
betony :/whet ?
① Fine moduli schemes
• Moduli spaces give a geometric answer to the question

Morally ,

of densification .

"

A moduli sprue ✗ of some collection afobpeetgc
- -

shod be a space (variety ,
scheme

,
. . . ? ) where points

should correspond to the objects in E
.

This is not enough !

Indeed
, this only defines the onlltphy set structure

. we want our

answer to be geo¥ .

Def : A the moduli scheme 6*1 M of a collection of objects C

is a scheme M sit
. Homan (Tim) = { families of objects inEf / ±Natural parametrized byT

fi all tetanus T
.

(Hilbun)
Ed : schemes of II

"
: let E be tue collection af ✗ ⇒ IP

"

, {

a family of orbschenns of PY
,

j ✗ IMPF* ,
in's ane F- ira's nepoty

ted ,

1-✗ { tx ' .

finitely- printed ¥T
✗*

'

ki



Def: A morbid profile is a functor F : kh_→td , { if F→-hmh

some Mesch ivery Fi reputable by M { tht Mri a fine(odnli
opine .

- flatEI: carve : M-j.sk → Lt sends T- { f.TT?fy.pnnnkdT - geometric then am smooth curves of gluing}
c→"aT-mayhem .

£

¥

EI: vectorBundy : BGI : Kh→ St T- tub .

's York a 4K .

✓ → v1

*module map .

Question: Do there moduli problems have a fire moduli scheme?
-
-
-

MICGrothendieck Hilbpn is representable by a scheme { each of its

connected components are proper .

Unfortunately ,
that is the%Ñd news

.



l⑧mg: Mg is not nepnmtble by a scheme .fi g≥o .

Pt: camels P(01001-11 ) the Hirzebruch omfausane not all Bo .
↓
IP
'

Icloud)
which means if 3 map P' → Mo it must falter through apt .

7.• → in
P' → spite -1M ⇒ Pool-11) Ellie ⇒ ① ≤keg ⇒ it must be a clued

pt .ha ha

•iP ↳

Why isn't BGkisd-ht-vepnmt.dk by a scheme ? Note that

are shears on the tavrti topology ,
i.e. green hx :&- Lt

{ an open cover F- Uti we have
IEI

Halt , ×) →→ÑHom(Ti , × ) # IT Hwltintil )
IEI PL Iii,)eI4D

this can be refined ,
the idea is to generalize the notion of an open

set in topology so it makes sense to define a sheaf .

families ofmnphmm nltxed target faith } ii.± called chumps
which nattily

'

lintel



1) (Tso's ane come ) it ✓ → u ⇒ @→nlgtwce )

2) ((oueuhpcompohttthhitufii-FTV-ic-E33vij-uifc.come) ⇒ Hi,
- → Uttcovle )

ite

.

3) ( (ouyym pullback) tf Lui → U ) Houle) { ✓→ a amp ⇒ { uixuv →v1 c- loved .

Eg ?T↑ / Ui → a } is ineovlseh/ s) ) it ui→U is an open immersion .
Ear

Etde.tt2) Lui -1h} is in Eon (&hH¥ it Ui→ u iétde { i¥ui→uich
i swj .

Fppt -truly 3) {hi→ U/ ie , ri in Con / Skhltppt ) iff Ui →Us faithfully jointly
feet of
loft . pnsathu

MMM

Def: A sheaf on a site C ri a tmetw F:C -1ft sit . hay cowry

µi→n§ the game Flat→ IT Flail ⇒*MixUjl i exalt .

ifI d-I Itv

theories : Mr Xi afscheme then hx :(Shh → set i a sheaf .

EE BGLN #hx branchline ✗ life ayVI.ont ,
v my

d trivial on
'

an

② States nomenher isomorphisms open cover !

Ñht me am making too many identifications

w/ out remembering hens they are identified
.

=L : lowrider proton F : Sd-' Gpf categories instead .

( all naps anerw's)

↳twant¥É=:wñ
←
b/c then Fi amenable to geometric methods

1=1-1--1×1- I -- Hart , ✗ ) .
But by ri a shed on the fppf site Khs )fppf

so this puts a restriction on the moduli problems F which can be uprooted
by schemers e.g. if Vi a non-trivial vk.ms then Blrhisdistht

ohkn Ti→2vÉi4µ
is hit aoheef He [v1 ④F) c- RHLIO ane locally but out

globally isomorphic .



Thus enters the notion of a state .

let F. Sds → Eophea

Annie of s'=Ñui functor & let
↓ whuu'pns .

steps be a cover in a site
; s

'

"=S'xs1✗S '

t.PK/-Pzsfp , }
e.g .

