2) K% z's an integer.

(3) caqparny divides ged(m, 1+ q).

Proof. If m: X — X is the minimal resolution, then we have

T

(Kx —m"Kz)* =) (2—¢;) —

=1

qg+q +2
m

+2

s0 ¢+ ¢+ 2 = 0(mod m), where 0 < ¢’ < m and ¢¢’ = 1(mod m). This gives (1) if and
only if (2). (1) if and only if (3) is trivial. O

The c.q.s. that are T-singularities can also be characterized by their ADE graphs or
the T-chains, which were studied in Section 1.2 via the Wahl algorithm ([KSB, Proposi-
tion 3.11]).

Corollary 2.19. If 24"~ = [e,, ... e,], then

r

r—d+2=> (e;—2).

=1
Ifm: X — X is the minimal resolution, then K% +r —d+1= K%.

As we saw before, Wahl singularities are key for working with T-singularities. If
ngil = [617 AR 767‘}, thel’l
dn?

dna — 1

where the numbers of 1s is d — 1. Hence any non-Du Val T-singularity has a partial
resolution consisting of d—1 Wahl singularities of the same type joined by d —1 rational
curves whose intersection with canonical class is trivial. This is called M-resolution
[BC2]. We will elaborate more on them later.

Let [e1,. .., e,;] be a Wahl chain. We define integers 1, .. ., d, in the following induc-
tive way. If » = 1 then ¢, := 1. If we already defined ¢y, ..., 9, for [ay,...,a,|, then we
assign

=ler,...,e e, o e, 100 e, e

(51,...,67,(51+5Tt0 [€1+17"-7€r72]
51+6r7517-~a5rt0 [2,61,...,6T+1].

These numbers compute the discrepancies. If #: = lei, ..., e, hasnumbers d, ..., d,,
then
' (S
Kx =7"Kx -1 : E;. 2.2
X=m X+ZH( +51+5r> @2)

We note that §; = a and 6; + 9, = n. We have a similar description for any T-singularity.
The index of the T-singularity -5 (1, dna — 1) is n, and it satisfies (see Exercise §1.2 5)

n S Frfd
where F; is the ith Fibonacci number defined by the recursion F_y =1, F_; =1, and

Fi=F,1+Fi
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for i > 0. We have equality (Fibonacci T-singularity) if and only if the Hirzebruch-Jung
continued fraction has the form

3,...,3,2,...,2,4,3,...,3,2] or [3,...,3,5,3,...,3,2].

A projective surface X with only T-singularities satisfies the Noether’s formula

K% +xop(X)+ Y pa = 12¢(Ox),
2€Sing(X)

where 1, is the Milnor number of (a Q-Gorenstein smoothing of) x (see [HP, p. 172]).
We have the Milnor numbers:

e If x is rational double point of type A4, Dy, or E,, then p, = d.
e If z is of type --5(1,dna — 1), then p1, = d — 1.
One can find a better bound for the index n via some bound for r — d. For example,
if X is a nonrational projective surface with one T-singularity and K% is ample, then

we have the following theorem [RU1] (see also [ES]).

Theorem 2.20. Let S be the minimal model of X (resolution of X), and let x(S) be the Kodaira
dimension of S.
1. Ifk(S) =0, then r — d < 4K%.
2. Ifk(S) = 1,thenr—d§4K)2—( — 2.
3. If k(S) = 2, then
r—d<4(K%—K2) —4
when K% — Kz > 1,7 —d < 1 otherwise.

Those inequalities are optimal, and equality can be classified. The integer d can be
bounded using the log BMY inequality, and so we are really bounding r. See details in
[RU1]. For two or more singularities see the recent pre-print [FRU]. In that work, we
have that X has [ singularities #n?(l, d;nja; — 1) with ample canonical class, X — X

is the minimal resolution with C' equals the exceptional divisor, and 7: X — S is the
composition of blow-downs into a minimal model S. Then either we have

> (rj—d;) < 2(K% — K3§) — Ks - w(C),

J=1

or there are particular configurations F; that are exceptional for 7 such that £; - C' = 1.
We classify all of these special E;. It is given a bound when X is not rational. The paper
of Rana-Urztia [RU1] bounds the case of one T-singularity in a rational surface, but it
involves a degree that could be artificially arbitrarily large. We know by Alexeev’s
boundedness that the rational surface’s case is bounded after we fix K2, but it remains
open to find an optimal bound. Based only on examples, an optimal bound could be
close to 4K + 6.

There are many examples of X with only T-singularities. Just via blow-ups on ap-
propriate configurations of rational curves. In general, they will have Kz not even
big. To have a big and nef canonical class is more subtle, but again there are plenty of
examples. This was started with the rational blowdown technique [FS]. We compute

one in the next example.
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Example 2.21. On the left of Figure 9 we have a K3 surface S with a configuration of six
(—2)-curves that intersect transversally as shown. On the right, we have a particular
composition of six blow-ups X. We find in this way two Wahl chains [2,2,4, 5, 3,2, 4]
and [4]. We contract them ¢: X — X by Artin’s theorem. One can show that K is
ample for a general choice of such S. We compute K% = 2.

FIGURE 9. An example of a surface X with Ky is ample [RU2].

Exercises.

(1) Let (a, b, ¢) be a Markov triple. Show that P(a?, b?, ¢*) has three Wahl singularities.

(2) Show that a projective surface X with only T-singularities satisfies the Noether’s
formula

K% +x0p(X)+ D pa = 12x(0x),
z€Sing(X)
where i, is the Milnor number of a Q-Gorenstein smoothing of .

(3) Show that in Example 2.21 we obtain Ky big and nef, just by comparing the canon-
ical class of Kx with Kx. Compute that K% = 2.

(4) Show that there are infinitely many T-singulatities on surfaces X when K is only
big but not nef. (This has to do with the birational geometry of the next sections.)

(5) » In [LP1] there are various examples of X with Ky big and nef, starting with a
rational elliptic surface with sections. See also [PPS1], [PPS2], [SU1], [RU3]. Find
your own example with K3 = 1.

(6) »* It turns out that the construction of singular surfaces X with only T-singularities
and Ky big and nef has to do directly with constructions of exotic blow-ups of P?
at few points (see [RU3]). We must have 0 < K} < 9, and the number of points
blown-up is 9 — K%. There are known examples for K% = 1,2,3,4,5 (see previous
exercise), and there are very few for Kf—( = 5 (the first ones are in [RU3]). Construct
examples for K% > 6. By other geometric means, there are exotic blow-ups of P at
3 and 2 points (very few examples! [AP1], [AP2]), but there is no example at all of
an exotic blow-up of P? at one point.

(7) »x As discussed in this section, by Alexeev’s boundedness there is a finite list of
T-singularities for projective surface X with K big and nef and fixed K%. The
results described in [RU1, FRU] give optimal ways to bound singularities when X
is not rational. Find similar bounds in the case of rational surfaces.
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The table shows results of computer searches by the program ComputerSearch [R1].
It is done for surfaces X with two Wahl singularities and K% = 4, starting with the
rational elliptic fibration with sections that has singular fibers I, + 31;. Each line is one
example. The (n,a) corresponds to a Wahl singularity, length is the length of the Wahl
chain. GCD is gcd(nq, ny) for the n; in the example.

2 chains, K2 =4

(n,a) Length (n,a) Length | GCD | Nef | Q-ef | Obstruction 0 | WH | Index
(25,11) 7 (25,11) 7 25 | YES | YES YES = 1129
(31,14) 8 (31,13) 7 31 | YES | YES YES ~ | 1130
(36,11) 8 (31,14) 8 1 | YES | YES YES ~ | 1131
(39,11) 9 (16,3) 7 1 | YES | YES NO(2) ~ 1132
(39,11) 9 (16,3) 7 1 YES | YES NO(2) NO | 1133
(39,11) 9 (27,5) 8 3 YES | YES YES - 1134
(39,11) 9 (27,5) 8 3 YES | YES YES NO | 1135
(41,15) 8 (29,13) 8 1 | YES | YES YES ~ | 1136
(41,15) 8 (39,11) 9 1 | YES | YES YES NO | 1137
(49,22) 9 (28,11) 8 7 YES | YES YES NO | 1138
(61,16) 10 (29,11) 7 1 | YES | YES YES NO | 1139
(65,18) 9 (17,8) 9 1 | YES | YES YES NO | 1140
(65,18) 9 (52, 15) 11 13 | YES | YES YES NO | 1141
(73,21) 14 (22,3) 9 1 | YES | YES YES — | 1142
(76,31) 10 (11,4) 5 1 | YES | YES YES — | 1143
(76,29) 9 (17,8) 9 1 YES | YES YES NO | 1144
(79,24) 10 (18,7) 6 1 | YES | YES NO(2) NO | 1145
(89,39) 11 (9,2) 5 1 YES | YES YES - 1146
(89,39) 11 (11,2) 6 1 | YES | YES YES NO | 1147
(94,41) 10 (37,10) 8 1 | YES | YES YES ~ | 1148
(96,17) 12 (26,5) 9 2 | YES | YES YES ~ 1149
(98,19) 13 (19,5) 7 1 | YES | YES YES — | 1150
(103,27) 11 (14,5) 6 1 | YES | YES YES NO | 1151
(107, 38) 11 (18,7) 6 1 | YES | YES NO(2) NO | 1152
(109, 16) 13 (23,6) 8 1 | YES | YES YES ~ | 1153
(113,17) 13 (109, 16) 13 1 | YES | YES YES NO | 1154
(117,41) 13 (13,2) 7 13 | YES | YES YES NO | 1155
(117,31) 11 (49, 15) 9 1 | YES | YES YES NO | 1156
(128,37) 12 (32,9) 8 32 YES | YES YES NO | 1157
(128,37) 12 (73,21) 14 1 | YES | YES YES NO | 1158
(145,42) 12 (23,7) 7 1 | YES | YES NO(2) NO | 1159
(151, 45) 12 (11,4) 5 1 | YES | YES YES NO | 1160
(153,40) 12 (5,1) 4 1 | YES | YES YES 1161
(157, 58) 11 (11,5) 6 1 | YES | YES YES NO | 1162
(157,28) 13 (41,7) 11 1 | YES | YES YES NO | 1163
(163,64) 13 (74,29) 10 1 | YES | YES YES NO | 1164
(164,61) 12 (4,1) 3 4 | YES | YES NO(2) ~ | 1165
(169, 70) 11 (23,7) 7 1 YES | YES YES - 1166
(175,67) 11 (2,1) 1 1 YES | YES NO(2) - 1167
(183,67) 11 (7,2) 4 1 | YES | YES NO(2) NO | 1168
(183, 38) 13 (9,4) 5 3 YES | YES YES NO | 1169
(187,79) 11 (3,1) 2 1 | YES | YES NO(2) ~ | 1170
(187,79) 11 (3,1) 2 1 | YES | YES NO(2) NO | 1171
(191,75) 14 (4,1) 3 1 | YES | YES YES ~ |12
(193,53) 12 (4,1) 3 1 | YES | YES YES ~ | 1173
(208, 37) 13 (41,7) 11 1 | YES | YES YES NO | 1174

FIGURE 10. 46 examples for K? = 4, there are much more!
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https://github.com/jereyes4/Wahl_Chains/

3. DEFORMATIONS

A good way to get into deformations of varieties is the book by Hartshorne [H7],
and the papers [S1,53,52], [P1], and [BW]. I will restrict the references to these papers.
For Q-Gorenstein smoothings and deformations in the KSBA moduli of surfaces, our
main references are [H2] and [H5].

3.1. General basic theory for affine and proper varieties.

A deformation of a scheme X over Y is a flat morphism X — Y [H6, II1.9]. Locally
speaking, if A is a commutative ring and M is an A-module, then M is flat if for any
exact sequence of A-modules0 -+ N — Pwehave) - N ® M — P ® M is exact. For
example, consider a field k£ and the ring inclusion A = k[z] — k[x,y]/(xy) = M, and so
M can be considered as A-module. Then (z) ® M — A ® M is not injective, and so it is
not flat. Geometrically, this means that the projection of {zy = 0} into the z-axis is not
a deformation. The same happens for the blow-up at a nonsingular point.

By definition, let f: X — Y be a morphism of schemes, and let 7 be an Ox-module.
We say that F is flat over Y at z € X if F, is a flat Oy,,-module, where f(z) = y and
we are using the natural map f#: Oy, — Ox.. We say that X is flat over Y if Oy
is flat for all z € X. In that case f is called a deformation (or a flat family, sometimes
even just a family). In the following, we state some few properties from [H6, II1.9]. We
restrict ourselves to varieties. Deformations preserve the dimension of the fibers (and
so blow-ups are not deformations). In the case of projective morphisms, flatness is the
same as constant Hilbert polynomial for the fibers, in particular, the arithmetic genus
is constant. Here is a useful theorem for us (see [H6, Proposition 9.7]): If f: X — Y isa
morphisms between varieties (both reduced and irreducible), and Y is nonsingular of
dimension 1, then f is flat. Hence any fibration of a surface over a nonsingular curve
is flat. Let f € C[xy, ..., z,,] irreducible, then the projection

{(f=t}cC"xC=>C

is a deformation. We can write down many examples. Below we have larger families
(with respect to the base) of deformations of all the ADE singularities:

Ayn>1) 22+ 22 +y" Mty + A+t y+t, =0
D,(n>4): 22 +y@*+y" ) +ty" ?+...+ty 1 +t,x=0
Eg: 2 +2° +y' + tiy +tay + ts + 2(tay* + tsy + 1) =0
Er:22+z(x?+9®) +x(tiy +t2) +tsy* + ... +tey +t7 =0
By : 22+ 23+ 9P+t + ...+ ty) +tsy® +... +tg=0

They actually represent all possible deformations of Du Val singularities. A devel-
opment of deformation theory is not possible here, so we will take the path directly to
some key points, to make sense of the deformation space of a surface and computa-
tions.

Fix a complex normal variety X. We follow [BW], see much more in [O1]. An infini-
tesimal deformation of X is the existence of a commutative diagram

X—X

L

Spec(C) —— Spec(A)
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where A is an Artin local C-algebra (thus Spec(A) is one point), the map X’ — Spec(A)
is flat, and

X ~ Spec(C) Xgpeo(a) X'
Let D(A) be the set of deformation classes of X. In particular D(C[t]/(¢?)) are the first
order deformations of X, and "represents" the tangent space T’ of the hypothetical de-
formation space of X. It turns out that this tangent space has a structure of C-module.
If X is a local isolated singularity, then T} = Ext'(Q%, Ox) [S2, p.150] and it is finite di-
mensional. When X is compact, then T} is finite dimensional too. When X is compact
and nonsingular, then TY = H'(X,Tx). We recall that QY% is the sheaf of differentials
on X [H6, I1.8]. Its dual

Homp, (U, Ox)

is the tangent sheaf T'x of X [H6, I1.8]. Therefore, if X is nonsingular, then we have
that Q% and Tx are both locally free of rank 2, and so

Ext!'(Q4,O0x) ~ HY(X, Tx).

Example 3.1. If X is a nonsingular projective curve, then Of = Kxand Ty = —Kx
(both represented by the canonical divisor class), and so if g(X) > 1 we obtain

WX, Tx)=3g—3

by Riemann-Roch’s theorem. This is the dimension of the moduli space of curves of
genus g.

This is literal from [BW]. If T is finite dimensional (in our case we have it for iso-
lated singularities or proper X), then we have, by the theory of Schlessinger [S1], that
the functor D is formally versal. That is, we have a complete local C-algebra R and a
morphism

¢: hg =Hom(R,_) — D
of functors (in the category of Artin local C-algebras) such that
(i) ¢(C[t]/(t?)) is a bijection, and
(ii) ¢ is smooth, i.e., if A" = Ais onto, then any

X—X

N

Spec(A) —— Spec(A’)

comes from compatible images of /.

This means that all the deformations of X are encoded in the ring R. The functor D
is said to be universal if in (ii) we have bijections. If T% := H°(X,Tx) = 0, then it is
universal (if X is affine, then this vector space is infinite dimensional; if X is of general
type, then this is zero). Thus this group T% is an obstruction to obtain an universal
functor, and it represents the infinitesimal automorphism group of X.

For germs (z € X), we have existence of versal deformation (analytic) spaces Def(z €
X) by Grauert, and so every deformation of (z € X) is encoded by Def(z € X), and
they are determined at the first infinitesimal level. The tangent space at the point in
Def(x € X) representing X is T%. The versal deformation spaces of ADE singularities
appeared above. Versal deformation spaces can be arbitrarily singular in general.

For compact complex spaces X we do have versal deformation spaces Def(X) and a

corresponding family X — Def(.X'). Here a deformation is a flat and proper morphism.
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e [K1] For X nonsingular, there exists a complex analytic set (0 € .S) which is the ver-
sal deformation space of X. If H°(X,Tx) = 0 and S is reduced, then it is universal.
The space (0 € S) is the Kuranishi family. For more information see [C1].

e [D2], [G4], [P1] For any X, there exists a complex analytic set (0 € S) which is the
versal deformation space of X.

Hence, in any case we have a versal deformation space. Hard questions are: How
does it look like? How many components? reduced? dimensions?

The obstructions to "integrate" an infinitesimal deformation in T} lie in a vector

space T%. There is a general map
Ty — Tk

whose vanishing describes all the actual deformations. When X is local complex an-
alytic variety, then T% is Ext*(Q%,Ox) [S2]. When X is non-singular we have that
T% = H*(X,Tx), and the map T}, — T% is known as the Kuranishi map (see [C1, The-
orem 8]). We will coon be interested in Q-Gorenstein deformations, where we can
understand "very well" the trilogy T, i.e. the T(, y. This will be explained in the
next section. To finish, we give some useful thmgs about the deformation theory of
surfaces.

