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We have outlined thetotal properties thatwe would

like a moduliproblem F:Self-Gptohave lobpcts?
maphims glue), butwe wanttodo geometry,so they must

locally have an algebraic form.
Fix a bay where S:Spect.

Def:Aethole F:Leksert-Gp, algebraic if

(i) F id) I representable by schemes.

[ Et FTeSchs [VaiboFIT) thefunctor of isomaplan Imy(a,b):Sehttppt -> Set(T'- TJE Isrm(alt,bli1): representable
"Thedistance between Isa scheme"isa'sebrate

(ii) I a smooth spective 4- F value (b scheme.

[amap D-F can be checked to the a./wr;using (i)! i.e. itssulc]ifFr+ F
u E

sch -
FieMunfund ifsingin

# TheitemsVectos:Sets tortitatheadd itpaperin
i algebraic:(i) Liven V,We Neett),EV,W) -> T:

zar-locally on t =FsomyO*,0,*)
=GLAT =baac

vepble.
gen ofine scheme.

(ii) S-Bahns ismooth, sciective

1:Indeed, ifIatventlyf. EFsamlOR,T1-T iEarlocally =GLust.
&

T Bhln,s => s-Dans :smooth -say,



② My :an algebraic stack for yz2,in factcigneMutard.
1615-esque E

exactlyEda:There,breally clued liens Hg*bpists weremanated
is ysaas of gen y

trom clued obscene y-p5g-6 sit. ii) Yeast-canonically
then3map Hg* My eendy x - 1955-6 is Y,also

AXR +Hy
2) itsspective on i-ots. 2) It sitbythem IPalis-s*

wooning

Weintrinsic "lood"proof exists. => it is smooth.

oof this will be outlined inthe exercises (Maybe) W

arguably
Next:themost important don of algebraic stacks.

Quotient stack Nate thatAg-My;PGL5g-s-invariant E
has PG75g-6 as finess. So this evygestsony;thequotientof

ByPdlig-3. we need:

Strof Stopf
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Def:ltG he acheal agrps", I askal, it into it
(i) Saction Gx+15. (ii)3covers'ts s.t. T =Gls'

-2-5 gesI ame forter much

- axseS (trind G-Heel Jacobian.

EX:
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ia GallLIK) - Horror From(den,VI-S i
a GLu:foror.
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Lain:is trival ()3 section If:* ration delves a G-quindotmp Gtx, iso. He itslocally.

Quotientstack are useful as theyremember autoraphians
their

algebraicity;eay



a smooth afline

D:Letbybe grap
scheme acting on XIscheme

thentheassociated quotient tack ($) i duated [X/G]
and its 5 pts are diagance I rainty;a4

LG=fabr
i'l I
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G-quiraiart
S-map a make the digam commute.

Itsunravel this it s speck webt is thecategory (XIG] (9)
loway cly.
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objects? T - X AllG-terustrink/als.shd
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(cheery a
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P P (a Crquin np G-X is thename

as a map spokDX) given pipe-x

4-X
Rapt: q g(-g.p-Iba,X E

gp 11981618p=ad.

in particular Art (G(x) =steb(P) $(x/6)(11) =orbits
smooth grp, scheme

:If G-spk - [X/G] :an algebraic stack.
GAX



:(i) From (it**)ihally tron),
**, **)wpigzX/1).

I
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isI boe.clevd

[this:the set(yxG1g.pig(2G G-xxxg -e(p,9.9)(cp,q)

so reple of d i locally closed.

(ii) x*(I)
atanxiettgewlinemphias

e

Indeed
pen

i
·(chorhis!

13 => It is smooth.

Sitensare stacks quotients, how do theyrelate to scheme-quotht?
when theyexist? /

Big problem inAG ble this; how moduli spaces are constructed.
In many situations 3 map [X/G):

G N/G my nice properties.
h.quotiet

This can be formalized beyond quotient stacks:
Bef:letit be an also stack thenitnew: CMS,if

(i);a blection on geom. At [Same undulying topology"
(ii) its initial among map

toschemes. (IAS: a modelistack

Thm.(Keel-Movi) If it; a sepld D.M. staels 3
Xapproximate it].

coarse modelsspans it'X.