Carb
,
c)

then form the diagram : In }
S
"
:S '✗sS

'

( bcc )

1Pa f. Pi I
-

g
' P2

c

tgp

Def: A gharry diatom franohpeet ✗ c- FCS' ) Ian iwmeplun

in FCS's Fls " ) pix ⇒ pix .
A desert datum i

pi - -

a gluey datum kill which satisfies the couple condition

p ,}•Y=prjY ◦ price .
The category of descent data of Faint .

5 '→S
, FCS '→S)={ (✗ ill / Hill advert datum } whee maps

are ✗ ± -1
'

sit . pH -4, pi ,
kill - cxiey

tPity , + p;f
Commutes

.

P ,X
'

→ Pix
'

FAI : there's a natural morphism FCS ) → Fcs '→s ) .

S
"

ifs
since Pop , - pop, so ✗ p :p; pip

→ (Ñ"""

hllyi ( piman) a desert datum ?



8
" '
= S

'

✗g)
'
✗ g)

I
pipiipip, Rican

1Pa 1- Piz tpz} A:p,*p*can=RiPip•✗- p ,•p;p•✗
XP? Piz =p, ◦ Pas

s
"
= Six , S

'

Rip :p
•

×¥PtypS
'

iii.
"

pip:p:/ =p:p :p
•

✗

R°Pz3=Pz°P12

11TH

EI : Conridn Bad :&,¥afep ,
the category of descent

data w.r.to a open Conery {Ui -1544--1 Wai -1s )
Bbihnloui -151

i {Hiii;) / Vi v.b- of Men on his Yij : Viking. → Viluinu; f
5.f. on Uinlljnllk Me home lljieolfij = Yik

.

-

Now we can define what a stalk 5

Def: let F : Khs / ☒ → Gyp he atinetw on a site * c- { zariéteefppff
Fi a stale if ④ V.TEEL , { all aibtttt) the functor

Hom-lx.gl :(Sehltl * + set n' a sheaf .

datum lxilk-FCT-stliesflee-helie.in the essential inge 95-4-1^1=(1--4-1)"⇒⇔⇔¥÷::÷::::÷÷:;;=



Does this fix the problem for Balu ? Mg ?
Just like for manifolds iiti not easy to show a

moduli problem i

a stack .

.

Two important examples

☒ (Goth .) Qcd :(kh-skppg-ibrp.tt Qcahci ) i a stored .

ko①☐0 BG.hn -- Veetn: Celts → by sending →SHIV Huet
ont

'

n a stack .

$-1: observe Blrhnlt ) ¥%fe Qcchct )

hey
12 ←

By the example
above .

t
BGLNCT'→t)¥µ Qcahci

'

→Tl

to left untied arrow 's filly pnilhtd .tt remains to >how that if

Mian R-module which often a faithtdbyfht base change R→R
'
MMM

'

is locally free alien ,
then M ri locally fill of rank N .

An important stack in algebraic geometry .

Def : Bf : tch -step n' the prefer which sends T

{¥41
• + MMM ,

finite pinetum
• L nd - ample went . f { 1×1,4

Mmᵈnˢ :

¥'↑( a. n, ✗¥
'

b :a%
'

L
.

T

61,4 -1¥"
t

☒ Pdi a stack .



Cec : Mg i a stack for 8=11 .
.

Fix a corner 5145
Pt : Want to show tht mglsl-i.mg/s' → s) is an quinoline

stipe : slow iti filly faithful i.e . Hale , D) Éitucccicaud ,
icanll
I

piqpfcsp-i.pk
Mall tht ʰ☐hʰs→ set iasheaf

pit ↓ • t.PH ⇒ h☐(c)→h☐Cc')Ih☐(c")ÉexaÉ
pirp'D ⇒ PEED

it "

HansaD) →Hang.EC?D'1P-IHcn(c
'

;D" ) .

prz S
"

F is infective life pypEEHp.jp

Hulk' .com) ,CD'ican))EAm(d.D't
"" pr%É4pr%%ⁿ

{ smiedme Me the kernel i exactly ltmkcicaud.CH/can) .

so

it's filly faithful .

To show Mglstemgf →$) i essentially nyketihe , needto
show euydekhtdatrm 's ofhetrx . tenet whee ow use g≠l

rel .

He was or was iranple (if g-
-0 or if g-≥2 ) . This

g2L

Means we haul My → Pal

§_ ( § , was ) life than anat'd

plltaekmep on forms .

Menon Mylsl → Polls / to given a degutdatn
↓ 12 (Cia ) - llciwiisilil )

MgG↳µ Polls
"

-181 É
whish gnus nh to



a family ( § ,
L ) sit

. § ,

Y
'

⇒ cts stat proper finite
pmth

w/ smooth aenisofgenny
as thus . to

MglH→MgH
'

-111 ieimntielly mjuhhe .

☒

thmlraynard) M
,
i not a steak ! ! !

-