Let C be a (—1)-curve inside a nonsingular surface X. Then any deformation X; of
X carries a deformation C; of C. This is not the case for other (—m)-curves, m > 1.
The infinitesimal deformations of the pair (X, C) are encoded in H%(C, N¢|x), and the
obstructions are in H*(C, N¢|x). But for a (—1)-curve both are zero, and so C'is rigid
and unobstructed, so any deformation X, of X carries a deformation C; of C. We can
then blow-down the "(—1)-divisor" in the deformation, and so compatible with the
(Castelnuovo) blow-down at each fiber. See [BHPVdV, IV4] for more. On the other
hand, let 0: X — X be the blow-up at a smooth point in X, and let E be the (—1)-
curve. Then we have

0—o*(Qx) = Q% — Qp — 0,
and by ®0%, Serre duality and projection, we obtain
0— H(Tg) — H(Tx) — H(E,05(1)) - H'(Tg) — H'(Tx) — 0,
and H*(Ty) = H?(Tx). Hence we have the same obstruction, and if H°(Tx) = 0 then
0—C?*— HYTg) — H(Tx) — 0,

and so blowups add two dimensions to infinitesimal deformations. When X is of gen-
eral type, then H%(T'x) = 0. There is also a residue sequence

0= Tx(—logC) = Tx = Neix — 0

that can be used to understand deformations that preserve C.

If H(X,Tx) = 0 then X is rigid and Kx ample (see [BW]). A nonsingular projective
surface with H'(X, Tx) = 0is obviously rigid as there isno T = 0. (We may also have
that its deformation space is a nonreduced point, so this is only a sufficient condition
toberigid.) A (—2)-curve produces an infinitesimal deformation that may not give any
effective deformation [BW].

Rigid complex surfaces are very special. They could only be: del Pezzo surfaces
(i.e. surfaces with —K ample), Inoue surfaces, and minimal surfaces of general type

[BC1, Theorem 1.3]. For surfaces of general type there are not many examples, and
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their geography is unknown. At the level of Chern slopes, if a minimal surface of
general type X is rigid, then

ci(X)/e2(X) € [5/7,3)].

This is implied from an estimate on the dimension of the deformation space using the
Kuranishi map and Riemann-Roch. Hence between 1/5 and 5/7 we do have deforma-
tions for any surface! There is a lot more in [BC1]. Surfaces X with ¢3(X)/c2(X) = 3 are
ball quotients, and so they are rigid. The first examples of rigid but not infinitesimally
rigid varieties were worked out recently here [BP]. In [SU2], we have the first examples
of rigid surfaces whose Chern slopes are arbitrarily close to the BMY-bound 3. There
are other limit points for rigid surfaces in [5/7, 3], but any density result or any further
restriction is unknown. What could be a strategy to produce infinite families of rigid
surfaces whose Chern slope sweeps a large part of [5/7, 3]?

Exercises.

(1) We saw that the deformation space for the Du Val singularity A,, is

{22 + 2%+ y"Jrl + tly”_1 +...+t,y+t, =0} C C?I’W) X C?tl ..... tn)-

Show that in the fibers we can find only A,, singularities. In fact, show that for any
partition d; + ... + ds; = n we have a fiber with A4, _1, ..., A4,_; singularities.
(2) Show that P? is rigid. Which del Pezzo surfaces are rigid?
(3) Let I, be the Hirzebruch surface with a section of self-intersection —n. For example
Fo = P! x P! and F, is the blow-up of P? at one point. Show that F, and F; are rigid.
(4) Show that for n > 0 a Hirzebruch surface can be explicitly presented as
Fn = {$8y1 = z1Y2} C IP[lwo,CEﬂ X P[Qy01yl7y2].
Find the P! fibration on F,, and the negative section. For n > 1, consider now the
family

Fo = {agyn — afyo + (hag ™'y +taag 2 + -+ tyoazoriys = 0}

inPp, . x P2 x Ct ). This gives all possible deformations of F,,. Show

that all fibers over (¢y,...,t,_1) € C" '\ {0} a Hirzebruch surfaces F,, with m =
n(mod 2) and m < n. Can you find the negative section? Can you see its degenera-
tion into some curves in F,,?

(5) Take P! x P'. Consider the divisor D formed by 3 horizontal fibers and 3 vertical
fibers. Let f: X — P! x P! be the triple cyclic cover branch along D. It has 9 A, Du
Val singularities. Show that the minimal resolution S'is a K3 surface. Compute that
h%(Ts) = h*(Ts) = 0 and h'(Ts) = 20. So we have a 20-dimensional unobstructed
deformation space for S.

(6) * Find your own examples of rigid minimal surfaces of general type.

(7) #~ What is the exact region for Chern slopes of rigid surfaces in the allowed interval
[5/7, 3]? We only know some families of examples, and some limit points. However,
no dense region of rigid surfaces is known (see [SU2]).
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3.2. Q-Gorenstein deformations.

Our main references to understand QQ-Gorenstein deformations are [H1], [H2], and
[H5]. This is how the Kollar-Shepherd-Barron moduli space of surfaces of general type
locally looks like, and so its origins are in [KSB] (see also [K2, Section 6]). Behind this
we have Mori’s theory on families of surfaces.

The canonical cover of the T-singularity —15 (1, dna—1) is the cyclic quotient (1, dn—
1) = 75(1, dna—1) which is explicitly explained in Figure 11. It gives a concrete model
of the T-singularity, and it will be used to describe all Q-Gorenstein deformations.

zr:=?<f’97>H (o, i 7)>

X,Y)H{/“)A / \ E
w X7

PRZEP > Oy

/*du "

dn_ 30 Zpn M rlc €
Iw -uv]co: 1‘;:‘;“{/ W™= uv}/”M 2

FIGURE 11. Canonical cover of a T-singularity

In fact, for any log-canonical (l.c.) singularity we can define its canonical cover as the
cyclic cover induced by the index of the canonical class (the index of the singularity)
[H2, 3.1]. It is étale in codimension 1, and it has a Gorenstein singularity.

Definition 3.2. [H2, Definition 3.1] Let (z € X) be a L.c. surface singularity, and let
(X C X) — (0 € S) be a deformation of X. Let n be the index of (x € X). We say that
it is a Q-Gorenstein deformation if it is the quotient of a Z/n-equivariant deformation of
its canonical cover.

Kollar-Shepherd-Barron [KSB] adopted another definition. When & is normal and
S is nonsingular, this was just the condition Ky Q-Cartier. If moreover the base is a
(nonsingular) curve and the general fiber of X — S is canonical, then both definitions
coincide [H2, Lemma 3.4] (compare with [K2, 6.2.3]). We say that it is a Q-Gorenstein
smoothing if the general fiber is nonsingular. Typically our deformations will happen
over a nonsingular curve germ D, and so X — D is a Q-Gorenstein smoothing if and
only if all other fibers are nonsingular and K 3 is Q-Cartier.

If W is a normal projective surface with only l.c. singularities, then a deformation
(W Cc W) — (0 € S) is Q-Gorenstein if locally induces Q-Gorenstein deformations at
every germ in WW. If W is normal, the general fibers have only canonical singularities,
and Ky is Q-Cartier, then YW — D is a Q-Gorenstein deformation [H2, Lemma 3.4].

Next we have the precise picture for Q-Gorenstein deformations of a T-singularity

[HP, (2.2)] (We already reviewed the versal deformation space of ADE singularities).
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Theorem 3.3. A Q-Gorenstein versal deformation space of the T-singularity (1, dna — 1),
denoted by Def, is given by

1
{oy = 2" +t4_12979" 4 42" + 1y} € —(1,—1,a) x C,
n

via the projection (x,y, z,tq_1, ..., t1,t0) = (ta—1,.-.,t1,to). In particular Def o has dimen-
sion d. Moreover, the possible singularities of a fiber are either A.,_1, ..., Ac,_1, OF 61# (1,eyna—

1),Acy 1, ..., Ac,_1, Where eq + ... + €5 = d.

Let us fix a normal projective surface W with only T-singularities. We want to ana-
lyze the new trilogy:

Toq.w: Vector space of infinitesimal automorphisms of W,

T4 w+ Vector space of Q-Gorenstein first order deformations of 1V, and

T.w: Vector space of obstructions for Q-Gorenstein deformations.

We want to understand the versal Q-Gorenstein deformation space Defg (1) of W;
See [H5, Section 3].

First, it is a general theorem for automorphisms groups of proper schemes over a
field k that Aut(1V) is a group scheme locally of finite type over k. Moreover, its tangent
space at the identity is H°(W, Tyy) (see for example [D1, Prop.2.4]). As we work over
k = C, Aut(W) is reduced. Therefore, if Aut(W) is finite, then H°(W, Ty,) = 0. But
indeed Aut(W) is finite when Kyy is big by a well-known theorem of Iitaka [I, Section
11.1 for definitions, Theorem 11.12 for the result]. On the other hand, it is shown in
[H1] (see [H2, Lemma 3.8]) that

P]FOQG,W = H0<W7 TW)

as we have an isomorphism of sheaves Ty ~ 73 - (This is true for other singularities,
not only T-singularities.)

For the analysis of the other two vector spaces, we first consider the minimal reso-
lution of singularities 7: X — W. We have 7, Tx = Ty (see [BW, Proposition 1.2]).
By the Leray spectral sequence in low degree terms, we have the exact sequence (see
[NSW, Lemma (2.1.3)], and [H5, Section 3])

0— H' (W, Ty) — ’]I‘ézG’W — H'(W, 7307‘,[,) — H*(W, Tw) — Téqw — 0.

This happens because 7, y is supported on the isolated singularities of W for i > 0,
and 735w = 0 as the local canonical covers of W are complete intersections (see
[H2, p.227]). The general set-up is described in [H5, Section 3]. The vector space
HY(W, Toa.w) is a direct sum of the tangent spaces of the Q-Gorenstein deformations
of each T-singularity. We have that if T, ;;, = 0 then Defg (W) is nonsingular (for ex-
ample, this happens when H?(W, Ty,) = 0). The vector space H* (W, Ty ) parametrizes
equisingular deformations of V.
If Ky is big, then by Riemann-Roch we can compute

dimc T = 10x(Ow) — 2K7, + dimc Ty, (3.1)
and so
R (Tw) = ho(TéG) + b (Tw) + 2K3, — 10x(Ow), (3.2)

where h°(754) = >, d; and d; is the d corresponding to each T-singularity in W.
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If dimc H*(W, Ty) = 0, then Defgi (W) is nonsingular and any local deformations of
the singularities in 1/ may be glued to obtain a global deformation of W. We say in
this case that there are no local-to-global obstructions to deform .

Remark 3.4. In positive characteristic we do not have necessarily the construction of
Defoe (W), and so arguments for the existence of global Q-Gorenstein smoothings re-
quire p, = 0, as they need to apply Grothendieck’s effectiveness of the associated for-
mal construction (and the Artin’s algebraization of formal moduli). It is not enough to
have just H*(Ty) = 0 (in principle). See more details in [LN]. For example, would it
be possible to prove existence of the surfaces in [RU2] in positive characteristic?

We end with an application due to the pioneering work of Lee and Park [LP1]. (This
is after the construction of several exotic 4-manifolds using the rational blowdown
technique of Fintushel-Stern [ES], [P2]. The point is: that construction is the diffeo ana-
logue of Q-Gorenstein smoothing [SSW].) They prove existence of a family of (nonsin-
gular, minimal, projective) surfaces of general type with p, = 0, K 2=2,and m = {1}.
This was the first example of a simply-connected Campedelli surface.

Lee and Park start with a particular pencil of plane cubics: Take a nonsingular conic
A, and line B, and another line L. Consider the pencil {vAB+ uL?* = 0}. After blowing
up 9 times, we obtain a relatively minimal elliptic fibration Y — P!, whose singular
tibers are of Kodaira type IV* 21, I, (see Figure 12). In these fibrations we have a
Mordell-Weil group of rank 1 with no torsion, but as shown in Figure 12 we will use
only 3 sections in the construction. (In [P5], Persson produces the list of all possible
configurations of singular fibers in rational elliptic fibrations with sections, and the
corresponding rank and torsion of the Mordell-Weil group.)

_1 {I

FIGURE 12. Elliptic fibration used in the first K* = 2 example of [LP1].

Consider the blow-up X — Y indicated in Figure 13 (Lee-Park [LP1] Z is our X). We
note that it is the composition of 18 consecutive blow-ups at particular points over the
configuration (including infinitely near points of course). Hence K5 = —18. We also
note that X contains five Wahl chains: [2,10,2,2,2,2,2.3], [2,7,2,2,3], [7,2,2,2], [5,2],
and [4]. Let W be the contraction of these five chains. We have by Corollary 2.19

K}y =—-18+8+5+4+2+1=2.

Moreover we can prove that Kyy is big and nef.
If we can prove that IV has Q-Gorenstein smoothings, then we would have families
of surfaces of general type with K? = 2, p, = ¢ = 0. Using the Seifert-Van Kampen

theorem, one can show that they all would also be simply-connected. To show the
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FIGURE 13. The suitable blow-ups Figure 12.

existence of Q-Gorenstein smoothings the strategy is to prove that there are no local-
to-global obstructions via the computation: H*(Ty) = 0.

The following is a general strategy. As in [LP1], we have R'm.Tx(—log E) = 0 for
i = 1,2 (and 7, Tx = Tw), where E is the exceptional (reduced) divisor of 7.As we have
that Ky is big, then H°(Ty) = 0. Hence, by the residue sequence

0= Tx(=logE) = Tx = ©ceeNcix — 0,
we have H(Tx(—log F)) = H(Tx) ~ H°(Ty) = 0. We also have
H*(Tx(—log E)) ~ H*(Tw),
and by Serre’s duality we have H°(Q) (log E) ® Q%) ~ H*(Tx(—log E)).

Let S — P! be a relatively minimal rational elliptic fibration with sections. Then
Kg ~ —F, where F'is the class of a fiber. Let F}, F;, two fibers of Kodaira type I, for
some ms. Then one can prove that (see for example the beginning of [PSU1, proof of
Theorem 2.1])

H*(Ts(—log(Fy + F,))) = 0. (3.3)
After that we can use the following two principles to add and erase curves keeping
obstruction H?(T(—log D)).

(-1) We can add or erase (—1)-curves which are transversal (SNC) to the original con-
figuration. This includes adding the (—1)-curve from the blow-up at a node of the
original configuration (see for example [PSU1, Proposition 4.2 and 4.3]).

(-2) We can add or erase ADE configurations of (—2)-curves that are disjoint to the orig-
inal configuration [PSU1, Theorem 4.4].

Let us come back to our example. Starting with Y — P! and F; and F; (its two nodal
I, fibers), we obtain H?(Tx(—log E)) = 0 by applying these principles several times
at the consecutive blow-ups. Therefore, T3, = 0, and so Defog (W) is smooth of
dimension 10 —2K?* = 6, and each of the 5 singularities contribute with one dimension.
We have that A (Tyy) = 1.

Remark 3.5. I think one can degenerate further by just degenerating the conic into two
lines. This would explain the extra dimension from hA'(Ty,) = 1. What degeneration
do we get as a KSBA surface? Do we acquire an extra Wahl singularity?

Later Park, Park, Shin were able to find the analogue surfaces for K* = 3 [PPS1], and
K? = 4 [PPS2]. For this last case, these examples are the only available surfaces in the

literature (two examples), in reality there are hundreds of them (see 46 in Table 10).
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Note that a restriction to use this method is
10x — 2K? > 0,

and so for p, = ¢ = 0 we can do it only for K? = 1,2, 3, 4. For more p, = 0 examples in
general see for example [SU1,RU3], where we also use other singularities.

Exercises.

(1) Verify Equations 3.1 and 3.2 (see [RU3, Theorem 4.1]).

(2) Show that for any d > 1 thereisa d: 1 cover of the Wahl singularity - (na—1) given
by —5(1,dna’ — 1) LN = (1,na — 1), where o satisfies that a = da’(mod n), which
fits in the following commutative diagram

(z,y)—(z4,y?)

C? > C2

| !

=5 (1,dnad’ — 1) — %(1,na —1)

Are there induced smoothings?

(3) Find equations for the pencil and singular fibers of the example in Figure 12. Show
that Ky is big and nef for the W constructed from Figure 13.

(4) Show that Equation 3.3 holds. Verify that we have no local-to-global obstructions
to deform W constructed from Figure 13, using the add and erase principles. In
fact, you can show that 7 = {1} for the general fiber, using Van Kampen Theorem,
check [LP1].

(5) On the other hand, if we start with 3 or more complete singular fibers in an ellip-
tic fibration with sections, then we will find out positive obstruction. Show one
example where H?(Ty) # 0 (see [RU3, Section 4]).

(6) Enriques surfaces degenerate to surfaces W with T-singularities of type - (1,2d—1)
only. There are many ways to do it, in [U2] you can have many. In indicated in
[U2, Section 6], they can be used to understand families of Q-Homology projective
planes with numerically trivial canonical class. Realize at least one of these one-
dimensional families as a Q-Gorenstein smoothing of some rational surface.

(7) » Sometimes, even though there are obstructions, one can construct anyway a com-
plex smoothing. For example, in the presence of some symmetry, whose quotient
has no obstructions, for details see [LP2, Theorem 3]. That is applied to a well-
known family of Horikawa surfaces. Find your own application for some other
surfaces of general type.

(8) ** Construct a complex simply-connected p, = 0 surface of general type with K?* >
5. With the strategy of Q-Gorenstein smoothings, you can start with the examples
in [RU3] for K2 = 5.

3.3. Kollar-Shepherd-Barron correspondence.

For this section, the fundamental source is [KSB, Section 3]. The main point in that
section was to prove that the components of the reduced versal deformation space of
a c.q.s. can be described in a one-to-one correspondence via "P-resolutions"”, and that
each deformation in a component can be obtained using Q-Gorenstein deformations

of the associated P-resolution. Behind this we have Mori theory of a family of surfaces
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over a nonsingular curve, which is explained at the very beginning of the paper [KSB,
Theorem p.301].

Let 0 < ¢ < m be coprime integers. Let us consider the c.q.s. W := L(1,¢). As

explained in the previous sections, there exists a versal deformation space Def(W).

The infinitesimal deformations were described here [R2]. Equations for Def(1W') were
investigated here [S8].