E. XS is the(X)=Ble isthestack of G-tmors

We,inWhenG/s ieet en- eitherintheein

Stats (x):4/7. skix) -CAKYT **IX2S:AA'Lisom
away from 0.

Eg. [AKL/2 k1x,y7k(x,y A+ (AD) ->Smb(xy,xx2] =klasb,e] notsmooth.

** wooth. Eans. Tabl S
statitiononly at argin.

Eg. Sinen X. 2-Pis(XI, stHYCX,LI,we can for the feetack
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Thusa quasialt sheal on BC Isa repretation of

-isRicefansandwasinspanarereOn

of a Graction sit, itscompatible as the action on X.

i.e. Ein G-quiraat shelf. For a v.b. this can be simplistical

a Gepninientstrature on a v.b. VonX:the "lift"of
the action: vaEV s.t. VGYV

f(x,id) m14. (i.e. v -ex equint).
XxG +Xmx

this isan instanceof theMPLE The geomety of (XG]:
the G-eqnirentgeometry of X.

Eg:What;Die)(AY/ax3)? Whatare the42x-gairariat
line binders on AI? We have only 1 =A'xA****

r IP,!
(a,b)(-a,0(b))

38 mustbe linear to och can be bor-b when b then
x16]* ↳
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we get L, 3-b 22. AxiaT AYA AAA-TEA"1
[a,4)m(ach] Cable (a,hl
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observe thatif Viar.b. on (NG][stab(X) for xexCD)
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pressesthe
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in thy commentalsis atit

inversion on [2)0. S0 Dic(AKL/L]) =MaR
2 x (Ox):id

↳2 -nontrivial elt.
-

Small - CAK/2x] #SmbIx↑

It yellow from GS WAS121)]=Six,Tiixi in fact he domes

the "Universal"roofof OAI
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Assume char (k)*2,3
E:GmA Atxa,b)=(Ya, xb) 3let5=V(4a*-27b3

is itcane
B XA* BaAl BaA'xKa!M =[AA(A)(4n) -- Bam ↓ ↓.(S1,b),y,x)((xa,xb),x)
B
-B

whatare theporrible actions? Note thatany action/B

induces a rep of M4=steb(9,0) 3 mg=fb(0,b) 9
- -90*b
one orbit one orbit

M
=Steb(b) Given I we can look of

O
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orbits I 2/22
... ↓
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↓
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the claimsthatofanicomaphism. The action given above

shaw it: sylective. Only injective observe thatevery pennantix the from
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Cain), c,x) -(xa, x6b), sf! ) We fix-Aam(Bu,KuD:defnd by given ZEB we have plentineE
limar

so a defines a 2-dia'l raptDm i.e.

melt, of 2. Birned so constant,

Also we see thatBX+ BXA((a,b), c) 1+((a,b), (49" +2763)c):
an iso. guivaintto the trivid action totheX-action. - Pic(m) =4/12

My1.sys
M. Ina:Marstrams form.



Creep. 2) G4GxG irepble by algebraic epenes
as(a,a, id [ET beGCTI, Rom,(amb) +T : reple by

& an aly.spece/T]
2) I smooth supection 4-+G 3Mokcalled anatassmartt

of a
-

: - yetementsinGagematerialscorelty of Ee

canitbe atped group "GRg* hemethan thequotientexists
as an algebraic epece?X- X/ iitcle. (Cred make finite Ismoothscels/1=I quotients

- ItDEX be a cater divider s.4. Noxx=0D(ly iantiample
then 3 a contraction inthecategory of all spaces

in. 3x4als.
spec

D-

↓ D YY
spkX -xp. 4 f.p-

- IfXI) propert thatthem tilbxss-s i

applesof algetrail,tacks repble [clued und Hilbert"schem]

2) (isBGIn:Vector isgradof nextbundleane

#7:Need toshow I: Isom(4,r) -> t imepble by a scheme AT
-T

3AV,Vie BGLnSTS. But I tT:Eer-locally on T =Ier(pen, peas
=Gin scheme.

~=) 1:Bhln-BhaxiGln:repble by often scheme.
R

(ii) Aethere a smooth atlas? Everywher
I
=Isldem,VI- spuch I-T izar. locally on t

is ttuid dom

*,Ban iso. to GLu. I since an is smooth

=>6; a smooth cover