Definition 3.6. [KSB, Definition 3.8] A P-resolution of W is a partial resolution f: W —
W such that W has only T-singularities, and Ky is ample relative to f.

P-resolutions were actually defined for any quotient singularity, and for the Kollar’s
conjecture (see Remark 3.10) we would like to define it for any rational singularity,
where T-singularities may not be the only participants anymore.

Definition 3.7. [KSB, Definition 3.12] A resolution f: X — W is maximal if Ky =
[*(Kyw)—>_,a;E;, where 0 < a; < 1, and for any proper birational morphism g: Z — X
that it is not isomorphism, we have K, = h*(Kw ) — > i b;jFj, where h = f o gand some
b; <0.

Lemma 3.8. [KSB, Lemma 3.13 and 3.14] Any W admits a unique maximal resolution, and
it dominates any P-resolution of W.

Proof. They are short proofs in [KSB]. Essentially, it uses what we know about discrep-
ancies and negative definiteness of matrices of exceptional divisors. 0

Thus, in particular, for a P-resolution we obtain that the exceptional divisor is a chain
of P's and T-singularities are at the nodes in this chain.

Example 3.15. Consider the quotient (X, P)=Spec C[[u, v]]/{a), where a(u,
v)=(nu, n7v), n=exp (2mi/19). The minimal resolution is

11/19 5/19 12/19

,
-3 -4 -2

where the negative integers are self-intersections and the positive numbers are
the «; occurring in the proof of Lemma 3.13. Then the maximal resolution X,
is

11/19 16/19 5/19 17/19 12/19

FIGURE 14. An example from [KSB].

The discrepancies in the example Figure 14 are — 11, — 13, — & from left to right. The
discrepancies in the maximal resolution are —13, — 15, —15, =13, —15, —1g- From here
one can check the existence of exactly 3 P-resolutions (as correctly stated in [KSB, Ex-
ample 3.15]):

1. Minimal resolution with the (—2)-curve contracted.

2. Minimal resolution with the (—4)-curve contracted.

3. [4] — (1) — [5, 2] which means contraction of [4] and [5, 4] from the blow-up at the

intersection between the (—3)-curve and the (—4)-curve in the minimal resolution.
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Theorem 3.9. [KSB, Theorem 3.9] There is a one-to-one correspondence between the irre-
ducible components of Def(W) and the P-resolutions of W. In addition, the Q-Gorenstein

deformations of a P-resolution maps onto the corresponding component of Def(W).

Remark 3.10. Kollar conjectured a bigger picture for deformations of rational singu-
larities. In [K2, Section 3] he suggested that any deformation of a two-dimensional
rational singularity should be the blow-down deformation of a Q-Gorenstein defor-
mation of some P-resolution (where, of course, the singularities that admit this type of
deformation may no longer be T-singularities). Stevens developed ideas around this
conjecture in [S7, Section 14]. Some recent preprints on this conjecture for sandwiched
singularities are [P’S1,]JS], which have a lot to do with the birational geometry in this
text.

How to find these P-resolutions in a more systematic way? Is it possible to count the
irreducible components of Def(1W)? Which are their dimensions?

Here is when Christophersen [C2] and Stevens [S9] enter to the picture, and so the
zero continued fractions in Section 1.3. We recall that these continued fractions admit

entries which are greater than or equal to 1, without 1s it is not possible to get zero!

Let us consider the Hirzebruch-Jung continued fraction associated to L (1,¢) = W

m

m 1

— = €1 — 1 3

q €2 —

.1
e
and its dual

m 1
— = —
m—q by —

We define the set of zero continued fractions
KW) = {[ki,...,k;] =0: suchthat1 < k; < b;}.

It turns out that there is a bijection between this set and the set of P-resolutions of V.
How? In [PPSU]J it is explained a geometric way to do this, whose numerical part is the
following. Before that, we describe another one-to-one correspondence but now with
M-resolutions [BC2].

Definition 3.11. An M-resolution of W is a partial resolution f: W — W such that W
has only Wahl singularities, and Ky is nef relative to f.

At the end of the day, given a P-resolution, we can obtain an M-resolution by re-
placing the singularities of type A by their minimal resolutions, and by replacing a
T-singularity -5 (1, dna — 1) by a chain of d — 1 P's with Wahl singularities (1, na — 1)
at the nodes. This was explained before in the section on T-singularities. In this way, we
obtain a one-to-one correspondence between M-resolutions and P-resolutions. Again,
all deformations of W come from blowing down Q-Gorenstein deformations of an M-
resolution W [BC2].

Notation 3.12. Let [(Z)} denote the Hirzebruch-Jung continued fraction of n:il Cal-

culations with Wahl surfaces will use this notation to indicate self-intersections in the
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chain of rational curves in the minimal resolution of the Wahl surface. For example,
our fixed M-resolution W+ — W is represented by

(- [ - [()] = o

Here [("')] represents the Wahl singularity p; € W+ fori =0,...,r, and (¢;) represents

the rational curve I'; C W fori = 1,...,r, so that its proper transform in the min-
imal resolution of W has self-intersection —c¢;. The arrow — means that the chain

contracts to [ey, . . ., /] by consecutively contracting (—1)-curves.

Remark 3.13. We have

i (] - [()] - [(2)] o

We use the geometric procedure in [PPSU, Cor.10.1], which interprets the zero con-
tinued fraction of the Wahl resolution as follows:

Algorithm 1 (for M-resolutions).
(0) If iy = 1, then ng = ag = 1. Otherwise

n
O — by, ... ki)

Ny — Qo

(1) At the beginning of the M-resolution (see Notation 3.12) we have d;, Wahl chains
[(52)] as follows:

) ) () RS

d

51

We can blow-down the indicated (—1)-curves in the chain

s, ..., b1 — (1) — [(ZE)] —M) = = (1) - [(Zg)] —(cay,) — -

d;

1

and all subsequently appearing (—1)-curves consecutively until we obtain the new
chain with the following curves:

N, oy
[bs, .. .,bi1+1,bi1 — dipbil—l, .. .,bl] — (Cdil) — [(ad:)] — .. = (CT) — [(ar>] .

(2) If b;, — d;; = 1, then we contract this (—1)-curve and all new (—1)-curves in the
subchain [b, ..., b;+1,b; — d;,,bi,—1, ..., b] until there are none.
(3) Then the original (—cg,, )-curve becomes a (—1)-curve, and we have
Ng

T—”Cld” = [b17 cee 7bi1—17 b’il - din bi1+17 ceey big—l])
if this is not 1. Otherwise, ng;, = aq; = 1.
(4) We now repeat starting in (1) with the d,,.
(5) We end with [ks,... k] = [... b, — di,..., by — d;y,...] = 0, which is the zero
continued fraction corresponding to the M-resolution.
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Example 3.14. Take = [3,4,2,2,4]. Take the M-resolution W — W given by

Km K )} K )}=[4]—(1)—[5,2]—<2>—{4] - [3,4,2,2,4].

We have - = [2,3,2,5,2,2], and so [2,2,5,2,3,2,1,3,4,2,2,4] = 0. The element in
K(W) correspondmg toWis[2,2,1,5,1,2] = 0. Thusd; =0,dy = 1,d3 = 1,dy =0,
d5 = 1, and d6 = 0.

Note that [KSB, Example 3.15] admits three M-resolutions:

oew-a [0 [Q) o [() e

As explained at the end of [KSB, Section 3], the dimension of the Q-Gorenstein de-
formation space of a P-resolution W — W can be computed explicitly. As these Q-
Gorenstein deformations are in bijection with the corresponding component of Def (1),
we obtain the formula

Z . —3) +22b —2Zk

=1
for the dimension of the component correspondmg to the zero continued fraction in
K(W) given by [ki,...,ks]. In particular, the difference between dimensions of any
two components corresponding to k, k&’ is

2| >
i=1
The zero continued fraction corresponding to the minimal resolution is
1,2,...,2,1],

and gives the component of bigger dimension, this is the Artin component (deforma-
tions that admit a simultaneous resolution of singularities after a finite base change).

Exercises.
(1) Find all M-resolutions corresponding to the c.q.s. whose HJ continued fraction is

2,...,2,3,2,...,2,3,2,...,2).
L,_/ —— H/—j

a b c

(2) What is the maximal and the minimal dimension of a component of the deforma-
tion space of a c.q.s.?

(3) » Find a characterization of c.q.s. whose deformation space is irreducible.

(4) Find a characterization of c.q.s. whose deformation space has %(2(;:11)) where s is
the length of its dual fraction. This is a lot of components!

(5) For each P-resolution of a c.q.s. compute the Milnor number of a general smoothing
in the corresponding component.
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Using the computer program MNres [Z1] one can find all M-resolutions (and N-
resolutions), which will be introduced later) of the c.q.s. g=(1,49). We have

85

— =12,4,5,2,2

49 [ Y Y Y ) ]’

and % = [3,2,3,2,2,4]. This c.q.s. has a deformation space with 5 irreducible compo-
nents. For each of them, we list the corresponding: zero continued fraction, dimension

of the component and the M-resolution.

[1,2,2,2,2,1], dimension is 10,
(2) — (4) — (5) — (2) — (2) (minimal resolution)

2,1,3,2,2,1], dimension is 8,

2) =) -06)-2) -2

[1,2,3,2,1, 3], dimension is 6,
-

@ - -10)-@

2,2,3,1,2,4], dimension is 2,
(2) — [(3)] (extremal P-resolution)

,4], dimension is 2,
— [(11)] (extremal P-resolution)

—_
~—

This is a c.q.s. that admits 2-zero continued fractions (see Theorem 1.21). These are
extremal P-resolutions, which are main protagonists in the next section.
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4. W-SURFACES

4.1. Picard group, class group, and topology again.

Arbitrary degenerations of nonsingular projective surfaces over a curve germ D into
a surface with only c.q.s can always be reduced to a Q-Gorenstein smoothing of a sur-
face W with only Wahl singularities (see [HTU, Section 5]). In [K2, Theorem 3.4.2]
it is stated the following result due to various authors, among them Tsunoda, Mori,
Kawamata: Any 1-parameter degeneration of non-ruled surfaces can be modified into
a minimal model family (canonical class relatively nef) whose central fiber has only

e Wahl singularities,
e simple normal crossings singularities ({zy = 0} or {zyz = 0} in C?), and/or
e orbifold double normal crossings singularities [H5, Section 5].
That shows the relevance of this type of degenerations. Next we collect the informa-
tion on a normal projective surface W with only Wahl singularities and a Q-Gorenstein
smoothing of W over D [U4, Section 2].

Definition 4.1. A W-surface is a normal projective surface W together with a proper
deformation (W C W) — (0 € D) such that

(1) W has at most Wahl singularities;

(2) W is anormal complex 3-fold with K, Q-Cartier;
(3) the fiber 1, is reduced and isomorphic to W;

(4) the fiber WV, is nonsingular for ¢ # 0.

The W-surface is said to be smooth if W is nonsingular.

For a W-surface the invariants ¢(W;), p,(W;), K7y,, Xtop(W?) remain constant for every
t € D. The fundamental group of W, and W; may differ (e.g. Enriques surfaces). A
W-surface is minimal if Ky, is nef, and so Ky, is nef for all ¢ [U4]. If a W-surface is
not minimal, then we can run explicitly the MMP relative to D, which is fully worked
out in [HTU]. It arrives at a minimal model or other outcomes, they are explained in
[U4, Section 2]. (This MMP will be elaborated in the next sections.) When Ky is nef
and big, the canonical model of (W C W) — (0 € D) has only T-singularities (this
means Du Val and #(1, dna — 1)). (Cf. [U4, Section 2] and [U3, Sections 2 and 3].)

We now go step by step from local to global. We mainly follow [W2] and [LW] for
Milnor fibers and local topological facts. Let us first consider a germ (P € W) of a
normal surface singularity. A smoothing of W comes with a Milnor fiber M, which is
just the diffeomorphism type of the smooth fiber W,. It is a real compact 4-manifold
with boundary L, which turns out to be the link of the singularity: If (P € W) c CV,
then the link of (P € W) is the intersection of the boundary of a ball around P with
W, and so it is a 3-dimensional manifold. The Milnor fiber has the homotopy type of a
tinite CW-complex of dimension 2. In particular, it has no homology after dimension
2. For the Betti numbers

b;(M) = rank(H;(M))
we have:

e Wahl conjectured in [W2] that b;(M) = 0 for any singularity. This was proved in
[GS]. One can easily check this for rational singularities, since in this case b; (L) = 0
(Mumford’s computation [M5, p.235]), and one has b, (M) < by (L).°

%There is some discussion on m1(M) in [GS, &§4].
43



e We call by(M) the Milnor number of the corresponding smoothing. This is the num-
ber of vanishing cycles in the smoothing. It depends on the smoothing of course,
no just the singularity. We have that H,(A/) has a bilinear symmetric form, and let
o, fi—, iy be the number of 0s, —1s, and +1s in a real diagonalization. Of course
bo(M) = po + e+ + p—. By a theorem of Steenbrink [S5, Theorem 2.24] we have

Ho + g = QpQ(P € W)

Hence, 14, ;14 do not depend on the smoothing, and, for example, if the smoothing
has Milnor number equal to zero, then (P € W) must be a rational singularity.

For example, for singularities of type A,,, D,,, or E,, we have only one type of smooth-
ing (i.e. one Milnor fiber) and b, = n.

This operation of smoothing ¥ ~+ W is a smooth surgery that can be performed
in the smooth category, think for example about the rational blowdown [FS]. (It can
actually be performed in complete generality in the symplectic category by [PS2].) We
have a continuous map of pairs

f: (WO7 ULZ) — (Y, UMZ),

where W0 is the complement of the singularities P, in W, L, are the links at the P;, and
M, are the Milnor fibers used in the smoothing Y ~» W for each P,. One can show that
this induces a commutative diagram between long exact sequences (see [TU]):

@ HQ(LZ) —)HQ(WO)—)HQ(W)—) EB H, (Ll) —>H1(WO)—)H1(W)—>0

| I I

& Hy(M;)— Hy(Y) —>Hy(W)—>@ Hy(M;)— Hy(Y) —Hy (W)—0

We note that for c.q.s. +(1,¢), its link is the Lens space defined as the quotient of
the 3-sphere S® by the action (z,y) — (umz, ud,y), where p,, is primitive root of 1 and
S3 c C2. We have Hy(L) = H3(L) = Z, H\(L) = Z/m, and Hy(L) = 0. For a Q-
Gorenstein smoothing of a Wahl singularity (1, na — 1) we have that the homology
of the Milnor fiber is

Ho(M) = Z, H(M) = Z/n, and Hy(M) = 0.
By [LW, Lemma 5.1] we have that (in general) the morphism H,(L) — H;(M) is onto.

Remark 4.2. Let Y ~» W be any smoothing. Let y; be the corresponding Milnor num-
ber from each P, induced by the deformation, and let E; be the exceptional divisor in
X over P;, where X — W is the minimal resolution of singularities. We have for the
topological Euler characteristic

Xtop(X) = Xtop(W \ Ui ) + Z Xtop(Ei) = Xtop(Y) — Z(l + i) + Z Xtop(Ei)

)

Here we are using that b; (Milnor fiber) = 0 for any normal singularity and any smooth-
ing. On the other hand we always have x(Ow) = x(Oy), and so

K3+ =K+ (02(E) = bi(E)) +12) py(P e W)

using the Noether formula. The right hand side depends only on the singularity, and

the left on the smoothing.
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Let us assume the situation of a W-surface and the corresponding smoothing (W C
W) — (0 € D). In addition, assume H'(W, Oy ) = H*(W,Oy) = 0. Then we have
Hy(W) = CYW), Ha(Y) = CI(Y) = Pic(Y), and H;(L;) is the local class group of
P, € W, see for example [K1, Prop.4.2 and 4.11]. Therefore, we obtain

0—Pic(W°)—CI(W)—@® Z/n} — H(W°)—H(W)—0

Lo I

0— Pic(Y) —CI(W)—®Z/n; —— H(Y) —H,(W)—0

In particular, from this one can read the Picard group of Y as the kernel of C1(WW) —
@ Z/n;. For any p,, this group can be thought of as a generalization of the Coble-Mukai

lattice (up to torsion) of an Enriques surface. The explicit description and applications
will be written elsewhere. For now, we finish with the example of an Enriques surface
asin [U2].

Let W be an Enriques W-surface with Ky nef, i.e., the general fiber Y is an Enriques
surface. Let 7: X — W be the minimal resolution of W. Kawamata proves that the
monodromy for this type of degenerations is trivial [K2, Section 2] 7, and that W can
have only singularities of type 1(1,1) [K2, Theorem 4.1] (i.e. these are the flower pot
degenerations of Persson). Let {C1, ..., C;} be the disjoint exceptional (—4)-curves of
7. Then

—QKXN01++CS,

and so X is a Coble surface of K3 type. In this way, we have two options for X (see
[KD, Prop. 9.1.4]): it is the blow-up of either

1. an Halphen surface of index two % over the singularities of one reduced fiber, which
isof type I1, 111,11V, or I, or

2. ajacobian rational minimal elliptic fibration over the singularities of two reduced
tibers of type 11, I11,1V, or I,.

We will only consider the case when the singular fibers are of type I,, the other
situations are degenerations. Hence, for one singular fiber we have I, and for two we
have I, and I, with s; + s = s. We have that 1 < s < 10 by [KD, Corollary 9.1.5].
One can actually prove that such a W has no local-to-global obstructions to deform,
and that any Q-Gorenstein smoothing of it is an Enriques surface (see [U3, Theorem
4.2(0)], where there is a result for more general elliptic fibrations).

Let §; be the class of C; in Pic(X). As in [KD, Chapter 9], we define the Coble-Mukai
lattice of X as s

CM(X) :={z € Pic(X): z-p; =0forall i}

where ISI:(X ) is the lattice in Pic(X)q generated by Pic(X) and the rational classes 3 f3;.
By the work above, we have the short exact sequence

0 — Pic(Y) — CI(W) — (Z/2)* " — 0.

In fact [K2, Section 2] has various things on topology and Hodge structures for Q-Gorenstein
smoothings.
8An Halphen surface of index two is a rational elliptic surface with a multiplicity two fiber, and no
(—1)-curves in the fibers.
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(Note that for s = 1 it also works, and so Pic(Y') ~ CI(W) in that case.) From now on
we refer to [U2].

Lemma 4.3. The image of Pic(Y') in C1(W) is the set of classes whose proper transform have
even intersection number with each C;.

Theorem 4.4. The image of Pic(Y') in CL(W) quotient by (Oy (Ky)) is isomorphic to CM(X).

Proof. We prove this through the pull-back morphism
7 CI(W) — Pic(X).

First, the pull-back on any class in CI(1V) is orthogonal to all ;. So we now restrict to
7 : Pic(Y) = CM(X). Let D = D' + 37 | 4 3; in CM(X) with D" not supported at the
Bi, and a; € Z. Then by definition D - §; = 0 and so D’ - C; is even for all 4, and so 7* is
onto, by Lemma 4.3. If 7*(D) = D'+ 37, $6; = 0, then 7*(2D) = 0 in Pic(X). Say that
D # 0 in Pic(Y'), and so we have a numerical 2-torsion class, and this implies D ~ Ky
by Riemann-Roch on D. 0

In [KD, Theorem 9.2.15], it is proved that the Coble-Mukai lattice of a Coble surface
is isomorphic to the Enriques lattice over C by a different method.

Exercises.

(1) Aswe saw, a surface singularity (P € W) admitting a smoothing with Milnor num-
ber equal to zero must be rational. Let X — W be its minimal resolution. Show that
the difference K2 — K% is equal to the number of exceptional curves over P. (This
is a surprising formula because in principle we would need to compute discrep-
ancies and intersections between exceptional curves.) In particular you have now
a formula for all QHD singularities in [BS], which are conjectured to be all QHD
singularities.

(2) Using the explicit Q-Gorenstein smoothing in Figure 11, compute the fundamental
group of the associated Milnor fiber for any T-singularity.

(3) An Enriques surface S can be seen as an elliptic fibration S — P! with p, = 0 and
exactly two multiplicity 2 fibers. A computation/definition for the Coble-Mukai
lattice can be done for any elliptic fibration S — P! with p, = 0 and exactly two
multiplicity n fibers. Try an example following the details we gave for Enriques

surfaces.
(4) x Let (P € W) be a c.q.s. and let W — W be an M-resolution with r P's and Wahl
singularities %(1, n;a; — 1) fori =0,1,...,r. Let M be the Milnor fiber correspond-

ing to that M-resolution. Compute Hy(Y) ~ Z,
Hl(Y) 2Z/ng<n0,...,TLr) HQ(Y) ~7".

4.2. MMP for W-surfaces I.

Semi-stable minimal model program [KM1, Section 7] is the process to obtain a mini-
mal model for a degeneration of surfaces, this is, a birational deformation with a 3-fold
with correct singularities (terminal) and nef canonical class. If this is a degeneration of
surfaces of general type, then we obtain the unique family of canonically polarized sur-
faces from the canonical model of this minimal model. That is the whole point of the

compactification proposed by Kollar-Shepherd-Barron [KSB]. Now, for an arbitrary
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degeneration of surfaces, we would have to resolve the 3-fold family and then apply
semi-stable MMP. In the case of a W-surface we do not need to do that, we directly
work with the W-surface, obtaining in the process only W-surfaces.

The following is the working object in [KM2].

Definition 4.5. An extremal neighborhood (I C W) — (P € W) is a proper birational
morphism between normal 3-folds F': W — W such that

(1) The canonical class Ky is Q-Cartier and V has only terminal singularities.

(2) There is a distinguished point P € W such that F~!(P) consists of an irreducible
curve' C W.

B) Kyw-I'<o.

Let Exc(F') be the exceptional loci of F. An extremal neighborhood is flipping if
Exc(F) =T'. Otherwise, Exc(F') is two-dimensional, and F is called divisorial.

In the flipping case, Kjy;; is not Q-Cartier. Then one attempts another type of bira-
tional modification. A flip of a flipping extremal neighborhood

F:(TCcW)— (PeW)
is a proper birational morphism
Fr.(rtcwh) = (PecW)

where W is normal with terminal singularities, Exc(F't) = I'* is a curve, and K+ is
Q-Cartier and F"-ample. A flip induces a birational map W --» W™ to which we also
refer as flip. When a flip exists then it is unique (cf. [KM1]). Mori [M4] proves that
(3-fold) flips always exist.

A general £ € | — Kjy| has only Du Val singularities [KM2]. Then a coarse clas-
sification goes like this: type A (semi-stable) and the remaining ones (exceptional).
The exceptional ones were classified in [KM2], where everything is worked out. Semi-
stable are more complicated, and they are divided into k1A and k2A. Mori completely
shows the picture for k2A in [M3]. Later in [MP], Mori and Prokhorov classified the
case k1A.

The semi-stable extremal neighborhoods can be seen as smoothings over D (see
[HTU]), and so we have a Milnor fiber W, for W. Its second Betti number b,(1V;) > 1is
an invariant. It turns out that for our purposes (running MMP for W-surfaces) it will
be enough to consider the minimum Milnor number, i.e. by(W;) = 1. The following is
a definition/theorem (see [HTU, Prop. 2.1]).

Definition 4.6. Let (P € W) be a c.q.s. germ. Assume there is a partial resolution
f: W — W of W such that f~!(P) is a smooth rational curve I" with one (two) Wahl
singularity(ies) of W on it. Suppose Ky -I' < 0. Let (W C W) — (0 € D) be a
Q-Gorenstein smoothing of X over a smooth analytic germ of a curve D. Let (W C
W) — (0 € D) be the corresponding blowing down deformation of W [KM2, 11.4].
The induced birational morphism (I' C W) — (P € W) is called extremal neighborhood
of type mk1A (mk2A); we denote it by mk1A (mk2A).

Definition 4.7. A P-resolution f*: W+ — W of a c.q.s. germ (P € W) is called ex-
tremal P-resolution if f*~'(P) is a smooth rational curve I't, and W+ has only Wahl

singularities (thus at most two; cf. [KSB, Lemma 3.14]).
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Proposition 4.8. Let (I C W) — (P € W) be a flipping mk1A or mk2A, where (T C W) —
(P € W) is the contraction of T between the special fibers. Then there exists an extremal P-
resolution (I C W+) — (P € W), such that the flip (I C W*) — (P € W) is obtained by
the blowing down deformation of a Q-Gorenstein smoothing of W*. The commutative diagram
of maps is

Proof. [KM2, Sect.11 and Thm.13.5]. (See [M3, HTU] for explicit equations of the sur-
faces and 3-folds involved.) O

Proposition 4.9. If an mk1A or mk2A is divisorial, then (P € W) is a Wahl singularity. The
divisorial contraction W — W induces the blowing down of a (—1)-curve between the smooth
fibers of W — D and W — D.

Proof. See [U3, Prop.2.8]. O

Next we show the numerical description of the W in an mk1A or in an mk2A (Defi-
nition 4.6), and of the W™ in an extremal P-resolution (Definition 4.7). This description
only requires toric computations on surfaces, the 3-folds VW and W+ do not play a role.
See more details in [HTU, §2].

(W — W for mk1A): Fix an mk1A with Wahl singularity - (1,na — 1). Let o

le1, ..., es] be its continued fraction. Let £y, ..., E; be the exceptional curvesngf 1the
minimal resolution W of W with E? = —e; for all j. Notice that Ky - I' < 0 and
I'-T' < 0 imply that the strict transform of I in Wisa (—1)-curve intersecting only one
curve L transversally at one point. This data will be written as

€1, .. &, ..., €]

sothat 2 =[er,...,e;—1,..., e where 0 < Q@ < A,and (P € W) is (1,€). Let 8;, o, i
be the numbers Definition 2.12 for the singularity (1, na — 1). Then

A=n?=Bio; Q=na—1-7p5

and, if § := %,wehaveKw-F:—%<OandF-F:—%<O.
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(W — W for mk2A): Consider now an mk2A with Wahl singularities

1
P(l,noao — 1), m(l,nlal — ].)

0 1
Let Ey,...,E,, and Fi,..., F, be the exceptional divisors over n%(l,noao — 1) and
0
. TLZ 7’L2
nl%(l,nlal — 1) respectively, such that 07 = [e,...,e5] and 1 = [fi,..., fs]
with E} = —e; and F} = —f;. We know that the strict transform of I' in the minimal

resolution W of W is a (—1)-curve intersecting only E,, and F, transversally at one
point each. The data for mk2A will be written as

[61,...,630] — [flu---7f51]7

A
5: [617...,650,17f1;"'7f51]

where 0 < Q@ < Aand (P € W) is 1 (1,9Q).
We define ¢ := nga; — niag *, and so

and

A:ng—i—n%—&nonl, Q= (no—énl)ao—i-nlal — 1.
We have Ky -I'= ——2- <0and - I' = ——25 < 0.
01

(W* — W): In analogy to an mk2A, an extremal P-resolution has data

ler, - es) == fi fall,
so that A

o= (€1, €s05Cy f15e oy [s1]
where —c is the self-intersection of the strict transform of I'* in the minimal resolution
of WF,0<Q <A, and (P € W)is £(1,). As for an mk2A , here #:‘271 = [e1,. .., 5]
and #ﬁil = [f1,..., [s]. If a Wahl singularity (or both) is (are) actually smooth, then
we set n) = a} = 1land/or ny = 1 and aj = 0. We define

§ = (c—1)n'on'y + n'ya’'y — n'od'y,
and so A = n’g + n’f + on/gn’; and, when both n/; # 1,
Q=—nY(c—1)+ (o +6n'y)d'y +n'ra'y — 1.

(One easily computes €2 when one or both n; = 1.) We have

< 0.

KW+'F+: ; >0 and F+'P+:—W

non'1 nony
How to compute explicitly? First we recall Mori’s algorithm to compute the numerical
data of either the flip or the divisorial contraction for any mk2A; cf. [M3].

Let us consider an arbitrary extremal neighborhood E of type mk2A with numerical
data (m,b), (n,a), so that the Wahl singularities are

1 1
w<17mb - 1)7 ﬁ(Lna’ - 1)7

%If you want to use it in the presence of a smooth point, then we set either n; = a; = 1, or ng = 1 and
apg = 0.
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d =ma+nb—mn > 0,and 0 < 2 < A as above. Without loss of generality, we assume
n > m. (Using the formulas for § and A, it is easy to see that m # n.) From this data,
Mori constructs other extremal neighborhoods E’ of type mk2A such that both E and E’
are of the same type (either flipping or divisorial), and after the birational modification
the corresponding central fibers are the same. We now explain how to find these E/,
and Mori’s criterion to know when E is flipping or divisorial.

Assume § > 1, the case § = 1 will be treated separately.

Let us define the recursion (; =0, (o = 1, ;11 + (;_1 = d(;, for i > 2. We note that the
recursion defines the infinite continued fraction

0++V0%2—4 5 1
2 N [
One can show that
(Gipan — Gm, Giaa — Gb) (4.1)

is a pair of positive integers for all i > 1. But one can prove that there exists an integer
iop > 1 such that

(Gipam — G, Giab — Ga) (4.2)
is a pair of positive integers only for 1 < ¢ < 4, — 1. Precisely, we have (;,y1m — (;,n < 0.
Two consecutive pairs of positive numbers of the form (4.1) or (4.2) above define the
two Wahl singularities of an E’, with associated numbers ¢, €2, and A (same numbers
as for E). Below we will show precisely the E’. Mori [M3] proves:

Theorem 4.10. The extremal neighborhood I is of flipping type if and only if (;,.1m—(;,n < 0.
Otherwise (i.e. (;,1m — G,n = 0) E is of divisorial type.

We note that this procedure gives an initial E’, right before reaching the index i,. We
call it the initial mk2A associated to a given E.

From an initial mk2A E, := E’ with Wahl singularities defined by pairs (ng, ag) and
(n1,a1) with ny < ny, and numbers §, A and €2, where dng — n; < 0. We also allow the
mk1A special case ny = ay = 1.

For i > 1, we have the Mori recursions (see [HTU, §3.3])

n(0) =ng, n(l)=ny, n(i—1)+n(i+1)=dn()

and a(0) = ag, a(l) = a1, a(i — 1)+ a(i + 1) = da(i). When 6 > 1, for each i > 1 we have
an mk2A E; with Wahl singularities defined by the pairs (n(7), a(i)), (n(i + 1), a(i + 1)).
We have n(i + 1) > n(i). The numbers J, A and €2, and the flipping or divisorial type
of E; are equal to the ones associated to E;. We call this sequence of mk2As a Mori
sequence. If § = 1, then the initial mk2A must be flipping (by Mori’s criterion), and the
Mori sequence above gives only one more mk2A with data ny, = n; — np, a2 = a1 — ag
and ny,aj.

As a summary, from the numerical data of E; we have according to dng — ns:
(=0) (see [HTU, Prop.3.13]) Divisorial type: then ng = 6, ny = 6% = A, a; = dag — 1 = Q.
(<0) (see [HTU, Prop.3.15, Thm.3.20]) Flipping type: the extremal P-resolution W™ has
n'o = ny — ong, d'o = a3 — dag — (¢ — 1)n'y, and n’y = ng, a’y = ap, wherec —1 >0
is the adequate multiple, and c is the self-intersection of the proper transform of I'*

in the minimal resolution.
50



In [HTU] we have the following method to compute for all extremal neighborhoods
of type mk1A. It is proved that a given exceptional neighborhood of type mk1A degen-
erates to two mk2A sharing the type, and the central fiber of the resulting birational
operation.

Proposition 4.11. [HTU, §2.3 and §3.4] Let [ey, ..., €, ..., ;] be the data of an mk1A with
2

—— = le1,...,es). Let 6, A, be as in the above numerical description of an mk1A.
ny ' n ' . . . o
e st o Then, o s o s o ¥ poseile Qs s for Shefst > L fo
(f1, - [so] — l€1,- - es] and ler,....es] — g1, s,
where mf_l = [f1,- -, [sl mf_l = [91,-..,9s,|, such that the corresponding cyclic quo-

tient singularity +(1,Q) and & are the same for the mk1A and the mk2A. Moreover, each of the
mk2A deforms (over a smooth analytic germ of a curve) to the mk1A by Q-Gorenstein smooth-
ing up - (1, n;a; — 1) while keeping 23 (1,na — 1), and there are two possibilities: either these
three extremal neighborhoods are

(1) flipping, with the same extremal P-resolution for the flip, or
(2) divisorial, with the same (P € W).

In [HTU] we show that this a key to give a complete description which provides a
universal family for both flipping and divisorial contractions; see [HTU, §3]. A flip
which appears frequently in calculations is the following

Proposition 4.12. Let [ey,...,es_1,€;] be an mk1A. Then it is of flipping type. Let i €
{1,...,s} besuch that e; > 3and e; = 2 forall j > i. (If e5; > 2, then we set i = s.)
Then the data for W+ is e; — [ea, ..., e; — 1].

Example 4.13. (Divisorial family) Consider the Wahl singularity (P € W) = 1(1,1). So
A =4and 2 =1, and 6 = 2. Then the numerical data of any mk1A and any mk2A of
divisorial type associated to (P € W) can be read from the Mori train

[4] —[2,2,6] — [2,2,2,2,8] — [2,2,2,2,2,2,10] — - - -

Notice that § = 2. For example, [2,2,2,2,2,2,10] is an mk1A , and [2,2, 6] — [2,2,2,2, §]
is an mk2A.

Example 4.14. (Flipping family) Let £; (1, 3) be the cyclic quotient singularity (P € W).
So A = 11 and 2 = 3. Consider the extremal P-resolution W+ — W defined by [4] — 3.
Heren'; =d'y =1,n'g =2,dy =1, 0 = 3, and the "middle" curve is a (—3)-curve. Then
the numerical data of any mk1A and any mk2A associated to W can be read from the
Mori trains
2,5,3] —[2,3,2,2,7,3] — [2,3,2,2,2,2,5,7,3] — - - -

and

[4] — [2,2,5,4] — [2,2,3,2,2,7,4] — [2,2,3,2,2,2,2,5,7,4] — - - -
These two Mori sequences provide the numerical data of the universal antiflip of [4]—3.
For particular examples, we have that [2,3,2,2,7, 3] and [2, 2, 5, 4] are mk1A whose flips
have W as central fiber.

In this link there is a computer algorithm to easily compute flips, divisorial contrac-

tions, and the families of them RUN MMP [V4].
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Exercises.

(1) Prove Proposition 4.12 (The usual flip).
(2) Let 0 < a < § be coprime numbers. Show that the Mori train for the divisorial

contractions over 35 (1, da — 1) starts with

(2 )]-0- ()] 0w

(3) Sometimes a flipping contraction (I'" C W) — (P € W) is over a Wahl singularity

(P € W). Give examples for each Wahl singularity.

(4) Let W= --» W™ be a flip at the level of surfaces. Verify that the indices of the

()

(6)

(7)

singularities either stay the same or decrease (including singularities that become
smooth points), and that at least one of them strictly decreases. This is significant
to know that the MMP stops.

Some Mori trains appear in nature. In [UZ1], it is proved that the color Markov
branches (see Figure 2) can be explained as Mori trains for suitable c.q.s. which
emerge deeper and deeper in the MMP as we change colors. For example, the
Markov train corresponding to £(1, 1) is precisely the Fibonacci branch. Check this
(see [UZ1, Section 7.1]).

* Mori trains are formed by wagons which contain Wahl chains. To go from one
wagon to the next, we can contract the (—1)-curve representing the bar, and then
blow-up several times over one of the two nodes in the corresponding exceptional
curve, until one reaches the new Wahl chain. Find out a combinatorial algorithm at
the level of Wahl chains that constructs the Mori train. The following is an example
of the first 8 wagons of a Mori train for the P-resolution [2,5] — 1 — [3,2,6, 2].

)

3,2,6,2]

3,2,2,2,7,2,2,6,2]

3,2,2,2,5,2,2,2,2.9,2,2.6,2]

3,2,2,2,5,2,2,2,2,2,2.7,2,2,9,2 2 6,2]
3,2,2,2,5,2,2,2,2,22,5,2,22,2.9,2 29,22 6, 2]
3,2,2,2,5,2,2,2,2,2,2,5,2,2,22.2.27,22.9,2292 26, 2]
3,2,2,2,5,2,2,2,2,2,2,5,2,2,2,2.22522229229 2292 26,2
3,2,2,2,5,2,2,2,2,2,2,5,2,222.2.2 5222 2227,229272922972 26,2

*+ Given an mk1A or mk2A of flipping type, then the flip at the level of the surface
W+ is the Q-Gorenstein smoothing of an extremal P-resolution of some c.q.s. This
smoothing is very particular, and it is described in [HTU]. Not every smoothing
comes from a flip (or it has an anti-flip). In [HTU, Question 1.3] it is asked to classify
all Q-Gorenstein smoothings which admit a not necessarily terminal anti-flip. In the
recent thesis work of Arié Stern [S6], it is shown an answer for particular situations.
Itis open in general. See [HTU, Example 3.26] for a canonical non-terminal anti-flip.

4.3. MMP for W-surfaces II.

The base for this section is [U4, Section 2]. The goal is to run MMP on a W-surface,
and to show what the ending results share an analogy with the classical (Italian) case
of a nonsingular projective surface. We recall that for nonsingular surfaces, after con-
tracting finitely many (—1)-curves, we arrive to either a unique minimal model (here
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canonical class is nef), or a geometrically ruled surface P (F) where C' is a nonsingular
curve and Fs a rank two vector bundle on C, or P?. What do we get for W-surfaces?

Let W be a W-surface. We recall that IV is minimal if Ky is nef (and then all smooth
fibers have Ky, nef; If Ky is ample, then Ky, is ample for all ¢ as well). Assume that
Ky is not nef. Then (by for example [KK2, 2.1.1]) there is a K-extremal ray P! =: " C
W such that I' - Ky < 0. We have the following options:

(D If T > 0, then Pic(W) has rank 1 and — Ky is ample [KK2, 2.3.3]. Hence — Ky, is
ample for any ¢ [KM1, Prop.1.41], and so W, is rational for any ¢. Moreover, the rank
1 condition implies that xp(W:) = 3 for all ¢, and so W, is isomorphic to P2. This
type of degenerations of P? were classified in [B5, M1, HP]. According to [HP, Cor.1.2],
the surface W must be a Q-Gorenstein deformation of a weighted projective plane
P(a?,b%, c*) where (a, b, c) satisfies the Markov equation a? + b* + ¢* = 3abc. We will say
more at the end, and this is the connection with Section 1.2.

(ID) If I'? = O, then there is a fibration h: W — B with irreducible fibers and general
fiber isomorphic to P! [KK2,2.3.3]. Let h: W — B be the corresponding fibration on the
minimal resolution W of W. Then, over a b € B where the fiber has a Wahl singularity,
the fiber in T has two possible configuration types; see [HP, Prop.7.4]. It is a simple
check that none of them is possible when the singularities are of Wahl type. Therefore,
(W C W) — (0 € D) is a smooth deformation of a geometrically ruled surface V.

(I1D) If I'? < 0, then we can apply to (W C W) — (0 € D) a birational transformation
defined by an extremal neighborhood of type mk1A or mk2A of flipping or divisorial
type [HTU, Thm.5.3]. After that we arrive to a new W-surface (W+ Cc W) — (0 € D).

Remark 4.15. It turns out that minimal models are unique meaning the surface W and
all fibers are unique up to isomorphism. But the families may not be isomorphic over
D. In [U4, Prop.2.6] it is proved the uniqueness, but it is wrongly stated that families
(the 3-folds) are isomorphic. Indeed for this type of families we may have flops, and
they are produced by the situation of an M-resolution of a T-singularity. To have an
example in mind check what happens in the Atiyah flop when we see it as a family
over C. In this family one sees two ways to modify so that fibers are isomorphic but
3-folds are not. We call them Kawamata flops as they were used in [K4] to show a semi-
orthogonal decomposition of the derived category of the smoothing.

Example 4.16. Let us run MMP in the example in Figure 15. In this example, we have
a W with four Wahl singularities, whose Wahl chains are shown in the minimal reso-
lution TV of TV. In that picture there is a curve that is negative for the canonical class.
It gives the data of a flipping mk2A, and it is the image of the (—1)-curve between the
two Wahl chains shown in Figure 16, which also shows the corresponding flip.

We then flip this curve in W to obtain a surface W' whose minimal resolution is
shown in Figure 17. One can prove that W™ has nef canonical class [U3, Section 7].

Let us come back to the general setup.
Let W be a minimal W-surface with W indeed singular. What can we say about the
possible W,? Let us fix the Kodaira dimension of W;, ¢ # 0. Then:

Kodaira 0: Only Enriques surfaces W; can appear with W singular [K2, Theorem

4.1]. These degenerations of Enriques surfaces are studied in [U2].
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L; B,

(©) E(1)

(d) Z=E(1)§16P2. C31:(=5,-2). C3,1:(=5,-2).
Cro1:(=2,-2,-8,-2,-2,-2,—4).

C39,14:(=3,-5,-5,-3,-2,-2,-3,-2).

FIGURE 15. The wrong example from [PPS1]

FIGURE 17. Minimal resolution after the flip

Kodaira 1: Kawamata classifies all possible degenerations in [K2, Theorem 4.2]. Both
the W, and W have an elliptic fibration compatible with the deformation. See also
[U3, Section 4] for the case when W, is a Dolgachev surface.

Kodaira 2: Here there are just too many possibilities for W, which has Ky, big and
nef. It is not understood how to predict the existence of these degenerations. The
canonical model of W has only ADE and T-singularities, and the corresponding family

over D is a curve germ in the KSBA moduli space of surfaces of general type.
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For Ky big and nef, Is it possible to classify the possible W'?
Let S be a minimal model of a minimal resolution of . Then we have the following
options for S [RU1, Prop.2.3]:

1. It is rational.

2. Itis a K3 or an Enriques surface.

3. It has Kodaira dimension 1 and ¢(S5) = 0.

4. It is of general type with ¢(S) = 0 (Proposition 4.17) and K% < K3,.

In particular, we have singular minimal models only for regular varieties (i.e. ¢ = 0)!

This shows a hierarchy between WW; of general type and W, which is either based on
K% or the Kodaira dimension of S. There are just too many and unclassifiable cases for
each alternative. Even if we fix extra invariants such as K.

For example, if K 2 = 1, then there are no surfaces of general type in the boundary.
Also singularities of W are significantly bounded, when S is not rational [RU1].

Proposition 4.17. If the surface S above is of general type, then q(S) = 0. In this way W-
surfaces of general type have no irreqularity.

Proof. As always, let m: X — W be the minimal resolution of W, and let 0: X — S
the composition of blow ups from S. We have 7*(Kw) = 0*(Ks) + 3, a;E5i + 3, b;C;,
where F; are the exceptional curves for o and C are the exceptional curves for 7. Both
a; and b; are positive.

In this proof we will use the Albanese variety Alb(S) of S; Cf. [B1l, V]. Assume
q(S) > 0. Let a: S — Alb(S) be the Albanese map. Its image can be a curve or a
surface.

Let us assume that its image is a curve. Then a: S — «(S) is a fibration into a
nonsingular curve of genus ¢(S5) [B1, V]. Then we have a fibration X — «(S), and so
all the C; are inside of fibers. In particular, we can rewrite 7 (Kw) = o™ (Ks)+>_; a; i+

Zj bjCj as
W*(Kw) = O'*(Ks) + E E Ci,jGi,j
i g

where }°. G ; is inside of a fiber and ¢;; > 0. Then we square to find 0 < Kj, =
K%-3%".N;, where N; > 0 by Zariski’s lemma [BHPVdV, Ill Lemma 8.2]. But K3, > K2.

Let us assume now that the image is a surface. Then we use Stein factorization for
a: S — a(S)via f: S — Y birational map, and Y — «(5) finite map. Now consider
the composition X — Y, which is a birational map and the images of the C; must be
contracted as a(S) cannot have any rational curve. But then analog argument of the
previous paragraph works in this situation. O

Let us elaborate better the ending case when I'? > 0. We know that W, must be P2.
So, one may wonder in full generality: What are all the normal degenerations of P*?

Bddescu [B5] initiated this quest for rational surfaces. Following ideas in [B5], Manetti
shows in [M1, Main Theorem] that if the normal degeneration has only quotient sin-
gularities, then it is a W-surface. (What about normal degenerations to other rational singu-
larities, such as generalized Wahl? Do it! See [M1, Theorem 11]). Hacking and Prokhorov
not only classify these W-surfaces, but also fully work out the case when W has Picard

number 1 and — Ky is ample (with T-singularities; if we allow only Wahl singularities,
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then this can only be P?; see for example [HP, Table 1]). (Later Prokhorov [P6] did it
for log canonical singularities.)

The picture for P? is shown in Figure 18, where in the way between two weighted
projective planes we have s with one or two singularities (from the original weighted
projective planes). To go from one to the other one uses the mutations for solutions to

the Markov equation.
. P(4,4,25) P('M”—!)
RS 609)

<""V\/=IPCZ

+
P((3bc-a), B, C*)

CAAS)

HJ(Q?. ) (30'0‘5)'.) c'z)

FIGURE 18. c.q.s. degenerations of P2.

In [U4, Section 3] it is shown that we can always obtain a W-surface with birational
tibers from a smooth W-surface, by applying finitely many anti-flips and /or divisorial
contractions (up and down). In particular, in [U4] is proved that any degeneration
of P? can be understood from a deformation of F; into F3 (one singularity), F5 (two
singularities), or F; (three singularities. See [U4, Figure 1] (Figure 19) for an example.

FIGURE 19. How to see the degeneration of P? into P(2%, 5%, 29?) as
coming from a deformation of F; into F.
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Exercises.

(1) Compute K - I' and I'? for the bad curve C in Figure 15, which is used in the flip
Figure 16. Show that indeed Ky + is big and nef.

(2) Find W-surfaces where W, is an Enriques surface, and W, has Wahl singularities
different than §(1,1).

(3) Let W be a W-surface with general fiber F,,. Show that after running MMP we have
either a Markov degeneration of P? or a deformation with central fiber F,, with
m > n.

(4) * By running MMP, classify W-surfaces when W is birational to W; for some ¢ # 0.

(5) x Show that a minimal W-surface with WW; K3 surfaces must be smooth. Show that
without the minimality condition we can have singular W-surfaces.

(6)  Given a degeneration of P? into a surface W as in Hacking-Prokhorov, we can
blow-up a general point for all fibers and obtain a similar degeneration of F; into
BL,(W). Then we can run MMP starting with a unique flipping curve. This MMP is
unique, in the sense that at each step we have always a unique flip (see the example
in Figure 19). This is explained in [UZ1]. Now consider arbitrary Q-Gorenstein
degenerations of Hirzebruch surfaces with only Wahl singularities. Are there any
Markov sort of moduli spaces? Is it possible to describe the corresponding MMP?

(7) +x Are there normal degenerations of P? with non quotient singularities? Find a
classification.

57



Summary of MMP for W-surfaces and classic nonsingular projective surfaces.
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5. N-RESOLUTIONS

N-resolutions are the negative analogues to the M-resolutions of a cyclic quotient
singularity. They were defined in [TU] to construct interesting exceptional collections
of vector bundles in W-surfaces. We first review the basics of N-resolutions, and in the
next section, we work out exceptional collections. There are no any other applications
to N-resolution yet.

5.1. Existence and uniqueness.
Lat 0 < Q < A be coprime integers. We have the c.q.s. (P € W) = £(1,Q), and the
HJ continued fraction

A 1
—_ = - —
Q ! €y — L ’
o
€
and its dual ﬁ = [b1,...,bs]. We saw that the set of P-resolutions (Definition 3.6) is

in bijection with the zero continued fractions in
KW) ={[ki,...,k] =0: suchthat1 < k; < b;},

and it is also in bijection with the set of M-resolutions (Definition 3.11). Each M-
resolution of (P € W) looks like Figure 20, and they are part of the following more
general definition.

Definition 5.1. A Wahl-resolution (I'y U... UL, C W) is a surface germ that contains a
chain of smooth projective rational curves I'y, ..., I, that are toric boundary divisors
at Wahl singularities F, ..., P, (as in Figure 20), the surface is smooth elsewhere (we
also allow P, to be smooth points). We choose a toric boundary divisor germ I'y at Fy
complementary to I'y and I', 4 at P, complementary to I',. In addition, we assume that
it admits a contraction ([ U... UL, C W) — (P € W).

R X
1 rz' ':1 (‘l,_:

&

FIGURE 20. A Wahl resolution with r curves I';

Notation 5.2. The singularity P; of a Wahl-resolution W has type #(1, n;a; — 1), where
2 K2

the Hirzebruch-Jung continued fraction of n':?fl goes in the direction from I'; to I'; 4.

For smooth points, n; = a; = 1. We note that

1 1
Ii+ Ky Ti=—— — ——
ny o M
fori=1,...,r. Let ¢; := n;,_1n;| Ky - I';| (a non-negative integer).
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The purpose of this section is to define the N-resolutions of (P € W) [TU]. The
set of N-resolutions will be in bijection with the set of M-resolutions, and a particular
characteristic of an N-resolution is that intersections of exceptional curves with the
canonical class are nonpositive.

Definition 5.3. Let W+ be an M-resolution of a c.q.s. (P € W). The corresponding
N-resolution W~ is a Wahl-resolution of (P € W) with curves I'; and singularities P, of
type -5(1,7;a; — 1) fori = 0, ..., 7 such that

(1) The singularity P is Py with #, = ny and @, = a,. Furthermore, for every i =
1,...,r, the contraction of ', _;;; U... UL, C W™ isa c.q.s isomorphic to the con-
tractionof I'y U... UT; C W* . We denote that c.q.s. by Aii(l, Q).

(2) 5r—i+1 = (51 fori = 1, o, T

(3) —Kyw- is relatively nef, i.e.,, Ky- -T; <0fori=1,...,r.

Notation 5.4. Suppose the M-resolution W+ — W corresponds to a zero-fraction

[k, ... k] € K(W).

The surface W contains curves I'y, . .., I', and Wahl singularities at P; of type %(1, n;0;—
1) We have 57, = ni_miKW+ . Fz >0 foralli = 1, e, T Let dz = bz — k’z > 0. We have
dy+...+ds=r+1. Letd,,...,d; bethesetof nonzero d; with i; < iy < ... < .

Proposition 5.5. The numbers 6., ..., 0, can be computed as follows: fork =1,...,e —1,
(5di +..+d;
———" = [bij41, -5 biyy 1]
6di1+...+dik

if igs1 > ik + 1, 01 5di1+_,,+dik = 1if i1 = i + 1. All other §; are equal to 0.

In Algorithm 1 it was explained how to obtain the M-resolution corresponding to a

given zero continued fraction in K (V).

Lemma 5.6. An N-resolution W~ — W associated to the M-resolution W+ — W can be
constructed as follows. It has Wahl singularities P; of type & (1,n;a; — 1) for i = 0,...,r,
which we will describe from the bottom up via n,, a, such that Np—i = N4, Gy = G; for
i =0,...,r. The algorithm is as follows.
o Ifiy =1(e dy #0), thenn, =a, =1forp=0,...,d; — 1. In other words, we start
with dy smooth points.
o Ifiy > 1, then —2— = [by,... byy_y|forp=0,...,d; — 1.

Np—ap

k _
o Letq= 3" d;,. Then =—=2— = [by,..., by, 1] forp=1gq,...,q+d; , — 1.
=1

fip—ap
J

The curves T; fori = 1,...,r are as follows. If T'; passes through one or two Wahl singular-
ities, then its proper transform in the minimal resolution is a (—1)-curve. Otherwise (i.e. no
Wahl singularities) it is a (—2)-curve.

Example 5.7. By [KSB, Ex. 3.15], the c.q:s. %9(1, 7) admits three M-resolutions, where
the first M-resolution is the minimal resolution:

N I ) BN )



The corresponding N-resolutions are

)-o-[6)]-o- (G- [Q)]-0- (O] [G)]-o-1G)-o

Definition 5.8. A Wahl resolution W — (P € W) is called extremal if the exceptional
divisor consists of a single curve I';. We have two Wahl singularities Fy, P; (which may
be smooth points). The type of P; is 2z (1,n;a; — 1) and we have

(51 = Ngny ’KW . Fl‘ and — ngn% F% =A= Tlg + n% + (517?,0711, (51)
where = is the sign of Ky - I'1. If §; = 0, then we have the M-resolution of % = 232:

for some 0 < a < n coprime [BC2]. If W is an extremal M -resolution with J; > 0, then
W is an extremal P-resolution introduced and studied in [HTU].

It is not hard to see that an extremal M-resolution has a unique N-resolution, and
this is an initial mk2A when §; # 0. The following is the proof taken from [TU, Lemma
29].

Lemma 5.9. An extremal M-resolution has a unique N-resolution.

Proof. If 9 = 0, then we have the M-resolution of % = 25:: forsome 0 < a < n
coprime. Here N-resolution and M-resolution coincide, and there is only one index i;
and d;, = 2. If W is an extremal M-resolution with 0; > 0, then we have an extremal

P-resolution of [HTU]. Here we have only two indices i1, i2. We have d;, = d;, = 1, and
[b1,...,by —1,.... by, —1...,b] =0.

We now prove that the N-resolution proposed in Lemma 5.6 is indeed an N-resolution.
We know that [b, ..., b1] — (1) = [(2!)] = (1) = [(*)] can be blown-down to [bs, . . . , b, —

aj

Lbiy 1, 01) = (1) = [(1°)] and that can be blown-down to [by, ..., b, —1,...,b;, —
1...,bs], which is zero, and so & = [(21)] — (1) — [("°)]. Hence, we do get a Wahl

o Q ai ag
resolution W — W in this way. )
We now check that Ky - I' < 0, where I is the central curve, and 0; = §,. Let f]’—: =

[bl, .. -;bk—l]/pl = 1,p0 =(q1 = 0, and qo = —1. Then

DiyQiy — Pis i )
— S :[big—h'"abil—i-l]:_,l
Pi1Gis—1 — Pip—1Gi, €
by [HTU, Lemma 4.2]. But, by definition, we have p;,, = ng, ¢;;, = no — ao, pi, = 71,
and ¢;, = n; — a;. Therefore, 1 = nyag — npa;. On the other hand, a toric computation
shovis that Ky - I'= -1+ (1— %) +(1- i) = —ma-md and so Ky - T is negative
and 6, = d;. _
Finally, for uniqueness let us consider some Wahl chain [(ZI)] such that

ool =00 |G)] 00 ()] <o

but then we also have [(7*)] — (1) = [(2°)] = (1) = [bs, ..., b1] = 0, and so [(3')] is deter-

1
ao 1

mined, being dual to the contraction of [(7°)] — (1) — [bs, . .., bi]. O
For the proof of Lemma 5.6 see [TU, Lemma 2.6].

Corollary 5.10. Every M-resolution has a unique associated N-resolution.
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Proof. We know this is true for » = 1 (extremal M-resolution). For r > 2 we go by
induction on . We have thatI'y U ... UTI',_; is an M-resolution of (1 Q,_1),and so

we can apply induction for all smgularltles deltas, and 4 A (1,€%) except for ng, ap. Let
Q L= [fi,..., ft]. Then we have [bs,...,b] — (1) — [(",0)] (1) = [f1,.-., fi) =0, and

this implies [("i))] (1) = [fi,.- s fi] = (1) = [bs, ..., b] - 0, and so [(Zg)] is determined
byA -(1, 9, 1) and £ (1,9Q). O

Example 5.11. As we pointed out before, using the computer program MNres [Z1],
one can find all M-resolutions and N-resolutions of any c.q.s. For example, let us again
consider £-(1,49). We have 55 = [2,4,5,2,2], and 5 = [3,2,3,2,2,4]. This c.q.s. has
a deformatlon space with 5 irreducible components. For each of them, we list the
corresponding: zero continued fraction, dimension of the component, the vector of the
0;, the M-resolution, and the N-resolution.

[1,2,2,2,2, 1], dimension is 10, (0,2, 3,0, 0)

(2) = (4) = (5) — (2) — (2) (minimal resolution)

()] =W =[G = O =[] = @) =[G - 1) = (2)
2,1,3,2,2,1], dimension is 8, (1,7,0,0)
J=()-(2)-(2)

(=W =1G) - =[G - =[] - )

[1,2,3 2,1, ],dlmen51onls6 (0,8,1)
~ ()] -
[(f?)J (1) [(i?)J (1) - (2)

2,2,3,1,2,4], dimension is 2, (5)
(2) — [(7)] (extremal P-resolution)

(7)1 -

3,1,3,2,1,4], dimension is 2, (5)
(g)] (1) - ( ) (extremal P-resolution)
()] =@ = 1G)]

We finish showing the N-resolution corresponding to the minimal resolution.
In general, we write the Hirzebruch-Jung continued fraction as

S 22002 22 2 e 2,2
0 ) y 4, L1, 4, y 4y X2, s &y y 4y Le—1

Y1 Y2 Ye—1 Ye

where 1; > 0 and z; > 3 for all 7. This describes the minimal resolution W*. We now
compute the N-resolution W~ of W explicitly. The dual fraction is

A
—— =y +2,2,...,2,2+3,2, ..., 2,3+ 3, Y1 3,2, .., 2,y + 2]
A —Q ~—— ~—— ——
xr1—3 xro—3 Te—1—3
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We have that the d; # 0 are exactly in the positions of the y;. In particular, if d;,, ..., d,,

are the d; # 0 with i, < ... < i, then i; = 1, i, is the index of the last position, and

d;, = yr + 1 for all k. Note that the non zero § are computed via [2,...,2], and so they

r;—3

are equal to z; — 2. We have that the data 7, , a;, for the distinct Wahl singularities in
the N-resolution is

Ny,

= 42,2, 2003 b2+ 3,20 2 e + 3,2, 2]

[yl Y2 Yr—2 Yr—1

r1—3 Tp_o—3 Trp_1—3

N, — G,

for k > 1, and smooth point for k£ = 1.
Note that we have

A=7(Ye+ 1)+ Ne-1(Ye1+ 1)+ ...+ 72(y2 + 1) + (y1 + 1). (5.2)
Indeed, let us consider the matrix
[y, +2 —1 i
-1 2 -1
-1 2 —1
M = -1 ye1+3 -1 )
-1 2 —1
i -1y +2]

whose diagonal has the sequence
{ye +2,2,.. 0,291 +3,. ..,y +3,2,..., 2,92+ 3,2,...,2,y; +2}.
3 3 3
Te—1— Zr2— r1—

Its determinant is equal to A. On the other hand, we can use the linearity of the deter-
minant on its first row (y. +2,—1,0,...,0) = (1,—1,0,...,0) + (y. + 1,0,0,...,0), via
the sum M = M, + M, where M, corresponds to the continued fraction
[1a27"'727y671+37"'7y3+3727"'727y2+3727"'72ay1 +2]7
—— —— ——

Te—1—3 xr2—3 xr1—3
and det(Ms) = (ye + 1)7n.. But then det(/;) is the numerator of the continued fraction

[ye_l+2,...7y3+3,2,...,2,y2+3,2,...,2,y1+2],
—— ——

xr9—3 r1—3

by contracting the 1 and the consecutive 2s in the diagonal of M/;. Now we use induc-
tion on e to write the claimed formula.

In the next section, we will see how to obtain the unique N-resolution from a given
M-resolution using a suitable action of the braid group, which is defined via antiflip-
ping extremal M-resolutions.

Exercises.

(1) Verify why in Definition 5.3 is necessary to have (1), (2) and (3) for uniqueness.
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(2) ~ Let ng, ..., n, be the indices for an M-resolution, and 7y, .. ., 7, be the indices for
its N-resolution, all over the c.q.s. 1(1,2). Show that

A= noNy + N1Ny_1 + ...+ NypNo.

One instance of this was shown in Equation 5.2 for the minimal resolution.

5.2. Braid group action.

Given a c.q.s. W, we will show how to connect an M-resolution W+ with its N-
resolution W~ by a sequence of antiflips, which are generators of the braid group B, 4
action on the set of Wahl resolutions W — W with r + 1 Wahl singularities. We recall
that the braid group on r + 1 strands can be presented as

Br+1 = <81, Ce ,07« | 0161+19Z = ei—&-leigi—&—l’ QZQJ = 0j9i>a

where in the first group of relations 1 < i < r — 1 and in the second |i — j| > 2. For
example By = Z. This group is torsion free, and for r > 2, B, contains the free group
in two generators.

We first describe the action of B, on extremal Wahl resolutions W — W, where either
Kyw-T'1 > 0 (extremal P-resolutions), Ky -1y < 0 (K-negative resolutions), or Ky -I'y = 0
when 6, = 0 (K-trivial resolutions). We will refer to the action of a generator of B, as
the right antiflip and to its inverse as the left antiflip.

A Q-Gorenstein smoothing (W C W) — (0 € D) of an extremal Wahl resolution W
over a smooth curve D can be blown-down to a smoothing YW — D of W. This gives
a threefold contraction YW — W, which is Kyw-positive, Kyy-negative, or Kyy-trivial
depending on the three cases above. The antiflip is defined differently in each case.

Antiflips: K-positive case. Consider a Q-Gorenstein smoothing W™ — D of an
extremal P-resolution W+ over a smooth curve. This situation may not have an anti-
flip of type mk1Aor mk2A, this depends on the "direction" of the deformation. This
was studied in detail in [HTU]. So, when we have the correct direction, then we may
anti-flip W+ — . We will only consider the "initial" mk2Aextremal neighborhoods as
antiflips. To differentiate them, we use left L and right R as indicated in Figure 21. We
refer to W, — W as the right antiflip (or just the antiflip) of an extremal P-resolution
W+ — W and to W, — W as the left antiflip.

FIGURE 21. Left and right antiflips of W+ — D
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Antiflips: K-negative case. This is what we do in a Mori train going from one
mk2Ato the next mk2A. If we move keeping F; as shown in Figure 21 (changing W+
by a W with I'y - Ky < 0), then this is the right anti-flip R , otherwise we have the left
L.

G2) () 3) E iz
ver => - - - = + - - — - -
(% (2 (2) (2) ()

FIGURE 22. Anti-flips in the Mori trains of a given W.

Antiflips: K-trivial case. Here W* is [(")]—(1)—[(")] (unless n = 1 in which case it is
a (—2)-curve with two smooth points) and W = 53(1, 2na — 1) [BC2]. The blow-down
W of a Q-Gorenstein smoothing W' of W is a Q-Gorenstein smoothing of W. The
contraction W+ — W is crepant, and it can be flopped giving a threefold W' (which
we call an antiflip of W) with a central fiber W’ ~ W (see [BC2] or [K4, Section 5]),
which we call an antiflip of W+ in the K-trivial case. This is the Atiyah flop when we
have no Wahl singularities.

The following will be assumptions that we will impose on IV so that we have plenty
of freedom on its deformations, and we have the "starting" point in the s.o.d.s of the
next sections. Sometimes we can relax some of the hypothesis to obtain results on more
general surfaces. We will try to indicate when that happens.

Assumption 5.12.

(1) W is a normal projective surface with Wahl singularities { F, ..., P}, smooth out-
side of them. We have a Wahl resolution I'; U...UT, € W of P € W, and so the
contraction of the chain I'y, ..., T, to the point P € W.

(2) ¢q(W) =dim HY (W, Ow) = 0 and p,(W) = dim H*(W, Oy ) = 0.

(3) There is a Weil divisor A on W that generates the local class group CI(P € W).
By Lemma 5.20 (at the end of this section) we can choose effective smooth divisors
A, A C W such that the germ P € (AU A) C W is etdle-locally isomorphic to
0€ (x=0)U(y=0)C x(1,9). Proper transforms Iy (resp. I',;1) of A (resp. A) in
the Wahl resolution W of W intersect the chain I'; U ... UT, only at I (resp. F,),
where they are equivalent to toric boundaries opposite to I'; (resp. I';) as in Figure
20.

(4) H*(W,Ty) = 0. By Lemma 5.21, there are no local-to-global obstructions to Q-
Gorenstein deformations of a Wahl resolution W of W or the pair (W, A) where
A=To+TI1+...+T, +1I,4if (2) and (3) also hold. A general example satisfying
(4) is any W with — Ky big [HP, Prop. 3.1].

We note that even rational surfaces may not satisfy Assumption 5.12 (3), see e.g.
[KKS, Examples 5.4 and 5.5]. On the other hand, rational surfaces with big Ky may

not satisfy Assumption 5.12 (4), see e.g. [RU3, Sections 4 and 5].
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We will define the action of generators of B,,; on Wahl resolutions with r + 1 sin-
gularities by treating every irreducible curve in its exceptional divisor as an extremal
Wahl resolution. Relations of the braid group are checked in Theorem 5.18.

Definition 5.13. Let W — W be a Wahl resolution with exceptional divisor I'y U... UL,
and toric boundaries I'y and I',;; as in Lemmas 5.20 and 5.21. The neighborhood of
T; C W contains a subchain [("!)] — (¢;) — [(}*)] of an extremal Wahl resolution. We
have a contraction W — W, of I C W into a c.g.s. (1 Qr,), which has as toric
boundary the image of I';_; and I';;;. By Lemma 5. 21 we can choose two deforma-
tions of W; (the same ones if the extremal resolution is a P-resolution or a K-trivial
resolution) which (1) are equisingular at smgularltles of W; other than +— (1 Qr,), (2)

lift the boundary of W;, and (3) smoothen - (1 Qr,) as in the dlscussmn of antiflips

of extremal Wahl resolutions in the begmmng of this section. These deformations of
W; are blow-downs of Q-Gorenstein deformations of W and another Wahl resolution
R;(W) — W, respectively. We call R;(W) the right antiflip of W — W at I';. The left
antiflip is defined is a similar way. The singularities of R;(1/) and L;(1V) are the same
as for W except at the positions ¢ — 1 and 7, where we have the singularities produced
by the antiflip of an extremal Wahl resolution [("1)] — (¢;) — [(™)].

The following is [TU, Corollary 3.4].

Corollary 5.14. Given a sequence of Wahl resolutions Wy, Wy, ..., W), — W with Wahl

chains T, ...\ TJ_ for j =0,... k, suppose W; = R;,(W;_,) fori=1,... k.

(1) There is a sequence of Q-Gorenstein smoothings Y; ~» W, for i = 0,1,..., k over smooth
curve germs ; that belong to the same component of Def p, .

(2) If Kw,_, -T;7' > 0fori=1,....k, ie. on every step we antiflip an extremal P-resolution
or a K-trivial resolution, then we can assume that D, = ... = D, = D is the same curve in
Def peqy and (W;—y C W;—1) — (0 € D) is the flip (or flop) of (W; C W;) — (0 € D) for
all i = 1,..., k with respect to the contraction of I'; C W;. In particular, the smooth fibers
Y, of these families are isomorphic.

Proof. (1) is clear. To prove (2), choose a Q-Gorenstein smoothing (W, C W;) — (0 € D)
over a smooth curve germ D with all axial multiplicities equal to 1, which exists by
Lemma 5.21. Then we apply a sequence of flips (or flops if J; = 0) to contractions of
I cWifori=kk—1,..., 1 O

Proposition 5.15. [[TU, Proposition 3.5]] Let W — W be a Wahl resolution with a chain
of 3 curves I'1, 'y, I's, and singularities Py, Py, P», P; where the type of P, is — (1 nga; — 1).

Consider W' := Ry(W) the right antiflip of W — W at T'y. Hence we have a Wahl resolution
W' — W with a chain of 3 curves Ty, Ty, Ty, and singularities P} = Py, P|, Py = Py, Py = Ps.
Let 0] = n);_yn} | Kw: - I'}|. Then we have the following three situations:

(-1-): Ty - Ky < 0and Ty - Ky < 0.

(1) n} = 52n1 — Ny, a) = daay — ag, nh = ny, ah, = ay, 65 = ds.

(2) ngni Iy - Ky = ﬂl(d?”l;l"?)”z”o, where £ is the sign of Ky - I'y.
(3) nons I'y - Ky = i53"711—2—52%, where % is the sign of Ky - I's.

(-1+): 'y - Ky < 0and I, - Ky > 0. Let —c, be the self-intersection of the proper transform

of I'y, in the minimal resolution of W'.
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(1) n}) = ny — dany, @) = as — doay — (¢hy — 1)n), nb, = nq, dy = ay, 05 = &y, and &) =
(chy — 1)n’1n1 + nia) — nlas.

(2) nfn, T, - Ky = 20 62"1) =920 where + is the sign of Ky, - Ty

(3) nhny T - Ky = M where =+ is the sign of Ky - 3.

n2

(+/-): I'y - Ky > 0and I, - Ky < 0. Let —c; be the self-intersection of the proper transform
of I'y in the minimal resolution of W.

(1) n} = 52711 + ng, a} = dsay + ag — (co — 1)y, nhy = ny, aly = ay, 05 = ds.
(2) nfn T - Ky = ﬂl(dw”””‘s”o , where + is the sign of Ky, - T';.
(3) nhyny % - Ky = M , where =+ is the sign of Ky - T's.

In partzcular, we have in all cases that

e L
P\ PZ'\ Po P1\
% +XSZ— §4+/\\/§1—
2 > AP 3

FIGURE 23. Proposition 5.15 in a picture.

A careful computation shows the following.
Lemma 5.16. Let W, — W be a Wahl resolution. Then we have the braid relation
RyR 1 Ry (W) = Ry Ry Ry (W),

Theorem 5.17. [[TU, Theorem 3.8]] After applying r(r + 1)/2 right antiflips of curves con-
tained in the Wahl resolutions starting with W= — W, we get the corresponding N-resolution
W= — W. On every step, we antiflip either an extremal P-resolution or a curve with § = 0.

Theorem 5.18. [[TU, Theorem 3.9]] The operations of right antiflips R; on Wahl resolutions
W — W with r + 1 singularities satisfy braid relations R,R; = R;R; fori > j + 1 and
RiRi 1 R; = Riv1R;Ri 1. In particular, they give the action of the braid group B, 4.

Corollary 5.19. Every Wahl resolution W — W is in the braid group orbit of a unique M-
resolution W+ — W,

Visualization problem: Given an M-resolution W+ — W with r = 2, we suppose to
have a 3-dimensional deformation space where deformations of (W, B). Inside here,
we would have all deformations coming from all Wahl resolutions W — W. What
is literally the picture? This would be the analog of the universal antiflip of extremal

P-resolutions as in Figure 24.
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(32)
/ (|})|O) (3’)2)
A (65 2;}) /

—>
(8%38)
(23,10)

> (5,2)

(52)

FIGURE 24. Universal family of antiflips (on the left)
of the extremal P-resolution (on the right) for [HTU, Figure 1].

Lemma 5.20. [[TU, Lemma 3.1]] Let P € W be a c.q.s. surface satisfying Assumption 5.12

(1), (3). We can choose effective, smooth divisors A and A such that the germ P € (AUA) C W
is etdle-locally isomorphic to the germ 0 € (x = 0) U (y = 0) C C?/pua. Proper transforms Ty

of Aand T, of A in any Wahl resolution W of W intersect the chain Ty U. .. UT, only at the
end-points Py and P,, where they give toric boundaries opposite to I'y (resp. I',.).

Lemma 5.21. [[TU, Lemma 3.2]] Let 7: W — W be a Wahl resolution satisfying Assump-
tion 5.12.

(1) We can choose divisors I'y and I',1 as in Lemma 5.20 so that there are no local-to-global
obstructions to deformations of a pair (W, B), where B is the boundary I'o + 'y + ... +
Iy +Ty41, ie. the morphism Def gy — [ Defpew,p) is smooth.
P,eW
(2) If W is a Wahl resolution, then there are no local-to-global obstructions to Q-Gorenstein
deformations of W or (W, B), for example, there exists a Q-Gorenstein smoothing Y ~» W

with a lifting of B for any choice of axial multiplicities v, . . ., a,.

Exercises.

(1) Typically in the examples of W-surfaces in the previous sections, one can find M-
resolutions of c.q.s. That is key to construct in the next section exceptional collec-
tions of vector bundles. Find some examples with embedded M-resolutions (not
only extremal P-resolutions).

(2) » Find a representation of the dynamical orbits of the Braid group action on an M-
resolution. For example, when the M-resolution is an extremal P-resolution, then
this is represented by the Mori trains. That is » = 1. What is the situation for r = 2?
Any r?
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6. EXCEPTIONAL COLLECTIONS OF HACKING BUNDLES

The aim of this chapter is to show how to construct exceptional vector bundles on
the nonsingular fibers W, of a W-surface W; ~ W, under certain hypotheses on the sin-
gular surface W. This is the work of Hacking [H4], we will call them Hacking bundles.
Depending on the particular geometry of I, one can actually construct exceptional
collections of these Hacking bundles on ;. We recall that an exceptional collection
defines a semi-orthogonal decomposition of the derived category D°(W,). This is the main
motivation, along with the desire to understand the orthogonal complement of the ex-
ceptional collection in D(W;). Particularly interesting are long exceptional collections,
and W-surfaces provide plenty of them.

Derived categories of algebraic varieties is a central area in algebraic geometry; see
the ICM talks by Bondal-Orlov [BO], and Kuznetsov [K2], [K3]. In particular, semi-
orthogonal decompositions and their behavior under deformations have recently at-
tracted quite a lot of attention; see for example [K1], [K3], [K4], [TU]. The works of
Kalck-Karmazyn [KK1], Kawamata [K1], Karmazyn-Kuznetsov-Shinder [KKS] de-
velop a way to express the derived categories of singular surfaces with a c.q.s. 1(1,Q).
That was the starting point of [TU], which will be explained by the end of this chapter.

One main result from [TU] was the discovery of N-resolutions, which were ex-
plained in the previous chapter, and their application to mutations of Hacking ex-
ceptional collections. For example, under certain hypotheses, we can find on many
W-surfaces long exceptional collections that are strong. For this, it is key the use of the
birational geometry of W-surfaces.

6.1. Hacking exceptional bundles.

Definition 6.1. An exceptional vector bundle (e.v.b.) E on a projective surface Y is a
locally free sheaf such that Hom(F, E) = C, and Ext'(E, F) = Ext*(E, E) = 0.

In this way, an e.v.b. is indecomposable, rigid (no infinitesimal deformations), and
unobstructed in deformations. Given an e.v.b. E we have that its dual EY and F ® £
are e.v.b.s, where L is a line bundle.

An exceptional vector bundle E on Y induces the semi-orthogonal decomposition
(s.0.d.) D*(Y) = (E+, E), where F is the admissible triangulated subcategory gener-
atedby Eand E+ = {t € D*(Y): Hom(e,t) =0, Ve € E}; see [H10, §1.4]. At this point,
we should mention that conjecturally there is a strong restriction on the existence of an
e.v.b. (Folklore conjecture? see [BGL]):

Conjecture 6.2. Let Y be a nonsingular projective variety. If the canonical bundle Ky is nef
and h°(Y, Ky) > 0, then X admits no non-trivial semi-orthogonal decomposition.

Since our W-surfaces W, ~» W with W singular and Ky nef have ¢ = 0, we should
then consider only p, = ¢ = 0 surfaces. Although it would be instructive to keep in
mind that a W-surface W; ~» W may have p, > 0; see many examples in [RU2] for
py = 1. Also, we note that any line bundle on a p, = ¢ = 0 surface is exceptional.
Theorem 6.3 (Theorem 1.1 [H4]). Let (W C W) — (0 € D) be a W-surface such that
(1) W has only one Wahl singularity - (1, na — 1), py(W) = ¢(W) = 0, and
(2) the induced exact sequence

0 — Pic(Wy) = Hy(W,) — CI(W) = Hy(W) = Z/n — 0

is exact (see Subsection 4.1), where t # 0.
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Then, possibly after a base change D — D, there exists a reflexive sheaf £ (i.e. £ — EVY is
an isomorphism) on W such that

(a) E = E|w, is an e.v.b. of rank n, and
(b) Ey := E|w is a torsion-free sheaf on W such that Ey" (reflexive hull) is isomorphic to the
direct sum of n copies of a reflexive rank 1 sheaf A, and the quotient Ey" /Ey is a torsion
sheaf supported at 25 (1,na — 1).
If H is a line bundle on VW which is ample on the fibers, then E is slope stable with respect to
H|w,. Moreover we have

c1(E) =nci(A) ca(F) = " (G(E)+n+1) c1(E) - Ky, = ta(mod n).

There is a slight generalization of this theorem (and different construction) due to
Kawamata in [K4, Theorem 1.1]. A Hacking vector bundle on a nonsingular projective
surface Y is an e.v.b. isomorphic to some e.v.b. E as in Theorem 6.3. To construct them,
we need a W-surface with p, = ¢ = 0 and one Wahl singularity, and the assumption (2)
in Theorem 6.3. As we saw in Subsection 4.1, this assumption is satisfied, for example,
when H;(W;) = 0.

The construction of Hacking goes roughly as follows. Given (W C W) — (0 €
D), after a suitable base change and weighted blow-up, he considers a Q-Gorenstein
smoothing

WUz cCZ)—(0eD),
where the singular fiber has two components W’ and Z. The induced birational mor-
phism W’ — W is a partial resolution over the Wahl singularity extracting the first
curve from its minimal resolution. The surface Z is (w™ + t* = uv) C P(1,na —1,a,n).
The intersection (t = 0) = W’'NZ isa P!, and itis a simple normal intersection except at
the unique c.qg.s. in both surfaces (this is called an orbifold normal crossings singularity).
Inductively on the index n of the Wahl singularity, he produces an e.v.b. on Z of rank
n which glues along W’ U Z to A" on W', for some divisor A, which exists because of
hypothesis (b) in Theorem 6.3. The inductive construction uses an explicit further de-
generation of Z into P(1, na — 1, a?). Itis just a Q-Gorenstein smoothing of = (1, an — 1)
keeping the other c.q.s. From P(1, na— 1, a*) we have, by induction, an exceptional pair
(O, Fy) where F; is e.vb. of rank a < n on Z. Its mutation (Fy’, O) produces the e.v.b.
F; of rank n to do the construction. All details are explained in [H4].
If £ is the e.v.b. in Theorem 6.3, then by Riemann-Roch we have

2n(h°(E) — h'(E) + h*(E)) =n*(A* — A - Kw + 1) + 1.
We recall that A2 and A - Ky are rational.

Theorem 6.4 (Theorem 6.4 [H4], Proposition 3.15 [A1]). Let S be the set of isomorphism
classes of normal surfaces W with one Wahl singularity in a W-surface P? ~» W. Let T be the
set of isomorphism classes of e.v.b. E on P? of rank > 1 modulo E — EY and E — E ® L with
L € Pic(P?).

Then Theorem 6.3 defines a bijection ®: S — T, W — E.

The bijection in Theorem 6.4 is very particular of P2, but the potential surjection of
®: S — T for other surfaces W, is very interesting. Hacking vector bundles suppose

to be a replacement for the nonexistent vanishing cycles in Q-Gorenstein smoothings.
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Exercises.

(1) Let W be the contraction of the (—4)-curve in the Hirzebruch surface 4. We know
the existence of a W-surface P? ~ W. Let A = P! be the image of a fiber of F;, — P!
in W. Show that Theorem 6.3 works and with this A, obtaining an e.v.b. E of rank
2 on P2. Show that the slope of E with respect to O(1) is . As in Theorem 6.4, one
can prove that every rank 2 e.v.b. on P? is of the form £ ® O(¢) (or EY @ O(¢), but
in this case is not necessary) for some ¢ € Z.

(2) ** One may think that the previous exercise extends for all e.v.b. on P2. But Markov
uniqueness conjecture is present here in the equivalent form: Up to dualizing and
tensoring by line bundles, an e.v.b. on P? is uniquely determined by its rank (con-
jectured by A. N. Tyurin [R3]).

6.2. Hacking exceptional collections.

Definition 6.5. An exceptional collection of vector bundles (e.c.) on a projective surface Y’
is a collection of e.vb. E,., E,_1, ..., Ey such that

Ext*(E;, E;) =0

forall i < jand all & > 0. Its length is r + 1. It is said to be strong if moreover
Ext"(E;, E;) = 0 foralli > j, and all k > 0.

Proposition 6.6. If £, E,_, ..., Ey is an e.c. on a nonsingular Y, then
E. QL E_1QL,...,E®Lisane.c. for any line bundle L.

e EJ,EY,...,E isan e.c. where EV is the dual of E.
e £y®Oy(Ky),E.,E,_1,...,E; isan e.c. where Ky is a canonical divisor.
e £ 1,...,F, Ey, E, @ Oy(—Ky) is an e.c. where Ky is a canonical divisor.

As explained in [H10, §1.4], an exceptional collection E,, E,_4, ..., Eyon Y defines a
s.od. DY) = (A E,,E._4,..., Ey, ) where A is generated by E,, E,_1, ..., Ey. The
exceptional collection is full if A+ = (). There is the following conjecture by Orlov.

Conjecture 6.7. The only nonsingular projective varieties that admit a full exceptional collec-
tion are rational.

For example, any exceptional collection on a del Pezzo surface can be completed
into a full exceptional collection [KO]. Hence in a del Pezzo surface a maximal length
exceptional collection is full. On the other hand, there are rational surfaces that admit
an exceptional collection of maximal length but it is not full [K3]. What is the maximal
possible length for a given surface? We review that now, and later we will define the
maximum length.

Let Y be a nonsingular surface. An s.o.d. produces a decomposition of Ky(Y) =
Ko(Db(Y)), the Grothendieck group of Y [KKS, §4.1]. For an exceptional factor E of
the s.0.d., we have a direct sum factor K(E) = Z of Ky(Y). In this way, the maximal
possible length is the rank of K,(Y)q. By [F2, Corollary 18.3.2], we have an isomor-
phism between K, (Y)g and the Chow ring of Y over Q, and so the maximum possible
length of an exceptional collection is at least xi,p(Y) when py(Y) = ¢(Y) = 0. If the
Bloch conjecture for p, = ¢ = 0 surfaces is true, then this maximum possible length
is Xtop(Y'). (We note that the Bloch conjecture is unknown only for surfaces of general
type.) By a result of Vial, we will soon see that the topology of the surface Y restricts

even more the maximal possible length.
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Remark 6.8. If Y is rational, then we have the concrete isomorphism of groups [KKS,
Lemma 4.2]

(Rank, ¢1, x): Ko(Y) = Z @ Pic(Y) & Z,
where Z @ Pic(Y') @ Z is called the Mukai lattice of Y.

The following proposition will be the base for the general construction of Hacking
exceptional collections from W-surfaces (see [H5, Lemma 2.5.2]).

Proposition 6.9. Let Y be a nonsingular projective surface with p,(Y) = q(Y') = 0. Let
{T'1,...,T',} be a chain of nonsingular rational curves on Y. (This is, I'; - I';yy = 1 and
I'; - I'; = 0 for any other i # j.) Then

Oy(-I, —T,q...=T4),...,0y (=3 = I'1), Oy (—T), Oy
is an exceptional collection.

Proof. Since p,(Y') = ¢q(Y) = 0, every line bundle on Y is exceptional. For k& > 1 we
have Eth(Oy(—Fl e — Fl), OY(_ri+k e Fl)) = Hj(Oy(—FH_k e — Fi—l—l)) = 0 for
every jas p,(Y) =¢(Y) =0and >,_, I'; is a connected curve of arithmetic genus 0. [

Remark 6.10. The previous e.c. is dual to Oy, Oy (I'y), ..., Oy (I, + ... +I'y), which is
also e.c. The point of presenting it as in Proposition 6.9 is to put it in the exact form
that will work for W-surfaces. See discussion in [TU, §4].

Example 6.11 (Many e.c. from chains). Proposition 6.9 constructs maximal exceptional
collections of line bundles in many surfaces. Take two lines in P%. Then O(—2), O(—1), 0
is maximal length (and so full because it is a del Pezzo). In F,, we can take two fibers
of F,, — P! and one section, and then we have a length 4 maximal collection. Simi-
larly for any toric nonsingular surface. In an Enriques surface any nonsingular rational
curve is a (—2)-curve. We have that the Picard number is 10, so we can have at most
9 curves in a chain, whose contraction is a Q-homology projective plane with K = 0
and one Ay singularity. By Schiitt [S4], there is a one-dimensional irreducible family
of such "Ay Enriques surfaces". One can see part of this family from W-surfaces with
W a Coble surface, see details in [U2]. Similarly for elliptic surfaces with Kodaira di-
mension 1 and p, = ¢ = 0. One can construct W-surfaces that produce these elliptic
fibrations as general fibers I, together with a chain of 9 P's. The case of general type
is harder, but there are many examples of chains of P's. If Y is of general type with
py = ¢ = 0, then we can have at most 9 — K{ P's in a chain.

Consider on K((Y') the Euler pairing (bilinear form)

X(A,B) :=> (—1) ext(A, B),

where A, B € Ky(Y). We define the maximum length of an exceptional collection as the
rank of K{"™(Y) := Ky(Y)/ker x (see for example [V2]). The Euler pairing allows
us to talk about numerical exceptional collections, as a test to be an actual one. A
vector bundle E is numerically exceptional if x(E, E') = 1. A collection of vector bundles
E., E._1,...,Eyis a numerical exceptional collection (n.e.c.) if x(£;, E;) = 1 for all i, and
X(E;, E;) =0foralli < j.

In [P3], Perling proves that a n.e.c. (of exceptional objects) of maximal length can be
transformed into an n.e.c. of rank 1 objects. On the other hand, Vial [V2, Proposition 1]

shows that this last part is equivalent to having a collection of divisors that mimics the
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construction above of an e.c. from a chain of rational curves. See also [V2, Theorem 6]
for another equivalence. Using that, Vial proves the next classification theorem.

Definition 6.12. Let n > 2. A Dolgachev surface D,, . ,. is a minimal elliptic fibration
over P! with n multiple fibers of multiplicity p;, and geometric genus 0.

Theorem 6.13 (Theorem 3 in [V2]). Let Y be a nonsingular projective surface with p, = q =
0. Let x(Y') be the Kodaira dimension of Y. If Y is not minimal, then Y admits a n.e.c. of
maximal length. For Y minimal we have:

o If k(Y) = —o0, then Y admits a n.e.c. of maximal rank.

o Ifk(Y) =0, then Y is an Enriques surface and its maximal possible length is 10.

o If k(Y) = 1, then Y is a Dolgachev surface, and it admits a n.e.c. of maximal length 12 if
and 07’lly lfY is D273, D274, D373 or D27272.

o If k(Y) =2, then Y admits a n.e.c. of maximal length.

Cho and Lee constructed in [CL] an exceptional collection of line bundles of maximal
length 12 with a phantom, i.e. it is not full, on a Dolgachev surface D, 5. In [TU, Section
8] the authors construct exceptional collections of vector bundles of maximal possible
length 10 on any D, , with ged(p, ¢) = 1. They are all Hacking exceptional collections,
and we explain them now.

Theorem 6.14 (Theorems 5.5 and 5.8 [TU]). Let W, ~» W be a W-surface such that

(1) py(W) = (W) = 0.

(2) The surface W has exactly the Wahl singularities F, . . ., P, (we also allow P; to be smooth
points), and a chain of nonsingular rational curves I'y, ..., I, that are toric boundary divi-
sors I';, ;i1 at Piyy. (This is as in Figure 20 without I'g and I, 41.)

(3) There exists a Weil divisor A C W, which is Cartier outside of P, and generates the local
class group C1(Py € W).

Then, after possibly shrinking D, there exists an e.c. E,, ..., Ey of Hacking vector bundles on

rank(Ei) = Ny, Cl(Ei) = —TLZ(A + Fl + ...+ Fl) € HQ(Wt),

where P, = #(1,712»@@ — 1). (For P; smooth we take n; = a; = 1.)

Definition 6.15. A Hacking exceptional collection (H.e.c.) on a nonsingular projective

surface Y is the existence of a W-surface W, ~» W where Y = W, for some ¢t # 0, and
an e.c. as in Theorem 6.14 on Y.

Remark 6.16. By Riemann—Roch, we also have c3(E;) = ”21;1 (c1(E)? +ni +1).
The condition (3) in Theorem 6.14 is satisfied in many cases by the next lemma.

Lemma 6.17 (Lemma 8.1 of [TU]). Let Z be a surface with only c.q.s. {Qo, ..., Qs} of type
mLZ(]" qz), and with Hl(Z, Oz) = HQ(Z, Oz> =0. Let Z° := Z\{Qo, e ;Qs}- Ile(ZO7 Z) =
0, then there is a short exact sequence

0 — Pic(Z) = CI(Z) — }éo ClQ; € Z) — 0,
where Cl(Q; € Z) ~ Z/m;Z is the local class group of Q; € Z.

As shown in [TU, §8], one can use the Seifert-Van Kampen theorem to compute
m (W°). If trivial, then Lemma 6.17 applies, and we have condition (3) in Theorem
6.14. See also [KKS], [KPS] for a direct relation with the vanishing of the Brauer group
Br(WW).
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Remark 6.18. The existence of such an exceptional collection was stated in [H5, Theo-
rem 2.5.1] for dual bundles (without a proof).

Remark 6.19. Let Y be a del Pezzo surface with a full exceptional collection £/, . .., E|
of vector bundles. In [H5, Theorem 2.5.3] it is stated that there exists a W-surface
Wy ~ W where W, is a del Pezzo surface deformation equivalent to Y, and W is a toric
surface, such that it induces a H.e.c. deformation equivalent to £/, ..., E{. By [KO],
this implies that every exceptional bundle on a del Pezzo surface arises as a Hacking
vector bundle [H5, Corollary 2.5.4].

Exercises.

(1) Reproduce the construction in Remark 6.19 via Theorem 6.14.

(2) Letn > 2 be an integer. One can construct Dolgachev surfaces D,, ,, (Definition 6.12;
for n = 2 they are Enriques surfaces) by means of Q-Gorenstein smoothings over
two fibers in a rational elliptic surface with sections. See, for example, [U3, Section
4], the index of the corresponding Wahl singularities is n. Take, for example, the
rational elliptic surface with 3 sections and singular fibers Iy + 31;. Construct the
T-singularity with d = 10 and index n from this configuration and a section, so that
its Q-Gorenstein smoothing is a D,, ,,. There is a 1-dimensional family that produces
a D, , with a chain of 9 (—2)-curves. This defines a length 10 e.c. of line bundles.
Write down the details.

(3) In [TU, §8] the authors construct a maximal length H.e.c. for all simply-connected
surface D, , (except for p = 2,q = 3, where the maximal possible length is 12).
The starting point is the rational elliptic surface with 3 sections and singular fibers
Iy + 3I,. Can it be done starting with rational elliptic surfaces with singular fiber
configurations 275 + 21, and Is + 2I; + I,? Is it possible to extend the constructed
H.e.c. of length 10 to a e.c. of length 12?

(4) For Enriques surfaces the condition (3) in Theorem 6.14 fails. Show it. On the other
hand, there are length 10 exceptional collections of line bundles. Are there e.v.b. of
rank two on Enriques surfaces? (Answer is yes; see for example [B4]. However,
they cannot be Hacking vector bundles, since when K is trivial, ¢; - K = 0 but for
Hacking bundles ¢;(E) - K = +a mod n.)

6.3. Exceptional collections and H.e.c.s. Our main reference here is [B3]. Let Y be a
nonsingular projective surface. An exceptional object in D*(Y) isa A € D*(Y) such that
Hom pe(yy(A, Ali]) = 0 for i # 0 and Hompsyy(A, A) = C. (We need to consider them
because operations on e.c. of vector bundles give e.c. but not necessarily of vector
bundles.) An exceptional collection A,,..., Ay is a collection of exceptional objects A;
such that Homp(yy(A;, A;[k]) = 0 for all i < j, and all k. This coincides with Definition
6.5 when the A; are vector bundles on Y.

As we saw in Proposition 6.6, we have certain operations on exceptional collections.
The following is another operation. From an exceptional collection (A, B) C D°(Y') we
can obtain two other exceptional collections (B, Rg(A)) (right mutation of A over B),
and (L4(B), A) (left mutation of B over A), so that (A, B) = (B, Rg(A)) = (La(B),A)
(see for example [B3, §2]).

For a longer exceptional collection (A4,,..., Ay), the action of left and right muta-
tions induces an action of the braid group B, (see Subsection 5.2) of r + 1 strands on

(A, ..., Ag). Let us denote them by R; (right mutation over the ith object) and by L;
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(left mutation over the ith object). In particular, a mutation of an e.c. is an e.c., and
they generate the same category [B3, Lemma 2.2]. Hence, we also have
e RiRi\ 1Ry =Ry 1RiRiyyand LiLi 1 Ly = Ly LiLi .

Rational surfaces. Exceptional collections have been studied extensively on del Pezzo
surfaces [DLP,GR, R3,G3,KO]. We start by highlighting two general results.
Let Y be a del Pezzo surface. We define the slope of a vector bundle E as u(E) :=
c1(F
' ranl(<(];) :
Theorem 6.20 (2.4 Theorem [G3]). Any e.v.b. E on adel Pezzo surface is Mumford-Takemoto
stable, that is, for any coherent subsheaf 0 # F C E with 0 < rank(F) < rank(E) we have

u(F) < p(E).
Theorem 6.21 (2.5 Corollary [G3]). An exceptional vector bundle E on a del Pezzo surface

Y is uniquely determined up to isomorphism by its slope r;;,gg) € Pic(Y)q.

We note that by [G3, 2.2.3 Corollary] ¢?(E) and rank(E) of Theorem 6.21 are coprime.

Theorem 6.22 (2.11 Corollary [KO]). Let E, F be an e.c. on a del Pezzo surface. Then
Ext*(E, F) = 0, and at most one Ext'(E, F) # 0 for some i = 0, 1.

Let E, F be vector bundles on a nonsingular projective surface Y. Then by the
Riemann-Roch theorem, we have

X(E,F) = x(F,E)+rank(F)c,(F) - Ky —rank(E)cy(F) - Ky-.

Corollary 6.23. Let E, F be an e.c. on a del Pezzo surface Y. Then
(i) w(E) < p(F) if and only if hom(E, F) = rank(F)rank(E)(u(F) — u(E)).
(ii) w(E) > p(F) if and only if ext' (E, F) = rank(F)rank(E)(u(E) — p(F)).

Corollary 6.24. Let Oy, F be an e.c. on a del Pezzo surface Y. Then
(i) 0 < u(F) ifand only if h°(Y, F') = rank(F)u(F).
(ii)) 0 > w(F) if and only if W (Y, F) = —rank(F)u(F).

The following is a complete picture for e.c. on P?.

Theorem 6.25 ([GR, R3]). Up to tensoring and dualizing, every full exceptional collection
of vector bundles Es, Ey, Ey on P? can be obtained by mutating finitely many times the e.c.
O(-2),0(—1),0. The ranks of Es, E, Ey form a Markov triple, and a mutation of Es, Ey, E
is a mutation on the corresponding Markov triple. (Thus for any Markov triple we have an e.c.
with those ranks.)

Let us show that any full e.c. is a H.e.c. For that, let (1 < @ < b < ¢) be a Markov
triple. (The other cases, i.e. where a = 1, are simpler to describe.) Let us consider a
W-surface P? ~ W with W = P(a?, b?, ¢?). As In Subsection 4.1, we have

0 — Pic(P*) = CI(W) = Z/a D Z/b D Z/c — 0.

We recall that each Z/n corresponds to the first homology group of the Milnor fiber of a
Q-Gorenstein smoothing of the Wahl singularity -5 (1, ng — 1). The weighted projective
plane P(a?, b?, ¢*) has Wahl singularities (b2, ¢?), (%, a?), and 5 (b?, a?).
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Definition 6.26. Given a Markov triple (a < b < ¢) and z € {a, b, c}, we define integers
0 <7y, w, < x as follows:

o7, =blc(moda)r,=cta(modb),and r. = a'b (mod c).

e w, = 3b 'c (mod a), wy, = 3cta (mod b), and w,. = 3a'b (mod c).

In our case, if z € {a,b,c} (x # 1), then the corresponding Wahl singularity is
m%(l,xwx — 1). The following are basic properties (see for example [A1], [R3], [P4,
Cor.5.4]).

Proposition 6.27. Let x > 1 be part of a Markov triple (a < b < ¢), then x + w, = 3r,,

r2 = —1(mod x), r.a — roc = b, cry — br, = a, and ary, — br, = 3ab — c.

Asin [M1, Theorem 18], the minimal resolution X of IV can be thought of in a partic-
ular way. The surface X is a sequence of blow-ups from a Hirzebruch surface F,, — P!,
so that the minimal resolution of a%(l, aw, — 1) is contained in one fiber, the one of
5 (1, bw, — 1) in another fiber, and the one of (1, cw. — 1) contains curves in both fibers
together with the strict transform of the negative curve in F,,. In this way, there are
unique (—1)-curves I'; and I';, one for each of these two special fibers respectively,
which are not part of the exceptional divisor of the minimal resolution of W'.

Lemma 6.28. We can write CI(W) = (T'y,Ts) /(a*T'y — b*T'y), which is generated by the class
C = aT1 + ng
where o',V is a solution of a'b* + b'a* = 1. In this way 'y = b*¢ and Ty = a*C. We have
CQ = ﬁ and _KW() = SGbCC.
Proof. One can show that the multiplicities of I'; and I'; in the corresponding fibers are
a® and b? respectively. Therefore, we have that the class group of W is isomorphic to
(T'1,T3) quotient by (a?T'y — bT'y), which is the relation given by the fibers. Let us find
a'T'y + 'Ty so that
(a'Ty + 0Ty, a’T; — b’Ty) = (I'1, Ty).
For this we just solve the equation a’'b* + V'a? = 1. The rest is a trivial check. O
Lemma 6.29. Consider I'y as part of a toric boundary at - (1, aw, — 1). Then we can take
A :=bcd

where d = r, + as, and s € 7Z, as its complementary toric boundary, which is Cartier at the
other two singularities.

Proof. If we want a( to be trivial at Z/b and Z/c, then b and ¢ must divide «, as a, b, c are
coprime. If we want bed( to be complementary toric boundary to 4 at (b2, ¢?), then
we need beda’ = —1 modulo a. Using the equations

dt) +ba®>=1 and a®+b* + ® = 3abe
we obtain that d = d/cb + as, where s € Z. One shows that r, = a/cb modulo a. O

We have now all the hypothesis of Theorem 6.14, this is, we have the chain ', I'; of
smooth rational curves passing as toric boundaries through the singularities, and the
existence of A. Therefore, we have the exceptional collection of vector bundles

Eb7 EC7 Ea
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of ranks b, ¢, a respectively, such that
Cl(E;/) :CLA, Cl(E(\:/) :C(A+F1>, Cl(E;/) :b(A—I—Fl—f-FQ),

using the identification of Pic(P?) as the kernel of CI(W) — Z/a & Z/b & Z/c. By
Riemann-Roch ¢;(EY) = £ () (EY)? + 2 + 1).

Using Proposition 6.27 we have ¢i(EY) - H = r, + as, &1(E)) - H = r. + ¢s, and
c(EY)-H =ry,+bs.

A trivial observation is that for any = € {a, b, c} we have 72 = —1 modulo z. There-
fore r,/x or (x — r;)/x is in the interval 0, 1/2].

Theorem 6.30. Every full e.c. in P? isa H.e.c.

Proof. By [R3] we have that (r,, ry, 7.) (together with the ranks) determines a full excep-
tional collection on P2, O

In fact, one can prove the following (see [H5, Theorem 2.5.3]; see also [UZ2, §8]).
Theorem 6.31. Every full e.c. (of vector bundles) on a del Pezzo surface is a H.e.c.
There are various related results in [UZ2].

Remark 6.32. (Mutations) By [GR, R3], we saw that any mutation of Markov numbers
corresponds to a mutation of the corresponding full e.c. For each of them we have
W-surfaces P? ~~ P(a? 0%, ¢?) and P? ~ P(a? b?, ¢?) where ¢ = 3ab — c. Tt turns out
that these degenerations are connected by a deformation over P! where each of them
corresponds one points in P!, and over the complement we have partial smoothings of
the singularities corresponding to c and ¢’ (see [HH4, Example 6.3]).

Enriques surfaces. There are constructions of exceptional vector bundles on Enriques
surfaces (e.g. [Z2]), but they cannot be Hacking vector bundles. The reason is that for a
Hacking E from a W-surface W, ~» W we must have Ky, -¢;(E) = +a modulo n, where
% (1,na — 1) is the Wahl singularity. Therefore, Ky, cannot be numerically trivial, and
so W; cannot be an Enriques surface. In general, if n is the rank of E, then a necessary
condition is Ky, - ¢1(E) to be coprime to n.

Dolgachev surfaces. This means the case of Kodaira dimension 1. Here we can con-
struct many H.e.c. through configurations of rational curves from elliptic fibrations.
First see [U3, Section 4] to construct Dolgachev surfaces from rational elliptic surfaces.
Then see [TU, Section 8] to see a detailed example for any simply-connected Dolgachev
surface. By Theorem 6.13, we have very few cases with maximal length.

Surfaces with big canonical class. Surfaces of general type with p, = ¢ = 0 are harder
to construct, but there are plenty of examples via W-surfaces [LP1, PPS1, PPS2]. By
Theorem 6.13, there are always numerically maximal e.c. There are some examples
in the literature, but very little is known. Let W be a surface with no obstructions to
deform, only Wahl singularities, and Ky, big and nef. Then K3, = 1,2,3,4. Hence,
the maximal possible lengths are 11,10, 9, 8 respectively, but the maximum number
of Wahl singularities is 8, 6, 4, 2 respectively. Therefore, if the recipe in Theorem 6.14
works for a maximal amount of singularities, then we would obtain that the Mukai
lattices of the complement of the H.e.c. have ranks 3, 4, 5, 6 respectively.

We end this last section stating two theorems from [TU] in relation to a semi orthogo-

nal decomposition of the 3-fold in a Q-Gorenstein smoothing and its restrictions to the
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tibers, and to certain cohomological properties of the H.e.c.s of an M-resolution and an
its N-resolution of a given c.q.s. See [TU] for notations.

Theorem 6.33 (Theorem 1.12 [TU]). Let Y ~» W be a Q-Gorenstein smoothing of a surface
W with only Wahl singularities satisfying Assumption 5.12 (1), (2), (3). After possibly shrink-
ing the base B, D*(W) admits a B-linear'’ s.o.d. (A, ..., AW, B") compatible with respect
to restrictions to W and Y

AV AW BWY A By YAy By, (6)

Each AY is generated by the Hacking bundle E; and and each A)Y ~ DP(R;-mod), where R;
is the Kalck-Karmazyn algebra associated to P, € W. Furthermore, BYY C DP*H(W).

Theorem 6.34 (Theorem 1.13 [TU]). Let W be an M-resolution of P € W satisfying As-
sumption 5.12. Fix a Q-Gorenstein smoothing Y ~» W™ which is sufficiently general in its
irreducible component of the versal deformation space of W. This component also contains a
Q-Gorenstein smoothing Y ~» W=, where W~ is the N-resolution associated to W,

(1) Let E,,...,Ey, be a Hacking exceptional collection on Y associated with the
N-resolution W~. This collection is strong: Ext*(E;, E;) = 0 for k > 0and i > j.

(2) In contrast, let E,, ..., Ey be a Hacking exceptional collection on Y associated with the
M-resolution W. Then we have_Extk(E_l-, E;)=0fork # landi > j.

(3) Fori=1,...,r, we have Hom(E,1_;, E,_;) ~ Ext'(E;, E;_,)" ~ C%,

(4) The Kawamata bundle F on W deforms to a vector bundle F ~ @ E;"" on Y. Since F

=0

has rank A, we note that

A= NoNy + N1Nyp_1 + ... + N,pNp.

(5) The Kalck—Karmazyn algebra R = End(F) deforms to the algebra End(F), which is heredi-
tary and Morita-equivalent to the path algebra R = End(E, ®. ..® Ey). The E; correspond
to simple R-modules, and the E; correspond to the indecomposable projective R-modules.

An interesting fact in relation to quiver algebras is the following. Theorem 6.34
gives a large amount of admissible embeddings of derived categories Db(f%-mod) of
acyclic quivers without relations into derived categories of smooth projective surfaces
Y (which can be chosen to be rational). (In general, the number of irreducible compo-
nents of Def ,_j; is the sth Catalan number, where s is the length of the corresponding
dual continued fraction.) Although Orlov proved [O2] that the embedding always ex-
ists if dim Y is sufficiently large, there are strong restrictions in the case of surfaces.
In fact, very few examples were known before [TU]. In particular, Belmans and Raed-
schelders [BR, Sect.4] asked whether there are bounds on the lengths of paths of re-
alizable quivers, and which acyclic quivers @), ;. with 3 vertices, where a, b, c are the
number of arrows between them, are realizable. Are they all realizable? In [TU, Prop.
6.11] It is shown that lengths of paths are unbounded. For the other, see the exercises.

Exercises.

(1) In relation to the second question of Belmans and Raedschelders [BR, Sect.4], in
[TU] the following theorem is proved.

197 ¢. preserved by tensoring with a pullback of any object T' € DP*™f(B).
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Theorem 6.35. The quiver Q. is realizable by the algebra R if and only if there exists an
extremal P-resolution with Wahl singularities of indices a and b and with § = c.

e

FIGURE 25. The quiver (), . for an N-resolution with two curves

The list of realizable triples (a, b, ¢) from this theorem with entries smaller than
or equal to 8 is:

(1,2,3)(1,2,5) (1,2,7) (1,3,4) (1,3,5) (1,3,7) (1,3,8) (1, 4, 5)
(1,4,7)(1,5,6) (1,5,7) (1,5,8) (1,6,7) (1,7, 8) (2,2, 4) (2,2, 8)
(2,3,5)(2,3,7)(2,4,6)(2,5,7) (2,6,8) (3,3,3) (3,3,6) (3,4,5)
(3,4,7)(3,5,7) (3,5,8) (3,7, 8) (4,4,8) (4,5,7) (5,5, 5) (5, 6,7)
,7,8)(7,7,7).

Show that all extremal P-resolutions as in Theorem 6.35 are listed as:

0 Ifa=b=1,thenc=X—-1,

1D Ifa=1landb>1,thenc=Xo—b—¢;lfb=1anda > 1,thenc= X a —a —¢,,
(2) Ifa,b > 1, then ¢ = (A — 1)ab— €,b — epa. In particular, ged(a, b) always divides c.

(2) ** In the previous question/list we have all triples that are realizable via H.e.c. of
length 3 over a c.q.s. What happens with the resting triples (a, b, ¢)? For example,
what can you say about (2,2, 2(2t + 1))?

(3) #x In the case of p, = ¢ = 0 surfaces of general type and when the Kodaira dimen-
sion is 1: Which Mukai lattices do appear for the complement of maximal possible
length H.e.c.? In the case of general type, one needs to find many examples with
the maximum possible number of Wahl singularities, and forming a chain.

(4) »x The associated non-commutative deformations of the Kalck-Karmazin algebra
R in Theorem 6.34 are not explicit. Find them. There is now a much better way to
write down R [LT], which may be useful for this question. Particularly, check the
beautiful [LT, Conjecture 1.9].
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